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Abstract

Recently, Chen-Chu-Gu [4] and Guo-Zeng [6] found independently that Watson’s
quintuple product identity follows surprisingly from two basic algebraic identities,
called finite forms of Watson’s quintuple product identity. The present paper shows
that both identities are equivalent to two special cases of the ¢-Chu-Vandermonde
formula by using the (f, g)-inversion.

1. Introduction

The celebrated Watson’s quintuple product identity [5, Exer. 5.7, p. 147| states that for
lg| <1 and a variable z,

D (FEET =) = (g, 2,q/2 )0 (077, 0/75 ) oo (1.1)

k=—o00

where the ¢-shifted factorial (a;q),, is defined by

n (e 9]

(CL; Q)n = H(]. — aqkil), and ((L q)oo = H(l — aqk)
k=1 k=0
with the following compact multi-parameter notation:

(a1, a9, am; Q)n = (a15;q)n(a2;q)n -+ (Qm; @)n-

This identity has several important applications in combinatorial analysis, number
theory and special functions. For its historical note and various proofs, we refer the
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reader to [2, 7]. Recently, as a new and perhaps the simplest proof, Chen, Chu and Gu [4]
found that it can be derived simply from the following almost-trivial algebraic identity,
called a finite form of the quintuple product identity, the latter is just a limiting case of
the terminating ¢-Dixon formula [5, II-14].

Theorem 1 (Finite form of Watson’s quintuple product identity) For any inte-
gern > 0 and a variable z, there holds

i(wzqk)[”} ((Z%quk 1 (12)

P k], (220" @)ni1

where [’]ﬂq denotes the g-binomial coefficient [Z]q =(0;0)n/((@; k(@ Q) n—t)-

Not much later, a somewhat different finite form of this identity was independently dis-
covered by Guo and Zeng [6, Theorem 8.1] via recurrence approach. Their result is

Theorem 2 (Another finite form of Watson’s quintuple product identity) For
n > 0 and a variable z, there holds

n

3 (1 - 22 {"L(ﬁ('zﬂqu'ﬁ 1. (1.3)

0 k T @)n

For how to derive Watson’s quintuple product identity (1.1) from both Egs. (1.2) and
(1.3), we refer the reader to [4, 6] for further details. In addition, it is worth mentioning
that these two identities are two different g-analogues of the binomial relation

k

> (=

k=0

In this paper, we will show that, with the help of matrix inversion, both Egs. (1.2)
and (1.3) are equivalent to two special cases of the ¢-Chu-Vandermonde formula (cf. [5,
I1.6])

", a n (€/a5q)n
201 4,4 = a4 ———-, (1.4

l ¢ } (¢ 9)n )
respectively specified by a = 22¢",c = zq, and a = 2?¢"*',c = zq. Here the basic
hypergeometric series (cf.[5, p.4, (1.2.22)]) is generally defined by

o]
A1y .-y Apyq 2 :(@17"' 7ar+1;Q)n n
; 72 = Z.
7‘+1¢7‘ |: b17'--7br q :| s (q7b17... ’br’q)n
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2. Matrix inversion

Our approach is based on an inverse pair of matrices. Let F' = (f,, x)nrez be an infinite-
dimensional lower-triangular matrix over C subject to f,, , = 0 unless n > k. The matrix
G = (gn.k)n,kez is the inverse matrix of F' if

Doy fitin = Oy for all .k € 2,

where ¢ denotes the usual Kronecker delta. The pair of such two matrices is often called
an inversion or a reciprocal relation in the context of combinatorics. As is well known, a
fundamental application of matrix inversion is that it provides a standard technique for
deriving new summation formulas from known ones. More precisely, assume that (f,x)
and ( f;kl) are lower-triangular matrices that are inverses of each other, then the following
is true:

Z forar = b, if and only if Z f;klbk = a,. (2.1)
k=0 k=0

In [8, 9], the author had obtained the following matrix inversion, named the (f, g)-
Inversion.

Lemma 1 Let f(x,y) and g(x,y) be two arbitrary functions over C in variables x,y.
Suppose further g(x,y) is antisymmetric, i.e., g(x,y) = —g(y,x). Let F = (F(n,k))nkez
and G = (G(n, k))nrez be two matrices with entries given by

_ IT5 flaby) n
Fin k) = H?:kﬂg(bivbk) ! 22)

f (g, b)) Tl f (i, 0n)
f(@nbn) TIZ, 9(biba)
where {x;}icz, {bi}icz are arbitrary sequences such that none of the denominators in

the right hand sides of (2.2) and (2.3) vanish. Then F = (F(n,k))prez and G =
(G(n, k))nkez are a matriz inversion if and only if for all a,b,c,x € C, there holds that

f(x,a)g(b, c) + f(x,b)g(c,a) + f(x,¢)g(a,b) = 0. (2.4)

G(n, k)

respectively, (2.3)

As a direct application of Lemma 1, we have the following inverse series relations on
the set N of nonnegative integers instead of Z.

