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Abstract

We introduce and develop a two-parameter chromatic symmetric function for a
simple graph G over the field of rational functions in ¢ and ¢, Q (¢,t). We derive its
expansion in terms of the monomial symmetric functions, my, and present various
correlation properties which exist between the two-parameter chromatic symmetric
function and its corresponding graph.

Additionally, for the complete graph G of order n, its corresponding two parame-
ter chromatic symmetric function is the Macdonald polynomial @ ,,). Using this, we
develop graphical analogues for the expansion formulas of the two-row Macdonald
polynomials and the two-row Jack symmetric functions.

Finally, we introduce the “complement” of this new function and explore some
of its properties.

1. Preliminaries.

We briefly define some of the basic concepts used in the development of our two
parameter chromatic symmetric function. In general, our notation will be consistent with
that of [1].

Let G be a finite, simple graph; G has no multiple edges or loops. Denote the edge
set of G by E(G) and the vertex set of G by V(G). The order of the graph G, denoted
o(@), is the size of its vertex set V(G) and the size of the graph G, denoted s(G), is equal
to the number of edges in F(G). A subgraph of G, G, is a graph whose vertex set and
edge set are contained in those of G. For a subset V'(G) C V(G), the subgraph induced
by V'(G), Gy, is the subgraph of G which contains all edges in F(G) which connect any
two vertices in V'(G).

For the graph G, denote the edge of E(G) which joins the vertices v;,v; € V(G) by
v;v; ; we say that v; and v; are the endvertices of the edge v;v;. A walk in G is a sequence
of vertices and edges, vy, v1vs, ..., v_1v;, vy, denoted vy ... v;; the length of this walk is [.
A path is a walk with distinct vertices and a trail is a walk with distinct edges. A trail
whose endvertices are equal, v; = v, is called a circuit. A walk of length > 3 whose
vertices are all distinct, except for coinciding endvertices, is called a cycle. The graph G
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is said to be connected if for every pair of vertices {v;,v;} € V(G), there is a path from
v; to v;. A tree is a connected, acyclic graph.

Let V(G) = {v1,...,v,}. Denote the number of edges emminating from the vertex
v; € V(G) by d(v;), the degree of the vertex v;. The degree sequence of G, denoted by
deg(G), is a weakly decreasing sequence (or partition) of nonnegative integers, deg(G) =
(dy,...,d,), such that the length of deg(G) is equal to |V (G)| and (dy, ..., d,) represents
the degrees of the vertices of V(G), arranged in decreasing order. Since each edge of G
has two endvertices, it follows that Y | d; = 2s(G); thus, deg(G) F 2s(G).

A coloring of the graph G is a function k : V(G) — N. The coloring k is said to be
proper if k(v;) # k(v;) whenever v;v; € E(G).

Additionally, we will use the following consistent with [2].

(QQ Q)o =1
(a;q)n = H(l —aq')
- (39)
(4 0)n = (ag"; 9)oo
(a17 7am§Q)n (OJIQQ)n' (am7Q>n

2. A Two-Parameter Chromatic Symmetric Function.

Let G be a simple graph with vertex set V(G) = {vy,...,v,} and let k : V(G) — N be
a coloring from the set of vertices of the graph G'into N = {1,2,...}. An edge v;v; € E(G)
is colored ¢ by k if k(v;) = k(v;) = c. Denote m;(k) to be the number of monochromatic
edges of G which are colored i € N with respect to the coloring k. Denote R(k) to be the
range of the coloring k.

For i € N, as in [6], set

Vi = [{u; € VIG) : k(o) =1} (1)

i.e. the number of vertices of V(G) colored ¢ by k. For i € R(k), define

(2)

— (m;(k) + 1) if (my(k)+1)<V;
b V; otherwise.

Let © = {z1,x9,...} be a set of commuting indeterminates. For the coloring k :
V(G) — N, set

:L'k = H Th(v;) (3)
for v; € V(G).
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Definition 2.1. For a simple graph G, o(G) = n,

Yolziqt) =Y <V1V7”f2 “ )1< T (t;.q>mi> i

where k ranges over all colorings of G.

