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Abstract

We introduce a new statistic on linear and circular r-mino arrangements which
leads to interesting polynomial generalizations of the r-Fibonacci and r-Lucas se-
quences. By studying special values of these polynomials, we derive periodicity and
parity theorems for this statistic.

1 Introduction

In what follows, Z, N, and P denote, respectively, the integers, the nonnegative integers,

and the positive integers. Empty sums take the value 0 and empty products the value 1,

with 0° := 1. If ¢ is an indeterminate, then 0, := 0, n, :==1+q+---+¢" ! for n € P,
|

0, =1, n}l = 1424---ng for n € P, and

|
M 0 <k<ng
(n) = k(!l(nfk),!l’ ' " (1.1)
a 0, fTk<Qor0<<n<k.

A useful variation of (1.1) is the well known formula [8, p. 29|

(Z) = > MR =Y Tpkon — kot)d, (1.2)
q

do+di+-+dr=n—k t>0
d;eN

where p(k,n — k,t) denotes the number of partitions of the integer ¢ with at most n — k
parts, each no larger than k.
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If r > 2, the r-Fibonacci numbers F{" are defined by Fér) = Fl(r) == Fr(i)l =1,
with F"”) = Fér_)l + T(Qr if n > r. The r-Lucas numbers L are defined by LY) = Lgr) =
coo=L" =1and L = r 4+ 1, with LY = L, + LY ifn > r+ 1. If r = 2, the F"
and L%T) reduce, respectively, to the classical Fibonacci and Lucas numbers (parametrized
as in [10], by Fy = F} =1, etc., and Ly = 1, Ly = 3, etc.).

Polynomial generalizations of F, and/or L, have arisen as generating functions for
statistics on binary words [1], lattice paths [4], and linear and circular domino arrange-

ments [6]. Generalizations of F\") and/or LY have arisen similarly in connection with
statistics on Morse code sequences [2], [3].
In the present paper, we study the polynomial generalizations

F(q,t) == Z q(n_gkﬂ) (n B (2_ l)k) tk (1.3)

0<k<|n /7

of F\") and

LSZ") (q,t) ==

0<k<[n/r]

nerit 1y [hgr Sor_ @) 4 (n — k)7 (m— (1 — &
L )[k Z(nq—(r—i)/i)f k) ]( (k 1)/{)(; (1.4)

of L. We present both algebraic and combinatorial evaluations of Jo (—1,t) and
Lg)(—l, t), as well as determine when the sequences Fé”(l, —1), FTST)(—l, 1), Lg)(l, —1),
and Lg)(—l, 1) are periodic. Our algebraic proofs make frequent use of the identity [9, pp.

201-202) k

n>0

Our combinatorial proofs are based on the fact that g (g, t) and L (q,t) are, respec-
tively, bivariate generating functions for a pair of statistics on linear and circular r-mino
arrangements.

2 Linear r-Mino Arrangements

Consider the problem of finding the number of ways to place k£ indistinguishable non-
overlapping 7r-minos on the numbers 1,2,...,n, arranged in a row, where an r-mino,
r > 2, is a rectangular piece capable of covering r numbers. It is useful to place squares
(pieces covering a single number) on each number not covered by an r-mino. The original
problem then becomes one of enumerating Rﬂ;, the set of coverings of the row of numbers
1,2,...,n by k r-minos and n—rk squares. Since each such covering corresponds uniquely
to a word in the alphabet {r, s} comprising k r’s and n — rk s’s, it follows that

RY)| = (” - (Tk_ ”’“), 0< k< [nfr], (2.1)
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for all n € P. (In what follows, we will identify coverings with such words.) If we set
R(()f()) = {0}, the “empty covering,” then (2.1) holds for n = 0 as well. With

RO = |J R, neN, (2.2)
o<k<n/r]

it follows that

|R£zr)| _ Z (TL - (T’k— 1)l€) _ P;Sr)7 (23)

0<k<[n/r]
where F\” = F" = ... = F") =1, with " = F”, + F") if n > r. Note that
(r),,.n 1
Y Fan = ——— (2.4)
l—z—2a"
n>0

Given ¢ € RV, let v(c) := the number of r-minos in the covering ¢, let s(c) := the
sum of the numbers covered by the squares in ¢, and let

F(q,t) == Z O, n € N. (2.5)
cE"RﬁLT)

The statistic v is well known and has occurred in several contexts (see, e.g., [2], [4], [6]).
On the other hand, the statistic s does not seem to have appeared in the literature.

