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Abstract

We present an algorithm for finding a system of recurrence relations for the num-
ber of permutations of length n that satisfy a certain set of conditions. A rewriting
of these relations automatically gives a system of functional equations satisfied by
the multivariate generating function that counts permutations by their length and
the indices of the corresponding recurrence relations. We propose an approach to
describing such equations. In several interesting cases the algorithm recovers and
refines, in a unified way, results on 7-avoiding permutations and permutations con-
taining 7 exactly once, where 7 is any classical, generalized, and distanced pattern
of length three.

1 Introduction

Let m = mymy ... m, be a permutation of length n. Let 7 = 775 ... 7 be a permutation of
length k. An occurrence of 7 in m is a subsequence 1 < i; < iy < ... < i < n such that
(m(i1),...,m(ix)) is order-isomorphic to 7; in this context, 7 is usually called a pattern
(or classical pattern). We say that 7 contains 7 if there exists an occurrence of 7 in ,
otherwise, we say that m avoids 7 (or is T-avoiding). Herb Wilf [23] raised the question:
For a pattern 7, what can you say about f,(n), the number of permutations in S, that
avoid the pattern 77 More generally, what can you say about

° ﬁ(n), the number of permutations in S,, that contain the pattern 7 exactly once?

® firi . 20(m...rp(n), the number of permutations in S, that contain the pattern 7/
exactly r; times, for each j =1,2,..., 07

It follows from the Robinson-Schensted algorithm and the hook-length formula [11] that
for any k, the number of permutations with no increasing subsequence of length k is a
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multisum with binomial coefficients, from which it follows immediately [20] that it is P-
recursive (i.e., it satisfies a linear recurrence with polynomial coefficients in n). Noonan
and Zeilberger [15] conjectured that for any given finite set of patterns, T', the sequence
firt, b () i P-recursive.

Pattern-avoidance problems have been extensively studied over the last decade, and
one motivation has been to decide the above conjecture, see for instance [1, 2, 5], [12-21].
In these papers, the authors have employed various methods such as generating trees
with one or two labels [7], block decompositions [12] and basic algorithms for counting
patterns [15] to derive explicit formulas for the number of permutations of length n that
satisfy a certain set of conditions. Other authors used generating trees [18, 19] and
enumeration schemes [17, 21] to obtain a finite set of recurrence relations for the sequence
of permutations of length n that satisfy a certain set of conditions.

In this paper we suggest another approach, a scanning-elements algorithm, to study
the number of permutations of length n that satisfy a certain set of conditions. Our
algorithm is different from the above approaches by, for instance, the following critical
points: (1) The generating tree approach (see [7, 18, 19]) based on finding the refining
the permutations to obtain the labels of the tree. But our algorithm suggests refining the
permutations according to the value(s) of the leftmost element(s) of the permutations.
(2) The basic algorithm for counting patterns [15] used techniques involving generating
functions with infinitely many variables. But our algorithm deal with generating functions
with finite number of variables. (3) The enumeration schemes approach [17, 21] gives
describe the permutations as a generating tree with only finitely many labels. But our
algorithm describes the number of permutations as a set of recurrence relations.

The major aim of the scanning-elements algorithm is to obtain a finite set of recur-
rence relations for the sequence of permutations of length n that satisfy a certain set of
conditions (for example, avoiding a pattern or containing a pattern exactly once), and to
solve these recurrence relations by using the kernel method technique. Unfortunately, as
in the above approaches, this is not always easy, and for many enumeration sequences,
e.g. the number of T-avoiding permutations or the number of permutations containing a
pattern 7 exactly once, 7 € Sy, it may well be impossible for patterns of length £ > 4. We
illustrate the use of the scanning-elements algorithm for the number of permutations of
length n that either avoid a pattern of length three, or contain a pattern of length three
exactly once.

