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Abstract

We give a characterization of permutation polynomials over a finite field based
on their coefficients, similar to Hermite’s Criterion. Then, we use this result to
obtain a formula for the total number of monic permutation binomials of degree
less than 4p over F4p+1, where p and 4p + 1 are primes, in terms of the numbers
of three special types of permutation binomials. We also briefly discuss the case
q = 2p + 1 with p and q primes.

1 Introduction

A polynomial f(x) over a finite field Fq is called a permutation polynomial over Fq if the
induced mapping f : Fq → Fq permutes the elements of Fq. Permutation polynomials
have been investigated since Hermite [7]. Accounts on these results can be found in Lidl
and Niederreiter [13] (Chapter 7), Lidl and Mullen [10, 11], and Mullen [16]. In the last
thirty years there has been a revival in the interest for permutation polynomials, in part
due to their cryptographic applications; see [9, 12, 20, 21], for example.

In Section 2 we characterize permutation polynomials over a finite field based on their
coefficients. This characterization is a variation of Hermite’s Criterion ([13], Theorem
7.4).

Permutation binomials of specific types are studied by several authors; see [1, 2, 3,
4, 22, 24], for example. A recent application of permutation binomials for constructing
Tuscan-` arrays was given by Chu and Golomb [5]. We use our characterization to study
the form and the number of monic permutation binomials over particular finite fields. We
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describe monic permutation binomials over Fq, when q = 2p + 1 (in Section 3), and when
q = 4p + 1 (in Section 4), where p, q are primes. Then we give a formula for the total
number of monic permutation binomials of degree less than q − 1, for the above values of
q. We observe that it is conjectured that there exist infinitely many primes of the form
2p + 1 with p prime (Sophie-Germain primes), and of the form 4p + 1 with p prime [19].
Hence, these are interesting families of finite fields. The arguments we use in both cases
are very similar. Since the case q = 4p + 1 involves more techniques, we concentrate on
this case.

When q = 4p + 1, and p, q are primes, the formula mentioned above depends on
N1, N2 and N3, which are the numbers of permutation binomials of the form x(xp + a),
x3(xp + a) and xn(x2is + a) of degree less than q − 1 over Fq, with a 6= 0, i ≥ 1 and
gcd(s, 2p) = 1, respectively. We indicate how to compute N1 and N2, by using a simple
computer program based on Lemma 9. We conjecture that N3 = 0. Finally, we provide
the number of monic permutation binomials of a given degree m less than q − 1 over Fq,
in terms of N1, N2 and N3,m, where N3,m is the number of permutation binomials of the

form xn(x2is + a) over Fq with a 6= 0, m = n + 2is, i ≥ 1 and gcd(s, 2p) = 1. If one
proves that N3 = 0 then obviously N3,m = 0 for any m less than q − 1. We remark that
the number of permutation polynomials of a given degree is an open problem in [10]. Das
in [6] provides an expression for this number when the finite field Fp is prime and the
degree is p−2. In Section 5 we compute some values of N1, N2 and N3, for small values of
q, and thus, we obtain the total number of monic permutation binomials for those finite
fields. We also briefly comment on some related open problems.

The following identity is used in this paper several times with no reference: if q is a
prime, we have

(
q−1

j

) ≡ (−1)j (mod q) for j ∈ Z and 0 ≤ j ≤ q − 1 ([13], Exercise 1.11).

2 A characterization of permutation polynomials

In this section we assume q is a prime power. The following theorem gives a characteriza-
tion of permutation polynomials over Fq based on their coefficients. Our criterion is based
on q−1 identities involving the coefficients of the polynomial. Without loss of generality,
we assume that the degree of the polynomial is less than q − 1. We use the convention
that 00 = 1.

Theorem 1 Let f(x) = a0 + a1x + · · · + amxm ∈ Fq[x] be a polynomial of degree m less
than q − 1. Then, f(x) is a permutation polynomial over Fq if and only if

∑
(A1,...,Am)∈SN

N !