It follows from Definition 2.1 and (3) that Y (z; ¢, t) is a symmetric function of degree

Remark 2.1. The papers [6] and [7], by Richard Stanley, served as inspiration for
this work. Note however, that his chromatic symmetric function described is [6] and [7]
and the present two-parameter chromatic symmetric function are entirely different. Some
of the prominent differences include, for example, that the function in this paper is a
two-parameter symmetric function in ¢ and t and that the colorings considered here are
not necessarily proper. Even if we set ¢ = % to kill the terms corresponding to colorings
that are not proper, the remaining coefficients are different from Stanley’s. See [6] and
[7] for further details.

Definition 2.2. Let A = (A,..., \,,) be a partition and G be a simple graph.

A general distinct coloring is a coloring of G, kY : V(G) — N, which sends \;-many
vertices to one color and \j-many vertices to another color, for all i # j.

The basic coloring of G of type X, ky : V(G) — N is the set of all general distinct
colorings {k}'} of the graph G.

Remark 2.2. Note that for ky = {k}'}, each general distinct coloring k7' : V(G) — N
corresponds to a unique, ordered grouping of the vertices of V(G) into disjoint subsets of
size \;j, 1 < <n.

In other words, the map kY is a general distinct coloring if it partitions V(G) into
disjoint subsets of size A1, Ao, ..., A\, such that the vertices in each subset are all mapped
to the same color and such that the vertices in distinct subsets are mapped to distinct
colors by ki".

Additionally, for o(G) = d, there are (

within ky; |ky| = (Al,.[.i.,)\n)’

d .. . m
Al"”7/\n)—many general distinct colorings, £y,

Example 2.1. Let A = (3,2,1,1) and V(G) = {v1,...,v7}. Let {j} denote a subset of
vertices of V(G) of size j. The basic coloring of G of type A = (3,2, 1, 1) includes all general
distinct colorings kY : V(G) — N such that k7' ({3}) # kV({2}) # EV({1}) # KV ({1});
each m corresponds to a specific ordered grouping, ({3},{2},{1},{1}), of disjoint j-
element subsets of V(G), j € {1,2,3,3}. Note that |k,| = (3727171) = 420, the number of
general distinct colorings, kY, included in the basic coloring ky:

kx = {({Ulv U2, U3}7 {U47 U5}7 {Uﬁ}v {07}>7 ({Ulv V2, U3}7 {7}47 U5}7 {7}7}7 {UG})J - } O
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Example 2.2. Consider the simple graph G such that V(G) = {v,v9,v3,v4} and

E(G) = {Ul’l}g, V103, UaV3, U2U4}, o Vs
'U3 ’U4

There are five possible basic colorings k : V(G) — N: (1.) the coloring of type A = (1*)
sending each vertex to a different color, (2.) the coloring of type A = (4) sending all
vertices to the same color, (3.) the coloring of type A = (3,1) which sends three vertices
to the same color and the remaining one to a different color, (4.) the coloring of type
A = (2,1, 1) sending two vertices to the same color and sending the remaining two vertices
to two other distinct colors, and (5.) the coloring of type A = (2,2) which sends two
vertices to the same color and the remaining two vertices to the same color (distinct from
the first).

Restrict the number of variables to four such that x = {x1, z9, 23, x4 }. Therefore, the
range of k becomes {1,2,3,4}, &k : V(G) — {1,2,3,4}. We will compute Y (z;q,t) via
computing the function of each of the five basic colorings.

Within the first basic coloring, there are ( = 4! general distinct colorings, each
with m; =1 for all i € {1,2,3,4}:

1714,1171)

(t;q)*
(¢; 9)*
For the second basic coloring, there is (j) = 1 general distinct coloring and four specific

colorings. Since the range of the coloring is restricted to {1,2,3,4} , each of these gives
m; =4 for all i € {1,2,3,4}:

T1T9X3T4.

(t§ C_I)4
(¢;9)4

(z] + 73 + 23 + 27).