Organization of the paper. The paper is organized as follows. In Section 2 we
formulate the scanning-elements algorithm. In Section 3 we solve a linear system of func-
tional equations. Applying the general methods in Sections 2 and 3 we get several ap-
plications on pattern-avoiding permutations, see Section 4. As a consequence, we recover
and refine, in a unified way, all the results on 7-avoiding permutations, and permutations
containing 7 exactly once, where 7 is any classical (Section 4.1), generalized (Section 4.2),
or distanced (Section 4.3) pattern of length three.
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2 Scanning-elements algorithm

Let P(n) be any infinite family of finite subsets of S,, parameterized by n. Denote the
cardinality of the set P(n) by p(n), that is, p(n) = #P(n) for all n > 0. The main goal
of this section is to describe how to derive a recursive structure for the family P(n), for
which we need the following definition. Given by, by, ..., by € N, we define

P(n;bl,bg,...,bg):{7T17T2...7TnEP(H)|7T17T2"'7Tg:b1b2"'bg}

and p(n;by,ba, ..., b)) = #P(n;by,be, ..., b). If no confusion can arise, we will write
P(n) instead of P(n; () and p(n) instead of p(n;@). As a direct consequence of the above
definition, we have

p(n;bh"wbé)zz lp(n;bla"'7b€7j)‘ (]‘)

j:
Equation (1) suggests writing a recurrence relation for the sequence {p(n)},>o in terms
of p(n; by), the sequence {p(n;b1)}np, in terms of the sequences p(n; by, b2), and so on. To
simplify this process we make the following definition.

Definition 1 Let 1 < s </ and ay,...,a,_s € N. If there exists a bijection between the
sets P(n;by,...,by) and P(n — s;aq,...,a,_s), then the set P(n — s;aq,...,ai_5) is said
to be the reduction of the set P(n;by,...,by). If a reduction exists we say that the set
P(n;by,...,by) is reducible (otherwise it is irreducible). An element b is said to be an
(£ + 1)-active element (resp. (¢ + 1)-inactive element ) of the set P(n;by, ..., by) if the set
P(n;by, ..., by, b) is irreducible (resp. reducible).

For instance, if P(n) = S,(1234) then P(n — 1; ji, j3) is a reduction of P(n;j1, ja, js)
where 1 < j; < j3 < jo < n — 3. We now describe, in the following three steps, how to
obtain the recurrence relation for the sequence {p(n)},>o.

First step. Decide what are the 1-inactive (active) elements of P(n), i.e. the sets

I(n) = {j € [n] | j is an l-inactive element of P(n)},
I(n) ={j €[n] | jis an l-active element of P(n)}.

As a direct consequence of the above definitions and (1) we have
p(n) = p(n;1) + -+ plnin) = [Im)| -pln = 1)+ > p(n;]) (2)

for all n > 1. In other words, Equation (2) leads to a recurrence relation for the sequence
{p(n) }nzo in terms of p(n; j).

Second step. In this step we discuss how to obtain a recurrence relation for the
sequence p(n; by, ..., by) (in particular, for the sequence p(n;by)).

Given a set P(n;by,...,by), decide if it is reducible or irreducible. If it is irreducible
then decide what are the (¢4 1)- inactive (active) elements of P(n;by,...,b.), i.e. the sets

I(n;by...,bp) :=={a € [n]\{b1,...,be} | ais an (£ + 1)-inactive element of P(n;by,...,bs)},
I(n;by, ... by) :={a € [n]\{b1,...,be} | ais an (¢ + 1)-active element of P(n;b1,...,b)}.
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As a direct consequence of the above definitions we have for all ¢ > 0,

p(n; by, ... be) = > p(n; b1, .., b, )
JE[n\{b1,....b¢}
= Z p(nabh?bf:j)—i_ Z p(n;bla"'ab&j) (3)
J€I(n;by,ba,....by) j€I(n;by,ba,....be)
= Z p(nab177bé7])+ Z p(n_d;cly‘-wcf—d)?
FEI(n;b1,b2,...,bg) (dyc1y....co—q) €U (nsb1,y...,bp)

where U(n; by, ..., by) is the following multiset

P(n—d;ci,...,ci_q) is a reduction of P(n;by,..., b 7),
{(d,cl,...,q_d) ( ! ¢ d) ( 1 {4 j) }

