Restricted walks in regular trees

Laura Ciobanu *

Department of Mathematics, University of Auckland
Private Bag 92019, Auckland, New Zealand
ciobanu@math.auckland.ac.nz

Sasa Radomirovié

Centre de Recerca Matematica, 08193 Bellaterra, Spain
sasa@item.ntnu.no

Submitted: Jun 7, 2006; Accepted: Oct 10, 2006; Published: Oct 27, 2006
Mathematics Subject Classification: 05C25, 20E05

Abstract

Let 7 be the Cayley graph of a finitely generated free group F. Given two
vertices in 7 consider all the walks of a given length between these vertices that at
a certain time must follow a number of predetermined steps. We give formulas for
the number of such walks by expressing the problem in terms of equations in F' and
solving the corresponding equations.

1 Introduction

Let 7 be an infinite regular tree and n a positive integer. Fix two vertices z and y in 7.
By a walk or a path between x and y we mean any finite sequence of edges that connect
x and y in which backtrackings are allowed. There are many formulas in the literature
which give the number of walks of length n between x and y, such as recurrence formulas,
generating functions, Green functions, and others. Here we consider walks of length n
between x and y which at a certain time follow a number of predetermined steps.

This work was motivated by the following question of Tatiana Smirnova-Nagnibeda,
in relation to finding the spectral radius of a given surface group. Let I3 be the free group
on generators a and b, K a field of characteristic 0, T = a=' +a + b~! + b an element
in the group algebra K[F3], and ¢ = [a,b] = aba™'b~!. What is the projection, for any
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m, and for any m-tuple of integers (ki, ..., k), of Tc¥*T'c*2.. T'c* onto the group algebra
of the subgroup generated by ¢? Alternately, this can be formulated as a question in
the free group Fy. Given an m-tuple of integers (ki, ..., k), how many of the words of
type z1cMaock?. x,, P with z; € {a®!, b*!}, turn out to be a power of ¢? In turn, this
question can be translated into counting certain paths in the Cayley graph of F3, since
each word in F5 corresponds uniquely to a walk in the Cayley graph of Fj, the infinite
regular tree of degree four. In the rest of the paper we will use the formulation of the
question in terms of the free group or in terms of walks in regular trees interchangeably.

We answer this question in the case (k1,...,kn) = (0,...,0,k;,0,...,0), k; # 0, not
only for the free group on two generators, but on any number of generators, by counting
the number of solutions (zy, s, ..., %) of the equation z;...z;c*x; ... 2, = ¢ (see
Section 5). This equation is a particular instance of an equation of type WX = YU
in a free group, where W and U are given fixed words. The study of equations in free
groups is a fully-developed area, with Makanin [3] and Razborov [4] having provided an
algorithm that finds the solutions to equations that have solutions, and Diekert, Gutierez
and Hagenah [2] having considered solutions to equations with rational constraints. While
WX = YU clearly has infinitely many solutions (X, Y’) in a free group and does not require
the complicated machinery developed by Makanin-Razborov, when we put restrictions on
the lengths of X and Y, finding the number of solutions becomes delicate. We treat the
equation WX = YU in Section 4. Section 3 contains results about a type of restricted
words or paths which will be used in later sections, but is also of independent interest.

Let Ly, (N, M) be the number of solutions of the equation WX = YU, where X and
Y are reduced words of lengths N and M. Let V/"(n) be the number of unreduced words
of length n that are equal, after cancellations, to a fixed reduced word of length [ in F,.
Then our main result is

Theorem. Let U be a fized element in F,, T the Cayley graph of F,, P a fized point in
T, and M, N two positive integers. Let W be the element in F, describing the path from
the origin to P. Then the number of paths in T of length M + |U| + N beginning at the
origin, after M steps following the path prescribed by U and then proceeding to the point
P in N steps is

> D Lwwln,m)V; (N)V; (M).

n=0 m=0

2 Background and Example

Let us fix a set X = {ay,ay,...,a,}, where r is a positive integer, and let X! be a set of
formal inverses for the elements of X, that is, X! = {a;',...,a;'}. Let X* = XUX 1.
Elements of X will be called generators and elements of X* will be called letters. For
r € X set (z71)7! = . A finite string of letters is called a word. We define the inverse
of aword U =z -+ -2, to be U™' = x7' - .- 271, The length of U will be denoted by |U].

For a word W, a string of consecutive letters in W forms a subword of W. A word W is
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reduced if it contains no subword of the form zx~! with z in X U X~'. We will denote

the free group on generators aq,...,a, by F,.. The elements of F, are the reduced words
in letters ai', ..., a*'. Reduced words correspond to paths without backtracking in the

Cayley graph of F,., while unreduced words or simply “words” correspond to arbitrary
paths in the Cayley graph.