Theorem 3 Let f(x,y) and g(x,y), {x;} and {b;} be given as in Lemma 1. Then for
any integers n > 0, the system of linear relations for any two sequences {F(i)}ien and

{G (i) bien

S [T g(bi, bn)
F(n)= G(k)f(xp, by) =————= .
(n) kzo (k) f(z k)Hlef(%',bn) (2.5)
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18 equivalent to the system

N [175) (i, be)
Gl =3 FR G (2.6)

This special result of the (f, g)-inversion will be used in our forthcoming discussion. As
stated in our earlier work [9], there are numerous functions forming the (f, g)-inversion,
i.e., satisfying (2.4). But in what follows, we are only concerned with such a pair of
functions f(z,y) = 1 — zy,g(x,y) = x —y. Consequently, we get the special case of
Theorem 3 with these parameters z; = aq’,b; = ¢, which is restated in terms of matrix
without proof.

Corollary 1 Let N(a) be an infinite lower-triangular matriz given by

N(a) = ((q‘”; Ok (aq™; @ qk) '

(G Ok (ag; @)k

Then the inverse of N(a) is

NL(a) = (((q‘”;q)k (a;9)x 1 —aq%qkn) '

agd " )k () 1 —a

We remark that this matrix inversion has been used by Andrews in the study of Bailey
Lemma. See [1, Chapter 3, (3.27)/(3.40)] for the details. As far as we know, it is originally
due to Carlitz [3].

3. Main results

In this section, we will present our main results. At first, set f(z,y) =1 — 2y, g(z,y) =
r—1vy,b; = 2¢', z; = 2¢' in Theorem 3. Then an interesting equivalent identity to Eq. (1.2)
can be derived via the inverse technique.

Theorem 4 Forn >0, Eq. (1.2) is equivalent to

2 1—2 n] (2¢";q)x
ngn E Ak 3.1
z 1— Zq |:k’:|q R ) ( )

(2¢; @)k

or in terms of basic hypergeometric series,

1—=2

. 3.2
T (3.2)

-n 2. n
y n. n, n(n
201 [ ' zg JQ,Q] = (=12t
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Proof. Assume that Eq. (1.2) holds. Now, using these basic relations
k-1
H ( 2q' — 2q ") —kq—kz(kz—l)/2,

i, -
ki, (4 O
! _ (% @)
(226" Qns1 (225 Q)nar [T, (1 — 22gi+m)
we can rewrite Eq. (1.2)
—1
b’i7 bn
ZG Ik,bk = g( ), (33)
Hizl f(xla bn
where b;, x; are the same as before, and
2% Qk (22‘ Qn+1
G(k) = qk(k+1)/2 ( ) ’ F(n) = ) 4)n+ '
" T " G
By the (1 — 2y, x — y)-inversion, we get
br.)
F z 1 (JZ'Z, k (34)
Z Z Ozikg(bl7bk‘)

(2% @)n . (2% Qs 1112, (1 — 22gkt)
- Z (2 Drr1 [Timoipn(d’ — ¥) (3.5)

n(n+1)/2
(1=2¢") @00

Inserting the expressions for G(k) and F'(n) into (3.4), we deduce immediately that

2"q
Applying the relation
- X b mk—(*F1
[T @ ) =0 " U (g 0)k(g @)
i=0,ik
we further reduce (3.5)
n_ n(n+1)/2 -z _ - _1\n—k 7nk+(k'51 (q7Q)7’L (22qn;Q)kz
zq =>» (-1)
1—zq" (@ Dr(@ Dk (2¢;9)
This leads to the desired result Eq. (3.1). Writing this identity in terms of basic hyperge-
ometric series by invoking the relation
ki, (¢: )
|

we get Eq. (3.2).
Theorem 3. This gives the complete proof of theorem

Conversely, if Eq.(3.1) or Eq.(3.2) is given, then Eq.(1.2) can be also deduced by
By the same technique, we derive the following equivalent form of Eq. (1.3)
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Theorem 5 Forn >0, Eq. (1.3) is equivalent to

g = 3oyt 1] (3.6

P kly (@9

or in terms of basic hypergeometric series,

—-n 2 n+1

9 z n. n_nmn

o | T T S| = (aangenn (3.7
q

Proof. The proof is similar to that of Theorem 4, but with the different parameter

specification b; = z¢*, z; = 2¢'T'. So we omit it. ]

4. A bilateral summation

As pointed out by Chen, Chu and Gu [4], Eq. (1.2) is just a limiting case of terminating
¢-Dixon formula (cf. [5, I1.14]). Thus, it is worthwhile to combine the matrix inversion
in Corollary 1 with this classical summation formula in order to find any possibly new
or interesting results remained. As an immediate consequence, we obtain the following
bilateral summation from which two special cases of Ramanujan’s 197 summation formula
are derived.