1§d§€7 jej(n;bla"wa)
Sometimes, Equation (3) suggests an algorithm for writing finite or infinite systems of

recurrence relations in terms of p(n — a; by, ..., by) with ¢,a > 0. Thus,

0: p(n)=ao-pn—1)+ Z]’lel(n)p(n;jl)a

L: p(n;ji) = Z(d,ji)eU(n;jl)p(n —d;j1) + ngel(n;jl)p(n;jlaj2>7 (4)
where ag = |I(n)| is the number of l-inactive elements of P(n). Let us call the i-th

row of Equation (4) the i-th level of p(n). The equality I(n;j1,...,ji) = 0 is equivalent
to there not existing any (k + 1)-active element of the set P(n;ji,...,7,). Thus, if
Ujroind (0571, ..o, Jk) = 0 then Equation (4) contains only k + 1 levels. Hence, we can
make the following definition.

Definition 2 The minimal k € N such that the set I(n;ji,...,Jx) is empty for any
1 < j1,..., 0k < n is called the depth of the sequence {p(n)},>o. If the depth of a
sequence {p(n)}n>o does not depend on n then it is said to have finite depth.

By the definitions, the depth of p(n) equals the number of levels of p(n).

Definition 3 The sequence p(n) is said to be k-linear if its depth is a finite number
k41 and U(n;ji,...,J¢) is a simple multiset, that is if the number of occurrences of
(d,7%,...,7%) in U(n;ji, ..., j0) is a constant that does not depend on the parameters
N, 91,72, - - -5 Je, for any d, s.

Proposition 4 Let {p(n)},>0 be any k-linear sequence. Then the sequence {p(n)}n>o
satisfies the following recurrence relation

0: p(n)=ao-p(n—1)+ 32, crim)P(ni1)
Lo p(nsdi) = 2@ jnevmgy) P = di01) + 2 jyernygy) PR3 d2)

k—1: p n;jla"'vjkfl
g de) 8
= > p(n —d; gy, ..., J5) + > pnsgi,. k)
s=1 (dj1,35)EU(J1ssdk—-1) IREI(M571500k—1)
k
k p(n7j177jk): Z Z p(n_dvjivajg)a

s=1 (d,j1 .52 ) EU(M31 sk
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where ag = |I(n)| is the number of 1-inactive elements of p(n), and the set U(n; ji, ..., j¢)
1s a simple multiset for all £ =1,2,... k.

Now, if we assume that the sequence {p(n)},>o satisfies Equation (5), then we can
ask if there is an exact formula for the sequence {p(n)},>o. To answer this we need the
following notation:

Q(ta U1y -y Uk?)
n n : L, - (6)
:ZtQ(n;Ulw"avk):Zt Z p(n;]lw'w.]k)nviz :
n>0 n>0 1<j10aju<n i=1

Now, we can describe our method by the following naive algorithm, whose input is a
k-linear sequence and whose output is an exact formula for the sequence {p(n)},>o.
Scanning elements algorithm:

Given a sequence {p(n)},.o where p(n) = #P(n) and P(n) C S,,.

)

1) Find a recurrence relation for the sequence {p(n)},>o as described in (4).
) Decide if the sequence {p(n)},>o is k-linear. If yes, continue, otherwise stop.
)

Rewrite (5) in terms of generating functions with % indeterminates vi,vs, ..., vk
This is done by multiplying (5) by []'_, v/ ! and summing over all the possibilities

=1 "1

jl € [(n>7 j2 € I(”v]l)a R ]k € I(n;jla s 7jk71>-

(4) Extract from step (3) a system of functional equations in k+1 variables ¢, vy, vo, . . .,
Vg -

(5) Solve this system to get a formula for Q(¢;1,1,...,1), which is a formula for the
ordinary generating function ), p(n)t", as desired.

The above algorithm suggests refining the permutations according to the value(s) of the
leftmost element(s), and then apply algebraic techniques. As we see, Step (2) is the crucial
one, and often, the sequence {p(n)},>o is not k-linear. However, in the next section we
will illustrate the above algorithm for several interesting cases.