Let a and b be the generators of Fy, K a field of characteristic 0, T = a™ ' +a+b"' +b
an element in the group algebra K[F;] and ¢ = [a,b] = aba='b~'. Let us consider the
easiest case of the projection computation that we mentioned in the Introduction. In the
case in which k; = 0 for all 4, one simply counts how many words of length n in a*!
and b*! are powers of the commutator ¢ = [a,b]. This is a special case of the following
computation. Let x and y be fixed points in the Cayley graph of F,, let | = d(x,y) be
the distance between x and y, and let V)" (n) be the number of paths of length n between
x and y. If r = 2, then the projection of TcF'T'ck2. . T'chr with k) = ky = ... =k, =0 is

e V2 + Vi) + VE () + VE(n)e + Vi (n)e? + ..

In other words, among all the elements of length n in Fy we get VZ(n) of them equal to
the identity, V2 (n) equal to the commutator ¢, and so on. We will use the same additive
notation to count the number of words in F5 equal to commutators. Note that if n — [
is an odd integer, then V;?>(n) = 0. Formulas for V;"(n) have been known for a long time
and are often used in the context of random walks on graphs [5, 1]. After computing the
values of V;2(n), we get that among all the words of length 4 in Fy, there are ¢ +28¢%+ ¢!
commutators. Among all the words of length 6 in F,, we get 16¢ + 232¢° + 16¢! since
the generating function for VZ(n) is ﬁ, with VZ(0) = 1, VZ(2) = 4, VZ(4) = 28,
VE(6) = 232, VE(8) = 2092.

One standard tool for studying random walks on graphs or groups is the Green func-
tion.

Definition. Let G be a graph with z,y € G and let p™ (2, %) be the probability that the
walker who started at point x will be at point y at the n-th step. Then the associated
Green function is

G(z,ylz) = p™(x,y)2",
n=0

where z € C.

For a regular infinite tree of degree M the Green function is ([5], Ch. 1)

G(z,ylz) =

(M — 1) M- /A a2\
M =24 /M? — 4(M — 1)2? 2(M — 1)z

Thus the generating function for V)" (n) is G(z, y|2rz), where d(x,y) = [ is fixed.
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3 Restricted words

In this section we count the number of reduced words of a certain type that will appear

in our later results.
Let |A| denote the cardinality of the set A, and let A=! = {a™':a € A}.

Proposition 1. Let aq,...,a, be the generators of F,. and let A and B be subsets of
{ai', ..., a*'}. The number of elements of length n in F, that do not start with a letter
i A and do not end with a letter in B is equal to

(2r — JA])(2r — |B])(2r — )" 1+ 6r + (=1)*(JA||B| — or)

6(A. B) = — ,

where 6 = |ANB|— |A™'NB|, e =|ANB|+ |A"' N B.

Proof.

1 z€A
Let x,(z) be the characteristic function for A, ie. x,(x) = {O v A let AT =
x
Anday,...,;a,} and A= = An{a;',...,a;'}. Furthermore, let o;,, be the number of

reduced words of length n > 0 that do not start with a letter in A, but end in a;, and let
@; , be the number of reduced words of length n that do not start with a letter in A, but
end in a;'. Then we have

al,n + 6‘1,71 + -+ ar,n + &T’,n - (2T - |A|)<2’I" - 1)n—1’ (]-)

and a1 =1—x,(a;), a1 =1— XA(ai_l).
The following recursion relations hold

Ajnt+1 = (al,n + 6‘1,n + A p + @r,n) - &i,na

C?i,n-i-l = (al,n + 6‘1,n + Ay p + @r,n) — O n,
where ¢ > 1.
This implies a;,, — s, = x,(a; ") — x,(a;) for all n and i. Now fix i. Then for any
J with 1 < j <, when we subtract the recursion relation for «; ,1, from the recursion
relation for o ,4+1, We get i1 — Qjnt1 = Qg — Qi = Qjp — Qi + X, (a5) — XA(ajfl) +
Xa(ai ") = x4 (@) Let €j, = @i — aj and &0 = Qi — &y - Then ej1 = x,(a;) — X, (@)
and it is easy to see that ejor = x,(a; ') — x.(a; '), €1 = X4(a;) — x,(a;), and
€jm = €jn + XA(aj_l) — X, (a;). Equation (1) can now be written as

(ai,n - 61,n) + (ai,n - 61,n + XA(al) - XA(al_l)) +...
+ (@i = ern) F (@i — e + X4 (0r) = x4 (a7 h) = (2r — [A])(2r — 1)
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—I1A —1)yn—1 ein—|AT|H|AT
@rofAN@ro" 25, ¢jn | ATIHAT] , where the sum runs from 1 to r. Thus

This gives «;,, =

2r
@ = JADEr = )P 4 2rx (0 — A
Qi ok = )
2r
(2r — [AD(2r = 1)** — 2rx, (@) + IAI
Qj2k41 =
2r
@ = ADE@r = )P 4 2rx () - IA\
Qo = )
2r
_ _ o (@r—JAD@r = 1) = 2rx, (a7 )+|AI
Qi 2k+1 = o

Now, the number of reduced words of length n that do not start with a letter in A and
do not end with a letter in B is equal to

(i +Qun+ o+ Qo+ Q) — E Qjn — E Qi
j:XB(aj):l j:XB(a;1)21

S ((@r = JAp@r - D" = (-1)"|4]) (2)
—<—1>"< Y@+ Y xA<a§-‘1>”L>>.