There are (341) = 4 general distinct colorings within the third basic coloring. For
{3}, three of these give m; = 3 and one gives m; = 2, k{" = ({v1,vs,v4}, {v2}) for all
i€{l1,2,3,4}:

3 (t:q)s(t; q)

1 7((]_ s (@) (232y + 23254+ ...) +

Within the fourth basic coloring, there are (241‘1) = 12 general distinct colorings. For
the subset {2}, eight of these give m; = 2 and four give m; = 1 for all i € {1,2,3,4}.

Thus, we have:

(t;q)2(t: q)(t;q)
(;0)2(¢:9) (g 9)

(ziz9 + 253+ .. ).

t;q)?
i (t:0) (z3z923 + T3 23 + .. ).

(3923 + T12523 +...) +

2
3
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Lastly, within the fifth basic coloring, there are (242) = 6 general distinct colorings,
yielding:

t
((1]) (zlxs + x55 +...) + 12 (zlxs + x523 +...).
2

Wl o
—
R
()
[\
—
~—

t;q)* t;
(Q)m@%“+(qh
(7:9)4

4 q9)* a;
%@@ 1 (t;9)2(¢;9)
) q) >) (30 + 255+ ...)

(z] + 75 + 73 + x3)

/—\

(¢:0) 4 (¢:)a(g;
Qtaqatqwq) 1 (tq)
_'_(g (¢;9)2(q;9)(q; q +§ 7.q ))($1$2$3+x1$2x3+ )
(i) | 1 (B0aED:Y 5 5. s
+< 3 (¢; )2((]761)_'_3 )2 ) a4 asai 4., O

As in [5], a set partition P of the set S is a collection of disjoint subsets {S1,...,S,}
whose union is S. The set partition P has type p if u = (]S1|,...,|S;|) where |S;| >
> Sk
Let A = (A1, ..., A.) be a partition of n. Denote

Wy =W, ¥...0W, (4)

to be the disjoint union of subsets of V(G) such that for 1 < i < r, W)/\ is a subset of
V(G) of size A; and W, N W:\j = () for all i # j. Thus, W, is a set partition of V(G) of
type .

Now, for A - n and the graph G, restrict the set partition W, of V(G) to all of the
possible distinct ordered subset compositions of V' (G) where each distinct ordered subset
composition is a unique, ordered grouping V(G) as dicated by the partition A\. Denote
this new “restricted set” of W, as W).

Example 2.3. Consider the graph U1 U2

and the partition A = (2,2). Then, s b4

Wy =
{{v1, vo} U{vs, 0},
{vs,v4} U{v1,v2}
{v1,v3} U{ve, vy}
{vg,v4} U{v1,v3}
{v1,v4} U{vs,v3}
{vo,v3} U{vy, 04} }. O
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Moreover, let W5 be the set of all distinct two-element subsets {v;,v;}, @ # j, of Wy,.
Viewing each two element subset {v;,v;} € W as the possible edge viv; € E(G),
define:

_ J (VLN EG)]+1) if (W3 NEG)[+1) < [W,] (5)
' |W, otherwise,
where Py, = 1 if (W} N E(G)) = 0.
For a partition p = (g, ..., ), the monomial symmetric function, m,, is given by:

_ B2
my, = Zi1<...<il Liy Ly, Liy -

Proposition 2.1. For the simple graph G of order n,

o5, (5, (5

Arn WACV(G) N i=1

where W, C V(G) runs over all possible distinct ordered subset compositions for the
partition A = (A1,...,A.); W)y and P,, as defined above.

Proof. Since Yg(x;q,t) is a symmetric function of degree n, it can be expressed in
terms of monomial symmetric functions, my, such that A - n. Since k : V(G) — N ranges
over all possible colorings of GG, we obtain the functions m, such that A = (Ay,...,\,)
runs through all partitions of n, where \; = V;, j ranging throughout R(k) such that
Vil = Ai.

For A = (Aq,...,\) b n, there are ( /\17?_’ /\r) possible distinct general colorings within
the basic coloring k; sending \;-many vertices to the same color j € R(k), 1 <i < r,
and where the vertices of \; are sent to a distinct color from those of A, , Vi # m.