3 Linear system of functional equations

As mentioned before, our method yields a multivariate system of functional equations in
several variables, which is hard to solve in general (several cases of functional equations
with three variables were studied in [7]). Thus, in this section we focus only on the case
of linear systems of functional equations with two variables.

Let P(z;v) = (pij(z;v))1<ij<e and Q(x;v) = (gi5(x; v))1<i j<e be any two £ x £ matrices
of rational functions in z and v, and b(z;v) = (by(z;v),...,b(x;v))T be any vector of
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rational functions in x and v. Let A(z;v) = (Ay(x;0), ..., Ag(z;v))T. In this section we
wish to solve a linear system of functional equations of the following form:

P(z;v)A(z;v) = b(z;v) + Q(z; v)A(z; 1). (7)

That is, we want to find ¢ formal power series A;(x;v),..., As(z;v) satistfying (7). For
ease reference, we will denote (7) by (P, b, Q). Using elementary linear algebra (Gaussian
elimination) we can assume that the matrix P = D, where D is a diagonal matrix. To
find a solution for the system (D, b, Q) with diagonal matrix D, we state the following
theorem.

Theorem 5 Let (D, b, Q) be any linear system of functional equations with ¢ variables
Ai(z;0), ..., Ae(z;v) of power series in x and v such that D = diag(di(x;v), ..., dy(z;v))
is a diagonal matriz, where d;(x;v) Z 0 is a rational function for alli=1,2,...,¢. Sup-
pose there exists a formal power series u;(x) such that d;(x;u;(x)) =0,1=1,2,...,¢, and
such that q;;(z;u;(z)) is a formal power series for alli, j, where Q(z;v) = (gij(x;v))1<ij<e-
Then the system (D,b,Q) has a unique solution of algebraic functions if and only if
det(T(x)) = det((qi;(; ui(2)))1<ij<e) # 0.

Proof The system (D, b, Q) has a unique solution if and only if the system
T()A(z;0) = —s(2),
s(z) = (bi(z;ur(x)), ..., be(z;ue(x))T, has a unique solution, which is equivalent to
det(T(z)) # 0.
Moreover, since d;(z;v) is a rational function, we have that u;(z) is an algebraic function

for all 4 = 1,2,...,¢. This implies that (A;(z;1),..., Ay(z;1))T is a vector of algebraic
functions satisfying our system (D, b, Q). O

4 Three letter patterns

In this section we deal with several interesting cases of families of permutations by using
the scanning-elements algorithm as described in Section 2. In particular, we deal with
classical patterns (Section 4.1), generalized patterns (Section 4.2), and distanced patterns
(Section 4.3) of three letters.

4.1 Classical patterns

In this subsection we recover and refine several interesting enumerations on the set of
permutations that either avoid or contain a (classical) pattern of length three.
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4.1.1 Refining 123-avoiding permutations

Define P(n) = S,(123). Let 7 = mymy...m, be any permutation of length n. If 7 > m
then 7 avoids 123 if and only if my7ms ... 7, is a permutation of length n — 1 that avoids
123, and if m; < my then 7 avoids 123 if and only if my = n which is equivalent to saying
that mmsmy ... 7, is a permutation of length n — 1 that avoids 123. Hence, P(n — 1) is
a reduction of P(n;n) and P(n;n — 1), and P(n;i,7j) is a reduction of P(n — 1;j) for all
i > j. Thus, Equation (1) gives

p(n) =2p(n — 1)+ 377 p(n;4),  p(n;j) = S0, p(n — 154), (8)

for all n —2 > j > 1. Therefore, the above recurrence relation is a particular case of
(5), i.e. ag =2, Uln;j) = {(1,4) | i = 1,2,...,75}, I(n;j) = 0, and can be written in
terms of Q(n;v) as Q(n;v) = v"'Q(n — 1;1) + 1= (Q(n — 1;v) —v"'Q(n — 1; 1)), for

all n > 2. From the definitions we have that Q(0;v) = Q(1;v) = 1. Multiplying the
above recurrence relation by ¢" and summing over all possible n > 2 we arrive at