A1! · · ·Am!
aA1

1 · · ·aAm
m =

{
0, if N = 1, . . . , q − 2,
1, if N = q − 1,

where SN = {(A1, . . . , Am) ∈ Z
m : A1 + · · · + Am = N, A1 + 2A2 + · · · + mAm ≡ 0

(mod q − 1), Ai ≥ 0 for all i, 1 ≤ i ≤ m, and Ai = 0 whenever ai = 0}.
Proof. Without loss of generality, we assume a0 = 0. Let α0 = 0, α1 = 1, . . . , αq−1 be
the distinct elements of Fq. Clearly, f(x) is a permutation polynomial over Fq if and only
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if f(α0), f(α1), . . . , f(αq−1) are pairwise distinct. Lemma 7.3 in [13] implies that f(x) is
a permutation polynomial over Fq if and only if

q−1∑
i=1

f(αi)
N =

{
0, if N = 1, . . . , q − 2,

−1, if N = q − 1.

Since f(αi) = a1αi + · · ·+ amαm
i , we calculate

q−1∑
i=1

f(αi)
N =

∑
A1+···+Am=N

Ai∈Z,Ai≥0

N !

A1! · · ·Am!
aA1

1 · · ·aAm
m

q−1∑
i=1

αA1+···+mAm
i .

We note that if A1 + · · · + mAm = `(q − 1) + r, where `, r ∈ Z, 0 ≤ r ≤ q − 2, then the
distinct choices of αi imply that

q−1∑
i=1

αA1+···+mAm
i =

q−1∑
i=1

αr
i =

{ −1, if r = 0,
0, if r = 1, . . . , q − 2.

Hence,

q−1∑
i=1

f(αi)
N =

∑
A1 + · · · + Am = N

A1 + · · · + mAm ≡ 0 (mod q − 1)
Ai ∈Z,Ai ≥ 0

(−1)
N !

A1! · · ·Am!
aA1

1 · · ·aAm
m

=

{
0, if N = 1, . . . , q − 2,

−1, if N = q − 1.

We remark that in SN if A1 + 2A2 + · · · + mAm = `(q − 1) for some integer `, then
1 ≤ ` ≤ N .

The above theorem is a generalization of a theorem by London and Ziegler [14], for
prime finite fields. It provides a simple method for permutation binomial testing over
Fq. In this paper, by permutation binomial, we mean a monic polynomial of the form
xm + axn where a 6= 0 and 0 < n < m < q − 1.

Corollary 2 Let f(x) = xm + axn ∈ Fq[x] with a 6= 0, q ≥ 3 and 0 < n < m < q − 1.
Then, f(x) is a permutation binomial over Fq if and only if

∑
A∈SN

(
N

A

)
aN−A =

{
0, if N = 1, . . . , q − 2,
1, if N = q − 1,

where

SN =

{
A ∈ Z : A =

`(q − 1) − nN

m − n
where ` ∈ Z and 0 ≤ A ≤ N

}
.
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A consequence of Corollary 2 is that permutation binomials do not exist over some
finite fields.

Corollary 3 If q − 1 is a Mersenne prime, then there is no permutation binomial with
degree less than q − 1 over Fq.

Proof. Suppose that f(x) = xm + axn is a permutation binomial over Fq where a 6= 0,
0 < n < m < q − 1 and q − 1 is a Mersenne prime. It follows from Corollary 2 that,
for N = q − 1, the only possible integer values of A = (`−n)(q−1)

m−n
are 0 and q − 1. Thus,(

q−1
0

)
aq−1 +

(
q−1
q−1

)
a0 = 2 6= 1.

For example, there is no permutation binomial over F3, F8, F32, F128, F8192, . . ..
Now we use Corollary 2 to obtain a result on the non-existence of certain permutation

binomials over prime finite fields F2kr+1, where k ≥ 1 and r is an odd integer greater than
1.

Lemma 4 Let q = 2kr + 1 where q is prime, r is an odd integer greater than 1 and
k ≥ 1. There is no permutation binomial over Fq of the form xm + axn with a 6= 0,
0 < n < m < q − 1, m− n = 2is, i an integer ≥ 1, s an odd integer, gcd(s, r) = 1, in the
following two situations:

(i) 1 ≤ i < k and m ≤ 2k−ir,
(ii) k < i and m ≤ r.

Proof. (i) Suppose we have a permutation binomial xm + axn with m − n = 2is and
1 ≤ i < k, s an odd integer such that gcd(s, r) = 1 and m ≤ 2k−ir. Let us consider
N = st0 < q−1 where t0 is a positive integer of the form 2id. We investigate the possible
integer values of A = 2kr`−nN

2is
such that 0 ≤ A ≤ N . Since gcd(s, 2r) = 1, we look for

all possible multiples of 2krs within the interval I = [nst0, st0(n + 2is)]. Let d be the
smallest positive integer such that the interval I contains a multiple of 2krs. In order to
prove the existence of such d, we consider two cases.

