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Abstract

In [6] the authors refine the well-known permutation statistic “descent” by fixing
parity of (exactly) one of the descent’s numbers. In this paper, we generalize the
results of [6] by studying descents according to whether the first or the second
element in a descent pair is divisible by k for some k£ > 2. We provide either
an explicit or an inclusion-exclusion type formula for the distribution of the new
statistics. Based on our results we obtain combinatorial proofs of a number of
remarkable identities. We also provide bijective proofs of some of our results and
state a number of open problems.
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1 Introduction

The descent set, Des(m), of a permutation m = 7y - - - 7, is the set of indices i for which
m; > mir1. The number of descents in a permutation m, denoted by des(w), is a classical
permutation statistic. This statistic was first studied by MacMahon [9] almost a hundred
years ago, and it still plays an important role in the study of permutation statistics.
The FEulerian numbers A(n, k) count the number of permutations in the symmetric
group S, with k descents and they are the coefficients of the Eulerian polynomials A, (t)
defined by A,(t) = > s ti+des(t)  The Eulerian polynomials satisfy the identity

Sk = An(t)

_ #\n+1°
= (1—1)
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For more properties of the Eulerian polynomials see [1].

In [6], the authors considered the problem of counting descents according to the parity
of the first or second element of the descent pair. That is, let S,, be the set of permutations
of {1,...,n}, N ={0,1,2,...} be the set of natural numbers, F = {0,2,4,...,} be the
set of even numbers, O = {1,3,5,...} be the set of odd numbers, and for any statement
A, let x(A) =11if Ais true and x(A) = 0 if A is false. Then for any o € S,,, define

— — —

o Desp(o) ={i:0;> 041 & 0, € E} and desg(o) = |Desg(0)]
—_— — —

o Desg(o) ={i:0;> 0,41 & ;11 € E} and desg(o) = [Desg(o)|
— — —

e Desp(o) ={i:0;> 041 & 0, € O} and desp(0) = |Deso(0)|
—_— — —_—

o Desp(o) ={i:0;> 041 & 0i41 € O} and desp(0) = |Deso(0)|

Kitaev and Remmel [6] studied the following polynomials:

L Ro(@) = Coes, #5) = Tig Ripa®

2. Pol(w,2) =3, s 2des5(@) x(01€B) S0 S Prnat,

3. Mn(z) =D cs, gdes0(0) = S or_g My nx®, and

4 Qulz,2) =3 s de50(0) x(01€0) S0 Yo Qi TE.

There are some surprisingly simple formulas for the coefficients of these polynomials.
For example, the following results are proved in [6].

Rk,2n = (

Theorem 1.

Ryony1 = el k) ((n+ 1)),
n—1 n
pl,k,Qn = ( k <k’+1) (n'>27
(7)o

Poronyr = (B+1

Poronyr = (n+1)

)
Prion = n;l)
(
(
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In this paper, we generalize Kitaev and Remmel’s results by studying the problem
of counting descents according to whether the first or the second element in a descent
pair is divisible by k for £ > 2. For any k > 0, let kN = {0, k, 2k, 3k, ...}. Given a set
XCN=/{0,1,...} and any 0 = 01 - - - 0, € S,,, we define the following:

o Desy(o) = {i:0;> 0is1 & 01 € X} and desx (o) = | Desx (0)];
o Desx(o) = {i: 01> 011 & 011 € X} and desx (o) = |Desx (0)];
o AD(@) = Fyes, 0 = T Al

o BIOw) = Tpes, 2™ = 5 B

o BO(2,2) = T, 5 ateomn(@) pxinebN) — S ELSAL g0 i

Remark 1. Note that setting k = 1 gives us (usual) descents, providing Aq(zl)(x) =
— —
B (x) = A,(z), whereas setting k =2 gives Desg(c) and Desg (o) studied in [6].

The goal of this paper is to derive closed formulas for the coefficients of these polyno-
mials. When k£ > 2, our formulas are considerably more complicated than the formulas
in the £ = 2 case. In fact, in most cases, we can derive two distinct formulas for the
coefficients of these polynomials. We shall see that there are simple recursions for the
coefficients of the polynomials A,mﬂ (x), B,g]:l)+]( ), and B,gnﬂ (x,2z) for 0 < j < k— 1.
In fact, we can derive two different formulas for the coefficients of our polynomials by
iterating the recursions starting with the constant term and by iterating the recursions

starting with the highest coefficient. For example, we shall prove the following theorem.

Theorem 2. Forallk>2, n>0,and0<j <k —1,

AngIszrj
S . . n—1
= (k=D S (1) <(k - DZﬂ + T> <’m8+_=7: 1) TI0+1+7+ k-1
r=0 =0
= (= ey (ETI I (BT D T -
r=0 =1

What is remarkable about these two different formulas for A,m +; 1s that they lead to a
number of identities that are interesting in their own right. For example, it follows from
Theorem 2 that forall k > 2, n>0,and 0 < j <k —1,

i(—w”((k_l)ifﬂ”) (’m;jjl) 11 r+ 147+ (k—1)i)

= ) ”‘S(_l)nsr((k —1)n+j —|—7“) (lm +j+ 1) ﬁ(r k- 1)), 1)

T n—s—r "
r=0 =1
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Even in the case k = 2, we get some remarkable identities. For example, it follows from
Theorems 1 and 2 that for all n > s,

(Z)Q(n!) = i(—nsr(njr) (?_*:) o149

= 2(1)“’" (n j T) (an jlr) ; (r +1). (2)

It turns out that both of these identities can be derived by using certain hypergeometric
series identities. For example, we will show how (2) can be derived from Saalcshiitz’s
identity. Jim Haglund [4] suggested that (1) should follow from Gasper’s transformation
[2] of hypergeometric series of Karlsson-Minton type. This is indeed the case but we will
not include such a derivation in this paper since (1) is a special case of wider class of
identities that arise by studying the problem of enumerating permutations according to
the number of pattern matches where the equivalence classes of the elements modulo k for
k > 2 are taken into account, see [7]. A general derivation of this wider class of identities
from the Gasper’s transformation of hypergeometric series of Karlsson-Minton type will
appear in a subsequent paper [8].

Given any permutation ¢ = oy - - -0, € S, we label the possible positions of where we
can insert n + 1 to get a permutation in S, from left to right with 0 to n, i.e., inserting
n + 1 in position 0 means that we insert n + 1 at the start of ¢ and for ¢+ > 1, inserting
n 4+ 1 in position ¢ means we insert n + 1 immediately after ;. In such a situation, we let
0@ denote the permutation of S, that results by inserting n + 1 in position 4.

Let 0¢ = (n+1—0y1)(n+1—09)---(n+1—0,) denote the complement of o. Clearly,
if n is odd, then, for all 7, o; and n + 1 — 0; have the same parity, whereas they have
opposite parity if n is even. However, if £ > 3, then complementation does not preserve
equivalences classes mod k. The reverse of ¢ is the permutation ¢” = ¢,,0,_1 - - - 01.

The outline of this paper is as follows. In section 2, we shall give explicit formulas

for the coefficients Agf,znﬂ and Aff,)mﬂ- forall k > 2, n > 0, and j € {0,...,k — 1}.
(k)

Then we shall develop a set of recursions for the coefficients A, i

sions to derive our two different formulas for the coefficients of A;fg ﬂ.(x) for all n > 0
and j € {0,...,k —1}. In section 3, we shall give explicit formulas for the coefficients

k k k k k k
B((],k)nJrj’ B((),(g,knJrj’Bi(},knJrj’ BT(L,I)anrj’ B((],T)L,knJrj’ and Bir)L,knJrj for all k Z 2’ n Z O’)a’nd
(k

j €10,...,k —1}. Then we shall develop a set of recursions for the coefficients B;, . ;

and use these recursions to derive inclusion-exclusion type formulas for the coefficients of
Bg“,znﬂ, Bélzknﬂ, and Bﬁ;knJrj forallm > 0 and j € {0,...,k — 1}. Based on such for-
mulas, we shall derive a number of remarkable identities (see Theorem 17). In section 4,
we shall consider some natural bijective questions that arise from our results. Finally, in

section 5, we shall discuss a number of open questions.

and use these recur-
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2 Properties of Agﬂ)(aj)

In this section, we shall study the properties of the polynomials Agk) (x). For instance,
here are some examples of the polynomials AP ().

AP (2) = 1.
AP (2) = 2.

Agg) (x) =2+ 4.

AP (z) = 12 + 122,

AP (z) = 72 + 482

AP (2) = 72 + 4562 + 19222

AP (z) = 960 + 3120z + 96022

AP (x) = 10800 + 23760z + 57602,

AP (z) = 10800 + 133920z + 18360022 + 345602°.

AP (z) = 241920 + 1572480z + 157248022 + 2419203,

A () = 4233600 + 18869760z + 1487808022 + 193536023

AY) (z) = 4233600 + 843091202 + 23333184022 + 1416441602° 1548288024

A (z) = 139345920 + 14783731202 + 299158272022 + 14783731202 + 13934592024
A (z) = 3429216000 + 252020160002 + 4033411200022 + 1681948800023 + 13934592002,

AY) (z) = 3429216000-+98413056000z + 4486285440002 + 5512872960002 + 191981664000 +
13934592002

By Theorem 2, we know that Agn ., is divisible by (2n + j)!. However, if we consider
Afig) (10!) = 191981664000/(10!) = 52905, then one can check that the prime factoriza-

tion of 52905 is 3 - 5 - 3527. Thus the prime 3527 divides Agf) so that we can not expect

®3)
s,3n+J

Theorem 1 for the polynomials Agn e

For the rest of this paper, we shall assume that k£ > 2.

Forj =1,...,k—1,let Ay,.; be the operator which sends 2* to sz*~ '+ (kn+j — s)z*
and Tk, be the operator that sends x* to (s + 1)z° + (kn + k — 1 — s)a**!. Then we
have the following.

that we will get formulas for A that are as simple as the formulas that appear in
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Theorem 3. The polynomials {A,(lk) () }n>1 satisfy the following recursions.

(2) Forj=1,....k—1, Ak];)ﬂ( )= Aan(A,(i)Hfl(x)) forn >0, and

(3) Al(c];)Jrk(x) = Fkn+k(A;glf3+k,1(x)) forn >1.