X g (a;)=1 Jixp(a; =1

— @ —|Ap(r— 1t - 1B

If n is even, then we have

Jixpla;)=1 jixg(a; =1
If n is odd, then we have
Yo oxale)+ > xulgh)=|AnB
Jixg(aj)=1 Jixg(a; =1
By simplifying (2), one easily obtains that the number of these reduced words is
{(2T—IA|)(2T—IBI)(2T—1)"1+|ABI —|A"'N B| ifn even,

2r
(27«_|A|><2r—|B|>2<fr—1>"*l—IAHBI +|AN B if n odd.

The desired formula follows now by averaging the two expressions, then adding and sub-
tracting the deviation to and from the average for even and odd n, respectively. O

A more natural quantity to count is the number of reduced words that start with a
letter from a given set and end with a letter from another set. By applying the De Morgan
formulas for set identities to Proposition 1 we obtain the following

Corollary 1. Let A and B be subsets of {ai", ..., a'}. The number of elements of length
n in F, that start with a letter in A and end with a letter in B is equal to
[AlIB[(2r — )"+ ér + (=1)"(|A||B] — 2r(JA] + |B]) + 07’)
2r
where § = |A"' UB| —|AUB|, 0 =|AUB|+|A"'UB].

¢n(A, B) =
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4 Main results

In this section we count the number of solutions (X,Y") of the equation
WX =YU, (3)

in the free group F}, for fixed elements W and U, and fixed lengths of X and Y. The
number of solutions varies widely, depending on the lengths of W and U with respect to
the lengths of X and Y. Since the lengths of W, U, X and Y are all fixed, the amount of
cancellation between W and X uniquely determines the amount of cancellation between
Y and U. If X and Y are short compared to W and U, then after cancellation on both
sides of the equality there are, relatively speaking, large parts of W and U left. So in
order to have equality of reduced words the suffix of what is left of W must agree with
the prefix of what is left of U after cancellation. This leads naturally to the definition of
the correlation function yw.¢ (7, n, j) of the words W and U, where i refers to the number
of letters that will be cancelled in U, j to the number of letters that will be cancelled in
W, and n to the length of the subword that must appear in both W and U. To illustrate
this, in the following diagram we have U = alU’, W = W'w, where @ and w are prefix and
suffix of U and W, respectively, ua = e, ww = e, |u| = i, |w| = j, and |s| =n, W' = W"s,
and U’ = sU".

WX o Jwx' | [W]s[X
Y] U Yu|  al’ Y |5 | 0"
Definition. (i) Let (W); be the i-th letter in the word W, where 1 < i < |W|, with the

convention that (W), = (W);w 41 = e, where e is the empty word.

(ii) Define (W) to be the subword of W which starts with the i-th letter of W and ends
with the j-th letter of W and the convention that (W)! = e if j < i.

(iii) Let yw,u (¢, n, j) be the correlation function of two words W, U. Whenever W and
U are fixed we will use y(i,n, j) instead of yw,(4,n,j). The correlation function
identifies whether W and U have a common maximal subword s of length exactly
n, followed by exactly j letters in W, and preceded by exactly i letters in U. Thus,

when n > 0 ' '

Lt (W) = (O,

im i) — (W)|W\—n—j 7é (U)Z or Z = O,
7 ) W) wi—j+1 # (U)itnt1 0r j =0

0 else.

Ifn=0,
Lt [(W)w =i (U)it1 # e or (W)wi—j = (U)it1 = €]
7(i707j) = and (W)|W\—j e (U),-, (W)\W|—j+1 # (U)H-l

0 else.
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Example. Let W = abc and U = bed be words in the free group on four letters. Then
7(0,2,0) = 1, but v(1,1,0) = v(0,1,1) = 0. In all three cases the overlap between W
and U is be, a subword of both W and U. Since bc does not have length 1, it follows that
v(1,1,0) = ~(0,1,1) = 0.

Definition. Let Ly, (N, M) be the number of solutions of the equation WX = YU,
where X and Y are reduced words of length NV and M, respectively.

It can be seen at once that

LU,W(N7 M) = LW,U(Nv M)v (4)
Lwuy(N,M) = Ly-1y-1(M,N) (5)
Lywy(N,M)=0 whenever |U|+ |W|+ N+ M isodd (6)

In the following propositions we adopt the convention that if e, the identity element
of F,, is in some set A, then A = A\ {e}.