Since W, = W, W ... W W, partitions the vertices of V(G) into all possible disjoint
subsets such that |W),| = A;, and since W, C V(G) runs over all distinct ordered W),
(with respect to the composition of W), , Vi), we obtain all distinct general colorings k% of
G within k,. Since the “specific” colorings within each k}* have the same coefficient (ref.
Example 2.2), we may consider the coefficient of my, A - n, via the general coefficients
for a coloring of type A, k), with respect to the individual coefficients for each £}'. Since
I(A) = |R(k)| for the coloring k, one can see by comparing the m; to the P\, that these
terms coincide. Thus, the coefficent of the monomial m, in Yg(z;q,t) is equal to

(00) (3 (Tas))
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Example 2.4. For the graph G of Example 2.2, it is easily seen that

_ (t;q)* . (9
Yolria,0) = {0y My F (o me

3 (tq)s(t;q) 1 (t9)2(t5q)
+<Z (¢ 0)s(q; 9) "1 (45 9)2(g; Q))m(g’l)
+<2 (ta)2(tg)(tq) 1 (t;q)?’)m

3 () a)@a) 3 (gq?) &Y

2 (t9)2(t0) 1 ((,9)2(t9)2
+<§ @oza) 3 (@ Q)2(q;Q)z)m(2 2. H

3. Some Properties of Yqg(x;q,t).

In this section, we will explore some of the basic properties and correlations between
a finite, simple graph G and the symmetric function Yq(x;q,t).

Proposition 3.1. Let G be a simple graph. G has order d and size s if the multiplicity

of the term o
t;q)a(t; q)4-

(¢ 9)2(q; ¢)4=2 My(2,1(d-2)) “

in Yo(z;q,t) is %.

Proof. Let G be a graph of order d and size s. The multiplicity of the term (6)
in Yg(z;q,t) corresponds to (2,1(5,@)_1 multiplied by the number of pairs of vertices
{vi,vj} € V(G) such that vv; € E(G) (where Pg) = 2) multiplied by (d —2)!:

For {v;,v;} € V(G) such that v;v; € E(G), consider the number of possible gen-
eral distinct colorings kfj (s : V(G) — N of type (2,1(92)) such that k’gl(H))(w) =
kg,l(d,z))(vj) and such that ;) |, distinguishes all remaining vertices in V(G) from each
other and from v; and v;. Since s(G) = s, there are s possible such two element subsets
{vi,v;} of V(G). For each of these subsets, since o(G) = d, there are (d — 2) remaining
vertices in V(G) \ {v;,v;}. Thus, there are (d — 2)! different general distinct colorings
k{3 1a-2y distinguishing among V(G)\ {vi,v;} and {v;,v;}. Hence, the multiplicity of the

desired term is .
d B 2s
— | = -
(2’1(d_2)) s(d—2)! dd—1) [

Remark 3.1. Conversely to Proposition 3.1, consider Yg(x; ¢, t) in which the term

(t;q)2(t;q)"
Do la "

(r m(2717ﬂ)

—
=
()
~—
[\
~—~
SN~—

appears.
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Note that the monomial symmetric function m -y, for some r > 0, appears in
Yo(z;q,t) if and only if o(G) = 2 + r since (2,1") F (2 4+ r). Furthermore, by Propo-
sition 2.1, the coefficient of the monomial m ;- is equal to

G) (2 (Tgse)

For )
Z <ﬁ (t; Q)PAi )
we have Py, = 2 and P,, = ... = P,, = 1. Hence, by definition of P,,, and since

|W,| = 2, it follows that the multiplicity of (6) is:

247\ "
(3) @l

2
SRS |E(G)] - r!
2|E(G)]

Therefore, given the multiplicity of (6), we may recover |E(G)].

Proposition 3.2. Let G and H be graphs with degree sequences deg(G) and deg(H ),
respectively. Then o(G) = o(H) = d, s(G) = s(H) < d, and deg(G) = deg(H) if and
only if the multiplicity of the term

(t:@)2(t;9)
(¢ 0)s(g; @)@ 1)

is < ([13—1) and is equal in both Yg(x; ¢, t) and Yy (z; ¢, t) and if the coefficients of m(4-1)1)

in Yo(z;q,t) and Yg(z;q,t) are equal.