Categorizing covers of 1,2, ..., n according as n is covered by a square or r-mino yields
the recurrence relation

FD(q,t) = ¢"F" (¢, t) +tFD (g, 1),  n>r, (2.6)

with FZ-(T)(q, t) = q(igl) for 0 < i < r— 1. The following theorem gives an explicit formula
for F" (q,1).
Theorem 2.1. For alln € N,
n—r — —1 k
F{(q,t) = g5 (n (r=1) ) £, 2.7)
qT

0<k<[n/r]

Proof. 1t clearly suffices to show that

S 0 2 (2 (n - (2 = 1)k) i

CERXL
Each c € Rffzc corresponds uniquely to a sequence (dy, . . ., d,—k), where dy is the number

of r-minos following the (n — rk)th square in the covering ¢, d,,_,; is the number of r-

minos preceding the first square, and, for 0 < i < n—rk, d,,_x_; is the number of r-minos
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between squares i and ¢ + 1. Then s(¢) = (rdp— + 1) + (rdp—pp + rdp—rp—1+2) + -+
(rdp—ri+7dn—yk—1+-+rdi+n—rk) = ("F) +7(0do+ 1dy +2da + - - -+ (n—7k)dp—r1.),
so that

Z qs(c) _ q(n—er+1) Z qr(0d0+1d1+---+(n—rk)dn,rk)
CEREZ,L d0+d1+(;;-€i-§n—rk:k
= (g )
k -
by (1.2). O

Remark 1. The occurrence of a ¢"-binomial coefficient in (2.7), and in (3.6) below, sup-
ports Knuth’s contention [5] that Gaussian coefficients should be denoted by (Z)q, rather

than by the traditional notation [}].

Remark 2. Cigler [3] has studied the generalized Carlitz-Fibonacci polynomials given by

RGatg= Y O TUTIETY) g
q

— k
0<kj<n—j5+1
to which the F\" )( t) are related by

FO(q,t) = g ) Fy i (r1,6/¢(2)  1/07).

Theorem 2.2. The ordinary generating function of the sequence (FT(LT)(q,t))RZO is given
by

k+1

q( 2 )x’“

Z Fér)(q’ t)l‘n - Z (1 _ xrt)(l _ qrxrt) c. (1 — quxrt) : (28)

n>0 k>0

Proof. By (2. 7)

S EOg =Y Y "Tzk+1)(n_(7;€_1)k)qrtk

nz0 n>0  0<k<|n/r]

r—1 )

— Z Z LT Z q(<m7k>2r+j+1) ((m —k)(r —k 1) +m+ j) "
J=0 m=0 0<k<m q
r—1 .

; ety (k(r = 1)+ m+j _

- e 3 -
j=0 m=0 0<k<m m —k a
r—1 )

= 30N T )t ) 3 (’f(r —kl) tm+ J) (27 )Rt
j*O k>0 m>k r+J -
Z Z k'r+]+1 k?T-f—]

- q ’ T T r+i)rort)’
j=0 k>0 1—$t)(1—qxt) (1_q(k+])$t)
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by (1.5), which yields (2.8), upon replacing kr + j by k > 0. O

Note that F\"(1,1) = F\", whence (2.8) generalizes (2.4). Setting ¢ =1 and ¢ = —1
in (2.8) yields

Corollary 2.2.1. The ordinary generating function of the sequence (FT(f)(l,t))nZO is
given by