Proof. Part (1) is trivial.
For part (2), fix j such that 1 < j < k—1. Now suppose 0 = 01 - - Optj—1 € Skn+j—1

%

and desgy(0) = s. It is then easy to see that if we insert kn + j in position ¢ where
e_—

i € Desgy(0), then dGSE(O'(Z)) = s — 1. However, if we insert kn + j in position ¢ where

(
i¢ Se—SkN(U), then %m\r( ()) =s. Thus {o® :i =0,...,kn+j—1} gives a contribution
of sx*~t + (kn + j — s)a® to Akn+j( T).
For part (3), suppose 0 = 07« * - Ognik—1 € Skntk—1 ailiza@k]v(o) = s. It is then easy
to see that if we insert kn + k in position ¢ where i € Desg(c) or ¢ = kn + k — 1, then
%E(o(i)) = s. Similarly if we insert kn+k in position i where i ¢ E;;kN(O)U{lm—l—k—l},

then %kn(a(i)) = s+ 1. Thus {o® : i =0,...,kn + k — 1} gives a contribution of
(s+ 1)a® + (kn+k — (s + 1))z to Akn+k( 7). O

Note that we can rewrite Theorem 1 as saying that
k
1. AP (@) =1,

. k) k
2. For j=1,...,k—1, A,(mﬂ( ) =(1 —x)dci(A,ggﬂ [(x) + (kn—i—j)A,(m)ﬂ () for
n > 0, and

3. AW

W @) = (@ — a2 LAE (@) + (1 a(kn+k—1)AR  (z) forn > 1.

There are simple formulas for the lowest and the highest coefficients in the polynomials

A,(jl) +; and we can give direct combinatorial proots of such formulas.

Theorem 4. We have
(@) AN o= ((k—=Dn+ DG+ 1+i(k — 1) for0<j <k —1;

() A% = (n(k—1)+ )k —1)"n for0<j<k—1.

n,kn+j
Proof. 1t is easy to see that both (a) and (b) hold for n = 1.
To prove (a), fix j, 0 < j < k — 1, and suppose that o = o7 - - 0p,4; is such that
%Iw(a) = 0. Then we can factor any such permutation into blocks by reading the
permutation from left to right and cutting after each number which is not divisible by k.

For example if j =0, k =3, and 0 =11 1245367 89 10 12, then the blocks of o
would be 11,1, 2,4,5,36 7, 8,9 10, 12.
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There may be a block of numbers which are divisible by k at the end which are arranged
in increasing order. We call this final block the oo-th block. Every other block must end
with a number sk + ¢ where 0 < s <n—1and 1 <7 < k — 1 and can be preceded by
any subset of numbers which are divisible by k and which are less than sk + ¢ arranged
in increasing order. We call such a block the (sk + i)-th block. It is then easy to see that
there are [[/— (j + 1 4+ i(k — 1)) ways to put the numbers k, 2k, ..., nk into the blocks.
That is, kn must go in either the blocks kn 4+ 1,...,kn + j or in the oco-th block so that
there are 1 + j choices for the block in which to place kn. Then k(n — 1) can either go
in the blocks k(n — 1)+ 1,k(n —1)+2,...,k(n — 1)+ k—1,kn+1,...,kn + j or the
oo-block so that there are j + 1 + (k — 1) choices for the block that contains k(n — 1).
More generally, k(n — i) can go in any blocks k(n —i)+1,...,k(n—i)+k—1,k(n —i+
D+1,.. . k(n—i+1)+k—1,...,k(n=—1)+1,...,k(n—1)+k—1kn+1,... . kn+j
or the co-block so that are j + 1+ i(k — 1) choices for the block that contains k(n — 7).
Once we have arranged the numbers which are divisible by k into blocks, it is easy to see
that we can arrange blocks sk 47 where 0 < s <n—1and 1 <7 < k — 1 plus the blocks
kn+1,...,kn+ j in any order and still get a permutation o with %k]v(a) = 0. It thus
follows that there are ((k — 1)n + i) []'=, (j + 1 +i(k — 1)) such permutations.

To prove (b) fix j, 0 < j < k — 1, and suppose that ¢ = oy ---0k,+; is such that
:Esk ~n(0) = n. Then, as above, we can factor any such permutation into blocks by reading
the permutation from left to right and cutting after each number which is not divisible by
k. One can see that, unlike the case where CEMV(U) = 0, there can be no numbers which
are divisible by & at the end since that would force at least one number which is divisible
by k to not start a descent. Thus the oo-th block must be empty. Similarly, it is easy
to see that the blocks kn + 1,..., kn 4+ 7 must be singletons. Next if 0 < s <n — 1 and
1 < j <k —1 and there are numbers which are divisible by k in the (sk + j)-th block,
i.e. the block that ends with sk + j, then those numbers must all be greater than sk + j
and they must be arranged in decreasing order.

It is then easy to see that there are (k—1)"(n!) ways to put the numbers k, 2k, ..., nk
into blocks. That is, kn may go in any of the blocks sk + 7 where 0 < s < n — 1 and
1 < j <k —1 so that there are (k — 1)n choices for the block that contains kn. Then
k(n—1) can go in any of the blocks sk +j where 0 < s <n—2and 1 < j < k—1 so that
there are (k — 1)(n — 1) choices for the block that contains k(n — 1), etc. After we have
partitioned the numbers which are divisible by k into their respective blocks, we must
arrange the numbers which are divisible by k& in each block in decreasing order so that
there are a total (kK — 1)"n! ways to partition the numbers which are divisible by % into
the blocks. Once we have arranged the numbers which are divisible by % into blocks, it is
easy to see that we can arrange blocks sk+j where 0 < s <n—1and 1< j <k—1 plus
the blocks kn+1,...,kn+ 7 in any order an still get a permutation o with %k]v(a) =n.
It thus follows that there are (n(k — 1) + 7)!(k — 1)"n! such permutations. O

It is easy to see from Theorem 3 that we have two following recursions for the coeffi-
cients Agk%
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For1 <j<k—1,

k k
Ag lznﬂ (kn+j — S)A( gntj—1 T (s+ 1)Ag+)1,kn+jfl (3)
and
k) k
Ai gk = (1 + S)A( sk T (kn+k — S)Ag )1 k1 (4)

The following theorem provides an inclusion-exclusion type formula for AS kntj Which
can be obtained by iterating the recursions (3) and (4) starting with our formulas for

k
Aé,lZnJrj'
Theorem 5. For all0 < j <k —1 and alln > 0, we have
(k)
As km-‘,—j
e (k= Dn+j+r\[(kn+i+1\ T . .
_ | _1)5T _
((k nn+ﬁ.§%(n ( . s 1]@+1+3+w i) -

Proof. We shall prove this formula by induction on s. Note that Theorem 4 shows that
our formula for A* holds when s =0 for all n > 0 and 0<j<k-1

Now assume by induction that our formula for A

s kn—l—]
0 and

is true for all n >
for all n > 0 and

s knJrj
0 < j < k—1. Then we shall prove that it holds for AS Lkt
0 < j <k — 1. Note that by recursion (3), we have for 1 < j <k — 1,

k (k . k

(s + 1)A§+)1,kn+j 1= As Izn—i—] (kn+j— S)Ag,lzn+j—1'

Thus
k)

(S+1)A(s+1 Jn4j—1

[ (k= Dn+j+r\ kn+j+1\ . ‘

_ - | _1\s—T _
(= tm gy |3 (B0 AR (CEERERCNY

—(kn+j—s)((E—1)n+j—1!x
e (k=D =1 (knt N\ Ty L ]
(-1) (r+j+ (k-1 .

It follows that

(k)
As—i—l,kn—f—j—l

(k= Dn+j—1)

(k= Dnt9) [, e (k= Dn4 g+ (kn+i+1\ Ty ,
_ o ;( 1) < . >< L )H)r+1+g+ 1)2)]
(kn+37—3s) | ser((k=1n+j—14+7r\[kn+j ot . ‘

B [;(—1) ( . ><s_r>izo(r—|—j—|—(k—1)z)]. (5)
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We can divide the terms on the RHS of (5) into the three parts. The r = s term from
the first summand on the RHS of (5) gives

S

(k—1)n+7) ((k—l)n—l—j—l—s
s+1

)ﬁ(s+1+j+(k—1)i)

e [[s+1+7+ %=1 (6)

1=0

_ ((k—l)n+j+8) o

_ ((’f—1>”+s(i_11)+5+1)ﬁ<<s+1)+1+<j—1>+<’“—1)”‘

=0

The r = 0 term from the second summand on the RHS of (5) gives

(_1)S+1 (k‘n +j - S) (k‘n;—]) Tﬁ(] + (k o 1)2)

s+1 i=0

n—1

— (apn (k””) TG+ (ki) )

s+1 Pl

n—1

= (-1 (kH o 1) [T +G =1+ &= 1))

s+1 Pl

Finally we can organize the remaining terms of each summand according to the factor
[T (r 4+ (k — 1)i) to get

> 5 774”_1 , _ kn+j—sf(k—1n+j—14+r\[kn+j
>y g(r—l—j—i-(k—l)z)xlis_i_l ( i )(S_T)
(k=Dn+j((k—1)n+j+r—1\[kn+j+1
A (AT )
s . . n—1
— Zl(_l)sﬂr((k — 1)71(:_,] 1—:!1”— 1 |y (k:n(j_j)r)l'sr — H)(T"i_j + (k= 1)i) x
kn+j—s kn+j+1
[ r +s—|—1—r]
s . . n—1
= Zl(—l)s*”((k — Dn(:_j 1+)!T = (kn(j_ji)l, - i - -H)(T + i+ (k= 1)i) x
(s+1)(kn+j—s+r)
r(s+1—r)
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s n—1

= Y (1 ((k —1)n —|7:j +r— 1) <81T1—|—_jr> LG +7+ (k- 1)i)

r=1 =0
s . . n—1
_ Z(_l)s+1—r<(k - 1)n4;y ~1 —i—r) (k‘n—ls——(iljl—_lr)r—i- 1) T+ 14 G- 1) + (- )

r=1 1=0

where z |,= z(x —1)---(x —r 4+ 1). Thus if we combine (6), (7), and (8), we get

(k)
As+1 Jkn+j—1

(k—Dn+j—1!
s+1 . . n—1
i(—l)S“”((k_ - 1)”) <kn+(‘7 Y +1> [16+1+G—1)+ (k- 1)i)

r s+1—r

r=0 1=

holds for all n and for all

as desired. Thus we have proved our formula for Ak
0<j<k—-2.

s+1 kn+j

Next we verify that our formula holds for A By recursion (4), we have

s+1 kn+k—1"
k k k
A+ AR = AN = e+ k=AY, 9)
Putting ¢t = s 4+ 1 in (9), we have that
k: k: k
(s +2)A% i =AY = B+ k= (s +1)A%) L. (10)

Thus using the formula for Asil,kn 4 that we just proved and our induction hypothesis,
we have