• If s = 1, let d = 2k−i−1r. Then d > 1, N = 2k−1r < q − 1, and the length
|I| = 2it0 = 22id = 2k+i−1r ≥ 2kr. Hence I contains a multiple of 2kr.

• If s > 1, let d = b2k−ir
s

c. We note that d ≥ 1; otherwise, we would have q − 1 =

2kr < 2is = m − n. Moreover, N = 2ids < 2kr = q − 1. Since t0 ≥ 2d > 2k−ir
s

, we also
deduce that |I| = 2is2t0 > 2krs.

In any event suppose 2krs`0 is the least such multiple in I, and let A0 = 2krs`0−nN
2is

.
We claim that there is no other multiple of 2krs in I. In fact, if there were two multiples
of 2krs in I then 2krs(`0 + 1) ≤ st0(n + 2is), i.e.

2kr(`0 + 1) ≤ t0m. (1)

If d = 1 then, by using that m ≤ 2k−ir, we obtain

t0m = 2im < 2im + 2kr`0 < 2kr(`0 + 1),
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which is a contradiction to (1). So we can assume that d > 1. Let N ′ = N − 2is. Then
1 ≤ N ′ < q − 1, and

A′ =
2krs`0 − nN ′

2is
= A0 + n (2)

is an integer. The minimality of d and the conditions on Corollary 2 imply that N ′ <
A0 + n. In this case we get from (2) that

t0m < 2kr`0 + 2im.

The hypothesis m ≤ 2k−ir leads to t0m < 2kr(`0 + 1) contradicting (1).
(ii) Now let us suppose xm + axn is a permutation binomial with m − n = 2is, k < i,

m ≤ r and s an odd integer such that gcd(s, r) = 1. We write m− n = 2k+js with j ≥ 1.
So m − n < q − 1 implies that 2js < r. Let us consider N = st0 < q − 1 with t0 of
the form 2k+jd, for some positive integer d. We investigate the possible integer values of
A = 2kr`−nN

2k+js
such that 0 ≤ A ≤ N . Since gcd(s, 2r) = 1, we look for all possible multiples

of 2k+jrs within the interval I = [nst0, st0(n + 2k+js)]. Let d be the smallest positive
integer such that the interval I contains a multiple of 2k+jrs. Such a d exists. Indeed, we
can choose d = b r

2js
c. We note that d ≥ 2, because m − n = 2k+js < m ≤ r implies that

2 ≤ 2k ≤ r
2js

. Moreover, N = 2k+jds < 2k+jrs
2js

= q − 1. Since t0 ≥ 2d > r
2js

, we deduce
that the length of I is

|I| = 22(k+j)s2d ≥ 2(1+j)+(k+j)s2d = 2d(2k+2js2)

>
r

2js
(2k+2js2) = 2k+jrs.

Thus there is a multiple of 2k+jrs in I. Suppose 2k+jrs`0 is the least such multiple in I,
and let A0 = 2k+jrs`0−nN

2k+js
. We claim that there is no other multiple of 2k+jrs in I. In fact,

if there were two multiples of 2k+jrs in I then 2k+jrs(`0 + 1) ≤ st0(n + 2k+js), i.e.

2k+jr(`0 + 1) ≤ t0m. (3)

If d = 1 then, by using that m ≤ r, we obtain

t0m = 2k+jm < 2k+jm + 2k+jr`0 < 2k+jr(`0 + 1),

which is a contradiction to (3). So we can assume that d > 1. Let N ′ = N − 2k+js. Then
we have 1 ≤ N ′ < q − 1 and

A′ =
2k+jrs`0 − nN ′

2k+js
= A0 + n (4)

is an integer. The minimality of d and the conditions on Corollary 2 imply that N ′ <
A0 + n. In this case we get from (4) that

t0m < 2k+jr`0 + 2k+jm.

The hypothesis m ≤ r leads to t0m < 2k+jr(`0 + 1) which is a contradiction to (3).