Qt;v) =1+

— Q) = Q(tv; 1)) + 1Q(tv; 1). (9)
Therefore, by using the kernel method as described in [4], we recover the well known enu-
meration of 123-avoiding permutations of length n by the n-th Catalan number (see [11]).
Moreover, the number of 123-avoiding permutations of length n starting with m (m =
1,2,...,n) is given by (™*"7%) — ("*".?) (where (¢) by 0 whenever a < b or b < 0).

m—1 m—2

4.1.2 Refining permutations containing 123 exactly once

Now let us find an explicit formula for ]?123(71), the number of permutations of length n
that contain 123 exactly once. Using similar arguments as in Section 4.1.1 we obtain that
forallm >3 and 1 <i<n-—2,

ﬁ23(n§ i) = Lné i) + J?123(7”l - L i) + fiaz(n — 1;4),

fraz(nin) = fizz(nsn —1) = fias(n — 1),
where g(n,i) = 23;11 Fros(n; §) satisfies g(n;d) = g(n—1;1)+g(n—1;2) 4+ -+ g(n—1;4).
Define G(n;v) = Y77, G(n;i)v'™" and G(t;v) = 37, . G(n;v)t". Rewriting the above

recurrence relation in terms of the generating functions we obtain that

~ o—t) 24,2
1- ﬁ (1= 1) Fios(t/v;v) = —igl,?) Fias(t;1) + t(Uingt)Fm:a(t, 1),

1-— ﬁ Flgg(t/v;/l)) =1- li—vvFlgg(t; 1)
Therefore, Theorem 5 with u(t) = us(t) = H=2 gives that flgg(n) = %(2::31) (see
[14]). Moreover, the number of permutations = € S,, that contain the pattern 123 exactly
once and have m = m is given by ("*n"z%) — ("jﬁj) — m%q (2”;;2) ifm=1,2,....n—2,
and %2(2:—_113) otherwise.
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4.1.3 Refining 132-avoiding permutations

Define P(n) = S,(132). Let m = mymy ... 7, € S, be any permutation of length n. Now, if
m > m9, then 7 avoids 132 if and only if moms ... 7, is a permutation of length n — 1 that
avoids 132, and if m; < w9 then 7 avoids 132 if and only if 79 = 7 + 1 which is equivalent
to saying that mym3my...m, is a permutation of length n — 1 that avoids 132. Hence,
P(n —1) is a reduction of P(n;n) and P(n;n—1), P(n—1;j) is a reduction of P(n;1, )
for all i > j, and P(n — 1;4) is a reduction of P(n — 1;4,i + 1). Thus, Equation (5) gives

p(n) =2p(n — 1)+ X" p(nij), p(nij) =YL, p(n—1;i), (10)
for all n — 2 > 5 > 1. Thus, Equations (8), (9) and (10) give that P(t;v) = Figa(t;v) =
Fuaz(t;v).

4.1.4 Refining permutations containing 132 exactly once

Now let us find an explicit formula for ]?132 (n), the number of permutations of length n
that contain 132 exactly once. Using similar arguments as in the proof of Equation (10)
we obtain that for all 1 < 7 <n — 2,

frsa(ni 1) = g(n; 5) + h(n; ) + frsa(n — 15 ), (11)
f132(n n— 1) f132(n n) f132(n - 1)

where g(n;j) = Zf:_ll ﬁgg(n;j, i) and h(n;j) = ﬁgg(n;j,j+ 1) satisfy the following recur-
rences:

{ g(n;j) = ZZ1g(n—1;i)+25;11h(n—1;i)+25;12f132(n—2;i),
9( ) f132(n—1),

h(n: j) = g(n = 1:3) + hn = 1:3), and h(n;n = 1) = h(n;n = 2) = fisa(n — 2). Define

ZGnv Zt"ZGnyv] L

n>0 n>0 j=1
g H(n;v) E t" g H(n; j)v' 1.
n>0 n>0 Jj=1

By rewriting the above recurrence relations in terms of generating functions G(t;v) and
H(t;v) and using the fact that Fis(t/v;v) satisfies Fizo(t/v;v) = 14 i )(Flgg(t/v v) —

Fis(t;1)) + LFi35(t; 1) (see Section 4.1.3), we obtain that

4 2
<]_ — v(l—iv)) F132(t/1}; U)
== —M -t <1 — ﬁ) F\132(t; 1) + —t2(t7v+tv)(v7t) Flgg(t; 1),

v3(1—v) 1—v vi(1—v)

(1 — U(l—t—v)> Flgg(t/v; U)
=1— 5 Fis(t1).