> O FI(L )t = S — (2.9)

1—x—ta"
n>0

and

Corollary 2.2.2. The ordinary generating function of the sequence (FT(LT)(—l,t))@O is
given by
1—x—tz"
14 2% — 2ta” + 222’
> FI(=1t)2" = (2.10)

n>0 1—ax+ta”

if T is even;

m, z'frz's odd.
When r =2 and t = —1 in (2.9), we get
1 (1+2)(1—23)
FP(1,-1)2" = = 2.11
Z n(7 )ZE 1—ZE+ZE2 1 — 46 ) ( )

n>0

so that (F{Y(1, —1))n>0 is periodic with period 6 (we’ll call a sequence (a,)n>0 periodic
with period d if a,q = a, for all n > m for some m € N). However, this behavior is
restricted to the case r = 2:

Theorem 2.3. The sequence (FTST)(L —1))n>0 is never periodic for r > 3.

Proof. By (2.9) at t = —1, it suffices to show that 1 — z + 2" divides 2™ — 1 for some
m € P, only if r = 2.

We first describe the roots of unity that are zeros of 1 — x + 2”. If 2z is such a root of
unity, let y = 2”71, Since z(1—2""') = 1 and z is a root of unity, it follows that both y and
1 — y are roots of unity. In particular, |y| = |1 —y| = 1. Therefore, 1 —2Re(y) + |y|* = 1,
so Re(y) = 1/2. This forces y, and hence 1 — y, to be primitive 6* roots of unity. But
1—y=1/z so0 z is also a primitive 6 root of unity.

This implies that the only possible roots of unity which are zeros of 1 — x + 2" are
the primitive 6" roots of unity. Since the derivative of 1 — x + 2" has no roots of unity
as zeros, these 6™ roots of unity can only be simple zeros of 1 — 2 + 2. In particular, if
every root of 1 — x + 2" is a root of unity, then r = 2. O
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If r is even, then by (2.7),

FO(-1t) = Y (—1)("3“1)(71_(2_1%)#

0<k<Ln/r)
= (- (caykrz (T 0T DR
Z, )
= (=)")ED (1, (=1)7%) | (2.12)

Setting ¢ = 1 in (2.12) gives for n € N,

FU(—1,1) = (~1)("$)V W) and FWD (1 1) = (—1)("T)pW+D (1, —1).  (2.13)
Substituting ¢ = —1 in (2.7) (and in (3.6) below) when 7 is odd gives a —1, instead
of a 1, for the subscript of the g-binomial coefficients occurring in that formula. This
maX account in part for the difference in behavior seen in the following theorem for
F{"(=1,t) when r is odd (and in Theorem 3.4 below for L{’(—1,¢)). Iterating (2.6)

yields Ff?(q, t) =0if 1 <i <r—1, which we'll take as a convention.

Theorem 2.4. For r odd and all m € N,

Fy(=1,t) = (=1)"E(1, =) (2.14)
and
Fi (=18 = (=)™ (FD (=) + () Fer o (1,-1). (2.15)

Proof. Taking the even and odd parts of both sides of (2.10) when r is odd followed by
replacing  with iz'/2, where i = v/—1, yields

1
—1)"ED (<1, )" = —————
S E L e =
m>0
and r—1 r—1
m (r) m_ —LA (1) e
Z(_l) F2m+1(_17t)x - 1 —x+ 227 ’

m>0
from which (2.14) and (2.15) now follow from (2.9).