Proposition 2. The number Ly, (N, M) of solutions of WX = YU, where X and Y
are reduced words of length N and M, respectively, is given below. Let d = w

N+M—|W|—-|U|
2 ’

(i) Lwy(N,M) =0 if N+ M < ||[U| = |[W|| orn & Z

and n =

(ii) For [|U] = |[W|| < N+ M < |W|+|U|, n € Z,

min(|U|,M)
> Al —nit+d) ifd>0

LW7U(N7 M) = minéF/SLN)

> Ali—d,—ni) ifd<0

=0

(i) If N + M > |W|+ |U|, n € Z, then

min(|U],|W|—-d)

Lwu(N,M) = Y (A, By)

t=max(0,—d)

where Ay = {((W)jwi=a=i) ", W) iwi=d=is1}, Bi = {(U)i, (U)ix1) "'}

Proof. (i) If |[W| —|X| > |U| + |Y], then the length of the reduced word equal to WX
is strictly longer than the length of the reduced word equal to YU, so there is no
solution. Similarly, if |W|+ |X| < |U| — |Y| there is no solution.
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(ii) The equation WX = YU can be rewritten as
W'owX' = Y'ual’,

where w,u, X', Y’ are reduced words with w and u maximal such that W = W'w,
X =wX',Y =Y'uand U = aU’. From this equation we have

20w| = |W| = |U|+ N — M + 2Ju]. (7)

For a solution (X,Y), |X| = N, |Y| = M, the length of the resulting reduced
words on both sides of the equation is N + |W| — 2|w| = M + |U| — 2Ju|, and it is
easy to see that U and W must have a common subword s of exactly |W|— M +
lu| — |w| = |U| = N + |w| — |u| letters. From the equation above it follows that
2lw| - 2/u| = N — M + |W|— |U| = 2d, thus |s| = WHIENM gy

It follows that (X,Y") is a solution if and only if ~y(|ul, |s|, |w|) = 1. The formula
now fOHOWS? since 7<|u|7 |S|7 |w|) = 7(‘”‘7 -n, |U| + d) = ’y(|w| - d7 -n, |’UJD

(iii) We use the notation from (ii). In equation 7, since N + M > |W|+ |U|, the suffix of
X"is U' = uU and the prefix of Y’ is W/ = Ww. Thus we can write every solution
(X,Y) as (wX"wU, WwY"u) = (wX"U',W'Y"u), where X" = Y" is any reduced

word of length n = w which does not begin with the inverse of the last

letter of W’ or w, nor end with the inverse of the first letter of U’ or u, since X and

Y are reduced words. Notice that the inverses of the last letter of W’ and w are

(VI/')|_M1,‘_le and (W)|w|—jw|+1, respectively, and the inverses of the first letter of u

and U’ are (U)j, and (U)ru‘lﬂ, respectively. Note that the length of X" is constant,
regardless of the length of u and w.

The following diagram better exemplifies the equalities between the words.
W ‘ X W'w ‘ wX' Ww | X" | U
Y | U Yiu | al’ WL Y" | wU

Let d = w, then it follows from (7) that |W| — |w| = |W| —d — |u].

For every (possibly empty) word u such that u™! is a prefix of U, let Ay =
{5 —acupy W)W —a-jur} and Biy = {(0)ju), (U) 5151}

Thus for a fixed v, and n = | X"| = w, the number of choices for X" is
O (Apuls Byu)-

To obtain the total number of solutions, we consider the cases d > 0 and d < 0
separately.

e d>0

It follows from equation (7) that the smallest length of |w| for which there

W|—|U[+N-M . :
% in which case we have |u| = 0. Thus

|u| ranges from 0 to min(|U|, M — n), while |w| ranges from —'W‘_W;FN_M t

—|W‘+|U£+N_M =N—n (if |[U <M —n) or |W‘_|U|+2N+M_2n = [W| (else).

can be a solution is |w| =

(0)
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e d<0

It follows from equation (7) that the smallest length of |u| for which there can be

U|-|W|+M—-N . :
— % in which case |w| = (0. Thus |w| ranges from 0
Ul=|W|+M—N U|+|W|+M—-N
"‘2| to"'é =M-n

a solution is |u|

to min(|WW|, N —n), while |u| ranges from
(if [W| < N —n) or TEWIEMENZ2n 77 (else).

In both cases, the formula follows immediately.
]

Note that Proposition 2 not only counts the number of solutions to an equation of the
form (3) but the proof also sketches a strategy for computing the actual solutions of that
equation. We can now use Proposition 2 to give a formula for the number of restricted
walks in regular trees.