(5 +2) A%, s = (k= D(n +1))!x

_§(—1)S+H <<k ~ DD+ T> <k(n T+ 1) ﬁ(r + 14 (k- 1)i)]

1 —
Lr=0 " §+ " =0

(kntk— (s + D)((k — D+ (k — 1)) x
i(_l)sr((k—l)n‘f'k—l-f—T)<kn+k—1+1>ﬁ 14 _1)+(k_1)i)]'

T S—7T
Lr=0 =0

Thus

A%
s+1kntk—1 (11)

(k—n+k—1)

1 [&E o ((E=D(n+1)+r) (k(n+1)+1) 12
1)l ( g (7 )g 1 (b 1))
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(kn+k—(s+1))
B s+ 2 %

[i(—l)” <(k o t fo T) (ij) ﬁ(r + 14 (k—1)+ (k- 1)) .

r=0 1=0

Note that [[I_y(r + 1+ (k—1)i) = (r + 1) [/ (r + 1+ (k — 1) 4 (k — 1)i). Thus we
can divide the RHS of (11) into two terms. The first term comes from the r = s + 1 in
the first summand on the RHS of (11) and yields

SJlrQ((k_1)(2111)+S+1)(s+2)g(s+1+1+(k’—1)+(kz—1)@')

_ <(k_1)(2111 +S+1)1_£s+1+1+ Dtk 1)), 12)

The remaining terms can be organized according to the factor H?:_Ol (r+1+(k-1)+
(k —1)1) to give

s n—1

2 ((k o +r(k U r) ﬁ(r 1 (k= 1)+ (k= 1)i)- Jlr 5%
[(1 ) (k::fjrl) +(kn+k—(s+1) (k:jrk)} ' (13)
But
[(1 +7) (/f::lk_JrTl) Btk — (s+1) (k;zjrk)}
%[(1—1—@(1@7@—1—/’6—1—1)—1—(8—1—1—r)(kn—i—k—(s—I—l))]
%[(8+2)(kn+k)+(r+1)_($+1_T)(8+1)]
% (s +2)(kn+Fk) — (s +2)(s —1)]
— (kn+k) ls 1—r
= (s+2) (8—1—1—:)!
= (s+2) (ST;L_kT). "
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Substituting (14) in (13), we get that (13) is equivalent to

Z(—Usﬂr((k ~Dnt(k=1) ”) ( b ) [Tt 1+ (k= 1)+ (k= 1)i). (15)

— r s+1—r

Finally, combining (12) and (15), we obtain

(k)
s+1,kn+k—1

(k—Dmn+k—1)
ii_DHL¢Ck—Un+%—l%H><MH% —1+4>Tf 1t (E—1) 4 (k= D)D)
1=0

= T s+1—r

as desired. 0

As a corollary to Theorem 5 we get combinatorial proofs for two special cases of
the Saalschiitz’s identity, which in terms of generalized hypergeometric functions can be

written as
mnla b c 1| = (d—a)|c\(d—b)|c\
Tld e die)(d —a =)y

where d + e =a+ b+ c+ 1 and ¢ is a negative integer' (see [10] pages 43 and 126).

Corollary 1. The following identities hold:

(2)2 _ ri;(_l)sr (n j r)2 (2:;1);
() =ew (T )

Proof. The RHS of the first identity is As22n /(n!)? (we use Theorem 5 for k = 2 and

j = 0). However, as stated in Theorem 1 in the introduction, we proved AS on = Rson =
(n!)? (5)2 [6]. The RHS of the second identity is A" %H/(n'(n—l— 1)!) and by Theorem 1,
Al)nir = Roparr = nl(n + 1)) () =

Remarkably, there is a second inclusion-exclusion type formula for the coefficients

Agk,zn ,,; Which can be obtained by iterating the recursions (3) and (4) starting with our

formulas for Af1 Ent

'For the first identity in Corollary 1, a=n+1,b=n+1,c= —s,d =1, and e = 2n + 2 — s; for the
second identity there, a=n+2,b=n+2,c=—-s,d=2,and e=2n+3 — s.
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Theorem 6. For all0 < j<k—1and0<s<n,

Afzk sknJr] (16)
«k—Dn+ﬁ!EZFJYrck_nz+j+r)cm;j:1>IR%+%—1M].

Pmof Agam we proceed by induction on s. By Theorem 4, we have proved our formula
for An s knti in the case where s =0 foralln>0and 0 <j <k — 1.

Now assume that s > 0 and that the theorem hold for all s < s by induction. Note
that forn =0and j =0,...,k — 1, our formula asserts that

AW = jlz (j+r) (iii)
(50 (Zer)e)

NS B
M

xS

)i

15:07

where |,s denotes the coefficient to x°, so that our formula holds for n = 0 for j =
0,....k—1.
Next, by induction, assume that the our formula holds for s for n’ < n and j =
0,...,k— 1. Recall by (4)
k) k
Ai gk = (1 S)A( gkt T (kn+k — S>Ai—)l,kn+k:—l' (17)

Replacing n by n — 1 and s by n — s in (17), we obtain that

* (k) (k)
A =1 +n=9)A" (rmnr T ((E=Dn+s)A7 o e

n—s,kn

Thus by induction, we obtain that

AW == s)((k— Dn)!x

n—1

s—1
r=0 =1
((k—=Dn+s)((k—1)n)! x

i(l)sr<(k1)(n1)—|—k1+r)(k(n1)+k1+1>:i—111(r+(k1)i)

r S—rT
r=0

Hence
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s—1 n—1
—n+r
_ slr
= 1—|—n—s; ( . )(s—l—r)Her —1)i

H((k—1)n+s) Ti;(—l)“((k - 17?” * T) (S " r) [1 (r+ (k—1)i). (18)

Now we can divide the LHS of (18) into two parts. First r = s term in the second
summand is

n—1 n

(k1) +s) ((’“ - 18)” * 5) T (s + (k= 1)i) = ((k ~ D+ 5) T+ (= 1)i). (19)

. S .
=1 =1

Then we can combine the remaining terms on the LHS of (18) to obtain

si(—l)” ((k - 12” " T) ﬁ(r + (k= 1)i) x

i=1

=g [ a ([T ) aen-a( )] e

The term in square brackets in (20) is equal to

(kn) ls—r kn+1

(s —r)! k‘n+1_(1+n_s)

(kn) ls-1—v kn+1s—r
(s—1—r)kn+1s—r

l((k —1)n+s)

N k‘n1+ 1 (k?j—li)l'_ (k= D)n+s)(kn = (s =r) +1) = (L +n=s)(s = 7))

- L (’fg” jrl) (kn + 1)(r + (k — D)n)]
(-1 (k;z_—i—rl) (21)

Thus plugging in (21) into (20), we see that (20) is equal to

szl(_l)s—r ((k — 1r)n + r) (k:j:) ﬁ(T - i), (22)
Thus we can combine (19) into (22) to obtain that
((?ii 11)m) _ TZ;(_l)sr((k -~ 12n + r) (ksnjrl) ﬁ -1 (23
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as desired.
By (3), we have that
k : k k
Ag,lszrj = (kn+j— S)Ai,lznﬂ—l + (s + 1)Ag+)1,kn+jfl (24)
for 1 <j <k — 1. Replacing s by n — s in (24), we obtain that

k . k k
Aizs,knﬂ' =((k=1n+j+ S)Aif)s,krﬂrj*l +(n—s+ 1)A£Lz(s71),kn+j71'

We can assume by induction that our formula holds for Affjs knj—1 SO that

AW = (k= D+ j+5)((k—n+j — 1)!x

i(_l)s_rck Do +r) (lmﬂ' S 1) TIe+ k- 1)

s—r
r=0 =1
+n—s+1)((k—=1)n+j—1)!x
s—1 . . n

soq1rf((k=1n+7—=1+7r\[(kn+7j—-1+1 ,
> (=1t (( ) . )( o, )H(T—i—(k—l)z).
r=0
Thus

A%

n—s,kn+j
(k—Dn+j— 1)

— (k- 1)n+j+8)i(—1)57"((k —Dn+j-l J”") (k””) 10+ (k= 1)i)

(n—s+1) iZ?Tl;“ ((k - 1)n+rj —1+ r) (Sk_nltjr) ﬁl(r + (k — 1)d).

Again, we can divide the LHS of (25) into two terms. The first term, coming from the
r = s of the first summand, is

((k—l)n+j+s)((k_1)n+j_1+s) [+ (k= 1)i)

_ ((k—l)n+j)(<k_ ”Z”“) [T+ (k=1 (26)

Next, the remaining terms on the LHS of (25) can be combined into

s—1 n

> (=1 (s + (k= 1)i) x

r=0 i=1

l((kz—1)n+j+s)((k_1)n+j_1+r) <kn+j>_

r S—7T

(n_8+1)<(k—1)n+j—1+r)(kn+j )] 27)

T s—1—r
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Now the term in the square brackets in (27) is equal to

(k—=1)n+j+s)

)
(k—=Dn+j+r—1) L, (k—=1)n+j+r(kn+j) lsrkn+j+1
(

rl k—1n+j+r (s—7r) kn+j+1

)((k—l)n—i—j—i—r—l) Lk=1n+j+rkn+j) lsc1—rkn+j+1s—r

(n—s+1

(n—s+ 7! (k—Un+j+r (s—1-r) kn+j+1ls—r
o ((k=1)n+j+r) L (kn+74+1) |5
B 7! (s —nr)!

. (k—Un+j kn+j—(s—r)+1
{«k_nn+j+8&k—nn+j+r kn+j+ 1
(k=1n+j (s—r) ]
(k=Dn+j+rkn+j+1

—(n—s+1)

_ < —1n+]+r>cm+j+1> (k—1n+j "

s—r (k=1Dn+j+r)(kn+j5+1)

(k=Dn+j+s)knt+j—(s—r)+1)—(n—s+1)(s—7)]
n+]+7‘ kn+j+1 (k—1)n+j

- ( )( s—r )«k—Dn+j+H@m+j+l)X

[(k — n—i—j—l—r)(kn—l—j—l—l)]

C (k-1 )(( —1)n+j+r><k:n+j+1>' (28)

r S§—rT

(k —
(k—

Here the fact that (K —1)n+j+s)(kn+j—(s—r)+1)—(n—s+1)(s—1r) =
(k—1)n+j+r)(kn+j+ 1) can easily be verified in your favorite computer algebra
system. Thus substituting in the result of (28) into (27), we see that (27) is equal to

—1n+y§é ( _Dt+j+r)cm:j:1)fﬂw+w—1m. (29)

i=1

Combining (26) and (29), we see that

AW
n—s,kn+j _ (30)
(k—1n+j—1)!

