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Abstract

We define an excedance number for the multi-colored permutation group i.e. the
wreath product (Z,, X --- X Zy, )1 Sy and calculate its multi-distribution with some
natural parameters.

We also compute the multi-distribution of the parameters exc(w) and fix(7) over
the sets of involutions in the multi-colored permutation group. Using this, we count
the number of involutions in this group having a fixed number of excedances and
absolute fixed points.

1 Introduction

Let r1,...,r; and n be positive integers. The multi-colored permutation group G, . .

is the wreath product:
(Zpy X Ly X -+ X Ly ) LS.

The symmetric group 5, is a special case forr; = 1,1 <17 < k. In S,, one can define the
following well-known parameters: Given o € Sy, i € [n| is an excedance of o if o (i) > i.
The number of excedances is denoted by exc(¢). Two other natural parameters on S, are

THE ELECTRONIC JOURNAL OF COMBINATORICS 14 (2007), #R24 1



the number of fixed points and the number of cycles of o, denoted by fix(c) and cyc(o)
respectively.
Consider the following generating function over S,,:

Palg,t,s) = Z o) fix(@) geye(o)

CTGSTL

P,(q,1,1) is the classical Eulerian polynomial, while P,(q,0,1) is the counter part for
the derangements, i.e. the permutations without fixed points, see [4].

In the case s = —1, the two polynomials P,(q,1,—1) and P,(q,0,—1) have simple
closed formulas:

P(g,1,-1) = —(¢— )", (1)

Pn(Q? 07 _1) = _q[n - 1]Q> (2)

— "1
=L

Recently, Ksavrelof and Zeng [3] proved some new recursive formulas which induce the
above equations. In [1], the corresponding excedance number for the colored permutation

groups G, = Z, 1 S, was defined. It was proved there that:

where [n],

PGr,n(q7 17 _1) = <q7“ - 1)PG7~,7L71(q7 17 _1>7

PGr’n(q7 07 _1) = [T]Q(PGT,'rLfl(q? O’ _1> - qn_l[r]g’_l)’

and hence,

PGr,n(qJ 17 _1> = -
PGr-,n(Q? 0, _1) = —q[r]Z[n - ]-]q

In this paper we generalize our parameters and formulas to the case of the multi-colored
permutation groups. Explicitly, denote r = rq - --r,. We get the following theorems:

Theorem 1.1.

PGr'l ,,,,, r'k;n(Q7 17 _1) = (qr - 1)PG’I‘1 ,,,,, TEin—1 (q7 17 _1)

Hence,
Po, (@ 1,=1) = (=1 = K(q)) (¢" —1)",
where
k rm—1
K(q) = K(q;r1,...,m) = Zrm-l—l"'rk Z qt#-
m=1 t=1

For the derangements, we have:
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Theorem 1.2.
Pe,, (0,0, =1) = (1 + K(q)) (Pcrl ,,,,, o1 (€0, =1) = (¢" + K(Q))’H) :

Hence, we have:

P i (0,0, =1) = (¢" + K(q)) (1 + K(q)) - ((1 +K(q)" ™ - i (" +K(@)" 1+ K(q))”2k>

for alln > 2.

An element o in G,, ., is called an involution if 02 = 1. The set of involutions in
G, r.m Will be denoted by I, ;..

In [2], the multi-distribution of the parameters exc, fix and csum on the set of involu-
tions in the complex reflection groups was considered. We cite the following result from
there. (The relevant definitions will be given in Section 6).

Theorem 1.3. (See Corollary 5.2 in [2])

The polynomial > u*Myexealmqyesim() s ginen, by
WEGr,n

j=n/2 n_jan_jazj_n

where p, =1 if r is odd, and p, = 1+ w? otherwise.

Here, we generalize this result to G, ,,.,. We prove:

Theorem 1.4. The polynomial > ufix(myexea(myposum(®) s given by
& , n u o+ (r— Dw")" I,
> (n—j) S — pen, (4)
i n—jn=—j,2j—n 2n
j=n

where j =1 if v is odd, and p = 1+ 2wz otherwise (where e = #{r; | 1 <i<k,7; =0
(mod 2)} ). Hence, we have that the number of involutions © € G, . r..n With exc(m) =m

18:
y!(y, y,nn—Qy)(%>y r=1 (mod 2)
Z (n o j)!(n—j, n—j, ;‘L—y, y_n+j)(%)"_]2e(y—n+j) r=0 (mod 2)
i=%
where y = 7.

