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Abstract

New (96,20,4,4) and (96,19,2,4) regular partial difference sets are constructed,
together with the corresponding strongly regular graphs. Our source are (96,20,4)
regular symmetric designs.
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1 Introduction and preliminaries
We start with defining objects to be constructed.

Definition 1 Let H be a group of order v. A k-subset S C H s called a (v, k, )\, 1)
partial dif ference set if the multiset {xy=" | x,y € S,z # y} contains each nonidentity
element of S exactly \ times and it contains each nonidentity element of H \ S exactly p
times.

Using the notation of a group ring ZH (where S := > _¢s), a (v,k, A, ) partial
difference set S C H in the group H can be defined as a subset for which the equation

S-S = k{e} + AS\ {e} +u(H\ 5)\ {e} (1.1)

holds; e denotes the group identity element.
Partial differential sets S; and S in groups H; and H,, respectively, we will call
equivalent if there exists a group isomorphism ¢ : H; — Hs which maps S7 onto Ss.
The notion of a partial difference set generalizes that of a difference set, well-known
in group and design theory.
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Definition 2 A (v, k, \) difference set is a k-element subset A C H in a group H of order
v provided that the multiset {xy~' | x,y € A, x # y} contains each nonidentity element of
H exactly X times.

In terms of a group ring, A C H is a difference set in a group H if and only if the
relation A-ACY = k{e} +AH \ {e} holds in ZH. In case a set A C H is a difference set

in a group H, its so called “shift” Az by each element x € H is a difference set in H as
well, [1]. It is obvious that any (v, k, ) difference set is a (v, k, A, A) partial difference set.

A partial difference set (PDS for short) S is reversible if S = SV, A reversible
partial difference set S is called regular if e ¢ S. It is easy to see (cf. [7]) that the
following assertions hold.

Proposition 1 Suppose that S is a reversible (v,k,\, ) PDS in a group H, such that
ee€ S. Then (S —e) is a reqular (v,k —1,A\ —2,) PDS in H. Conversely, if S is a
reqular PDS in H, then (S + e ) is a reversible PDS with corresponding parameters.

Proposition 2 Suppose that A is a (v, k, \) difference set in H, x € H. Then
(1) Az is a reqular (v, k,\,\) PDS if and only if z=' ¢ A and Az is a reversible set;
(1) Az — e is a reqular (v,k — 1, X\ —2,\) PDS if and only if v € A and Ax is a
reversible set.

The development of a difference set A C H is the incidence structure devA =
(H,{Ag | g€ H},€). By this structure difference sets and symmetric designs are in-
terrelated, as shows the following important result, [1].

Theorem 1 Let H be a finite group of order v and A a proper, non-empty k-element
subset of H. Then A is a (v, k,\) difference set in H if and only if devA is a symmetric
(v, k, \) design on which H acts regularly.

Let’s repeat, a symmetric block design with parameters (v, k, \) is a finite incidence
structure D = (V,B,Z) consisting of |V| = v points and |B| = v blocks, where each block
is incident with £ points and any two distinct points are incident with exactly A common
blocks. An automorphism of a symmetric block design D is a permutation on V' which
sends blocks to blocks. The set of all automorphisms of D forms its full automorphism
group denoted by AutD. If a subgroup H < AutD acts regularly on V and B, then D is
called regular and H is called a Singer group of D.

Two difference sets Al (in H') and A? (in H?) are isomorphic if the designs devAl
and devA? are isomorphic; A and A? are equivalent if there exists a group isomorphism
¢ : H' — H? such that p(A!) = AZg for a suitable ¢ € H? Tt is easy to see that
equivalent difference sets A! and A? give rise to isomorphic symmetric designs devA! and
devA?. Depending on the respective property of H, a difference set (and PDS as well) is
called abelian, cyclic, or nonabelian.

The so far introduced notions and observations are connected to graph theory. More
precisely, regular partial difference sets and strongly regular graphs are closely related
through the concept of Cayley graphs.
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Definition 3 A strongly reqular graph (SRG) with parameters (v, k, A\, 1) is a graph with
v vertices which is reqular of valency k, i.e. every vertex is incident with k edges, such
that any pair of adjacent vertices have exactly X\ common neighbours and any pair of
non-adjacent vertices have exactly i common neighbours.