Theorem 1. Let U be a fized element in F,., T the Cayley graph of F,, P a fized point
in T, and M, N two positive integers. Let W be the element in F, describing the path
from the origin to P. Then the number of paths in T of length M + |U| + N beginning
at the origin, after M steps following the path prescribed by U and then proceeding to the
point P in N steps is

> D Lwwln,m)V; (N)V; (M).

n=0 m=0

Proof. The Theorem follows easily from Proposition 2, because for every reduced word R
of length p, there are exactly Vpr(l) words of length [ which are equal to R. O

5 The commutator case

For ease of notation, let a = a;, b = ay and ¢ = [a,b] = aba='b~!. Here we consider the
projection computation in the case when k; = 0 for all except one value of i. Let us fix
integers k and [. Then we want to find the number of solutions of the equation:

Try... xickxiﬂ R Cl, (8)
where z; € {ai',...,a'}. We count the number of solutions by first rearranging the
equation as

X =Y, (9)

where X =211 ... 2, and Y = (z;...21) 7L

Let Ly (N, M) be the number of solutions of the equation 9, where X and Y are
reduced words of length N and M, respectively. We compute Ly (N, M) by specializing
our results from the previous section to the case when W and U are commutators. Clearly
Lk’l(N, M) = Ll’k(N, M), Lk’l(N, M) = L_k7_l(M, N), Lk,l(N, M) = 0 whenever N+M =
1 (mod 2), and Ly (N, M) = Ly (M, N). When N+M is smaller or equal to the combined
length of the commutators, then we have the following number of solutions.
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Proposition 3. Let k and | be positive integers.
(i) If N + M < ||4k| — |41|| then Ly (N, M) = L_y (N, M) = 0.
(i1) For |4k — 41| < N + M < 4k + 41

(

2 if4IN, k=1land N =M #0
1 ifk=1land N=M =0
Ly (N, M) =<1 if4|N and |4k —4l| = N + M
1 if 4N and |4k — 41| = |[N — M|
L0 else
(min(41, M) if 4k + 4l = M + N +2

and M =1 (mod 4),4l < M
L_py(N,M)={min(4l, M) +1 ifdk+4 =M+ N +2
and M =1 (mod 4), M < 4l

0 else
\

(1it) For N + M =4k +4l, N > M, ¢, ; the Kronecker Delta,

(
{MW“ if M =1,2 (mod 4),
Lia(N, M) = | =l | 4 g if M =3 (mod 4),
w + Onrak + O else.

(min(4l, M) +1 if M =2 (mod 4)

2 f M =3 d4 d M < 4l
L, 1) - M =3 (o 8)and M <
’ 0 if M =1 (mod 4) and M < 4l
1 else.
Proof. Let n/ = HHENM qpd ¢ = M=M= (Here n’ = —n, where n is as defined in

Proposition 2.) We can assume without loss of generality that k& > [ and N > M.

(i) follows immediately from Proposition 2 (i).

min(4l,M)
(ii)) We need to compute Z v(i,n,i+ d) for n’ > 0. Notice that d > 0.
i=0
We consider the equation ¢* X = Y'¢ first. Two commutators cannot have a common
maximal subword of a certain length in their interiors, but only at the end or
beginning of a commutator. In other words, v will be non-zero only when some of
the following are satisfied: i =0, i +d =0, n’ = 4l.
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Let us first assume that n’ = 4[, which is equivalent to 4k — 4l = N + M. Then we
must have ¢ = 0, so in this case Ly (N, M) = 1 because only v(0,n’,d) is nonzero.
This case also includes k = [ and M = N = 0. Now let’s assume n’ < 4. If
d = 0, which is equivalent to k = [ and N = M. Then we can have : = 0 and
i =4l —n/, so in this case Ly (N, M) = 2. If d > 0 then ¢ = M, which is equivalent
to 4k — 4l = N — M, and so we get Ly (N, M) = 1.

Since n’, d and i must be multiples of 4 in order to have solutions, we get that M
and N must also be multiples of 4. The formula now follows.

If we consider ¢™*X =Y, then let 7/(i,n,i 4+ d) := Y- (i, 7', i + d). Notice that
no subword of ¢ of length at least two can be found in ¢=* because while letter
a always appears in ¢/ in a subword of the form b~'ab, it appears in ¢~* only in a
subword of the form bab~!, and a similar statement is valid for the other letters. Thus
v (i,n',i14+d) # 0 if and only if n’ = 1, which is equivalent to 4k +41 = M + N + 2.
Let the common maximal subword s be the letter x. If = is the (i + 1)-st letter in
c, then x~! appears in a position 4k — j — 1 in ¢™* where i = j (mod 4). Since
x is two positions before or after 27! in a commutator, we get that we must have
i =1i+d+2 (mod 4), which is equivalent to d = 2 (mod 4). Since n’ = 1, after
a few identities we get M = 1 (mod 4). In this case v/(i,1,7 + d) = 1 for all i,
and ¢ takes all values from 0 to min(4l, M) — 1 if M > 4l, and all values from 0 to
min(4{, M) if M < 4l.
min(4l,M)