For a combinatorial proof of (2.14) and (2.15), we first assign to each r-mino ar-
rangement ¢ € R the weight w, := (—1)*©@#"(©) where ¢ is an indeterminate. Let RY
consist of those ¢ = z122 - - - 7, in Rq(f) satisfying the conditions xg; 1 = z9;, 1 <@ < |p/2].
Suppose ¢ = x1xy -, € R — R with iy being the smallest value of i for which
T9i—1 # x9;. Exchanging the positions of x9;,—1 and wxg;, within ¢ produces an s-parity
changing involution of R\ — RY" which preserves v(c).
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If n = 2m, then

F(-1t) = > we= > we= Y (=1 r@)/2p

cERY) cery) cer

= (-n™ Z (_1)v(c)/2tv(c) = (=)™ Z (_1)v(z)t2v(z)

cG'RgQL ZGR%)
= (=)"EDQA, -1,

since each pair of consecutive squares in ¢ € Rg;); contributes an odd amount towards
s(c). If n =2m + 1, then

F2(rr2+1( 1t) = Z We = Z W, = Z We + Z We

CERS;A_H cG'Ré:nJrl ce'Ré:n_H cG'Ré:n_H
v(c) even v(c) odd
_ Z 2m rv(c) )/Qtv(c) 4t Z (_1)(2mf(r71)7rv(c))/2tv(c)
cG'R(T CER(;)L (r—1)
_ (_1)m+1 Z (_1)U(Z)t2v(z) + (_1)m7(%1)t Z (_1)U(Z)t2v(z)
2eR(D) 2R

m=(52+)
DRt )( (1,1,

— (=)™ EDA, =) + (-1 (3

’
since members of Rg% 41 end in either a single square or in a single r-mino. O

Setting ¢ = 1 in Theorem 2.4 gives

Fy(=1,1) = (=1)"F (1, -1) (2.16)
and B
B (-11) = ()™ (FQ(, =) + ()T EY o 0,-1)  (247)

for r odd and m € N. Formulas (2.12)—(2.17) above (and (3.15)—(3.23) below) are some-
what reminiscent of the combinatorial reciprocity theorems of Stanley [7].
When r = 2 in (2.13), we get

FO(-1,1) = (- E®(1, 1) (2.18)

so that (Ff)(—l, 1))n>o is periodic with period 12, by (2.11). Indeed, from (2.10) when
r=2andt=1,

l—x—2> (1—2—2%—2Y(1 - 2%
(2)(_ no_ —
> ROt = e = — . (2.19)

n>0

Periodicity is again restricted to the case r = 2:

Corollary 2.4.1. The sequence (FTST)(—l, 1))n>0 is never periodic for r > 3.
Proof. This follows immediately from (2.13), (2.16), and Theorem 2.3. O
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3 Circular r-Mino Arrangements

IfnePand 0 <k < |n/r],let Cér,)f denote the set of coverings by k r-minos and n — rk
squares of the numbers 1,2, ..., n arranged clockwise around a circle:

By the initial segment of an r-mino occurring in such a cover, we mean the segment first
encountered as the circle is traversed clockwise. Classifying members of CT(lT,)c according as
(i) 1 is covered by one of r segments of an r-mino or (ii) 1 is covered by a square, and

applying (2.1), yields
B n—(r—1)k-—1 n—(r—1)k—1
(T

_ ﬁ(”_(?l)]‘ﬁ), 0< k< |[n/r]. (3.1)

(r)
Cn,k

Below we illustrate two members of Cfl) :

In covering (i), the initial segment of the 4-mino covers 1, and in covering (ii), the initial
segment covers 3.
With
¢ = U CX,Z;, n€P, (3.2)
0<k< [n/r]

it follows that

n n—(r—1k
cl= > m( (k )):Lff)a (3.3)

0k [n/7]
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where LV = ... = L0 =1, LI =r+1,and LY = L + L if n > r + 1. Note that

+ ra”
Lo = 277 3.4
Z n'® l—z—ar (34)
n>1
Given ¢ € C, let v(c) := the number of r-minos in the covering ¢, let s(c) := the
sum of the numbers covered by the squares in ¢, and let
L0 (q,t) = Z O, n e P. (3.5)
CECZ(LT)
This leads to a new polynomial generalization of L.
Theorem 3.1. For alln € P,
ekt Thgr Sor_ @) 1 (n — k)1 (o — (r — Dk
LO(q,t) = () [F et ‘] th. (3.6
Dgty= > ¢ TR L . (36)
0k n/7] q