Definition 4 For a group H and a set S C H with the property thate ¢ S and S = SV,
the Cayley graph T' = Cay(H, S) over H with connection set S is the graph with vertex set
H so that the vertices x and y are adjacent if and only if x=1y € S. Then I is undirected
graph without loops.

Accordingly, the edge set of a Cayley graph I' = Cay(H, S) over H with connection
set S'is £ := {{z,sz} | x € H,s € S}. Our construction of strongly regular graphs (cf.
[5]) will be based on the following important assertion about Cayley graphs, [1] p. 230
or [6].

Theorem 2 A Cayley graph Cay(H,S) is a (v, k, \, i) strongly reqular graph if and only
if S is a (v, k, A\, 1) regular partial difference set in H.

In this sense, equivalent regular PDS’s obviously correspond to isomorphic strongly
regular Cayley graphs. Note that for two inequivalent partial difference sets S; and S,
in a group H, the graphs Cay(H,S;) and Cay(H, S3) can be isomorphic. Similarly, for
two inequivalent partial difference sets S; and S, in groups Hy and Hs, |Hy| = |Hs|, the
graphs Cay(Hy,S1) and Cay(Hs, Ss) can be isomorphic. Several examples of both such
cases are shown in Section 2.

In our computation we use GAP, the well-known system for computational group
theory, [9]. Moreover, because we deal with a rather large number of groups, for identifying
groups we use GAP-catalogue number whenever it is available. Namely, the order of some
groups that appear in our considerations exceeds the scope of the GAP Library Small
Groups. A GAP-catalogue number is of the form [m,n] and it stands for n-th group of
order m in the catalogue. For graph exploring we use GRAPE [8], a package which is a
part of GAP.

2 Construction of regular partial difference sets and
graphs

Following the theoretical background highlighted in Section 1, it can easily be verified
that the procedure for the search of regular partial difference sets, starting from a known
difference set A C H, can be performed in the next two steps:

() construction of all shifts Ax of A,z € H,

(1) selection of those shifts which are reversible sets in H.
Then, each reversible shift which does not contain e is a regular (v, k, A\, A) PDS, while
each reversible shift that contains e yields a regular (v, k — —2,) PDS Ax —e.
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To this procedure of “surveyed shifting” we have submitted about seventy (96,20,4)
difference sets in approximately 30 groups presented in [3] and [4]. The cited papers
contain detailed description of the difference sets construction from 9 regular (96,20,4)
symmetric designs. The procedure ended in construction of 59 regular PDS’s in 9 groups.
After GAP-testing on group automorphisms, final result boiled down to 31 inequivalent
regular PDS in 9 groups. Regarding isomorphism of the corresponding strongly regular
Cayley graphs, these 31 PDS’s split into eight nonisomorphic SRG-classes. Their repre-
sentatives we denote by I';, 7 = 1,2,...,8. It turned out that difference set shifts being
or yielding regular PDS’s are connected with three designs only, all three given in [3] and
there denoted by Di, Dg, and Dg. Sticking to that labelling, in presentation of the ob-
tained regular PDS’s we indicate the originating design in the superscript of a concerned
difference set Af%’n], k € {1,6,8}. The subscript refers to GAP-cn of the host group.
The results we give group by group. All nine groups are nonabelian. We use the notation
p? = qpq~* for p, q arbitrary elements of a group.

1. In the group:
H[96,64] = <ZL',y,Z,(Z | 1‘4 = y4 = 22 = [I,y] = 17 = y,yz = 1’,&3 = 17

=a Ly =xa*=a"")

two nonisomorphic difference sets enable construction of two inequivalent regular PDS’s.
The shift of

A[196,64] = 1+ d%2%2 + d*2Paxaz + axd®s?z + avax + o*xz + azaz +

r2axz + ax’a’x + ra’z + raxz + r2axa + a’raxz + axa’z + axax’az +

ara’s? + ar’ax + a’rar® + 22a? + ax’z

by axa?z?z, e extracted, is a regular PDS. The corresponding SRG with parameters

(96,19,2,4) we denote by I';. Using GRAPE one finds |Autl';| = 9216.
The shift of
A?%’M] =1+ 2%axzaz + ar’axa + va’z + a*zPaxz + 232 + v+
ar?a®rz + 1?0’z + v2a’rz + 3 + axad®x? + zaxz + ax + ax?z+
a’z?axa + a’zrax’a + a’x*a’xz + vaz + ax?
by a*zaz®a is a regular PDS. The corresponding SRG with parameters (96,20,4,4) we
denote by I's, |Autl's| = 138240.