Note that every Abelian group G can be presented as a direct product of cyclic groups,
and thus this work generalizes the well-known excedance number to the wreath product
of S, by any Abelian group. Nevertheless, this parameter depends on the order of the
cyclic factors chosen to appear in the presentation of G. Hence, it is an invariant of the
pair (G, (r1,...,7)) where G =Z,, X -+ X ZLy,.

The paper is organized as follows. In Section 2, we give the needed definitions. In
Section 3, we define the statistics on G, ,,.,. Section 4 deals with the proof of Theorem
1.1. Section 5 deals with derangements in G, .., and the proof of Theorem 1.2. In
Section 6, we deal with the set of involutions in G,, _,,., and the proof of Theorem 1.4.
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2 The group of multi-colored permutations

Definition 2.1. Let rq,...,r; and n be positive integers. The group of multi-colored
permutations of n digits is the wreath product

Grivrin = (Lyy X Ly X -+ X Ly )USy, = (Lpy X Lpy X -+ X Ly,)" XSy,

consisting of all the pairs (Z,7) where Z = (2/) (1 < i < n,1 < j < k)isann x k
matrix such that the elements of column j (1 < j < k) belong to Z,, and 7 € S,,. The
multiplication is defined by the following rule: Let Z,U be two n x k matrices as above
and let o, 7 € S,,. Then

(Z,7)-(U,0) = ((2 —|—U{_,1(i)),7'07'/)
(here, in each column j, the + is taken modulo ;).

Example 2.2. Let r1 = 3,79 =2,r3 =2,r4 = 3 and n = 3. Define

010 2
7T1:(Z1,’7'1): 2 O 1 2 ’<Z1)) ; i))
1101
and
0010
7T2:(Z277'2): 0111 7<; ?) ?)
21 0 2
Then we have:
2 00 2 1 2 3
Ty - Ty = 1 01 2 s 2 1 3
2 0 01
2 0 01 1 2 3
T =T = 21 00 s 1 3 2
1 111

Here is another description of the group G, . ,..n. Consider the alphabet

2= (il | e Z,,,1<i<n,1 <5<k}

The set ¥ can be seen as the set [n] = {1,...,n}, colored by k palettes of colors, the
palette numbered j having r; colors.

If we denote by 6, the cyclic operator which colors the digit ¢ by first color from the
Jj-th palette, then an element of G,, .., is a multi-colored permutation, i.e. a bijection
7 : > — Y such that

T((0r' 0657 00 6i7) (1)) = (67" 0 05 0 -~ 0 6,F)( (i)
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where ¢; € {0,1},1 < i < k.

In particular, if k£ = 1 we get the group G, , = C;,1.S,,. This case has several subcases,
for example if we take r = 1 = 1, then we get the symmetric group .5,,, while r = 2 yields
the hyperoctahedral group B,, i.e., the classical Coxeter group of type B.

Here is an algebraic description of G,, ... Define the following set of generators:
T = {t1,ta,...,tk, S1,-..,Sn_1} with the following relations:

ot =1,(ie{l,... k})

tit; =tity, (i,5 € {1,...,k})
(tis1) =1,(i € {1,...,k})
(titjs1)*m =1,(1<i<j<k)

2=1,(i€{l,....n—1})

888 = 85885, (1 <i<j<n,j—i=1)
o 5,5, =s5;5,1<i<j<n,j—i>1)
° tiSjISjti,(lg’iSk,1<j<n).

Realizing t; (1 < i < k) as the multi-colored permutation taking 1 to 1% (where € is
the i-th standard vector) fixing pointwise the other digits, and s; as the adjacent Coxeter
transposition (i,7+ 1) (1 < i < n), it is easy to see that G,, ... is actually the group
generated by 7" subject to the above relations. A Dynkin-type diagram for G,, ., .. is
presented in Figure 1.

4 Sn-1

Figure 1: The “Dynkin diagram” of G, ..
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3 Statistics on G, .
We start by defining an order on the set:
= {iGm) | ez, 1<i<n1<j<k})
Define 7, = max{ry,...,rx}. For any two vectors
U= (v1,...,0), W= (w1,...,wx) € Ly, X+ XLy,
we write U < @ if

k—1 k—1
Wi - Tpax T+ We—1 " Tmax + W < V1 * Ty T 00+ V=1 * Tmax 1 Uk

For example, if r; = ry = r3 = 3 then (2,0,1) < (1, 1,0).
We also write i¥ < ;% if:

1. U # W and U < W, or

2. v=wand i < j.

Based on this order, we define the excedance set of a permutation 7 on X :
Exc(m) ={i € ¥ | w(i) = i},

and the ezcedance number is defined to be exc(m) = |Exc(m)].