Proof. 1t suffices to show that

S g0 = () l(l;f( 7@_ - ):” <n - <7~k— 1>k)

CEC’T(:,)C

where s :=Y_"_, ¢"™ ") Partitioning Cff,)c into the categories employed above in deriving

(3.1), and applying (2.7), yields

k—1

4 g5 (n —(r— 1)k - 1)qrqwk

066’7(:11)c

k

s(c n—rkt1y (n — (r— 1)k —1 r(n—r 1) (n—r n—r
S @ = 4l 2)( (r=1) ) [ (TR gDk |y gk
q?"

O (n (= 1)k - 1>qu 405 (n = 1)k - 1>qr 57

k—1

= [(n — (ikjrl)k)qr (n ) (2_ 1>k> -

T (_n(; ikl);k)q (n . (Tk_ Uk) q,«] ’

which completes the proof.

k
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Theorem 3.2. The ordinary generating function of the sequence (Lg)(q,t))nzl is given
by

k41 r—1 L
rt gU2) [1 4 2t 002 ] o
T (g g — T i1 . (38
; w () —at " Z (1—a7t)(1 —qrart)--- (1 — q"*a"t) (38)

=

Proof. By convention, we take (%T)q =1 and (Tl)q =0 for m € Z. From (3.7),

Z Lg)(q, t)xn _ Z o Z q(nf'rgk+l)tk [(n - (Tk—_ll)k - 1)qT ] Z qi(nfrk)

n>1 n>1  0<k<|n/r] i=1

+(n—(r—k1)k—1) ]

m—K— P

j=0 m>0 0<k<m
J+m>1

_ i S () 3 gk [S (kz(r —1)+m+j— 1>qr

§=0 k>0 m>k
j+m>1

by symmetry, where s := ¢"*9)  Separating the terms for which k = j = 0 gives

i=1
r r—1 .

") R krti+l E(r—1)4+m+j—1 g gk
ZL” (g, t)x" = 1—:1:Tt+z<zsq( 5 )Z I Tx t
n>1 j=0 k>0 m>k q

Jjtmz=1
k=1
ki1 k(r—1)+m+j—1 ek
+Zq( 5 ) Z ( ' l,mr-f—]tm
k>0 m>k kr+j—1 q
r—1 kr+j+r
_ (Frig+h) T t
BT Z (Z (1 —art)(1 — g art) - - (1 — qlhrtirgre)
§=0 \k>0
J+k>1
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xerrj

+ Z q kr-&-23+1
= ZETt)(l _ qu-rt) .. (]_ _ q(k’r‘-l-j—l)rl-rt)

(1 4Tt Z q kr-i—j)) xkr-i-j

ra’t (Frig+h)
= + q+ 2 : ;
1—at ]Zo ; (1—art)(1— qrxrt) (1 = qUr+irgrt)
jt+k>1

by (1.5), which yields (3.8), upon replacing kr + j by k > 1. O

Note that L{(1,1) = L\, whence (3.8) generalizes (3.4). The L (g,t) are related
to the F\"” (q,t) by the formula

L) = B2 (L) +rtED (L), =1, (3.9)

which reduces to
L( r) _ F(T) + rF®

n—ro

n>1, (3.10)

when t = 1, though there do not appear to be such formulas for Ly (q,t) or Lg)(q, 1).

Furthermore, the Lg)(q, t) do not seem to satisfy a simple recursion like (2.6). Setting
g=1and ¢ =—1in (3.8) yields

Corollary 3.2.1. The ordinary generating function of the sequence (Lg)(l, t))n>1 is given
by
t ‘s
S L0, e = S (3.11)

1—ax—ta’
n>1

and

Corollary 3.2.2. The ordinary generating function of the sequence (Lg)(—l,t))n% is
given by

—x — 22+ rtx” + t" T — rt22? T
., if ris even;
14+ 22 — 2ta” + 222

> LY (1,12 = (3.12)

n>1 —x — 2%+ rtz” + rt*x?