(iii) We need to determine Z v(i,n,i+d) for n = 0, which is equivalent to N+ M =
Ak + 41. =
Again, we consider ¢*X = Y first. Then (i, 0,7 + d) is nonzero if and only if (10)
and one of (11) and (12) is true:

(FVar—ica # ()i, (FVap—icars £ (D)ima (10)
(M) ag—i—alc)ir # € (11)
(Ck)4k_z'_d = e or (Cl)H_l =€ (12)

If we assume that none of the subwords in the conditions above are empty, which
is certainly the case for 0 < ¢ < min(4l, M), and we number the letters in the
commutator powers modulo 4, then we obtain from (10) the condition 4k —i — d #
i (mod 4) and from (11) the condition 4k —i —d — (i + 1) # 2 (mod 4). Thus we
have 2i+d # 0,1 (mod 4). Since N + M = 4k + 41, we have d = 4k — M, and thus
we can count for how many ¢ between 1 and min(4{, M) — 1 one of the congruences
2i— M = 2,3 (mod 4) holds. A moment’s thought shows that if M = 0,3 (mod 4)

min (41, M min (41, M
(2 )J (2 )1

then there are | such 4, and | — 1 else.

It remains to consider the cases i = 0 and ¢ = min(4l, M), i.e. to evaluate (0,0, d)
and ~y(min(4l, M), 0, min(4l, M) +d). If, i = 0, then (10) is true if and only if d =0
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(ie. M =4k)or M #0 (mod 4). Furthermore, if d =0 or M # 0 (mod 4) then
(12) cannot be true. (11) is true, if M # 3 (mod 4). Thus

1 M=1,2 (mod 4) or M = 4k,
0 else.

7(0,0,d) = {

For ¢ = min(4l, M), suppose first that M < 4. Then (10) is true if and only if
M #0 (mod 4). (12) is true, since i = M, d = 4k — M, hence 4k —i —d = 0. Thus
for M < 4l

1 M=1,2,3 (mod 4),

(M, 0, M +d) =
0 else.

Finally, for M > 41, (10) is true if and only if M # 0 (mod 4) or M = 4l. Since
i =4l, (12) is true. Thus for M > 41,

1 M=1,2,3 (mod4) or M =4I,

0 else.

v(41,0,41 + d) = {

For ™" X =Y, let, as in (ii), 7/(4,0,7 + d) := yo-x «(4,0,7 + d). Then v/(¢,0,7 + d)
is nonzero if and only if (13) and one of (14) and (15) is true:

(M anzica # ()i (€ F)apmicarr # (i (13)
(¢ )anmizal)ip1 # € (14)
(cMp—i—a=cor (i1 =e (15)

If we assume that none of the subwords in the conditions above are empty, which
is certainly the case for 0 < i < min(4/, M), and we number the letters in the
commutator powers modulo 4, then we obtain from (13) the conditions 4k —i—d+i #
1,3 (mod 4) and from (14) the condition 4k —i —d+i+ 1 # 1 (mod 4). Thus we
have M = 2(4), and +' is nonzero for all min(4/, M) — 1 values of 7 in this range.

If, ¢ = 0, then (13) is true if and only if M # 0 and M # 1 (mod 4). (14) is true, if
and only if M =0 or M #0 (mod 4), and (15) is true, if and only if M = 0. Thus

1 M=23 (mod4),
0 else.

7(0,0,d) = {

For ¢ = min(4l, M), suppose first that M < 4. Then (13) is true if and only if
M #1 (mod 4). (15) is true, since i = M, d = 4k — M, hence 4k —i—d = 0. Thus
for M < 4l
1 M=0,2 d4
fy(M)O,M—Fd):{ 07 73 (mO )7
0 else.
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Finally, for M > 41, (13) is true if and only if M # 3 (mod 4). Since i =4[, (15) is
true. Thus for M > 41,

1 M=0,1,2 (mod 4),
0 else.

~(41,0,41 + d) = {

O

The number of solutions to equation (9), when the combined length of the solutions
is greater than the combined length of the commutators, is given by the following two
propositions.

Proposition 4. The number of solutions of *X =Y, where X and Y are words in F,
of length N and M, respectively, k,l > 0, N + M > 4k + 41, is given by the following
formulas. Let d = Mo = N+M —20—2k, R= m1n(4l 4k — d) —max (0, —d).
0 R <0
(0) Lk,l(N, M) _ )@=t (-)"(1-r) R—=0

2r
determined by (i) and (i1) R >0
(i) If d # 0 and 41 # 4k — d, then

2r —1)" 1 2r —2)(R(r — 1) +7)+ R(=1)"(2 — 1)

Ly (N, M) = -
. sgn(d)(—=1)2"  d odd, |N — M| > |4k — 41|
0 else.

(i) If d = 0 or 4l = 4k — d, then Ly (N, M) =

{(R—U(” DR TNy Cro DR CD" g =0, k=1

(R— 1)(2r 2)2(2r— 1)" 1+( 1)™(4—2r) + (4r— 3)(277: )" 4(—1)"(3—r) +%,el36.