2. In the group:
H[96,7O] = (x,y,z,t,a | 372 = y2 = 22 = t2 = [x7y] = [ZL‘,Z] = [I7t] = [y7 Z] = 17
[y,t] = [2,t] = a® = 1,2% = yt,y* = 22, 2° = zyz,t* = y2t)
two nonisomorphic difference sets enable construction of three inequivalent regular PDS’s.
The shifts of
Ajgg7q) = 1 + @’z + zaya® + a’va + ay + a'vaya® + a’za® + a’rya + a’ya+
ara + a’za + a®zaya® + a’za® + a’xra®y + adray + valya+
a*ra*ya® + a*ray + ya + a?
by a’zay and a?zva?, e extracted, are regular PDS’s. Using GAP they are checked to be
equivalent. The corresponding SRG’s with parameters (96,19,2,4) are isomorphic to I'y.
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The shift of
Afig g = 1+ d’wa*ya+ a’ra + a*zaya + ay + axy + xa + a’va® + a*va+
a’ra’ya’® + a*ya + a’ray + a*ra’ya® + a® + va® + aPraya®+
adrya® + a®vy + a'ya + a®
by a*za’ya?® is a regular PDS. The corresponding SRG with parameters (96,20,4,4) is
isomorphic to I's.

A[896,70] multiplied by za? gives another regular PDS, not isomorphic to the previous
one. The corresponding SRG with parameters (96,20,4,4) we denote by I';. GRAPE
reveals |Autl';| = 3072.

Now we already have examples of pairs of inequivalent regular PDS’s that correspond
to isomorphic strongly regular Cayley graphs: A[196’64] ara®z®z \ {e} and A[lg&m]a?’xay \
{e} (or Ajggrqa’ra® \ {e}); Afyg gyga’raz?a and Afy, a'ra’ya®. More examples follow.

3. In the group:
H[96,71] = <ZL',y,Z,(Z | at = y4 =z = [I,y] = 17 r* = $y2’yz = $2y_17
ad=1, 2" =z"ly !, y*=1x]a,2] =1)

2

two nonisomorphic difference sets enable construction of two inequivalent regular PDS’s.
The shift of
Ajggryy = 1 +ax?az + a*a?ar + zazx + zaz’a + va’z + a2 + ar’a’z + a*vax+
arar’z + axa’z + arvazr® + a*xa® + a*rvazr’a + a*ra*a? + ax’a’rz+
ar’a + ara®zz + ar’ar + ar’aza,
by azaz?, e extracted, is a regular PDS. The corresponding SRG with parameters (96,19,2,4)
is isomorphic to I'y.
The shift of
A?%,?l] =1+ ar?a®vz + a*x?ax + 222 + avaxr®z + valxz + r?axaz + avaz+
a*varz + ar’araz + ar®aza + a*vax + ax® + rvar® + r’az+
a*ra’rz + axz + rav + a*ra’r?z + vax
by az? is a regular PDS. The corresponding SRG with parameters (96,20,4,4) is isomorphic
to Fg.