We note that if either 1 ≤ i < k and m > 2k−ir, or k = i, or k < i and m > r, then
permutation binomials over Fq may exist. As an example, in F97[x], there are permutations
binomials such as x35 +3x3 and x65 +93x showing that it is possible to have m−n equals
32 and 64.
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3 Permutation binomials over F2p+1 where p and 2p+1

are primes

In this section, we briefly discuss the following result concerning permutation binomials
over Fq where q = 2p + 1, and p, q are primes. We note that other descriptions of
permutation binomials over those fields when p | m − n can be found in [17] and [23].

Proposition 5 Suppose q = 2p + 1 where p and q are odd primes. Then, any monic
permutation binomial of degree less than q − 1 over Fq with p | m − n is of the form

x2j+1(xp + a) or x2j(xp + a−1), where a2 6= 1 and a satisfies
∑(p−1)/2

k=0

(
p

2k+1

)
ap−2k−1 = 0.

Moreover, let M be the number of permutation binomials of the form xn(x2is + a) with
a 6= 0, 0 < n < n + 2is < q − 1, gcd(s, 2p) = 1, and either i = 1, or i > 1 and
p < n+2is < 2p. The number of monic permutation binomials with degree less than q−1
over Fq is (p − 1)2 + M .

Proof. Let us assume that xn(xp + a) is a permutation binomial over Fq with a 6= 0
and 0 < n < p. There are p − 1 possible values for n. We consider all possible integer
solutions of A = 2p`−nN

p
within the range from 0 to N , for each 1 ≤ N ≤ 2p. We have

that A is an integer if and only if p | N . Thus, it is enough to consider N = p and 2p.
We start with N = 2p. In this case, A = 2(` − n) consists of all even numbers from 0

to 2p. Thus,
p∑

k=0

(
2p

2k

)
a2(p−k) = 1.

Since
(
2p
2k

)
= 1, we have that

∑p
k=0 a2(p−k) = 1, which is equivalent to a2 6= 1.

When N = p, A = 2` − n. Clearly, if n is odd (respectively, even) then A is odd
(respectively, even). So, we have

(p−1)/2∑
k=0

(
p

2k + 1

)
ap−2k−1 = 0 for n odd, (5)

and
(p−1)/2∑

k=0

(
p

2k

)
ap−2k = 0 for n even. (6)

Since a 6= −1, if a satisfies (5) then a does not satisfy (6). However, a−1 satisfies (6),
because

(p−1)/2∑
k=0

(
p

2k

)
(a−1)p−2k = a−p

(p−1)/2∑
k=0

(
p

p − 2k

)
a2k

= a−p

(p−1)/2∑
k=0

(
p

2k + 1

)
ap−2k−1 = 0.
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Conversely, if a satisfies (6) then a does not satisfy (5), but a−1 satisfies (5). Since
(1 + a)p = ±1 and (1 − a)p = ±1, we have either

(1 + a)p − (1 − a)p = 0 or (1 + a)p + (1 − a)p = 0.

Hence, there are p − 1 nonzero a’s satisfying (5) or (6) for each n. The number of monic
permutation binomials of degree less than q−1 over Fq, when m−n = p, is (p−1)2. The
rest of the proof is obtained from the fact that gcd(m − n, q − 1) = 1 [15] and Lemma 4.

An exhaustive search based on Corollary 2 for small values of q = 2p + 1 with p, q
primes indicates that M is zero.

4 Permutation binomials over F4p+1 where p and 4p+1

are primes

In this section we concentrate on the case q = 4p+1 with p, q primes. We use Corollary 2
repeatedly with no reference.

Lemma 6 Let q = 4p + 1 where p and q are primes. There is no permutation binomial
over Fq of the form xm + axn with a 6= 0, 0 < n < m < q − 1 and m − n = 2.

Proof. Suppose such permutation binomial exists. We observe that n must be odd;
otherwise, we would have m and n even. Let N = 2p. Then A = p(2`−n) is a multiple of
p. Since 0 ≤ A ≤ 2p, the only possibility for A is p. In this case we must have

(
2p
p

)
ap = 0

contradicting that a 6= 0.

Lemma 7 Let q = 4p + 1 where p and q are primes. There is no permutation binomial
over Fq of the form xm + axn with a 6= 0, 0 < n < m < q − 1 and m− n = 2s, where s is
odd and p < s < 2p.