((k_l)nﬂ)i(_l)sr((k—1)t+j+r> (kn;_j:1) ﬁ(r+ .

r=0 i=1
or, equivalently, that
(k)
An s kn+]
e o ((k=Dn+j+7\[kn+i+1\ 1+
(k=1Dn+))y (-1) ( Iﬂr+w—
r=0 " 5T i=1
as desired. This completes our induction and hence we have established our formulas for
A;k_)svknﬂ foral 0 <j<k—1andn > 0. O
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Note that if we compare the formulas for Al from Theorem 5 and from Theorem

6, we obtain the following identities

n—s,kn+j

Corollary 2. Forall0 <j<k—1and0<s<n,

i(—w”((’“ - 1)7;+j + 7“) (kn:j: 1) f[(r (=1
) ns(_l)n_s_r((k - UTLj - r) (knnjsjjrl) ﬁ(r 14it (k- 10)

For example, the case s = 0 of Corollary 2, gives the following identities. For all n
and forall 0 <j <k —1,

(k—1)"(nl) = i(—nnr((’“ —lnti+ T) (’“” A 1) ﬁ(r 14+ (k= 1)),

r n—r ;
r=0 1=0

Similarly, the s = 1 of Corollary 2, gives the following identities. For all n and for all

((k—1n+j+1ﬁ — (kn+j+1)(k—1)"(n!)

1)”—1—T((k “Undidt r) (k” T+ 1) ﬁ(r +n+ (k= 1)),

r n—1—r /4
1=0

INnghi
sL7JL
~—~
|

3 Properties of Bflk)(a:, 2)

For 0 < j < k—2, let Oy, be the operator that sends 2%2% to (1+s+ (k—1)n+7)z"" +
(n—)2"* and 2'a® to 1+ s+ (k—1)n+j)2'a* + (n—s—1)z" x5+1 + 202571 Also let
Uynik_1 be the operator that sends 2°z° to (s+ (k—1)(n+1))2%* + z'a® 4 (n — 5) 202
and 2'z% to (1+ s+ (k—1)(n+1))z'a* + (n — s)z'2*™. Then we have the following.

Theorem 7. For any k > 2 andn > 0,
1. B§k)(x,z) =1,
2. Bylejn(@,2) = Oy (B (2, 2)) for 0 < j <k —2, and

k k
J. Bl(cn)Jrk( z) = ‘I’kn+k—1(B,(m)+k,1(x,z)).
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Proof. Part (1) is easy to see.
—
For part (2), suppose we are given a permutation o = oy - - - 0g,4; Where desgy(0) = s

and o1 ¢ kN so that such a o gives rise to a factor of 2%z% in B,in)ﬂ(x z). Then for
each ¢ such that o; > ;44 and oit1 € kN, 1nsert1ng kn + 7 + 1 in position ¢ will result

in a permutation o with deskN(a( )) = 5 and ol? ¢ kEN. Similarly if i = kn kn + j or
i < kn+jand 0,11 ¢ kN, then deskN( @) =5 and o\) ¢ kN. Finally if i ¢ DeskN( )
and o;,1 € kN, then EkN(U(i)) = s+ 1 and 01 §é kEN. Thus the collection of {o® :
i=20,...,kn +j} contributes a factor of (1 + s+ (k — 1)n + 5)2%° + (n — s)2°2°*! to
Bl(c]:z)+j+1(x7 Z)'

Next suppose we are given a permutation o = 0y - - - 0gp4; such that CE)S‘MV(O') =5
and o1 € kN so that such a o gives rise to a factor of z'a* in B,in)ﬂ(:z:,z). Then for
each ¢ where o; > 0,41 and 0,11 € kN, inserting kn + 7 + 1 in position ¢ will result in a
permutation ¢ with Ekzv(a(i)) = s and aii) € kN. Similarly if i = kn+jori < kn+j
and 0,41 ¢ kN, then c@k]v(o(i)) = s and ay) € kKN. Ifi > 0,1 ¢ 176_3%1\;(0), and
0i41 € kN, then czskN(a(i)) =s+1 and ay) € kN. Finally if i = O, then, since 01 € kN,
EskN(a(O)) = s+ 1 and 0!” ¢ kN. Thus the collection of {¢® : i = 0,... kn + j}
contributes a factor of (1+s—|—(k—1)n—|—j)zlx5—|—(n—s—1)21x5+1—|—20x5+1 to B,(mﬂﬂ(x, z)
in this case. N

For part (3), suppose 0 = 01 - - - Ognik—1 is @ permutation such that desgy (o) = s and
o1 & kN so that such a o gives rise to a factor of 2%z in B,ik)Jrk (x, z). Then for each ¢
where 0; > 0,41 and 0,41 € kN, 1nsert1ng kn 4+ k in position ¢ will result in a permutation

0@ such that (E;k.N(a( )) = s and ol §§ kN Similarly if ¢ = kn+k —1 or ¢ > 0 and
oiy1 ¢ kN, then deskN(a( )) = s and 01 ¢ kN. Since o1 ¢ kN, 1nsert1ng kn + k in
position 0 will result in a permutation o with deskN(a(O)) = s and 01 € kN. Finally if
i¢ l_?—e_fskN(a) and 0;11 € kN, then CE)S]CN(O'@) =s+1and ay) ¢ kN. Thus the collection
of {o@:i=0,...,kn+k— 1} contributes a factor of (s + (k— 1)n+k — 1)2°2° + z'z° +
(n— )22 t0 B, (1, 2).

Next suppose 0 = 01 - - - Ogpak—1 1S @ permutation with c@k]v(o) = s and o7 € kN so
that such a o gives rise to a factor of z'z* in B,il;)Jrk 1(x, z). Then for each ¢ where 0; > 0,41
and 0,41 € kN, inserting kn + k in position ¢ will result in a permutation ¢ such that
desin(0?) = s and o € kN Similarly if i = kn + k=1 or i < kn+j oy1 ¢ kN,
then c@k]v(o(i)) = s and 0\ € kN. Finally if o,.; € kN, then deskN( @) = s+ 1 and
UY) € kN. Thus the collection of {¢® : 4 = 0,... kn + k — 1} contributes a factor of

(s+ (k—1n+k)z'z* + (n — s)z'2* to B,(C]:L)Jrk(x, z) in this case. O

One can also express the actions Oy,4; and Wi, 411 in terms of partial differential
operators. That is, it is easy to verify that we have the following.

Theorem 8. For any k > 2 andn > 0,

1. B%k)(x,z) =1,
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2. BY (@2) = (21— 2) 2 + 21— )& +na+ 1+ (k- D+ 7)) (B, (2, 2))
for0 <753 <k-—2, and

3. BY (2,2) = (¢(1 - 2)& + 2(1 - 2)Z + e+ 2+ (k= V(n+1)) (BE,,_(z,2)).

One can use Theorem 8 to generate BY (z, z) for small k and n. Here are some initial
values for BYY (z, 2).

Bfg)(:c,z) =1.

Bég) (x,2) =2.

B:gg) (x,2) =4+ 2z.

Bf’) (x,2) =124 62 + 6x.

Bég) (x,2) = 48 + 24z + 48x.

B (x, z) = 192 + 168z + 288z + 72x2.

B (z, z) = 960 + 840z + 2280z + 6002z + 36022,

B (x, z) = 5760 + 5040z + 18720z + 5040z + 57602,

B (@, z) = 34560 + 410402 + 1425602 + 691202z + 6480022 + 10800222.

B (z, 2) = 241920 + 2872802 + 1285200z + 63504022 + 93744022 + 166320222 + 7560023,

BW(2,2) = 1935360 + 2208240z + 12579840z + 6289920xz + 1257984022 + 2298240222 +
193536023,

B (2, 2) = 15482880 + 22619520 + 119024640z + 8237376022 + 15095808022 + 5044032022 2 +
338688002 + 423360023 2.

Recall that for all n, B (z, z) = > ves, e () (o1 ERN) — Z] 0 ZZ o BY Zigi and

©,7,n
Biﬁznﬂ B(()ks)knﬂ + ngnﬂ, for all n and j where 0 < 7 < k — 1. It is easy to see that

Theorem 7 implies to the following recursions.
For 0 <j<k—2andalln>0,

k k k
B((]s)knJr]Jrl (1 +s+ (k - 1)” +j)B(()s)kn+] + (n — s+ 1)B((],s)fl,kn+] + Bi ,s—1,kn+j° (31)

k k
BY, = 4s+(k—Dn+)BY, 4+ n—s)B" (32)

and
k k k
BY = +s+k—Un+)BE  +m—s+1)BY . (33)
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Similarly, for all n > 0,
k k k
By pin = (s + (k= 1)(n+1))BS, i+ (n—s+ 1B, (34)

k k k k
BY = Qs+ (k=1)(n+1)BY, s+ 1)BY B (35)

S

and
k k k
B L =Q+s+k-1)n+1)BY 4+ m—s+1)BY L (36)

Note that (36) can be obtained from (33) by plugging in j = k—1. Next we shall consider
: (k) (k
some special values of B; and B; .

Theorem 9. Foralln >0, k>2, and 0 < j <k —1,
1. BY) = ((k— D+ )T (L + (k- 1)0),
2. B s = (k= D)n+ )T (k= 1)i) = ((k — L)n + j)!(k — 1)"(n!), and

5. BY = (k= + ) ([T (1 + (k= 1)i) — (k = 1)"(nl)).

Proof. 1t is easy to see that (1), (2) and (3) hold for n = 1.
To prove (1), fix j such that 0 < j < k — 1 and suppose that ¢ = oy - - - Oy, is such

that OE;/CN(U) = 0. Then we can factor any such permutation into blocks by reading the
permutation from right to left and cutting before each number which is not divisible by
k. For example if j =0, k=3,and c =11136245789 10 12, then the blocks of o
would be 11,136 ,2,4,5, 7,89, 10 12.