4. In the group:
Higs 1860 = Sax Cy = (z,y,2,a | 2* =9y* = 2° = [z, y] = [z, 2] = (zy)® =1,
a®=1,[a, 7] =1,(za)® = (zya)* = 1)
a single difference set enables construction of only one, up to equivalency, regular PDS.
The shifts of
Alggse) = 1 + aa® + az’yay + axya®y + ay + ar’y + a®r*ya*yay + ax’yay+
rdya’yay + axrdyayay + rya + a*vya® + a’x + y + aya + aya’+
aya®y + 2° + a*ya*yay + a’y
by aya’y and ax?ya’y are equivalent regular PDS’s. The corresponding isomorphic SRG’s
with parameters (96,20,4,4) are denoted by I's. Using GRAPE we checked |Autl's| =
11520.
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5. In the group:
Hige,190) = (z,y,a | =y =12v=2"a*=1, (1’(1)2 =1,[y,a] = 1)

two nonisomorphic difference sets enable construction of three inequivalent regular PDS’s.
The shifts of
Afgg100) = 1 + ax?a®vy + ax?a’y + az’ + a’xa’y + 2%y + o’y + axa®+
a*ra’r + a® + axa®x?y + valzay + a + ¥?ay + arva’valy + a*r3+
zy + ar’a’y + a*z? +y
by a’y and a®z*y are equivalent regular PDS’s. The corresponding SRG’s with parameters
(96,20,4,4) are isomorphic to I's.
The shift of
Afggr00) = 1 + a*2’ay + xaza®y + ar’y + a’va® + ar’ay + a’va’y+
arda + a*x?a’zy + avy + ava’vay + ax?a® + axda’+
a’xty + xalzay + ray + arla + ara’x + ava’x? + iay
by z%a*y is a regular PDS. The corresponding SRG with parameters (96,20,4,4) is iso-
morphic to I's.
A[S%’lgo] axa’xy is another regular PDS, not isomorphic to the previous one. The
corresponding SRG with parameters (96,20,4,4) is isomorphic to I';.

6. In the group:
Higs 105 = (2,9, 2,t,w,a | =y =2 =t =[r,yl = [r,2] = [2,1] = 1,
[y, 2] = [y, t] = [2,t] = LLw? = a® = (wa)2 =1, =% = yt,
Y =xz, 2V =, 1Y =z, 2% = vz, y" = yt, 2% =, 1% = 2t)

seven inequivalent difference sets originating from three nonisomorphic symmetric designs
enable construction of 12 inequivalent regular PDS’s. Here AutD; and AutDg have more
than one conjugacy class of subgroups isomorphic to Hig 195)-
The shifts of
Afgg 1051 = | + azayw + a*varvaw + 2w + xa’y + aray + va’*w + zaw + a*vax+
aza + axw + a*y + axa’zryw + a’raryw + arararw + ara’zry + arvarw+
a’zra + a’xw + axyw
by w and axa’yw are equivalent regular PDS’s. The corresponding SRG’s with parameters
(96,20,4,4) are isomorphic to I's.
The shift of
Afgg 1052 = | + zazaw + a*zayw + a*va’y + arw + a*vazaryw + aw + ava’y+
a*razy + ra’zxw + avaxar + a*w + a’rava + a*varay + a*ra®+
w + ararw + a’raw + a*ravayw + yw
by a?w, e extracted, is a regular PDS. The corresponding SRG with parameters (96,19,2,4)
is isomorphic to I';.
A[l%yl%],z multiplied by za?yw is another regular PDS. The corresponding SRG with
parameters (96,20,4,4) we denote by I's. Using GRAPE one finds |AutI's| = 1536.
The shifts of
A[l%yl%],?) =1+ araz + ravyw + a*rvaza + a*yw + avayw + rvalrw + y + ry+
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razary + x + xa® + ay + va + a*va’y + a*ralryw + a’y+
ayw + rararw + a*rarvayw
by a?ra’ry and ax, e extracted, are equivalent regular PDS’s. The corresponding SRG’s
with parameters (96,19,2,4) are isomorphic to I'y.
Six regular PDS’s are obtained starting from difference set
Afgg 1054 = 1 + 2a + avazaw + a*vavaw + va’ry + ava + a® + y+
Ty + a’zrara + v + a*xra’y + rarw + aw + a*ra’rw+
a’rayw + ay + Tw + rarary + axa’ryw.
A[l%yl%], ,-shifts by ?, axa®z, and a*raza are equivalent regular PDS’s that correspond to
SRG’s with parameters (96,20,4,4) isomorphic to I's. On the other side, A[1967195]74:cy \ {e},
Algg 1054707y \ {e}, and Ajgg g5 ,vay \ {e} are equivalent regular PDS’s that correspond
to SRG’s with parameters (96,19,2,4) isomorphic to I';.
Six regular PDS’s are obtained starting from difference set
Afyg 1051 = | + @*way + avaray + ava® + a® + a’vy + a*y + a*v + a*w+
raraw + avarw + ra’lrw + a + xa + a*va’xry + a*ravaxy+
aw + a*za’*yw + raryw + a*ravarw.
A?%,l%]’l—shifts by: e, a, a®, e extracted, are three equivalent regular PDS’s that cor-
respond to isomorphic SRG’s with parameters (96,19,2,4). We denote them by I'y and
explore ([8]) AutT'y = [288,1026]. Further three Afy o5 -shifts by a®ra’y, aza®y, and
xa’y are equivalent regular PDS’s corresponding to isomorphic SRG’s with parameters
(96,20,4,4). We denote them by I's and using [8] find: AutI's = [96, 195].
Six regular PDS’s are obtained starting from difference set
A?%,l%],? =1+ axa® + a’zay + arazay + a*ra’z + zay + ay + a*varaxr+
w + aza’yw + arararw + a*varyw + rava + rarary-+
razar + raray + a*ra’zw + a*rvaraw + rarw + aw.