For simplifying the computations, we define the excedance number in a different way.
The set 3 can be divided into layers, according to the palettes. Explicitly, for each
TE€ Ly, X -+ X Ly, , define the layer =¥ = {17 ... n"}. We call the layer X the principal
part of 2. We will show that exc(m) can be computed using parameters defined only on
0,

Let 7 = (0, (21,...,2}), (24, ..., 25), ... (2L .. 2F) € Gpy sy and let 1 < p < k.
Define:

n

p—1
csum, () = Z 20 Hx(zf =0),
=1 =1

where x(P) is 1 if the property P holds and 0 otherwise.

The parameter csum,(7) sums the colors of palette p where a color of a digit is counted
only if there are no colors of preceding palettes on this digit.

Here is an easier way to understand the parameters csum,():

For 7 = (0,(21,...,21), (23, ..., 25), ..., (2}, ..., 2F)) € Gry..ryim, Write the n X k

matrix Z = (z]). Then, csum,, is just the sum of the elements of the p-th column where
we are ignoring the elements which are not leading in their rows.
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Example 3.1. Let

3
I
VR
VR
W =
— N

w

2) ) (17 27 07 1)7 (07 Oa 17 2)a (07 27 ]-7 1)) € G2,3,273;3-

Then Z =

O O =
N O N
— = o
— N

and thus we have:

csumy (7) = 1, csumy(m) = 2, csumg(7) = 1, csumy(m) = 0.

Now define:
Exca(m) ={i € [n—1] | w(i) > i} and exca(m) = |Exca(m)].

k
Proposition 3.2. Let 7 = (Z,0). Write r = [[ ;. Then:
j=1

csumy, (1) - H rq>.

1 q=1,q#p

WE

exc(m) = r - exca(m) +

p

Proof. Let i € [n]. Write 7(i0) = j% We divide our treatment according to Z, =
(21,...,25).

7 (g

e Z = 0: In this case, i € Exc4(n) if and only if o(i) > i or in other words: = <i6) - 0.

This happens, if and only if, for each @ = (at,...,a*) where 0 < o < 7, — 1, we
k
have 7 (i) > i®. Thus ¢ contributes [] r; =r to exc(m).
j=1
e Z = (z},...,2%) # 0. In this case i = i ¢ Exc(n). We check now for which 7,

i¥ € Exc(rm). Since 7(i%) = j%, we have 7(i%) = j**%. Let m € {1,...,k} be
the minimal index such that z* # 0 and zf = 0 for all ¢ < m. Note that for all
0>=0>(0,...,0,7, —2™0,...,0), 7(i%) = j%+% <47 hence i’ & Exc(n).
Now, for all

(0,...,0,r —2",0,...,0) = 0> (0,...,0,r — Lirpyr — L, ...y — 1),
7(i%) = j%+% = i% and hence i” € Exc(7). So, it contributes 2™ -7, - - - 74 elements
to the excedance set.

In the same way, for each &/ = (v, ..., @p_1,0,...,0) # 0 and for all

(0,...,0,7 —2",0,...,0) == (0,...,0,7, — Lirpper — 1,...,1 — 1),

1)
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7 (1Y) = jOHRE o 90 and hence 1%+ € Exc(r). So it contributes (rq -+ 7,1 —
1) - 2" rpgr - - - 1 elements to the excedance set.

Hence, this ¢ contributes

k
m m
/r’l...fr'm_l.zi 'Tm+1"'rk:Zi H TQ‘
q=1,qg#m
Now, we sum the contributions over all ¢ € {1,2,...,n}. Since we have exc4(m) digits

which satisfy 2, = 0 and (i) > i, their total contrlbutlon is 7 - exc4(m), which is the first

summand of exc(r).
The other digits have Z; # 0, so their contribution is

> (10 o) = (S e -0) 11 +)

{i|Z;#0} q=1,g#m =1 q=1,q#p
k k
= Z (csump(ﬂ) : H rq> :
p=1 q=1,9#p
which is the second summand of exc(7), and hence we are done. O
Example 3.3. Let
1 2 3 _ g ? 1 2 3 G
T=1 300 11 90 ‘{31 2 € G323
01
We write ™ in its extended form:
v \Y v d v
1(10) 2(1,0)  3(1,0) | 1(0,1)  9(0,1) 3(0,1) || 1(0,0) 9(0,0) 3(0,0)
31,00 1(0,1)  9(L1) | 3(0,1)  1(2,0) 9(0,0) ||l 3(0,0) 1(21) 9(0,1)

v \V4 Y v \V4 v \Y BY
1(2,1) 2(2,1) 3(2,1) 1(2,0) 2(2,0) 3(2,0) 1(1,1) 2(1,1) 3(1,1)
3(2,1) 1(1,0) 2(2,0) 3(2,0) 1(1,1) 2(2,1) 3(1,1) 1(0,0) 2(1,0)