\
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To find an explicit formula for Fis (z;1) and Fisa(z; 1) let us consider the following system

2 [(1- ) Pty

2(t—v+tv 2 (t—v+tv) (v—
= LA 8 (1~ ) Pt 1) + & A (s ),

<]_ - ﬁ) Flgg(t/v;l)) =1- ﬁFlg,g(t; ]_)

Theorem 5 with u;(t) = up(t) = =% gives ]?132( ) = (7)) (see [6]). Moreover, the

number of permutations 7 of length n containing 132 exactly once and starting with

s given by fua(n — 1) i m = non — L and S0 ()
n—3 n—4
i (2n—6-2j) (2j+m— +n—4 .
.ZO o Cna sy ) 50T = ZO (mi,;) otherwise.
J= Jj=

4.1.5 Refining 231-avoiding permutations

Up to now, all our results are given by k-linear sequences. Here we present a sequence,
231-avoiding permutations of length n, which does not have the k-linear property. Define
P(n) = S,(231) and let A, (n) = 32, 15 o 550 P(nid1,. .., Js) for all m > 1 with
Ap(n) = p(n). Then, using our scanning-elements algorithm we obtain that p(n) =

p(ni 1) + p(nin) + S0, pns i) = 2p(n — 1) + 20, plni 1), that is, Ai(n) = p(n) —
2p(n —1). Also, for all m > 1,

Ap(n) = Appi(n) + > p(n; g1,y Jms 1)

n—=1>j1>>jm>2
- Am+1(

)+ > p(n— 141, jm)
= Ap1(n) + Ap(n —1) + > p(n =171, ..., Jm-1)

n— 2>]1> >im>1
n—32j1>>jm-121

== A () + Ap(n— 1) + -+ Ag(n — 1 — m).

Hence, p(n) is a sequence with depth n — 1 (depends on n), that is, this sequence is not
k-linear. But, the sequence A,,(n) is a 1-linear sequence. Thus, if we define A ( ) =
30 Am(m)a™ and A(w;0) = 3, o An(@)0™, then Ap(z) = Apes(@) + 2 Am(z) + - +
a1 Ag(z) — 2™ with Ag(x) = Y, oop(n)z™ and Ai(z) = (1 — 2x)Ag(z) — 1 + . As a

consequence, we arrive at

(1 - w) Ale;v) = (1 - av) A 0) - SE=T=70)

1—2av 1—2av

Therefore, by using the kernel method as described in [4], we recover the well known
enumeration of 231-avoiding permutations of length n as ¢,, the n-th Catalan number
(see [11]). Moreover, the number of 231-avoiding permutations of length n and starting
with m is given by ¢,,_1¢,_m, where ¢, is the n-th Catalan number. We remark that we
have presented the case of 231-avoiding permutations as it will be a good reference for
the enumeration in next sections, where this result can be shown from the fact that the
number of 231-avoiding permutations 7 of length n having m; = m equals the number of
132-avoiding permutations 7 of length n having m,, = n.
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4.1.6 Refining permutations containing 231 exactly once

One can try to obtain results similar to Section 4.1.5, but the proof for the case of
permutations containing 231 exactly once is similar to the proof of the case of 231-
avoiding permutations and extremely cumbersome. One can obtain that the number
of permutations of length n containing 231 exactly once and starting with m is given by

2m— Mn—2m— .
Crn—2Cn—m + (g_f)cn,m + ( Z_mm_33) Cm—1, Where ¢, is the n-th Catalan number.

4.2 Three letter generalized pattern of type (2,1)

In [3] Babson and Steingrimsson introduced generalized patterns that allow the require-
ment that two adjacent letters in a pattern must be adjacent in the permutation. In this
subsection, we study the generating functions F,(z;v) and F,(z;v), where 7 = ab-c and
abc € S;.