There may be a block of numbers which are divisible by k at the start which are
arranged in increasing order. We call this initial block the 0-th block. Every other block
must start with a number sk + 7 where 0 < s < nand 1 < ¢ < k —1 and can be
followed by any subset of numbers which are divisible by k£ and which are greater than
sk + i arranged in increasing order. We call such a block the (sk + i)-th block. It is
then easy to see that there are [/ (1 +i(k — 1)) ways to put the numbers k, 2k, ..., nk
into the blocks. That is, £k must be placed in one of the blocks 0,1,...,k — 1 so that
there are 1 + (k — 1) choices for the block to place k. Then 2k must be placed in
one of the blocks 0,1,...,k — 1,k + 1,...,k + k — 1 so that there are 1 + 2(k — 1)
choices for the block that contains 2k. More generally, ik must be placed in one of
the blocks 0,1,....k — 1L,k+1,...;k+k—1,....,0—Dk+1,...,(i — Dk + k-1
so that there are 1 + i(k — 1) choices for the block that contains ik. Once we have
arranged the numbers which are divisible by k into blocks, it is easy to see that we
can arrange blocks sk + ¢ where 0 < s < n —1and 1 < ¢ < k — 1 plus the blocks
kn +1,...,kn + j in any order and still get a permutation o with cgskN(a) =0. It
thus follows that there are ((k — 1)n + j)![[;,(1 +i(k — 1)) such permutations so that
By = ((k = D )T, (L + ik — 1)),

To prove our formula for Bgf&kn +j» we can essentially use the same argument except
that in this case we cannot put any elements in the 0-th block since we want to produce
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permutations that do not start with an element which is divisible by k. Thus there are
only [T'—,(k—1)i = (k—1)"n! ways to put the elements which are divisible by k into the
blocks in this case. Once again, after we have arranged the numbers which are divisible by
k into blocks, it is easy to see that we can arrange blocks sk + i where 0 < s <n —1 and
1 <17 < k—1 plus the blocks kn+1, ..., kn+j in any order and still get a permutation o
with ESMV( ) =0and oy ¢ kN. It thus follows that there are ((k—1)n+j)! [\, (i(k—1))
such permutations so that B(SOkn—i—] (k=Dn+ )T, Gi(k—1)).
Clearly, part (3) immediately follows from parts (1) and (2).
O

Theorem 10. We have B® _ p

n,kn — —0,nkn

=0, and foralln>0,k>2, and1 <j <k-1,

1. BN = (k= Dn+ DTS G+ (k= 1)0),

2. B = ((k = Dn+ T (G + (k — 1)i), and

3. B§7zkn+]

0.

Proof. 1t is easy to see that if a permutation o starts with an element which is divisible

by k, then it cannot be the case that CE)S’]CN( ) = n. Thus B§7zkn+] =0 and B"*
(k)

B((]]z k- Moreover, By, = 0 since for permutations o € Syy, kn cannot be the second
element of a descent because it is the largest element in the permutation. So we need
only prove (1).

To prove (1), fix j such that 1 < j < k — 1 and suppose that ¢ = 01+ Ogp4j is

n kn+j

such that c@k ~n(0) =n. Then, as above, we can factor any such permutation into blocks
by reading the permutation from right to left and cutting be&)re each number which is
not divisible by k. One can see that, unlike the case where desyy(o) = 0, there can be
no numbers which are divisible by k at the start so that the 0-th block must be empty.
Next if 0 < s <n—1and 1 < i<k —1 and there are numbers which are divisible
by k in the (sk + i)-th block, then those numbers must all be less than sk + i and they
must be arranged in decreasing order. Finally, if there are numbers in any of the blocks
kn +1,...,kn + j contains numbers which are divisible by k, then those numbers must
be arranged in decreasing order. It is then easy to see that there are [y (j + (k — 1))
ways to put the numbers k, 2k, ..., nk into blocks. That is, kn can only be placed in one
of the blocks kn +1,...,kn + j so that there are only j possible choices for the blocks
containing kn. Then k(n—1) can only be placed in one of the blocks k(n—1)+1,..., k(n—
1)+k—1,kn+1,...,kn+ j so that there are only j 4+ (k — 1) possible choices for the
blocks containing k(n — 1). In general, k(n — i) can only be placed in one of the blocks
kn—i)+1,...;k(n—i)+k—1,... . k(n—1)+1,...,k(n—1)+k—1,kn+1,... , kn+j so
that there are only j + i(k — 1) possible choices for the blocks containing k(n — 7). Once
we have arranged the numbers which are divisible by k£ into blocks, it is easy to see that
we can arrange blocks sk + ¢ where 0 < s < n—1and 1 <17 < k — 1 plus the blocks

—
kn+1,...,kn+ 7 in any order an still get a permutation o with desgy (o) = n. It thus
follows that there are (n(k — 1) + j)!'[[i=y j + (k — 1)i such permutations. O
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Theorem 11. Foralln >0, k>2, and 0 < j <k —1,

n—1 /p—1 n—1
B s = (B =D+ 1> <H<j+<k— 1>z'>> ( TT (1+)+ k- m)) e

p=0 \i=0 i=p+1

—
Proof. Fix j, 0 < j < k—1. Suppose that 0 = oy - - - Oy, is such that desyy(0) =n —1.

(k)
1,n—1,kn+j°

o1 € kN. Now if C@kN(O') = n—1, then oy is the only element which is divisible by k£ and
which is not the second element of a descent pair. Thus we will classify our permutations
by the first element. That is, suppose o1 = (n — p)k for some 0 < p < n — 1. Then, as
above, we can factor any such permutation into blocks by reading the permutation from
right to left and cutting before each number which is not divisible by k. Thus the 0-th
block must start with (n — p)k which could be followed by elements which are divisible
by k and which are less than (n — p)k arranged in decreasing order. Next if 0 < s < n
and 1 < ¢ < k — 1 and there are numbers which are divisible by &k in the (sk + i)-th
block, then those numbers must all be less than sk + ¢ and they must be arranged in
decreasing order. Finally, if there are numbers in any of the blocks kn + 1,...,kn + j
which are divisible by k, then those numbers must be arranged in decreasing order. We

claim that there are ( f;ol(j + (k- 1)2)) (H?:’plﬂ(l +j+ (k- 1)@)) ways to put the
numbers k,2k,...,(n —p— 1)k, (n —p+ 1)k, ..., nk into blocks. That is, suppose that
p > 1 and consider the possibilities for the placements of kn, k(n —1),...,k(n —p+ 1)
into blocks. Clearly, kn can only be placed in one of the blocks kn + 1,...,kn + j so
that there are only j possible choices for the blocks containing kn. Then k(n — 1) can
only be placed in one of the blocks k(n — 1)+ 1,....,k(n—1)+k—1,kn+1,... kn+j
so that there are only j + (k — 1) possible choices for the blocks containing k(n — 1).
In general, k(n — i) can only be placed in one of the blocks k(n — i)+ 1,..., k(n — i) +
k—1,...;k(n—1)4+1,...;k(n—1)+k—1,kn+1,...,kn + j so that there are only
j +i(k — 1) possible choices for the blocks containing k(n — ). Thus the total number of
choices for the placements of kn, k(n—1),. .., k(n—p+1) into blocks is [[*—y (j + (k—1)i).
Next consider the possibilities for the placements of k(n —p—1),k(n—p—2),...,k into
blocks. For i > 1, k(n — p — i) can be placed in the 0-th block or any of the blocks
kn—p—i)+1,...,k(n—p—i)+k—1,...,k(n—1)+1,... k(n—1)+k—1,kn+1,... kn+j
so that there are 1+ j+ (p+1i)(k—1) possible choices for the blocks containing k(n—p—71).
Thus the total number of choices for the placements of k(n —p — 1), k(n —p —2),...k
into blocks is H;:plﬂ(l + 7+ (k—1)i). A similar argument will show that if oy = kn, then
there []/=} (1 + j 4 (k — 1)i) ways to place the elements which are divisible by & into the
blocks. After we have placed the numbers which are divisible by k into their respective
blocks, we must arrange the numbers which are divisible by & in each block in decreasing

order so that there are a total ( P+ (k- 1)i)) (H?;pl+1(1 +j+ (k- 1)2)) ways to
place the numbers which are divisible by k into the blocks for a permutation ¢ such that

Since we are computing B we need only consider permutations o such that

o1 = k(n — p) and CE]CN(O') =n—1for p=0,...,n—1. Once we have placed the
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numbers which are divisible by k& into blocks, it is easy to see that we can arrange blocks
sk+17where 0 <s<n-—1and]1 gigk_T 1 plus the blocks kn + 1,...,kn + 7 in any
order and still get a permutation o with desyy (o) =n — 1.

It follows that there are (n(k—1)+j)! (IT'2 (j + (k — 1)i)) (H?:*plﬂ(l +j+ (k- 1)2))

such permutations starting with k(n — p), and we get the desired result. O
We let Q(k,m,j) = 202 (T1220 G+ (k = 1)0)) (TS (14 + (k= 1)0)). Tt turns

out that there is another expression for 2(k,n, 7) which will be useful for our later devel-
opments.

Lemma 12. For alln>1, k> 2, andr > 0,

Whnr) = 3 <H(r+(k—1)z’)> <H (1+r+(k—1)z’)>

. (ﬂ(1+r+(k— 1)¢)) - (f[(w (k — 1)z)> . (38)

Proof. Note that for n = 1, Z;;}) (TT2=y (r + (k= 1)i)) <H§:—pl+1(1 +r+ (k- 1)@)) =1
since both products involved in the sum are empty. However, (Hzlz_é (T4r+(k—1))) -

(Hj;&(r + (k—1)i)) = (1L +7) —r =1 so that our formula holds for all r when n = 1.
Next suppose that m > 1 and that our formula holds for all » when n = m — 1. Then

<H(1+r+(k‘— 1)2)) — <H(r+ (k — 1)2))

2

= (1+7) (H(1+r+(k—1)i)> —r( 1 (7"—|—(k—1)z’)>

i=1 )

= (ni_[(1+r+(k—1)z‘))

i=1

+r<< 1 (1+r+(k—1)+(k—1)z’)> - <H(r—|—(k—1)+(k—1)i)>>

2

- (ni_[(1+r+(kz—1)i)>

+rm7 <Ii_[(r+(k—1)+(k—1)i)> (nﬁ (HTHk_lH(k_l)i))
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= (nﬁ 1+7“+(k—1)2’))

= (1:[(1+r+(k 1) ))w - (H(r—l—(k—l)z)) (1:[(1+7“+(k 1) ))
i=1 g=1 \i=0 i=q+1
_ Y <H(r+(k’—1)i)> <4H(1+7~+(1€—1)¢)>.

Here we have used our induction hypothesis for Q(k,m — 2,7 + k — 1) in going from line
4 to line 5 in the above series of equalities. O

MoooB®  and BY.  for all k > 2,

Next we turn to general formulas for Bs kntjr 0,5 kntj 1,8,kn+j
n >0, and 0 < 57 < k—1. First, we develop formulas for the coefficients Bikk)n "

by iterating the recursions (33) and (36) starting with our formula for Br(lk,)m 4, given in
Theorem 10. That is, we shall prove the following theorem.
Theorem 13. Foralln>0,k>2, and0<j<k—1,
k
B’fL )s knJr] (39)
S o (k=Dn+i+7r\ (kn+j+1\ 5 , ,
(k= DLn+ )1y (-1 (( )T )( L )H(r—l—j—i—(k—l)z).

r=0
Proof. Our formula holds for s = 0 by Theorem 10.