2r 2r

Proof. We begin by computing the sets A; and B; in Proposition 2. If k,I > 0, then for
max(0, —d) < i < min(4l, 4k — d)

({a} i =4k —d
{b} i=—d
A= {a, b} i¢{—d, 4k —d},i= —d (mod 4 (16)

( )
{a,b7'} i g {—d, 4k —d},i=1—d (mod 4)
{a7', 07} i g {—d,4k—d},i=2—d (mod 4)
({a™ 1,0} ig{-ddk—d},i=3—d ( )
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and

({a~'} i=0
{1 i =4l
“Lpt 4,1 = 4
{a, b7} i€ {0,4l},i =1 (mod 4)
{a,b} i ¢ {0,41},i=2 (mod 4)
({a7" 0} ¢ {0,4l},i =3 (mod 4)
min(4l,4k—d)
We need to compute Z ¢, (A;, B;). If R < 0, the sum is clearly empty. For
t=max(0,—d)

R = 0, there is only one summand, and from ¢ = max(0, —d) = min(4l, 4k — d) it is easy
to see that either : = 0 =4k — d or i = —d = 4l. In both cases the result follows at once
from (16), (17), and Proposition 1. This concludes case (o).

For (i) and (ii), we will call the cases where ¢ € {0,4l, —d, 4k — d} borderline cases and
refer to all the other cases as the general case. Comparison with Proposition 2 shows that
there are two borderline cases, namely ¢ = max(0, —d) and ¢ = min(4{, 4k — d), while the
remaining R — 1 cases form the general case.

General case. In order to compute the sum

min(4l,4k—d)—1

> (AL B, (18)

t=max(0,—d)+1

we will first compute the (J,0) pairs in Proposition 1 from (A;, B;) then sum up the
corresponding values of the ¢’-function. The following table can be easily obtained from
the definition of § and o in Proposition 1. It shows the values of (d,0) for all possible
values of i, d modulo 4.

(mod4) | i=0 i=1 i=2 i=3
d=0](-22) (2.2 (-2,2) (2.2)
d=1] (0,2) (0,2) (0,2) (0,2)
d=2| (2.2) (-2.2) (2,2) (-2,2)
d=3| (0,2) (0,2) (0,2) (0.2)

Table 1: (9, 0) for all possible values of i, d mod 4

Thus the sum in (18) is given by
e d=1,3 (mod 4)

(2r —2)2(2r — )" 1 4+ (=1)"(4 — 2r)
2r

(R—1)
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e d=0,2 (mod 4)
Ifd =0 (mod 4) then R—1 = (min(4l,4k — d) — max(0, —d) — 1) = 3 (mod 4) and
i ranges from i =1 (mod 4) to i = 3 (mod 4), thus we have (R — 2) + 1 values of
the ¢/-function with (0,0) = (2,2) and (R — 2) values with (0,0) = (—2,2).
If d =2 (mod 4) then (R—1) is odd, thus we can pair the values of the ¢’ function

for (2,2) and (—2,2) in all but one case. Since i ranges from ¢ =1 or 3 (mod 4) to
i=1or3 (mod 4) we have a ¢’ value for (—2,2) left over in all four cases.

Hence the sum is equal to

(2r —2)2(2r — )"t + (=1)"(4 — 2r)

—1)%/2
2r +(=1)

(R—1)

Borderline cases. Let ig = max(0, —d), ¢; = min(4l, 4k — d). We need to compute
¢;1(Aiov Bio) + (b;L(AZl? Bll)

We are going to compute the (d,0) pairs and corresponding values of the ¢’-function
from Proposition 1 for all possible values of ig and i;. The results follow from simple
inspection of equations 16 and 17. It turns out that for certain values of iy and 7; we
have ¢/ (Aiy, Bi,) = ¢, (Ai,, Bi,), thus we will list these cases under a common item and

let 7 € {io,’il}.

-1,1) d=0,1 d 4
o If d >0 and 4l > 4k — d, then (6,0) = ( ) PR
(1,1)  d=2,3 (mod 4)
@r=2)@r=1)"—r+(=0"@=r) 7= 1 (mod 4)
, o 2r o
On(4i, By) = {(2’“—2)(27"—1)”+"+(—1)”(2_’") d=2,3 (mod 4)

2r ’

-1,1) d= d4
o If d <0 and 41 < 4k — d, then (5,0) = (—1,1) 0,3 (mod 4)
(1,1)  d=1,2 (mod 4)
(ro2)@r=1)"rtC1"2=n) g = 03 (mod 4)

. Ai> Bz - 7l2r n
¢n( ) { (2r—2)(2r—1) 2+TT’+(—1) (2—7“)’ d = 1,2 (mod 4)

o If d = 0 and 41 = 4k — d, then (5, 0) = (0,0)