4.2.1 Refining 12-3-avoiding permutations

By using the arguments in Section 4.1.1 we obtain that for alln > 2 and 1 <i <n —1,
fi2-3(n;4) = fro-3(n —2) + Z;_:ll fi2-3(n — 15 j) and fip-3(n;n) = fio-3(n — 1). Rewriting
the above recurrence relations in terms of generating functions we get that
Fia-5(t/v;v) )
=1+ % + t (Flg_g(t/v; U) — Flg_g(t; 1)) + m(Flg_g(t/U; 1) — ’UF12_3(t; 1))

1-v

Therefore, by using the kernel method with v = 1 — t we arrive at Fio-3(t;1) = 1 +
5 F1o-5(t/(1 — t);1). Using the above functional equation repeatedly, we recover the
well known enumeration of 12-3-avoiding permutations of length n by B,,, the n-th Bell
number (see [8]). Moreover, the number of permutations of length n, n > 2, that avoid
12-3 and start with m is given by Z?:ol (m;l)Bn,g,i ifm=12...,n—1, and B,_;
otherwise.

4.2.2 Refining permutations containing 12-3 exactly once

Now we find an explicit formula for the number of permutations of length n that contain
12-3 exactly once. Using similar arguments as in Section 4.1.1 we obtain that for all n > 3
and 1 <7< n—2,
J?12—3(”%j') R R
= fioz(n — 1 1) 4 -+ fro-z(n — 150 — 1) + fio-3(n — 2) + fio-3(n — 1),
f12_3(n;/7\1) R
= f12—3(n;n - 1) = f12—3(n - 1)-

Rewriting the above recurrence relations in terms of generating functions we get that

ﬁ12—3(t/v§ v) = (F\12—3(t/1); v) — ﬁ12—3(t; 1))

1—v

+ﬁiv)(ﬁ12_3(t/v; ]_) - Uﬁlg_g(t; 1) + F12_3(t/v; ]_) - Fm-g(t; 1))

(12)
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Therefore, by using the kernel method as described in [4] with v = 1 — ¢ we arrive at
~ t o~
Fia3(t;1) = 1—_15(F12-3(t/(1 —1);1) + Fia3(t/(1 — 1);1) = Fia-5(t51)).
If we simply apply the above equation repeatedly and in each step perform some rather

tedious algebraic manipulations, then we get that the ordinary generating function for
the number of permutations in .S,, containing 12-3 exactly once is

ktk-i-n
Fios(t;1)
12-9( Z1—msZ 1—8)(1—22)---(1— (k+n)t)

n>1

(see [9]).

4.2.3 Refining 21-3-avoiding permutations

Using similar techniques as in Section 4.2.1, we obtain that the generating function
Fy1-3(t; v) satisfies
Pog(tfoiv) = 1— -4 — 1 (Bya(t/os 1) — vForoa(t/v50)) + - Fora(t: 1)
a(t/vyv)=1— — 4+ ————(Fo1-3(t/v; 1) — vFy3(t/v;v —Fy3(t;1).
21-3 ; R 21-3 21-3 o les

Therefore, the kernel method as described in [4] with v = 1 4 ¢ gives

t
1—t

Fys(t;1) =1+ 1 1).

t
Fyo
¢ h1-3(

Hence, by applying the above functional equation repeatedly, we recover the well known
enumeration of 21-3-avoiding permutations of length n by the n-th Bell number (see [§]).
Moreover, the number of permutations of length n, n > 2, that avoid 21-3 and start with
m is given by Z::Ol(—l)i(m;l)Bn,l,i iftm=1,2,...,n—1, and B, _; otherwise.