Theorem 6 For any integers m,n > 0, there holds

n

> (" 2" = /b Dremepm
k=—m (q7 _ql_nxa q1_2nx2/b; Q)ker

_14+q" (B @min (—ql_”f’f)m+n (4.1)
m+n

L+ xg™ (¢'—2"22/b; q) b

Proof. Note that the terminating ¢g-Dixon formula

2, ¢, —qx, b ¢z (qa?, qx /b q)
’ ’ ’ : — el et e Vil 4.2
4¢3 |: q1+nl‘2, —z, QIQ/b 14, b (qa:, qu/b; q)n ( )

may be reformulated as

i G qu?qun L—z (b <@)’“ _ (g2%,q2/b;q)n
(¢ (G 1 -2 1 —zq* (qz?/b;q)i \ b (g7, q7%/b; q)n,

By Corollary 1 specialized with a = 22, we get

Z":(q‘”;q)k (¢ Dk g (2% qr/big _ 1=z (biq)n <@>"
— (e (2¢O (g7,q2%/b;q)x 1 —xq" (q2°/b;q)n \ b
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After some routine simplification, it reduces to

Z": (™ @k (%", qz/biq)y o 1—a (b Q)”)n <@>” (4.3)

o (r  (qz,q22/b; q)y, 1 —xq™ (qz?/b; q b

Making the replacements n +— m + n,z — —q "z, k +— k + m, we get finally the desired
result. ]
The first case deserving our consideration comes from the case m = n of (4.1), namely

n

3 @ Dran (@ =0"7"0/b;Dbn g
= (@D (=0 7, ¢ 7222 /b5 Q) s

_l+q"r (g AN (4.4)
Lt+ag (¢ 22 /biq)an \ D ' ‘

When letting n +— oo in (4.4) and then replacing k£ by —k in the resulting identity, we
immediately obtain the following nonterminating series identity.

Corollary 2 For three indeterminate q, z,b with |q| < 1 and |b] < |z|* < 1, there holds

= (—1/z; q)kakfl _ (0,0, =1/ q) o
2. Cojman (2 0/2% b)) (4.5)

k=—o00
Another case of special interest is that b +— 0 and m,n +— oo in (4.1).

Corollary 3 For two indeterminate ¢ and x with |q| <1 and 0 < |z| < 1, there holds

— D2 (41q)e(—1/75 )0 G
P e o - (4.6)
k:—oox ( xg; q)k—l (l‘ aQ)oo

Acknowledgements

The author thanks the anonymous referee and W.C.Chu for the very detailed comments.

References

[1] G. E. Andrews, g-Series: their development and application in Analysis, Number the-
ory, Combinatorics,physics and computer algebra, NSF CBMS Regional Conf.Series,
Vol.66, 1986.

[2] L. Carlitz and M.V. Subbarao, A simple proof of the Quintuple Product Identity,
Proc. Amer. Math. Soc. 32 (1972), 42-44.

[3] L. Carlitz, Some inverse relations, Duke Math. J. 40 (1973), 893-901.

THE ELECTRONIC JOURNAL OF COMBINATORICS 13 (2006), #R52 7



[4] W. Y. C. Chen, W. C. Chu, and N. S. S. Gu, Finite form of the quituple product
identity, J. Combin. Theory, Ser.A, 113 (2006), 185-187.

[5] G. Gasper and M. Rahman, Basic hypergeometric series (second edition), Encyclo-
pedia Math. Appl., Vol.96, Cambridge Univ. Press, Cambridge, 2004.

[6] V. J. W. Guo and J. Zeng, Short proofs of summation and transformation formulas
for basic hypergeometric series, J. Math. Anal. Appl., to appear.

[7] H. M. Farkas, I. Kra, On the quintuple product identity, Proc. Amer. Math. Soc. 127
(1999), T71-778.

[8] X. Ma, An extension of Warnaar’s matrix inversion, Proc. Amer. Math. Soc. 133
(2005), 3179-3189.

9] X. Ma, The (f, g)-inversion formula and its applications: the (f, g)-summation for-
mula, Advances in Appl. Math.(2006), to appear.

THE ELECTRONIC JOURNAL OF COMBINATORICS 13 (2006), #R52 8