Now assume that (39) holds for s for all n, k, and j. Plugging n — s for s in (33), we
obtain the recursion

(k)
Bn s,kn+j+1 —

=0

=kn+j+1- S)B(k)

k
n—s,kn+j + (S + 1)87(1 )s 1,kn+j (40)

or, equivalently,
(s+1)B%
Thus by our induction hypothesis,

_ p®

. k
(s+1),kn+j n—s,kn+j+1 (kn +7+1- S)B( :

n—s,kn+j

(41)

(s + DB i1y pniy = (k= Dn+j +1)!x
s E_1 . 1 A . 9 n—1
r=0 =

—(kn+j+1=s5)((k—1Dn+j)! x

i(_1)s—r<(k_1)?;+j+r> <kn;‘_j:1>:ij:r+]+ 1)i).

r=0
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It follows that

(k) .
Bn—(s+1),kn+j B (k—1n+j+1 »

(k—Dn+5)! s+1
—~ e ((k=Dn+j+ 147\ (kn+j+2 ”_lr , Y
;( 1) < . )( L >z]—£( +j+ 1+ (k—1)i)
knt+j+1l—s<~ o ((k=Dn+ji+r\( kn+i+1\ ", . .
_S—I——I;(_l) ( . >< o )g(r+3+(k—1)z).

We can then look at three terms. First the » = s term on the first summand above is

[IGs+i+ 1+ (k=1)i)

(k—l)n—l—j+1((k‘—1)n—|—j—|—1+s)n_l

s+ 1 5 Py
_ ((kz—l)zijfrlﬁts)1:[(8+1+j+(k_1)2,)' (12)

i=0
Second, the r = 0 term from the second summand is

n—1 n—1

o B () TG e = et (12T TG+ e
(43

Finally we can combine the terms involving [[/—) (r + j + (k — 1)i) from the first and
second summands to obtain

i(_mﬁ” ﬁ(r +J+ (k= 1)i) x
I(}f — 13242 jljrol ((k —1)n J;J_t 1+7— 1) (jitrjjf))
+kn+8j++11—s((k—1)7;+j+r)(k";r_jjl)] (44)

If we let D, be the factor in square brackets in the r-th term of (44), then we see that

D _ f.(k—l)n—l—j—I—l((k‘—l)n—i—j—l—T)(lm—l—j—i—Q)

" r s+1 r—1 s+1—r
s+l—r kn+j+1—sf(k—1Un+j+r\[(kn+j+1
s+1—r s+1 ( r )( s—r )

o ((k=U)n+j+r\[(kn+j+2
B s+1( r )(S+1—T)
s+1—r kn+j+1—sf(k—1n+j+r\[kn+j+1
+5+1—7"' s+ 1 ( r )( )

S—rT
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> s+1\s+1—-7r s+1—r s+1
—1n+]+r> kn+j+1) |s—p 1
)k:

—1n+j—i—’r [ r (kn—l—j—l—2> s+1—r kn—i—j—i—l—s(kn—i—j—l—l)]
s—r

k |+ 2 1—r)(k 4+ 1—
Grion) s+1[r(n+j+ Y+ (s+1—r)kn+j+1—3)]

n+j+1) ls— 1
s+1—r s+1

(kn+7+1) lst1-r
(s+1—r)!

_ ( —1n+]+r>(kn—|—j+1> (45)

[(s+1)(kn+j+1—(s—1))]

—1n+j+r

("
("
( —1n+j+r
("

s+1—r
Thus plugging in (45) into (44), we see that (44) is equal to
° (k=Dn+ji+7\(kn+i+1\", ,
_pyr k—1)i). 46
S (O (T ) e ie a0 o
Finally, combining (42), (43), and (46), we obtain that

(k)
n—(s+1),kn+j

((k = Dn +j)!
— ;(—1)8+1r ((k — 1)7i+j + r) (k8n++1jjr1) g(r +ji+ (k=10 (47

as desired. Thus we have established our formula for s + 1 and for all n > 0, k > 2,
j=0,...,k—2.
Next we substitute n — s for s in (36). We obtain the recursion that for 0 < j < k—2,

k k k
B7(1 )s knik = (kn+k—s)B 7(1 )s Enik—1 T (st 1)B£Lf)sfl,kn+kfl (48)

or, equivalently,

_ g

(k)
(s + 1B~ c11) knth1 (n+1)—(s+1),k(n+1)

— (kn+k — S)Bgi)s,knJrkfl' (49)

Given that we have already established our formula for Br(lk_)& jman—1 and using our induc-
tion hypothesis, we obtain that

(s + DB 1) st = (k= (0 +1))Ix

i(_l)sﬂr((z@ ~1)(n+1)+ T) (k(n +1)+ 1) ﬁ(r k- 1))

r s+1—r
—0 + i=0

—(kn+k—=s5)((k—1n+k—1)! x
i(_l)sr((k—l)n—i—k‘—l—i-r) (lm—i—k—l—I—l) ﬁ(r+(k—1)+(k—1)i).

T S—7r !
r=0 =0
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It follows that

(k)
Bn—(s+1),kn+k—1

(k—Dn+k—1)

_ Silil(_l)sﬂT((k—l)n+k—1+r> (kn+k+1>rﬁ(r+(k:—l)i)

— T s+1—r paley

s n—1
kn+k—s o f(E=Dn+k—1+7r\[kn+k ‘
_ - - —1)5" -1 — 1)7).
ey () () Mot

We can then look at three terms. First the r = s + 1 term on the first summand of
the final expression above is

i

((k;—l)n—i—k—l—i-s—i-l)n_(S+1+(k—1)+(k—1)i). (50)

s+ 1 pai

(k)

B
Second, the » = 0 term from the second summand of the final expression for %

above is

o B () v o0 = o (77 ) T -0+ -

(51)

Finally we can combine the terms involving [/ (r + (k — 1) + (k — 1)i) from the first
k

Bn7(5+1),kn+k71

and second summands of the final expression for i above to obtain

(k—)ntk—1)!
: k—Tn+k—1 o
> (=1t (( Jn+ + T) [T+ (k= 1)+ (k= 1)i)x
r=1 " 1=0
r (kn+k+1 +Im+k—s kn+k ‘ (52)
s+1\s+1—1r s+ 1 §—1
If we let E, be the factor in square brackets in the r-th term of (52), then we see that
g - r (kn+k+1 +3+1—7“ kn+k—s(kn+k
" s+ 1\ s+1—7 s+1—7r s+1 s—r

- (f:jlk)_l;)_!r'Sj_l[T(kn+/€+1)+(kn+k—s)(s+1—r)]

B (f:jlk)—lri s Jlr P s+ Dkn+k—(s 7))
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_ (kn+ k) lsi1-r _ ( kn + k )' (53)

(s+1—r)! s+1—r

Thus plugging in (53) into (52), we see that (52) is equal to

i;;wﬂT(%_lmtk_l+q(jfifgij”+%_1%Hk_U”' o)

Finally, combining (50), (51), and (54), we obtain that

(k)
an(erl),knJrkfl

(k—n+k-1)0
i(_l)sﬂr((lﬂ—l)n—l—k‘—l—kr)( kn+ k )n (e (= 1)+ (k- 1)i)

r s+1—r
r=0 t

as desired. 0

As a corollary to Theorem 13 we get combinatorial proofs for two special cases of the
Saalschiitz’s identity. Recall that in terms of generalized hypergeometric functions it can

be written as
ol b ¢ | (d— a)|c\(d - b)|c\
3179 =
d e die)(d —a =)y

where d+ e =a+ b+ c+ 1 and c is a negative integer?.

Corollary 3. The following identities hold:

n+1/n\> n+r\/n+r+1 2n + 2
_ —1)rsr .
s—l—l(s) ;( ) ( r )( r )(n—s—r)’

n—1\(n+1 — s AT\ (m+r—1 2n+1
=> (-1 B )
5 s+1 — T r—1 n—s—r
Proof. The RHS of the first identity is BSQ)nJrl/(n!(n—i— 1)!) (we use Theorem 13 for k = 2,
j=1and s =n—s). However, B£?2)n+l counts exactly the same objects as F; 9,11 =
Py sont1 + Pisont1 = ;11(”)2((71 + 1)!)? does in [6]. The RHS of the second identity is

Bgn (n!)?, and B? s the same as Pson = Pyson+ Prson = (n!)Q(”_l) (”+1) in [6]. O

s,2n s s+1

(k)
1,s,kn+j

given in Theorem 11.

Next we prove formulas for the coefficients B by iterating the recursions (32)

(k)

and (35) starting from our formula for By 1kt

2For the first identity in Corollary 3, a =n +2,b=n+1,c=s—-n,d=1, and e = n + s + 3; for
the second identity there,a=n+1,b=n,c=s—n,d=0,ande=n+ s+ 2.
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Theorem 14. For alln >0, k> 2, and 0 < j <k —1,

BY = (5=Dnetg)! Z(—l)“((’“‘””” ”) (’m”)mk,n,rm (55)

r S—7r
r=0

where Q(k,n,r) is given by (38).