Proof. (=) Suppose that o(G) = o(H) = d, s(G) = s(H) < d, and deg(G) =
deg(H). Let deg(G) = (B1,...,0,) = deg(H); 1 > ... > B,,n < d,and Y1 | B =
25(G). By Proposition 3.1, we know that the multiplicity of the term (6) is equal in both
Y and Yy and is < ([13—1)' By the definitions of Y (x; ¢,t) and Yy (z;q,t), the coefficients
of mg-1),1) are given by
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Note that there are d-many distinct subsets Wq-1)1) = Wa-1) & Wy of V(G) (resp.,
V(H)). Moreover, note that each 3; € deg(G) (resp., deg(H)) directly corresponds to one
vertex v; € V(G), where 3; indicates the degree of the vertex v; , d(v;) = ;. Thus, sending
the vertex v; to W(;) amounts to removing all edges from E(G) (resp., £(H)) which are
incident with the vertex v; in the computation of [W¢;_, N E(G)|+1 = Py_1), Wa-1) =
V(G) \ {v;}. This implies that |Wp, ;) N E(G)| = |E(G)| — i (resp. for H). Repeating
this for each ; € deg(G) = deg(H) and the corresponding two vertices (one for deg(G)
and possibly a different one for deg(H)) gives the coeflicients of mq-1),1) in Yg(z;q,t)
and Yy (x;q,t) to be equal.

(<) From Proposition 3.1, the multiplicity of the term (6) being equal and < (d—fl) in
Yo and Yy tells us that o(G) = o(H) = d and that S(G) s(H) < d.

Suppose that the coefficients of the term m(4_1)1) in both Y (x;¢,t) and Yy (z;q,1)
are equal. We must show that deg(G) = deg(H). For 1 <1 < (d—1), consider the
multiplicity K; of the term

(t; q)i(t; q)

(@ah(gg) @Y
in Yo(z;q,t) and Yg(z;q,t).

Suppose that [ = (d—1). Then there exists K(4_1) vertices in V() such that [W¢, )N
E(G)| = (d—1) or (d — 2), and similarly for V(H). We need to show that the number
of vertices in V/(H) such that [W¢_,) N E(G)| = (d — 1) (resp. (d —2)) is equal to the
number of vertices in V(H) such that [W7_,) N E(H)| = (d — 1) (resp. (d — 2)).

Note that the multiplicity of

(tQ)dl(J
(@D (g q) @D (7)

corresponds to the number of vertices in V(G) and V(H) such that d(v;) = 1 or d(v;) = 0.
Consider the vertices v; € V(G) and v; € V(H), for which W(;y = {v;} and W(;) = {v;} in
W((d—l),l), such that P(d—l) < (d — 2). For each W((d—l),l) C V(G) and W((d—l),l) C V(H)
such that Py_1) is equal for both V(G) and V(H) and Py_1) < (d — 2), we have that
Wiy N E(G)] = (Pa-1y — 1) = [W(_,y N E(H)|, by definition of Pg_1). Since the
multiplicity of the coefficient of

t Q) pa_y (tq)
¢ Q) Py (45 9)

M((d-1),1)

|

in Y and Yy is equal, the number of vertices v; € V(G) and v; € V(H) such that
d(v;) = d(v;) = s — Pg-1) must be equal. (Note: Pg_yy +1 = s —d(v;) +1.) Thus,
since o(G) = o(H), s(G) = s(H), and > _ deg(G) = > deg(H), the number of vertices
with degree 0 in G equals the number of vertices with degree 0 in H and, similarly, the
number of vertices with degree 1 in G equals the number of vertices with degree 1 in H.
Therefore, deg(G) = deg(H). W
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Proposition 3.3. Let G be a simple graph of order d. Any induced subgraph of
G, Gy, of order (d — 1) is connected if and only if the multiplicity of the term

(t;9) a-1)(t; q)
(¢;9) @a-1)(g;q)

M((d-1),1)

in Yg(z;q,t) is one.

Proof. (=) Suppose that any induced subgraph of G, G, of order (d — 1) is con-
nected. Then, |E(Gr)| > (d—2). Hence, for all possible subsets Wq—1y C V(G), W41y C
W(a-1),1), it follows that P41y = (d — 1). Hence, the multiplicity term (7) in Yg(2;q,1)
is one.