4.2.4 Refining permutations containing 21-3 exactly once

Again, using similar techniques as in Section 4.2.1 we obtain that the generating function
Fy1-3(t; v) satisfies

Fyr3(t/v; v) ~
= v(l ) (Fgl 3(t/U ]_) — UFQl 3(t/U U)) + %Fgl_g(t; 1) + t(i—gt)Fgl_g,(t; 1) — v%

Therefore, the kernel method as described in [4] with v = 1 4 ¢ gives

L 1)+ Hl - 2) (Fo1-3( ‘

ﬁ21—3(1 _tv

ﬁ21—3(t3 1) =

t
— 1) —1).
1—t 1—t )= 1)
Hence, by applying the above functional equation repeatedly we get that the ordinary
generating function for the number of permutations of length n containing 21-3 exactly

k k+n
once is 3, 7= (n— ltZk>0 (e 25 (A—(kFn)0) (see [9]).
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4.2.5 Refining 13-2-avoiding permutations and permutations containing 13-2
exactly once

In [8], Claesson showed that S,,(13-2) = S,,(1-3-2) for all n > 0. Thus, Section 4.1.3 gives
that Fiz-2(t;v) = Fi-3-2(t;v). To exhibit an explicit formula for Fi3-5(¢; 1), we use similar
arguments as in the previous subsection. Then one can state that

t =~ t
Figo(t; 1) —

t ~ t
(]_ — /0(17) Flg_g(t/l),v) = ﬁFlg_g(t/U,U) — 1—o m

—U)

Using the fact that lim i == Fiz-2(t/v;v) = LI (Qection 4.1.3), we get that
2

2¢/1—4x
Fiza(n) = (")) (see [9]). Moreover, the number of permutations of length n containing
13-2 exactly once and starting with m, m =1,2,...,n — 1, is given by

(m=1)("757%) = i w5 0SS () = S () ()

4.3 Distanced patterns

We say a permutation 7 € S,, avoids the distanced pattern 7175073 if there is no subse-
quence 1 < a < b < ¢ < n such that ¢ > b+ 1 and 7,77, is order-isomorphic to 7 (see
[10]).

4.3.1 The pattern 1203

Using similar techniques as in Section 4.2.1 we obtain that the generating function

Fions(t; v) satisfies (1 - U(lt_v) - 5—22> Fioos(t/v;v) =1 — z—i + 75 Fians(t; 1), Therefore,
by using the kernel method as described in [4] with v = wvg(¢) which is the root of the
polynomial 1 —v+t(1—t)v? +t*v3 we arrive at Fions(t; 1) = vo(t). By using the Lagrange
inversion formula (see [22]) we get that the number of 1203-avoiding permutations in S,

is given by Zkzo ﬁ (n2f;3§k) (n;k)

4.3.2 The pattern 1302

Again, using similar techniques as in Section 4.2.1 we obtain that the generating function

Fi3ma(t; v) satisfies Fizoe(t;v) = Fians(t;v). In particular, the number of 1302-avoiding

permutations in S, is given by Zkzo nik (HQf;_ng) (";k)

4.3.3 The pattern 2301
Define

Am(n) = Z f23|:|1(n;j17 L 7jm)7 Bm(n) = Z f23|:|1(n;j17 L 7jm)7

n—12j1>->jm=>2 n—12j1>>jm=>1
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and Ag(n) = By(n) = fozo1(n). Using similar arguments as in th proofs of Section 4.1.5 we
obtain that A;(n) = Ag(n) —2A40(n—1), B1(n) = Ag(n)—Ag(n—1), foralln > m+1 > 1,

An(n)=Ani(n)+ Bn(n—1)+ Bu(n—2)+ Bo1(n —3)+ -+ + Bo(n —2 —m),
and B,,(n) = An(n) + Apoi(n — 1) + - - + Ag(n — m).

Now, by defining A(z;v) = > oo An(z)v™ and B(x;v) = > oo Bn(z)v™, we get
that - -

B(z;v)

= ﬁ(A(.T,U) - 1)7

A(z;v)

= (1 —2v + 2%)A(z;0) + vA(z;v) — (3:(1 +z)v + fifv) (B(x;v) + 1) — (1 — 2)v.
Thus,

r\(l—x+x /v 1)27’0 v rr+v(v 12713
(1 v+ 2UGED) A fs0) = (1 - o+ 2/0) Al v;0) + L2 he il s

Therefore, by using the kernel method as described in [4], we recover the well known

enumeration of 2301-avoiding permutations of length n by »_, -, ﬁ(fffgk) (";k) (see
[10]). -
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