Proof. Our formula holds for s = 0 by Theorem 11.
Now assume that(55) holds for s for all n, k, and j. Plugging n — s — 1 for s in (32),
we obtain the recursion that for 0 < j < k — 2,

k . k k
BM 1—skn+j+1 — = (kn+j— S)Bir)hlfs,lerj + (s + 1)B§3 1—s—1,kn+j (56)

or, equivalently,

— (kn+j —s)B®

(k)
B 1,n—1-s,kn+j"

(k)
(S + ]')Bl,nflf(erl),knJrj 1,n—1—s,kn+j+1 (57)

Thus by our induction hypothesis,

(k)
(s+ 1)B, n—1—(s+1), kn+]

(k—1)n+j+1)

( —1n+]+1+r)(kn+j+1
s—r

)Q(k,n,r+j+1)

(knt - o)k —ln—l—j'i ( —1)n+j+r)(kn—l—j)g(k,n’r_i_j).

r S—7T
r=

It follows that

(k)
Bl,nflf(erl),knJrj
((k—1n+j)!
kD441 oo f(E=Dn+j+14+7\[kn+j+1 ,
= P ;(—1) . . Qk,n,r+7+1)
kn+j—s < o f(E=1n+j+7r\ [kn+j ,
- —1)% Q .
e D "ok +5)

We can then look at three terms. First the r = s term on the first summand above is

(k—l)n+j+1((k—1)n+j+1+s

Q I+ 1
S—|—1 ) (k,n,S-'-j—'— )

S

B ((k—l)n+j+1—|—s

Q(k +1).
T s ) (59
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Second, the r = 0 term from the second summand is

kntj—s(kn+j . kn + j ,
skt s e
- s+ 1 ( s )Q(’fand) (=1) (8+1 Q(k,n, j). (59)

Finally we can combine the terms involving Q(k, n,r + j) from the first and second sum-
mands to obtain

S

D (=1 Q(k n, ) X

r:(}f—l)n—f-j-‘rl (k=Dn+j+1+r—1\kn+j+1
l’m*SJH‘S’ (kz(l)n+j+rr1knﬂ' )(8_(r_1))
R ( r )(S—T)}' "

If we let F, be the factor in square brackets in the r-th term of (60), then we see that
o f'(k—l)n—i—j—i—l((k—l)n—i—j—i—r)(kn—l—j—i—l)
" r s+1 r—1 s+1—r
s+1—r kn+j—s{(k—Dn+j+r\[kn+j
s+1—r s+1 ( T ><s—r>
r ((k—1n+j+r\[kn+j+1
B 8+1( r >(8+1—r>
s+l—r kn+j—s (k—Dn+j+r\[kn+j
s—l—l—r s+1 ( r )(s—r)
—ln—i—j—i—r r (kn+j5+1 s+1—r kn+j—s(kn+j
)[ﬁ(s—i—l—r)—i—s—i—l—r. s+1 (s—r)]

—1n-|—j-|—7” kn + j) lsr' 1
(s+1—r) s+1
k:n+j lST 1

)
)
)

[rkn+j+ 1)+ (s+1—r)(kn+j—s)]

[(s + D)(kn+3j — (s —7))]

("
("
( —1n+j+r
("

_ _1n+.7+"” kn-i-] ls+1r
B (s+1—r)!
_ ( —1n+j+?” (kn—f—j) (61)
s+1—-r
Thus plugging in (61) into (60), we see that (60) is equal to
> A E=Dn+j+r kn + j :
_pyeier( € Q(k : 62
3 (A [ A L (62)

Finally, combining (58), (59), and (62), we obtain that

k s . )
Bi,rz—l—(sﬁ-l)vkn*—j _ i(_1)8+1_r (k - 1)” ty+r kn +j Q(]g n.r —}-j) (63)
((k—l)n—i—j)! — T s+1—r 1,

THE ELECTRONIC JOURNAL OF COMBINATORICS 13 (2006), #R64 30



as desired. Thus we have established our formula for allm > 0, k > 2, 7 =0,...,k —2
for s + 1.
Next if we substitute n — s — 1 for s in (35), we obtain the recursion

k
B£73, 1— sknJrk (64)
k k
(kn +k—1- 5)B§73 1-s,kn+k—1 + (S + Q)Bi 7’)L 1-s—1,kn+k—-1 + B(() r)L—l—s,km-l—k—l

or, equivalently,

(s + Q)Bsz 1—(s+1),kn+k—1
= B(k()n+1) 1—(s+1),k(n+1) (kn+k—1- S)Bﬁz 1—s,kn+k—1 Bé]frz—1—s,kn+k—1
= Bi,()n-‘,—l) 1—(s+1),k(n+1) (kn+k—1- S)Bikg 1—s,kn+k—1
=Bty insiet — Brtspmind) (65)
= BY,C()nH) 1—(s+1),k(n+1) (kn+k—s— 2)3512 1—s,kn+k—1 B?Sk—)(s—f—l) kn+k—1"

) B®

Given that we have already got our formula for Br(l_(s 1) knk—1 and By, 1 pniko1s

we use our induction hypothesis to obtain that

(k)
(S+2)Bln 1—(s41),kn+k—1

s — n T n
— (k-Dn+ 1>>';<—1>s+1r(<’“ s )("1 ;r_11>9(k,n+ 1)
—(kn+k—-s—=2)((k—1)n+k—-1)!x

i(_l) ((k: 1)n—|—k:—1—|—r> (kn+k_1>ﬂ(k,n,r+k—1)

T S—7T
r=0

—((k—1Dn+k—1)x

%_USHT((k hin+ 1)+ )(szj_k)Hl e,

r=0 =0

It follows that

(k)
Bl,TL*l*(S‘i’l),kTL‘Fk*l

(k—Dn+k— 1)

s+1
1 o f(k=1)n+k—1+r kn+k
— _1s+1 T
5+22( ) ( r ><s+1—r>x

r=0
n—1
[Qk,n+1,7) = [0+ (k= 1) + (k- 1)i)]
=0
kn+k—s5—2< e f((k=Dn+k—147r\ [ kn+k—1 B
_ —— g(_l) ( . )( ., )Q(kj,n,r—l—k 1).
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Next we shall rewrite the term [Q(k,n + 1,7) — [[7= (r + (k — 1) + (k — 1)i)]. Note
that

Qkn 1) T+ (k- 1)+ (k- 1))

- ;;@i@+w—1m><ilu+r+w—1m> (66)
_E(H(k—mﬂk—m)

- pz:r (E(r + (k- 1)¢)> 221.11(1 +r+ (k- 1)@))
+f1ﬂ+r+(k—Uﬂ—#4V+WK—U+WK—U@

RS (ﬁ<r+<k—1>+<k—1>z’>) (H <1+r+<k—1>+<k—1>z’>)
+%jﬂ+¢+%k—n+%k—UU—TEW+4k—U+Wk_D”

= rQ(k,n,r+k—1)+7‘1_1(1+r+(k—1)+(k—1)z’)—ﬁ(r+(k—1)+(k—1)z’)

= rQk,n,r+k—1)+

—~

k,nr+k—1) = (14+r)Qk,n,r+k—1).

Here on the next to last line, we have used Lemma 12. Thus plugging (66) into our

(k)
1,n—1—(s+1),knt+k—1

(k=D)n+k—1)!

expression for , we obtain that

(k)
Bl,n—l—(s-‘,—l),kn—i—kz—l

(k—Dn+k—1)

s+1

1 E—Dn+k—1 kn+k
- 8+2Z(_1)5+1—7‘<( )nJ; +r> (Sfr_r>(1+r)(2(k,n,r+k—1)
r=0
kn+k—s—2 srf((k=Dn+k—=1+7\(kn+k-1
—TZ(_l) ( . )( ., )Q(k,n,r+k 1).

r=0

We can then look at two terms. First, the r = s+ 1 term on the first summand of the
final expression above is
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1 ((k=1n+k—-14+s+1
s+ 2 s+1

)(s+2)Q(k,n,8+1+k—1)

 (lk=1)n+k+s
N s+ 1

)Q(k,n, s+ k). (67)

Second, we can combine the terms involving 2(k,n,r + k — 1) from the first and second
Bil,crz,flf(sﬁ»l),kn«kkfl

(—1)nth—1)! above to obtain

summands of the final expression for

i(—l)”l"‘ ((k “Untk-l+ T) Qk,n,r+k—1) x

r
r=0
1+r( kn+k kn+k—s—-2(kn+k—-1
+ . (68)
s+2\s+1—r 542 5=
If we let G, be the factor in square brackets in the r-th term of (68), then we see that

o - 1—1—7“(14371—1—/43) s+1—7r kn—l—k—s—Q(kn—i—k‘—l)

s+2\s+1—r s+1—r 5+ 2
_ (k?jfl__li)%s_rsiQ[(1+r)(/m+k)+(;m+k_(Hz))(sﬂ_m]
B (kn(j—fl_—lz’)lfT s _|1_ 5 [(s4+2)(kn+k—1—(s—7))]

(kn+k—1) lop1

(s+1—r7)!
kn+kE—1
= ) 69
( s+1—7r ) (69)
Thus plugging in (69) into (68), we see that (68) is equal to

i(_1>s+”((k—1)n+k—1+r> (kn+k_1)9(k,n,r+k—1). (70)

— r s+1—r

S—7T

Finally, combining (67) and (70), we obtain that

(k) s+1

B +

1n—1—(s+1)kn+k—1 st ((E=Dn+k—1+7r\kn+k—1 B

((k—l)n+k:—1)!_§( D < i L etk k-
(71)

as desired. 0

Note that it follows that foralln >0, k>2,0<j<k—-1,and0<s<n—1,

(k) _ pk (k)
BO,n—l—s,kn—f—j - an(erl),knJrj o Bl,n—l—s,kzn-‘,—j
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n—1

s+1 —1n . n .
= ((k—l)n+j)!Z(—1)s+1T((k nri )(k H“) [T +5+ k-1

et T s+1—r pal
e o fk=Dn+j+r\[kn+j .
—((k -1 ! —1)57" Q(k .
D Y (e "ok + )
Thus
B(k) n—1
0,n

~t)knti  ((K=1n+j+s+1 ,
((k—l)n+j)!_< s+1 g8+1+‘7+ — i)

+Z )+ ( 1)r;+j+r> (k:;i;l) ﬁ(r+j+(k—1)i)
=0

—;(—D”( - 1)7”;+j +r> <k:jrj> "

[ﬁ(1+r+j+(k—1)i)—ﬁ(rﬂﬂk—l)i)]

=0 1=0
B ((k—1)n+j+s+1

)Tﬁ(s—l—l—l—j—l—(k—l)i)

s+1 =0
e (I () (e
=0
_g(_l)s_r< - 1)?;+J' +7“> <k:—+7“j> :ﬁ)l(l +r 45+ (k—1)i)
_ ((k—l)zii+s+1>E(8+1+j+(k_1)i)

n—1

—n+j+r kn+j . .
s+1 r _
+Z (ETmE (0 ) e+ + -0

_;(_1)8—7‘( - )n—I;k— 1_|_7a> (k:jrj> n

1=

|
—

—

I+r+j+ (k—1))
=0

_ %(_Der((k—l)n—kj—Fr)( kn + j > [Ttr+ 3+ (k=)

(-
=

o r s+1—r pal
s 1
sr((E=1n+k—=1+7r\(kn+j
= (-1 (( ) ) ><S_T>H1+r—|—j+(k—1))
r=0 =0

Thus we have proved the following.

Theorem 15. Foralln >0, k>2, and 0 <5<k —1,
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1B, = (k= Dn+ )T G+ (k= 1)i) and

2. B%¥)

O,n—1—s,kn+j -
s+1 s+1—r —1)n+j+r n+j n—1 . .
S (1) (D) () T+ (k= 1))
- Zizo(—l)s*’”((kfl)"%*l”) NIy (L4745 4 (k= 1)i) for0< s <n—1.