(<) Suppose that the multiplicity of term (7) in Yg(x;q,t) is one. Then, for all
possible (d — 1)-element subsets Wy_1) C V(G), [W(;_;) N E(G)| = (d — 2). Therefore,
every induced subgraph G; of order (d — 1) must be connected. W

Remark 3.2. By Proposition 3.3, for a graph G of order d, if the multiplicity of (7)
is one in Yg(x; ¢, t), then G is not a tree.

Proposition 3.4. Let G be a simple graph. G has order d and is a cycle of size d if
and only if the multiplicity of the term

(t; @) a-1)(t; q)
(¢;9) @a-1)(g;9)

M((d-1),1)

in Y5 (x; q,t) is one and the multiplicity of the term

(gt
(Q§ Q)Q(q; q)(d—2) (2,1(d-2))

. 2
1S m

Proof. (=) If o(G) = s(G) = d, we know from Proposition 3.1 that the multiplicity
of the term (6) is (d—fl). Consider the multiplicity of the term (7). Since G is a cycle
of length d and o(G) = s(G) = d, we know that d(v;) = 2 for all v; € V(G). Thus,
the number of subsets W) C V(G), W) = Wg_1) & W(y), such that Pg_1) = (d — 1) and
Pny = 1 is exactly d many, since any choice of (d — 1) vertices is connected by (d — 2)
edges. This implies that the multiplicity of the desired term is

() =1

(<) From Proposition 3.1 and Remark 3.1, if the multiplicity of the term (6) is ﬁ
for some d, we know that GG has order and size d. By Proposition 3.3, the multiplicity of
term (7) being one implies that any (d — 1) element subset of V(G) is connected. Since
o(G) = s(G) = d, the only connected graph fitting this description is a cycle of length
d 1
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4. Yg(x;q,t) and Macdonald Polynomials.

Denote the ring of symmetric functions over the field F as Ap and let A} denote its
n'" graded space. The space AL consists of all symmetric functions of total degree n € Z,
indexed by the partitions A = (Ay,...,\,) for which ) .\, = n. Five important bases
of A} are: the monomial symmetric functions m) , the elementary symmetric functions
€x = €y, * - €y, , the complete symmetric functions hy, the Schur functions s, , and the
power sum symmetric functions py = py, - - - pa,. Of these five bases, all except the power
sum symmetric functions are Z-bases; the power sum symmetric functions are a Q-basis.

Let H = Q(q,t) be the field of rational functions in ¢ and ¢. In 1988, Macdonald
introduced a new class of two-parameter symmetric functions Py(q,t), over the ring Ay,
which generalize several classes of symmetric functions. In particular, taking ¢ = t we
obtain the Schur functions, setting ¢ = 1 we have the monomial symmetric functions, and
letting ¢ = 0 gives the Hall-Littlewood functions.

We know from [4] that the (Py) are a basis of A%,. Further, with respect to the scalar
product:

we have that
<P,P,>=0 if X#pu,

where m; denotes the multiplicity of ¢ in A and I(\) denotes the length of \. We also
know that for each A, there exists a unique Py(g,t) such that:

Py =my + Zc,\umu where e € Qg ).
p<A

Define:
Py

Q)\ - < PA, Py >
Then, the bases (Py) and (Q),) of A}, are dual to each other, < @, P, >= J,,, and from
4], for = (n):

I\

1 1 —tY
Qu =2 7007 H1 %P
J:

A= i L=a

where we set Qo =1 and Q_,, =0 for m € Z*.

There turns out to be an interesting connection between our two parameter chromatic
symmetric function Yg(x;q,t) and the Macdonald polynomials Q5. We motivate this
connection via the following definitions and proposition.

The complete graph of order n, denoted K™, is the graph G which has size (g)7 every
two vertices in V(G) are adjacent. We know from [4] that for n € Z™T, the Macdonald
polynomial
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where we define

<

for A= (A1,...,\) F n.
The following proposition is immediate.

Proposition 4.1. Let G be the complete graph of order n, G = K", for n € Z*.
Then

From [3], we have the following combinatoral formula for a two-row Macdonald poly-
nomial Qy, A = (A1, \2):

Q(n0) Zah Qo) Qre—i) (8)
1=0
where L) i(gh M —Aa+2i
v (@i )il — g
' (q7q) (@241t q)i(1 — gM )
and ap' ™ = 1.