A?% 105] 2-Shifts by: e, a’za’x, and razxa, e extracted, are equivalent regular PDS’s that

correspond to SRG’s with parameters (96,19,2,4) isomorphic to I'y. Further three A?967195],2'
shifts by azay, ara®y, and axy are equivalent regular PDS’s corresponding to three iso-
morphic SRG’s with parameters (96,20,4,4). We denote them by I's; Autl's = [96, 195].
Nevertheless, I's 2 I'g.

Finally, two shifts of

Afyg 105 = 1 + ava’z + azaza + a*vax + avar + a’zvy + a*r + avary+

a*ra’zw + a’rararw + a*rravyw + a’va’ryw + a’rava+

a’va*ry + ax + vay + a*w + rararyw + a*rw + rarayw

are inequivalent regular PDS’s. A?%,l%]—shift by axraraxryw corresponds to SRG with
parameters (96,20,4,4) isomorphic to I';, while Aé[g967195]_ shift by a’xarw corresponds to
SRG with parameters (96,20,4,4) isomorphic to I's.

Note that the group Hjgs 195 provides examples of mutually inequivalent regular PDS’s
that correspond to isomorphic strongly regular Cayley graphs. For instance, A[1967195]72a2w
\ {e} s Ags 105307 \ {e}, and Ajgg 195 42y \ {€} are isomorphic to I't; Afyg g5, \ {€} and
Afys 1052 \ {e} are isomorphic to T'y.
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7. In the group:
2 _ ;3
)

one difference set enables construction of, up to equivalency, one regular PDS.
The shifts of
Afgg 107 = 1 +@® + a’wvaz® + a’v2° + a’xa®2® + a’va®s + az + 12° + a’vazt+
a’r23t + ara®23t + wa’zt + xa®2? + a*x2?t + va*2*t + axa®t + avaz*+
ara’z® + az® + a’zat

Higg 107 = A4><D8:<$,y,a|$2:y =12 =y,y" = 2y) X
=1

X{(z,t ]2t =1*= (t2)?

by a?23t and a?zt are equivalent regular PDS’s. Two corresponding SRG’s with parame-
ters (96,20,4,4) are isomorphic to I's.
8. In the group:
Higg 06 = 54 ¥ 73 = (v,y,a | 2* = y* = [1,y]
(rya)®? =1) x (z,t | 22 =12 = [2,1]
the difference set
Alggage) = 1 + 2t + 2a® + vaxzt + vaz + xa’varz + va + avarzt + a*va*vz+

a’ = (zy)’ = (ya)* = 1,
1)

arat + axa’rat + axa + a*z + va’xa + axa’xt + alra + v + va’2t+

ralrax + a’raxt
enables construction of, up to equivalency, one regular PDS. The A[I%Q%]—shifts by za’za,
ra’raz, xa’zat, and ra’vazt are mutually equivalent regular PDS’s. The corresponding

SRG’s with parameters (96,20,4,4) are isomorphic to I's.