(2r — 1)+ (1)

¢ (A, Bi) = o
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Putting it all together. Adding up the solutions in the general and borderline cases,
we obtain

e d=0 (mod 4)

If d=0and &k = then

(R . 1) (27«—2)2(27«—1)7;1+(—1)"(4—2r) 14 2(27«—1)";+(—1)"’

If (d=0and k #1)or (d#0, 4 = 4k — d) then
(R . 1)(27«—2)2(27«—1)7;1+(—1)"(4—2r) 14+ (2T_1)n;:+(_1)"+
(27“—2)(27“—1)”2—7“—1—(—1)"(2—7”)

Ifd+#£0,4 # 4k —d

(R . 1) (27"—2)2(27"—1)"2;1+(—1)”(4—2r) + 14+ 2(27"—2)(27"—1)”2;7‘—1-(—1)”(2—7").

e d=1 (mod 4)

If d>0and 4l >4k —d

(R . 1) (27"—2)2(27"—1)”2;1+(—1)"(4—2r) +9 (27‘—2)(27"—1)"2;7"4-(—1)”(2—7‘)

If (d >0 and 4l < 4k —d) or (d < 0 and 4] > 4k — d) then

(R . 1) 2r—2)2(2r—1)" "1 (=1)"(4—27)
2r
(2r—2)(2r—1)"+(=1)"(2—7)
+ 2 2r

If d <0 and 4] < 4k — d then

(R _ 1) (27“—2)2(27“—1)"2;1+(—1)"(4—2r) +92 (2r—2)(2r—1)7L2-‘;7“+(—1)7L(2—7”)

e d =2 (mod 4) This is the simplest case. For all possible values of d, [, and k, we
obtain

(R . 1) (27«—2)2(27«—1)7;1+(—1)"(4—2r) 14 2(2r—2)(2r—1)7l24;r+(—1)"(2—r)

e d=3 (mod 4)

If d >0 and 4] > 4k — d then

(R _ 1) (27"—2)2(27"—1)”2;1+(—1)"(4—2r) +92 (27‘—2)(27"—1)"2-‘;7"4-(—1)”(2—7‘)

If (d >0 and 4l < 4k —d) or (d < 0 and 4] > 4k — d) then

(R . 1) (2r—2)2(2r—1)7;1+(—1)"(4—2r) + 2(2r—2)(2r—1)27;-1-(—1)"(2—7”)

If d <0 and 4] < 4k — d then

(R . 1) (27“—2)2(27“—1)"2;1+(—1)”(4—2r) + 2(2r—2)(2r—1)"2;7“-1—(—1)"(2—7”)

The proposition now follows after consolidating equal cases and simplifying terms. [

Since Ly (N, M) = L_j (N, M), the number of solutions of equation 9 when &, < 0
is equal to Lyg),;; (N, M). Thus it remains to compute the number of solutions when kI < 0.
With minimal changes to the proof of Proposition 4, we obtain
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Proposition 5. The number of solutions of ¢*X = Y™, where X and Y are words in
F,. of length N and M, respectz'vely, k.l >0, N4+ M > 4k + 41, is given by the following

formulas. Let d = NoM p = MM 91 — 2k, R = min(4l, 4k — d) — max(0, —d).
0 R <0
(0) Ly (N, M) = W R=0

determined by (i) and (ii) R >0
(i) If d # 0 and 41 # 4k — d, then

2r—1)"t2r —2)(R(r—1)+7r)+ R(—=1)"(2—r)

Lit(N, M) = -
(-1)¥2R d even
—{sen(d)(=1)F d odd, [N — M| > |4k — 41|
0 else.

(1) If d =0 or 4l = 4k — d, then Ly _ (N, M) =

{(R 1)@= 2)2(2r— 1)" B GV  C L) T 1)"“+( DA R ifd=0k=1

(R — 1)lr=22er-u r1+< Dr(d=2r) | (4r-3)2r— 1>;+< V"B=20) _ R else.

The propositions in this sections now allow us to compute the number of solutions of
equation 8 in the following theorem, which is a special case of Theorem 1.

Theorem 2. Let k,l be nonzero integers, N, M be positive integers, x1,...,Tnin,a,b €
{a7", ..., a*'} with a and b fived such that a,a™ # b, and let ¢ = [a,b]. Then the number
of solutions (x1,%a, ..., Tn4ar) of the equation 1 ... xncFTyn ... 2Ny = is given by

6 Conclusion

We have counted the number of bounded length solutions to two variable equations of the
form WX = YU, which is equivalent to counting the number of restricted walks that lie
in a given ball of an infinite regular tree of even degree.

While we have tackled only the simplest case of the general question posed in the In-
troduction, the methods used can be generalized to obtain formulas for more complicated
cases. The expressions for the Ly ;(N, M) function in Propositions 4 and 5 indicate that
writing out a formula for a more general case will be very tedious.
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