Using the symmetric function Yg(x;q,t), we give a graphical analogue of this two-row
formula for any partition A = (A, \2).

Let G be the complete graph of order (A\; + Xg), G = KX+ Then, V(G)
1

{v1,..., 0542} Denote W; to be the subset of V(G) containing vertices {vj} for
Jj<u

IA

VVZ':{Ul,...,’Ui}. (

Denote W to be the subset of V(G) containing the vertices {v,,} such that (i +1) <
m S ()\1 + )\2),

=)
~—

Wi = {vir)s - voaa b (10

and set Wy = 0.
Let G[V \ W;] denote the subgraph of G = K172 obtained by deleting the vertices
in W; C V(G) and all edges in E(G) which are incident with them.

Theorem 4.1. Let G = K*17%2) For the partition A = (Ay, \2),

Qr = Qi) = Z Uy i) YG[V\Wz](x ¢,t) Yoprwe (75 ¢, t)

where
Yopwe(z;¢,t) =1 if VAW =

and where az\/{ ’\.2 is defined above.
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Proof. Note that the complete graph G = K172 contains all of the complete graphs
K' for 0 <1 < (A + Xg). Since G[V \ W;] is the complete graph on (\; + Ay — 7)-many
vertices, G[V \ W;] = KM+ it follows that Yopw,(7;¢,t) = Qsrs—s- Similarly,
GV \ Wf] = K* which in turn implies that Ygp we (23 ¢, ) = Q). Expressing (8) as

A2
A=A
Q(>\1+>\2) = Z a(ig—iz) Q()\H—)\z—i) Q(i)
i=0
the result follows. W
Example 4.1. Consider the expression of the two-row Macdonald polynomial @ (32).

By Theorem 4.1, we have

2

QRp2 = Za@—i) Yo wi (75 ¢, 1) Yap\we (75 ¢, )
=0

where G = K°. Thus,
Q2 = ae) Yov\wo (756, 1) Yaprwe (5 ¢, 1)

+ aq) Yo (75 ¢, t) Yaprwe (75 ¢, 1)
+ a) Yopwa) (75 ¢, 1) Yap\we (756, 1).

(%1 (%
Us
(R} V4
G[V\Wo]
(%
& .
Vs .
G[VA\WT]
U3 Uy
G[V\W1]
(%1 (%
’U5 ———— o
,j GIV\W]
U3 Uy
G[V\Wa]

Computing the respective Yo w,(z;¢,t) and Y \we(;¢,t) for 0 < i < 2 yields:

t=t: 1—¢q° 1 1—¢°
%0 (g ()2 (g () 2o +Aodn. 3

For the parameter «, the Jack symmetric functions, Jy, are defined by:

Iy = Qo) = P_T}}Qx(ta’t)
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where we set ¢ = t* in Q\(z;q,1).
In [3], we have a formula for the Jack functions Jy, A = (A1, \2):

J()q A2) Q()q >\2 Z aAl )\2 Q(M-H ( ) Q(Az—i)(a)

where

2o =y (U= el0 =G b))

7!
. (()\1—)\g—l—l)---()\l—)\2+i—1)()\1—)\2+2i))
14+ XM =X+ Da) - (1+ (N — A +1i)a)

Set ¢ =t in the two-parameter symmetric function Yg(z;¢q,t). Define
Yo(a) = PI’I%YG(LL’;T,Q,t).

Similar to Theorem 4.1, we obtain a graphical analogue for the expansion of the two-
row Jack symmetric functions Jyy, »,) using Ya(a).

Corollary 4.1. Let G = K722 For the partition A = (A, \2),

J()\l,)\z) = )\1 )\2 Z CL()\Z —i) YG[V\Wl ( )YG[V\WZ.C](O[)
where
Yo (@) =1 if VAW =
az\/i;_’\f) defined above, and aél_)‘2(a) —1.
5. The Symmetric Function Y§(x;q,t).