Proof. Suppose such permutation binomial over Fq exists. Let N = 2s. So N < 4p
and A = 2p`

s
− n. The conditions on s imply that A is an integer if and only if ` is a

multiple of s. Suppose ` = s`. Since 1 ≤ ` ≤ N , ` must be 1 or 2. On the other hand, the
condition 0 ≤ A ≤ N implies that n

2p
≤ ` ≤ 2s+n

2p
. Let I be the interval ( n

2p
, 2s+n

2p
). The

length of I is s
p
. Since p < s < 2p, we have that 1 < s

p
< 2. Furthermore, we notice that

n = m − 2s < 4p − 2p = 2p. Thus, n
2p

< 1 < 2s+n
2p

< 2, and ` = 1. Hence, I contains only

one integer A such that 0 ≤ A ≤ N . Thus,
(
2s
A

)
a2s−A = 0 contradicting that a 6= 0.

By combining the fact that gcd(m − n, q − 1) 6= 1 [15] and Lemmas 4, 6, and 7, we
now summarize the possible values of m − n.
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Proposition 8 Let q = 4p + 1 where p and q are primes. If xm + axn is a permutation
binomial over Fq with a 6= 0 and 0 < n < m < q − 1, then the possible values of m − n
are

m − n =




2s; where s > 1, (s, 2p) = 1, and 2p < m < n + 2p,
4s; where (s, 2p) = 1,
2is; where i > 2, (s, 2p) = 1, and m > p,
cp, if c = 1, 2 or 3.

Next we analyze the case when p divides m − n.

Lemma 9 Suppose q = 4p + 1 where p and q are primes. If f(x) = xm + axn is a
permutation binomial over Fq with a 6= 0, 0 < n < m < q − 1 and p | m − n, then f(x)
has one of the following forms:

(1) xj(xp + a), where 0 < j < 3p, a is such that a4 6= 1 and, for each 1 ≤ c ≤ 3,

bc(p+j)/4c∑
t=dcj/4e

(
cp

4t − cj

)
ac(p+j)−4t = 0;

(2) x2j+1(x2p + a), where 0 ≤ j < p, a is such that a2 6= 1 and

p−1∑
t=0

(
2p

2t + 1

)
a2(p−t)−1 = 0;

(3) xj(x3p + a), where 0 < j < p, a is such that a4 6= 1 and, for each 1 ≤ c ≤ 3,

bc(p−j)/4c∑
t=d−cj/4e

(
cp

4t + cj

)
ac(p−j)−4t = 0.

Proof. The possible values for m−n are p, 2p and 3p. In each case, A is an integer only
if p | N . Cases 1 and 3 follow immediately from Corollary 2 by analyzing the possible
values of A.

Suppose m − n = 2p. If n is even then m is even, and in this case f(x) is not a
permutation binomial. Thus, n must be odd. This eliminates the cases N = p and
N = 3p, as there is no integer A = 4p`−nN

2p
. If N = 4p, we get

2p∑
t=0

(
4p

2t

)
a4p−2t = 1,

which implies a2 6= 1. If N = 2p, then A = 2` − n is odd. Hence, we have the condition
p−1∑
t=0

(
2p

2t + 1

)
a2(p−t)−1 = 0.
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After this research was done, we learned that Park in [18] has proved a more general
version of Lemma 9. His proof is a direct application of Hermite’s Criterion while ours is
based on Corollary 2.

The next lemma will be essential for the purpose of counting.

Lemma 10 Let q = 4p + 1 where p and q are primes, p > 3, n be an odd positive integer
with n ≡ i (mod 4), a 6= 0, and c = 1, 2 or 3. If gcd(n, q−1) = 1 then f(x) = xn(xcp +a)
is a permutation binomial over Fq if and only if g(x) = xi(xcp + a) is a permutation
binomial over Fq. If gcd(n, q − 1) 6= 1, then there is no permutation binomial of the form
xn(xp + a).

Proof. Suppose that gcd(n, q − 1) = 1 and f(x) is a permutation binomial over Fq.
Let us prove that g(x) is onto. For s ∈ F

∗
q fixed, there exists r ∈ F

∗
q such that f(r) = s.

We recall that i = 1 or 3, and p 6= 3. Hence xi is a permutation monomial over Fq. Let
t ∈ F

∗
q be such that ti = rn. We claim that tcp = rcp. In fact, if n − i = 4k for some

integer k then r(n−i)cp = r4kcp = 1. Thus, rcpn = rcpi, and tcpi = rcpi implies that tcp = rcp.
Hence, g(t) = s, i.e. g(x) is a permutation binomial over Fq. The proof of the converse
part follows similarly.