[P , of r1s odd.
When r =2 and t = —1 in (3.11), we get
— 222 (x — 2? — 22%)(1 — 23)
L2) 1,—1)z r = 3.13
Z T l-z+ta? 1—af ’ (3:13)

n>1

so that (Lg)(l, —1))n>1 is periodic with period 6. Again, no such periodicity occurs for
r=3:
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Theorem 3.3. The sequence (LY(1, —1))n>1 is never periodic for r > 3.

Proof. By (3.11) at t = —1, we must show that 1 — z + 2" does not divide the product
(1—2™)(xz—ra") for any m € P whenever r > 3. Note that the polynomials 1 —z+2z" and

x —rx” cannot share a zero; for if ¢y is a common zero, then t), = %O and 0 =1—ty+1; =

1—to+ %0, i.e., tg = 7, which isn’t a zero of either polynomial. From (2.9) and Theorem
2.3, the polynomial 1 — x + 2" doesn’t divide 1 — 2™ when r > 3, which completes the
proof. O

When r is even, the Lg)(—l,t) can be expressed as a linear combination of the
F{"(=1,t) by the relation
LY (-11) = FEAL) + FD(-18) = $E (=10 + 5F7, (-11)
+ (5= DED(-L1), n>1, (3.14)

which follows from (3.12) and (2.10). We were unable to find a relation comparable to
(3.14) when 7 is odd.
If 7 is even, then by (3.6), (2.7), and (3.9),

, 2m—rk+1 2m 2m — (r — kY
Lin(-11) = Z (_1)( 2 )Qm—(r—l)k< k )t

0<k<[2m/r|

m E/2 2m 2m — (r — Dk
SRR DI b7 o 1)k( : )tk

0<k<|2m/r|

= (=1)"L§) (1,(-1)7%) (3.15)

and

Lg;zl_l(—l,t) _ Z (_1)(2m;rk) 2m —1—rk <2m —1—(r— 1)k> "

2m—1—(r— 1k k
0k (2m—=1)/7]

m /2 2m — 1 2m —1—(r—1k\ ,
= D) 2. (1 /2m—1—(7“—1)k‘( k )t

0<k<[(2m—1)/r]

_ (—1)T/2Tt Z (_1)rk/2 (2m —r— 1]{;— (7’ — 1)]€) i

0<k<|2m—r—1)/r]
D (LG (1L (1) — (~1 ) (1 (1))
= (—1)"E) (1, (=1)7%). (3.16)
Setting t = 1 in (3.15) and (3.16) gives for m € P,

44 m 449 44 m 44
LS (=1,1) = (=1)™LSY and LS | (~1,1) = (~1)"F{, (3.17)
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and

LD (—1,1) = (1)L (1, —1) and LY (<1,1) = (1) Fyd ) (1, -1). (3.18)

2m

The following theorem gives analogues of (3.15) and (3.16) when r is odd. Recall that
FS)(q, t) =0 for 1 <7< r—1, by convention.

Theorem 3.4. For r odd and all m € P,

Lo (=1,8) = (=1)"LP(1, —#) (3.19)
and
L5 (=1,8) = (—1)™ (B (1, —8) + (<) Frer? o (1, #)) (3.20)

Proof. Taking the even and odd parts of both sides of (3.12) when r is odd followed by
replacing « with iz'/2, where i = /—1, yields

_ t2ZET
S ("L (-1 e =
m>1( ) 2m( ) )33' 1—1¢ —|—t233'r
m (1) mo__ —
Z(_l) L2m—1(_17t)x - 1— 2+ 207 )

m>1
from which (3.19) and (3.20) now follow from (3.11) and (2.9).
For a combinatorial proof of (3.19) and (3.20), we first assign to each r-mino ar-
rangement ¢ € C{ the weight w, := (—1)*©¢(©. Associate to each ¢ € CY) a word
Ve := U10g - - - in the alphabet {r, s}, where

{7“, if the i*" piece of ¢ is an r-mino;
V; ‘=

s, if the i** piece of ¢ is a square,

and one determines the i** piece of ¢ by starting with the piece covering 1 and proceeding
clockwise from that piece. Note that for each word starting with r, there are exactly r
associated members of Cq(f), while for each word starting with s, there is only one associated
member.