We now introduce the “complement,” YS5(z;q,t), of the two-parameter symmetric
function Yg(z; q,t).

Define
me = {((g) —mi(k) +1) if ((‘;)— mi(k)+1) < Vi (1)
Vi otherwise.

Definition 5.1.

=2 (o) (I )

i€R(k) i

where k ranges over all colorings of G.
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Now, define

= Wy (12)

)\ P .
¢ otherwise.

c {(IWL\ — WX NnEG)]+1) if (W= W5, NEG)]+1) < [W),

Note that [W3 | = (‘VV;@'I).
Proposition 5.1. For the simple graph G of order n,
-1 r (t Q)PC
n ? s
Yi(x;q,t) = ——— ] |m
0=, 000 (2, (M) »
AFn WHACV(G) =1 i

where W, C V(G) runs over all possible distinct ordered subset compositions for the
partition A = (Ay,..., A); Wy and Py defined above.

Proof. Similar to the proof of Proposition 2.1, comparing the mg to the P§ for the
basic coloring ky of type A = (A1,...,A.), and noting that [WJ | = ('WQZ“), we see that
the coefficient of my in Y5(z; ¢, t) is equal to

(o) (3 (G« o

WACV(G) N i=1

Let G be a simple, finite graph of order n. Then, the complement of the graph G,
denoted G°, is the graph of order n such that v;v; € E(G°) if and only if v;v; ¢ E(G).
Thus, if G has size d, it follows that G has size ((3) — d).

Theorem 5.1. Y§(z;q,t) = Yae(2;9,1).

Proof. Let G be a simple graph of order n with complement G¢. We want to show
that for A F n, the coefficient of the monomial symmetric function my in Y5(x; ¢, t) and
Yge(z; q,t) are equal.

For A F n, the coefficient of m, in Y(z;q,t) is given by (13) and the coefficient of m
is Yge(x; q,t) is given by

() (L2 (T65) w0

WACV(G®) ¢
where
(W N E(GY|+1) if (W NEGY)|+1) <|W,,]|
P)\i = ¢ : (15)
|W, otherwise.

Since o(G) = o(G°) = V(G) = V(G°), we have that W) C V(G) = W, C V(G°). Thus,
for 1 <i <r,[W),] is equal for both G and G° and similarly, Wy | is equal for both G
and G°¢. By definition of G¢,

|W>\1|

winee) = ("

) Wi AE@)]) = (Wi — W 0 EG)]).
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This implies that, with respect to G and G, Py, = Py.. Therefore, the coeffients (13)
and (14) of my in YS(z;q,t) and Yge(x; ¢, t) are equal. W

Using Y5(x; ¢, t), we obtain the following analogues to Propositions 3.1 — 3.4 for G°.

Proposition 5.1. Let G be a simple graph. G¢ has order n and size p if and only if
the multiplicity of the term

(t;q)2(t; )2
(¢ q)2(q; )2 @) (16)

is % in Y&(x;q,t).

Proposition 5.2. Let G and H be graphs with degree sequences deg(G) and deg(H),
respectively. Then o(G°) = o(H®) = n, s(G°) = s(H®) < n, and deg(G°) = deg(H®) if
and only if the multiplicity of the term

(t;q)a(t; )2
(¢:9)2(q: q)"=2

m(271(n72))
is < (n—zl) and is equal in both Y§(z; ¢,t) and Yj(x; ¢, t) and if the coefficients of m(,—1)1)
in Y5(x;q,t) and Y5(z;¢,t) are equal.

Proposition 5.3. Let G be a simple graph of order n. Any induced subgraph, G¢,
of order (n — 1) of G° is connected if and only if the multiplicity of the term

(t; @) (1) (t; q)
(¢ 0) n—-1)(2: )

M((n—1),1)

in Y5(x;q,t) is one.

Proposition 5.4. Let G be a simple graph. G has order n and is a cycle of size n if
and only if the multiplicity of the term

(t; @) (n—1) (t; q)
(@ @) (-1 (05 q

M((n—1),1)

in Y5(x;q,t) is one and the multiplicity of the term

(t; q>2(t; q)(n—2) .
(Q; Q)z(q; q)(n—z) (2,1(n—2))

1S m
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