When gcd(n, q − 1) 6= 1, p divides n, since n is odd. Furthermore, the degree of the
binomial is smaller than 4p. So, n must be p. But, if xp(xp +a) is a permutation binomial
over Fq, then so is y2 + ay. This is a contradiction.

It is convenient to establish the following notation.

Definition 11 Let q = 4p + 1 with p, q primes. Two binomials x4k+i(xd + a) and
x4k+j(xd + a−1) are said to be paired permutation binomials over Fq, when x4k+i(xd + a)
is a permutation binomial over Fq if and only if x4k+j(xd +a−1) is a permutation binomial
over Fq. In this case, we denote the paired permutation binomials by (i, j, d).

The following theorem entails that, when p divides m − n, all permutation binomials
occur in pairs over F4p+1 where p and 4p + 1 are primes.

Theorem 12 Let q = 4p + 1 where p and q are primes. The following are paired permu-
tation binomials over Fq:

(i) (1, 2, p), (3, 4, p), (1, 4, 3p), (2, 3, 3p), if p ≡ 1 (mod 4);

(ii) (1, 4, p), (2, 3, p), (1, 2, 3p), (3, 4, 3p), if p ≡ −1 (mod 4);

(iii) (1, 3, 2p).

Moreover, all permutation binomials xm +axn over Fq with p | m−n are described as one
of the above types.
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Proof. We first show in detail the cases (i) (1, 2, p) and (i) (1, 4, 3p), since they are
representatives of the technique used to prove the remaining cases in (i) and (ii). Then
we prove (iii). Let us assume p = 4u + 1 for some positive integer u, and use Lemma 9.
It is enough to consider N = cp with 1 ≤ c ≤ 4. For N = 4p, the equation on a reduces
to the condition that a4 6= 1. This is clearly equivalent to (a−1)4 6= 1. Now, we fix c with
1 ≤ c ≤ 3.

Let us prove (i) (1, 2, p). We have A = 4`−nc, and the range 0 ≤ A ≤ cp implies that
` = c(k + 1), . . . , c(k + u), for n = 4k + 1 and n = 4k + 2. We show that

c(k+u)∑
`=c(k+1)

(
cp

4` − c(4k + 1)

)
ac(p+4k+1)−4` = 0

if and only if
c(k+u)∑

`=c(k+1)

(
cp

4` − c(4k + 2)

)
(a−1)c(p+4k+2)−4` = 0.

In fact,

c(k+u)∑
`=c(k+1)

(
cp

4` − c(4k + 2)

)
(a−1)c(p+4k+2)−4`

= a−cp

c(k+u)∑
`=c(k+1)

(
cp

4` − c(4k + 2)

)
a4`−c(4k+2)

= a−cp

c(k+u)∑
`=c(k+1)

(
cp

4` − c(4k + 1)

)
ac(p+4k+1)−4`,

where the last expression is obtained by changing the variable ` by c(2k +1+u)− `. The
desired result follows as a 6= 0.

Next, let us prove (i) (1, 4, 3p). By Lemma 9, we show that

c(u−k)∑
t=−ck

(
cp

4t + c(4k + 1)

)
ac(p−4k−1)−4t = 0

if and only if
c(u−k−1)∑
t=−c(k+1)

(
cp

4t + c(4k + 4)

)
(a−1)c(p−4k−4)−4t = 0.

This is equivalent to show that

cu∑
i=0

(
cp

4i + c

)
ac(p−1)−4i = 0 ⇐⇒

cu∑
i=0

(
cp

4i

)
(a−1)cp−4i = 0.
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By doing the change of variables i by uc − i, we obtain

cu∑
i=0

(
cp

4i

)
(a−1)cp−4i = a−cp

cu∑
i=0

(
cp

cp − 4i

)
a4i

= a−cp

cu∑
i=0

(
cp

4i + c

)
ac(p−1)−4i.