Let Cff)/ consist of those ¢ in Cq(f) for which v, = vjvy - - - satisfies vy; = vy, for all
i. Let ¢ € ¢ — ¢\ with v, = vyvy-- -, and let ig be the smallest index ¢ for which

vo; # Ugiy1. Interchanging the (2i) and (24 + 1) pieces of ¢ furnishes an s-parity
changing, v-preserving involution of C”) — ¢’
If n=2m — 1, then

Lg;v)m—l(_lat) = Z We = Z We = Z We + Z We

cecsy) ceé’éﬁl_l 66652:1 Cecé:yl:l
v(c) even v(c) odd

- — E (_1)(2m—2—rv(c))/2tv(c) + rt E (_1)(2m—r—1—rv(c))/2tv(c)
CER(Q:%,LQ CGR%:Y)LLT71
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= ()" Y (@ p (B Y (1@
(r)

zG'Rx)_l 2eR

n-(5)
= ("B L)+ () CeE  (18),

which gives (3.20), where RY) is as in the proof of Theorem 2.4, since members c of CQm 1
have a square as the first piece iff v(c ) is even.

Now suppose that n = 2m. Let Cy,, (" consist of those ¢ € C ' for which the first and last
letters of v, are the same. Consider the r members of C(T) C2m associated with the same
word v, starting with r (and thus ending in s) along with the arrangement resulting when
v, is read backwards, denoting the set consisting of these r + 1 arrangements by S,,.. Note
that Cé:g: — Cég is partitioned by the S, as v, ranges over all possible associated words.
The r“ members of S, whose first piece is an r-mino with initial segment covering an odd
number have s-parity 0pp0$1te the remaining ’”H members of S, , with each arrangement
in S,, possessing the same number of r-minos. Hence, the contribution of each S, towards
Lg;)l(—l, t) is zero, which implies the net weight of Cé:,); - Cég is zero.

Therefore,
LO(-1t) = Y we= Y we= Y (—1)Fmrue)2p
cECéT) C(T C(r)
= (_1)m Z (—1)U(C)/2tv(c) — (_1)m Z (_1)v(z)t2v(z)
ey s

= (_1)mL(mr)(17 _t2)7

which gives (3.19), since the first and last pieces of ¢ € Cé:,)l are the same. Note that
. . . (r)* . . o
each pair of consecutive squares in ¢ € C,,, corresponding to either vy; = vg;41 = s for

some ¢ or to (possibly) v, = vy = s in v, = V103 - - - v, contributes an odd amount towards
s(c). O

Setting ¢ = 1 in Theorem 3.4 gives

LY (=1,1) = (-=1)™LD (1, -1) (3.21)
and
L (=1,1) = (1" (B0, =) + () FrED o a,-1)) (322)

for r odd and m € P.
When r = 2 in (3.18), we get

LY (=1,1) = (=1)™LE) (1, —1) and LS (—1,1) = (1) Fy_,(1,—1)  (3.23)

m
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2)

so that (L7(1 (—1,1))n>1 is periodic with period 12, by (3.13) and (2.11). Indeed, from
(3.12) when r =2 and t = 1,
_ 2 3 _ 9 4
ZLS)(—l,l)x” - e —Zf 4 -
e l—2+4+2x
_ (rta?— t + 2% — 22%)(1 — xﬁ)‘ (3.24)
1 —z!?
When r > 3, we have
Corollary 3.4.1. The sequence (LSI) (—1,1))n>1 ts never periodic for r > 3.
Proof. This follows immediately from (3.17), (3.18), (3.21), and Theorem 3.3. O
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