T S—r

We can get another set of formulas for the coefficients ng,zn +i forall k > 2, n >0
by iterating the recursions (33) and (36) starting with our formula for B((f}zn +j given in
Theorem 9. The proof is very similar to the proofs of our previous theorems so that we

shall omit the details.
Theorem 16. Forallk>2,n>0,0<j7<k—1,and0<s<n,

k
BY .. = (72)

i(_l)s_r((k—l)n+j+r) (lm+j+1) ﬁ(1+r+(k—1)z‘) |

T S—7r !
=1

((k—=1)n+j)!

Once again, there are a number of identities that now follow. For example, it follows
from Theorems 13 and 16 that

Theorem 17. For alln >0,k >2, and 0 < j <k —1,

i(_l)s_r((k - 1)7;+j —l—r) (zmj_j: 1) ﬁ(l o1

_ j‘:(_l)n_s_r((k - 1)Z+j + 7«) (k:jsjj) ﬁ(r D). (73

4 Bijective proofs related to the context

In this section we generalize bijective proofs from [6] to show some relations for the
coefficients of A{ () and BY (x, z) for certain n. An important observation here is that
the complement 7¢ for a (kn + k — 1)-permutation 7 has the following property: m; is
divisible by £ if and only if 7§ is divisible by k for ¢ = 1,2,..., kn+ k — 1.

First it is easy to see that the polynomials Ag;) r_1(x) and B,g]:l)+k_1(x, z) have simple
symmetry properties.

Theorem 18. For all k > 2 andn > 0

(k) o (k)
As,kn+k—1 - An—s,kn—f—kz—l fOT‘ 0<s< n,
(k) o (k)
BO,s,kzn—i—k—l - BO,n—s,kn—f—kz—l fO’/’ 0<s<n, and
(k) o (k)
BlvsvknJrk*l - Bl,nflfs,knJrkfl fOT 0<s<n-1
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Proof. The map which sends o to ¢¢ gives a bijective proof of all three results. O

Lemma 19. Foralln >0, k> 2, and 0 < s <n,

(k) (k)
As,knJrkfl = Bs,knJrkfl'

Proof. Given 0 = 01+ 0gpak—1 € Sknak—1, let 0* = (kn+ k — ogpag—1) -+ (kn + k — 1)
be the permutation that results by taking the complement of ¢ and then the reversing

- * : (k)
the result. It is then easy to see that desyy(0) = desyy(0*) which shows that Aj, . | =
B%) O
s,kn+k—1"

Theorem 20. Forallk >3, n>0, and 1 <j < |n/k|,
k k
A§,lzn+k—2(x> = Afm—)j,kn+k—2(x>'
Thus A,g&kd(x) is symmetric for n >0 and k > 3.

Proof. Given a permutation o = 0y -+ Ogpik—2 € Sknik—2 With CEE(O') = 7, apply the
complement to the permutation o’ = o(kn + k — 1), that is, ¢’ is obtained from o by
adding a dummy letter (kn + k — 1) at the end. In the obtained permutation ¢, make a
cyclic shift to the left to make the letter (kn+k—1) be the first one. Remove (kn+k—1)
to get a (kn + k — 2)-permutation o* with desgy(c*) = n — j. To reverse this procedure
adjoin (kn+k —1) from the left to a given permutation o* with %kN(U*) =n—j. Then
make a cyclic shift to the right to make 1 be the rightmost letter. Use the complement
and remove (kn + k — 1) from the obtained permutation to get a permutation o with
desp(0) = j.

The map described above and its reverse are clearly injective. We only need to justify
that given j occurrences of the descents in o, we get (n — j) occurrences in o* (the reverse
to this statement will follow using the same arguments). Notice that adding (kn+k — 1)
at the end does not increase the number of descents. Since ¢’ ends with a number which
is not equivalent to & mod 0, 0’ has n — j descents. If o/ = A1B(kn + k — 1), where
A and B are some factors, then 0’ = A°(kn + k — 1)B°l and ¢* is (kn + k — 1)B°1A°
without (kn + k — 1). The last thing to observe is that moving A° to the end of ¢’ does
not create a new descent since it cannot start with 1, also we do not lose any descents
since none of them can end with (kn + k — 1). So, 0* has n — k descents.

For instance, the permutation 38215647 counted by A:()f% (k=2,j=3,and n=4) is

mapped to the permutation counted by Af% through the following steps:

38215647 — 382156479 — 728954631 — 954631728 — 54631728.

Theorem 21. Forallk >3, n>0, and 1 <j < |n/k|,
(k) (k) (k)
Aj,lm+k—2 = Bo,j,lerk—Q + Bl,jfl,lerka‘
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Proof. We now keep track of whether or not @s is a number divisible by k to the left
of 1in 0 = 0102 Oppik—2 € Sknsk_2 With despy(o) = j. We do not provide all the
justifications in our explanation of the map, since they are similar to those in the proof
of Theorem 20.

Suppose 0’ = o(kn+k—1) = Az1B(kn+k—1), where A and B are some factors and «
is a number. Apply the complement and reverse to o’ to get (¢/)" = 1B (kn+k—1)xz°A".
Make a cyclic shift to the left in (¢/)" to make the number (kn + k — 1) be the first one
and to get 0" = (kn+ k — 1)z°A“1B°". One can check that %kN(U) = (E;kN(a*) =J.
Also, x is divisible by k if and only if z¢ is divisible by k. Now, if we remove (kn +k — 1)
from o* and x¢ is 0 mod k, we loose one descent obtaining a permutation counted by
B@A,knmq; if we remove (kn 4+ k — 1) from ¢* and z¢ is not o mod k, the number
of descents in the obtained permutation is the same, j, and thus we get a permutation
counted by Bé];.)vkn +n_o- Note that if Az is the empty word, that is, o starts with 1, then
this case is treated as the case “z is not 0 mod k” since o* will start with (kn +k — 1)1.
Thus one may think of kn + k — 1 as the (cyclic) predecessor of 1 in this case, that is,
r=kn+k-—1.

The reverse to the map described is easy to see. O

5 Extensions and open questions

There are a number of questions that arise from this work. For example, our proofs
of the formulas for Aiklzn 4 Bikk)n 4 Bé];)’kn +j» and Bfks),m +; all arise by iterating simple
recursion. It would be interesting to find more direct combinatorial proofs of these facts.
For example, we know that A(f%n = (n!)? (2)2 We have direct combinatorial proofs in the
case of s = 0 and s = n. It is not difficult to extend those proofs to also prove the case
s =1, but we do not have a simple combinatorial proof for general s.

Problem 1. A more general problem is to study pattern matching in permutations
where one takes into account the equivalence classes of the element mod k for some
k > 2. That is, given any sequence o = oy - - - 0, of distinct integers, we let red(c) be the
permutation that results by replacing the i-th largest integer that appears in the sequence
o by i. For example, if 0 =2 7 5 4, then red(c) = 1 4 3 2. Given a permutation 7 in
the symmetric group S, we define a permutation ¢ = oy---0, € 5, to have a 7-match
at place ¢ provided red(o;---0;4;—1) = 7. (In the literature, 7-match is also called an
occurrence of the consecutive pattern 7.) Let 7-mch(o) be the number of 7-matches in the
permutation o. To prevent confusion, we note that a permutation not having a 7-match
is different than a permutation being 7-avoiding. A permutation is called 7-avoiding if
there are no indices i; < --- < i; such that red[o;, - - 0;;,] = 7. For example, if 7 =214 3,
then the permutation 3 2 1 4 6 5 does not have a 7-match but it does not avoid 7 since
red[2 16 5] =T.

In the case where |7| = 2, then 7-mch(c) reduces to familiar permutation statistics.
That is, if 0 = 0y -+ -0, € Sy, let Des(o) = {i: 0, > 0441} and Rise(o) = {i : 0, < 0441}
Then it is easy to see that (2 1)-match(o) = des(o) = |Des(o)| and (1 2)-match(o) =
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rise(o) = |Rise(o)|.

We can consider a more refined pattern matching condition where we take into account
conditions involving equivalence mod k for some integer k£ > 2. That is, suppose we fix
k > 2 and we are given some sequence of distinct integers 7 = 71 ---7;. Then we say
that a permutation ¢ = oy ---0, € S, has a 7-k-equivalence match at place ¢ provided
red(o;---0;4j-1) = red(r) and for all s € {0,...,j—1}, 0,45 = 7145 mod k. For example,
ifr=12and o =5174368 2, then ¢ has 7-matches starting at positions 2, 5, and
6. However, if k£ = 2, then only the 7-match starting at position 5 is a 7-2-equivalence
match. Let 7-k-emch(o) be the number of 7-k-equivalence matches in the permutation
0.

More generally, if T is a set of sequences of distinct integers of length j, then we say that
a permutation o = oy ---0, € S, has a T-k-equivalence match at place ¢ provided there
is a 7 € T such that red(o; - - - 0,4;-1) = red(r) and for all s € {0,...,j — 1}, 0445 = Ti45
mod k. Let T-k-emch(c) be the number of T-k-equivalence matches in the permutation o
and Y-k-enlap(c) be the maximum number of non-overlapping T-k-equivalence matches
in o.

One can then study the following polynomials

Trpn(z) = fo'k'emm(" Z Zenr’ and

UESn

UT,k:,n(x) _ Z YT-k-emch(c) __ Z UT o

oESH

Clearly our polynomials A{ (x) and B (x) are special cases of Uy, (z) where all the
patterns have length 2. Papers [7] and [8] have started the study of these more general
types of polynomials in the case where all the patterns have length 2.

Problem 2. There is another way to extend the results of this paper. That is, suppose
that X, Y, and Z are subsets of the natural numbers N. Then for any permutation
o=o01--0, €5,, we can define

D€SX7y7Z = {Z 20 > 0441,0; € X,0i41 €Y, & o; — Oit1 € Z} and

desxyz = |Desxy.zl|

One can then study the polynomials

pX,Y,Z(x) —_ E xdesx’y’z _ E PX YZ S
n

oESy s>0

In [5], John Hall and the second author have shown that one can obtain formulas which
are similar to the ones in this paper for the coefficients Pji;,y’z in the special case where
Z = N. Moreover, they can give direct combinatorial proofs of these formulas so that
they can give alternative proofs of some of the results in this paper. More generally, it is
not difficult to see that the polynomials PXY"Z(x) are related to some special cases of hit
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polynomials for certain boards contained in the n x n rook board. Thus one can also use
results on general formulas for hit polynomials such as those in [3] to study some of these
polynomials. These results will be subject of future work by the authors, John Hall, and
Jeff Liese.
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