Again, as a 6= 0, we are done.
Finally we show (iii). We observe that A = 4p`−nN

2p
is an integer if and only if N

is even. The case N = 4p reduces to the trivial fact that a2 6= 1 is equivalent to
(a−1)2 6= 1. For N = 2p, we need to prove that

∑p−1
t=0

(
2p

2t+1

)
a2(p−t)−1 = 0 if and only

if
∑p−1

t=0

(
2p

2t+1

)
(a−1)2(p−t)−1 = 0. Indeed, this follows from

(1 + a)2p − (1 − a)2p = 0 ⇐⇒ (a−1 + 1)2p − (a−1 − 1)2p = 0
⇐⇒ (1 + a−1)2p − (1 − a−1)2p = 0.

Theorem 12 reduces the problem of counting all monic permutation binomials of degree
up to q − 1 over Fq to the counting of three specific types of permutation binomials, as
shown in the next theorem.

Theorem 13 Suppose q = 4p + 1 where p > 3 and q are primes. Let N1 and N2 be the
numbers of permutation binomials over Fq of the form x(xp + a) and x3(xp + a) of degree
less than q− 1, respectively, where a 6= 0. Let N3 be the number of permutation binomials
over Fq of the form xn(x2is + a) with degree less than q − 1, i ≥ 1, gcd(s, 2p) = 1 and
a 6= 0. The total number of monic permutation binomials over Fq of degree less than q−1
is 2(p − 1)(p − 1 + N1 + N2) + N3.

Proof. We prove the case p ≡ 1 (mod 4), and the other case follows in a similar
fashion. Suppose p = 4u + 1 for some positive integer u. When p | (m − n), we partition
the permutation binomials that we want to count into three disjoint groups according to
Theorem 12. The number of binomials in each one of these groups provides one term
appearing in 2(p−1)(p−1+N1+N2). With respect to N3, Proposition 8 contains details
about which permutation binomials may contribute to N3 exactly.

Let the first group be formed by permutation binomials of the form x2i+1(x2p +a) with
i ≥ 0. Since these polynomials must have degree less than 4p, and xp(x2p + a) is not a
permutation binomial over Fq, we have p−1 possible values for i. By Theorem 12, we have
that each permutation binomial x4k+1(x2p + a) is associated to the permutation binomial
x4k+3(x2p + a−1). Hence, according to Lemma 10, it is enough to count the number of
permutation binomials of the form x(x2p + a). To do this, we notice that the equation
x2p = 1 has 2p solutions, including ±1. Furthermore, since a 6= ±1 and 1+a

1−a
6= ±1, the

equation (
1 + a

1 − a

)2p

= 1
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has exactly 2p− 2 solutions. This equation is equivalent to (1 + a)2p − (1− a)2p = 0, that
is,

p−1∑
t=0

(
2p

2t + 1

)
a2(p−t)−1 = 0.

By Lemma 9, we conclude that there are 2p − 2 permutation binomials of the form
x(x2p + a), and thus, there are 2(p − 1)2 permutation binomials in the first group.

The second group consists of permutation binomials of the forms x4k+1(xp + a),
x4k+2(xp +a−1), x4`+3(x3p +a), and x4`+2(x3p +a−1). They are all associated to x(xp +a).
This correspondence is due to Lemma 10, Theorem 12, and the fact that x4`+3(x3p + a) is
a composition of x4k+1(xp + a) and x3. Taking into account that we are only considering
binomials of degree less than 4p, and that there is no permutation binomial of the form
xp(xp + a) over Fq, it is clear that the number of such possible k’s is 3u, and that the
number of such possible `’s is u. Hence, we have 2N1(p − 1) as the total of permutation
binomials in the second group.

The third group is formed by permutation binomials of the forms x4k+3(xp + a),
x4k+4(xp+a−1), x4`+1(x3p+a), and x4`+4(x3p + a−1). They are all associated to x3(xp+a).
By similar arguments, this group has a total of 2N2(p − 1) permutation binomials.

In Section 5 we present some values of N1, N2 and N3. The outputs lead us to
conjecture that N3 = 0 for any finite field Fq with q = 4p + 1 and p, q primes.

Another application of Theorem 12 provides the number of monic permutation bino-
mials of a given degree m over Fq in terms of N1, N2 and another amount to be defined
as N3,m.