9. In the group:
Hggoor = (z,y,z,t,w,a|a? =y =22 =1 =[z,y] = [r,2] =[x, t] = [y, 2] = 1,
] = [zt =1L w?=a® = (wa)* =1, ¥ =y, y* =z, 2% =1,
tY =z, 2% =xy,y* = x,2° = t,t* = zt)
four inequivalent difference sets originating from three nonisomorphic symmetric designs
enable construction of 6 inequivalent regular PDS’s. AutD; has more than one conjugacy
class of subgroups isomorphic to Hjgs 227,
The shift of
A[196,227],1 =1+ za’w + xaza’*w + xa + va’za*w + avw + axa
a’va + ra’zw + x + axzaw + a*va?z + raza® + a*vaza+
a’zaw + a’zw + 2w + razw + rw

2zaw + ara®+

by ara?zaw is a regular PDS. It corresponds to SRG with parameters (96,20,4,4) iso-

morphic to I's. Another regular PDS can be obtained as A[1967227]71—shift by a?zw and e
extracted. The corresponding SRG with parameters (96,19,2,4) is isomorphic to I';.
The shifts of

A[196,227],2 =1+ zaza + axa®

zaw + zw + araza® + a*za® + a’va® + 2+
ara’z + azva + a*va + aza + aza’*w + a*rzaw + ava® 2w+
araza®w + a’xr + arw + ra + axzw
by a’za, a*za?, a®z, a*za®, ara®z, and zaza, e extracted, are equivalent regular PDS’s.

The corresponding six SRG’s with parameters (96,19,2/4) are isomorphic to I'y.
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The shifts of
A[696227] =1+ ara®z + vz + a*xra + ara + a*v + raza + aza + axa*w+
arazaw + arza*w + ava®zw + a’ra® + avaza® + ra+
a’za® + a’rw + avzaw + za’w + ra’zw
by e, a’xa?, and azxa, then e extracted, are three equivalent regular PDS’s that correspond
to SRG’s with parameters (96,19,2,4) isomorphic to I'y.
The shift of
A[S%’zm =14 z+aza® + a®za + a’zva’z + vza + a*za® + ax + azw+
arzw + rzaw + a’razaw + ava*w + a*vazw + 2w + rw+
ara’za® + va’z + a’z + a*zraza®
by a’raza®w is a regular PDS corresponding to SRG with parameters (96,20,4,4) isomor-
phic to I's. A?%,mﬂ—shift by azaw is a regular PDS corresponding to SRG with parameters
(96,20,4,4) isomorphic to I';.
In Higs 207) we have again the case of two mutually inequivalent regular partial differ-
ence sets that correspond to isomorphic strongly regular Cayley graphs.

2

Regarding the obtained SRG’s with 96 vertices, our results can be summarized in
(2.1).

Graph ‘ Valency ‘ Corresp. design ‘ | Autl;| ‘ Vertex group id. number

I 19 Dy 9216 [64; 70; 71; 195; 227]

Iy 20 Dy 11520 | [186; 190; 195; 197; 226]

Iy 20 Dy 1536 [195; 227]

T, 19 Ds 288 [195; 227] (2.1)
Is 20 Dg 96 [195]

T 20 Dg 96 [195]

T, 20 Dy 3072 [70; 190; 195; 227]

I's 20 Dy 138240 | [64; 70; 71; 190; 195; 227]

Six graphs are with parameters (96,20,4,4) and two with parameters (96,19,2,4). Two
of the obtained graphs proved to be isomorphic to the already known graphs. Up to
isomorphism (GRAPE-tested), I'g is the collinearity graph of GQ(5, 3) and I's is the graph
denoted by K’ in [2]. Note that each I';, j = 1,2,...,8 can be represented as a PDS in the
group Hgg195). By single horizontal lines in (2.1) a kind of “design-equivalence” is framed,
but this, of course, regards only parameters (96,20,4,4). The GRAPE-files determining
[;,i=1,2,...,8 are available at http://www.pmfst.hr/ vucicic/8srg96v.txt.
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