Theorem 14 Let q = 4p + 1 where p > 3 and q are primes. Let N1 and N2 be the
numbers of permutation binomials of the form x(xp +a) and x3(xp +a) of degree less than
q−1, respectively, where a 6= 0. Let N3,m be the number of permutation binomials over Fq

of the form xn(x2is + a) with degree m less than q − 1, gcd(s, 2p) = 1, i ≥ 1 and a 6= 0. If
p | (m− n) and m = p, 2p or 3p, then there is no permutation binomial of degree m over
Fq. For each other value of m, the number of monic permutation binomials of degree m
over Fq is the sum of N3,m and the corresponding entry in the following table:

(1) If p < m < 2p then

(mod 4) m ≡ 1 m ≡ 2 m ≡ 3 m ≡ 4

p ≡ 1 N2 N1 N1 N2

p ≡ −1 N2 N2 N1 N1

(2) If 2p < m < 3p then

(mod 4) m ≡ 1 m ≡ 2 m ≡ 3 m ≡ 4

p ≡ 1 2(p − 1) + N2 N1 2(p − 1) + N1 N2

p ≡ −1 2(p − 1) + N2 N2 2(p − 1) + N1 N1
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(3) If 3p < m < 4p then

(mod 4) m ≡ 1 m ≡ 2 m ≡ 3 m ≡ 4

p ≡ 1 2(p − 1) + N1 + N2 2N1 2(p − 1) + N1 + N2 2N2

p ≡ −1 2(p − 1) + N1 + N2 2N2 2(p − 1) + N1 + N2 2N1

Proof. We only prove one of the cases since the proofs of the remaining cases are
similar. Suppose 3p < m < 4p with p ≡ 1 (mod 4) and m ≡ 1 (mod 4). There are
three types of monic permutation binomials of degree m over Fq, namely, xm−p(xp + a),
xm−2p(x2p +a), and xm−3p(x3p +a). By Lemma 9 or the proof of Theorem 13, the number
of permutation binomials of second type is 2(p − 1). We use Lemma 10 and Theorem 12
to count the number of permutation binomials for the other types. For the first one, since
m − p ≡ 4 (mod 4), the number of such permutation binomials is N2. The number of
permutation binomials of the third type is N1, as m − 3p ≡ 2 (mod 4). Therefore, the
number of permutation binomials of degree m over Fq is 2(p− 1) + N1 + N2 + N3,m.

We should emphasize again that it might be that N3,m = 0 for each m less than q− 1.

5 Conclusions

In this section we discuss some problems for further research. The following table gives
some values of N1, N2 and N3, which are defined in Theorem 13, and thus the total
number of monic permutation binomials of degree less than q − 1 over Fq, for each q less
than 1000 of the form 4p + 1, where p and q are primes. The amounts N1 and N2 are
easily obtained by using a simple and efficient computer program implied by Lemma 9.
Unfortunately they do not seem to suggest a general formula. We observe that from
Lemma 9 it is also easy to see that N1 and N2 are multiples of 4, and that a trivial upper
bound for both of them is p − 2, if p ≡ 1 (mod 4), and p, if p ≡ −1 (mod 4). Although
we do not have enough information about N3, the data strongly suggest that it might be
zero (similarly, M might be zero too for the case 2p+1). It would be interesting to obtain
a closed formula for N1, N2 and N3. In this case, Theorem 13 would provide an exact
formula for the number of monic permutation binomials of degree up to q− 1 over Fq, for
q = 4p + 1 and p, q primes. Similarly, we would obtain an exact formula for the number
of monic permutation binomials of a given degree up to q − 1 over Fq for q = 4p + 1, and
p, q primes, using Theorem 14.

In the following table the total number of permutation binomials was computed in two
different ways. On the one hand we used Theorem 13 and the computations of N1, N2

and N3 commented above. On the other hand we did an exhaustive search of permutation
binomials for those finite fields.

There are some other natural extensions of this work such as the characterization and
counting of permutation binomials over Fq with q = 2kp + 1, k ≥ 3, and p, q primes;
the study of permutation binomials over an arbitrary prime and a non-prime field, and
permutation trinomials over a finite field (see [8]). For these problems, Theorem 1 can be
an important tool as well as several techniques in this paper.
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q p N1 N2 N3 Total
13 3 0 0 0 8
29 7 4 0 0 120
53 13 0 4 0 384
149 37 16 16 0 4896
173 43 20 20 0 6888
269 67 36 24 0 16632
293 73 28 28 0 18432
317 79 12 32 0 19032
389 97 48 36 0 34560
509 127 40 40 0 51912
557 139 56 32 0 62376
653 163 52 72 0 92664
773 193 64 60 0 121344
797 199 72 88 0 141768
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