We have exc(m) = 13, while csum;(7) = 2 and csumy(m) = 1.
Recall that any permutation of S, can be decomposed into a product of disjoint
cycles. This notion can be easily generalized to the group G, ,..n as follows. Given any

m € Gy o We define the cycle number of m = (Z, o) to be the number of cycles in o.
We say that i € [n] is an absolute fized point of m € G,y o if 0(i) = i.
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4 Proof of Theorem 1.1

In this section we prove Theorem 1.1. The way to prove this type of identities is to
construct a subset S of G, . ..., whose contribution to the generating function is exactly
the right side of the identity. Then, we have to construct a killing involution on G, ., .n—
S, i.e., an involution on G,, . ,., — S which preserves the number of excedances but
changes the sign of every element of G,, _,,., — S and hence shows that G, ... —S
contributes nothing to the generating function.

Recall that r =7y -+ - 7. We divide G, .. ,,.n into 2r 4+ 1 disjoint subsets as follows:

K={re Grr,.irim | |m(n)| # n,|w(n —1)| # n},
Tg = {7T € Gm,...,rk;n | 71'(71) = n5}> (176 Zm Xooee X Zrk)>

Rf; = {7T S GT‘l,...,Tk§TL ‘ W(n - 1) = nﬁ}a (UE Zn X X Zm)v

We first construct a killing involution on the set K. Let m € K. Define ¢ : K — K
by
m = ¢(r) = (r(n —1),7(n))T.

Note that ¢ exchanges w(n — 1) with w(n). It is obvious that ¢ is indeed an involution.
We will show that exc(m) = exc(n’). First, for ¢ < n — 1, it is clear that ¢ € Exc(m)
if and only if i € Exc(n’). Now, as m(n — 1) # n, n — 1 ¢ Exc(n) and thus n ¢ Exc(n’).
Finally, 7(n) # n implies that n — 1 ¢ Exc(7’) and thus exc(m) = exc(7’).
On the other hand, cyc(7) and cyc(n’) have different parities due to a multiplication
by a transposition. Hence, ¢ is indeed a killing involution on K.

We turn now to the sets T (v = (z},...,2%) € Z,, x --+ x Z,,). Note that there
is a natural bijection between T;f and G, . ,..n—1 defined by ignoring the last digit. Let
7 € T?. Denote the image of 7 € TV under this bijection by 7/. Since n & Excy (), we
have exca () = exca (7).

Let m € {1,...,k} be the minimal index such that z™ # 0 and 2!, = 0 for all ¢ < m.
Then, csum,,(7’") = csum,,(7) — 2, and csum,(7’) = csump(7) for 1 < p < k,p # m.

Finally, since n is an absolute fixed point of 7, cyc(n’) = cyc(m) — 1. Hence, we get that
the total contribution of TV is:

k
Lm

n Tq m _r_
PT;;; = _q a=thagm PGm ,,,,, TEin—1 (q7 17 _1) = _qzn m PGv"l ,,,,, TEin—1 (q7 17 _1)7

where m is defined as above.

Now, we treat the sets RY (0= (z},...,2%) € Z,, x -+ x Z,,). There is a bijection

n’

between RY and T’ using the same function ¢ we used above. Let 7 € RY. Define
o : RV — TV by
m = p(r) = (r(n = 1),7(n))r.
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When we compute the change in the excedance, we split our treatment into two cases:
7=0and 7#0.

We start with the case # = 0. Note that n — 1 € Exca(7) (since m(n — 1) = n) and
n & Exca(m). On the other hand, in 7', n—1,n & Exca (7). Hence, exca (m)—1 = exca (7).

Now, for the case @ # 0 : n—1,n ¢ Excy () (since m(n—1) = n¥ is not an excedance).
We also have: n—1,n & Excy(n’) and thus Exca (1) = Exca (') for 7 € R? where @ # 0.

In both cases, we have that csum,(m) = csum,(n’) for each 1 < p < k. Hence, we
have that exc(m) — r = exc(n') for ¥ = 0 and exc(n) = exc(n’) for ¥ # 0.

As before, the number of cycles changes its parity due to the multiplication by a
transposition, and hence: (—1)¥¢m) = —(—1)ee(),

Hence, the total contribution of the elements in R? is

qTPGrl ,,,,, rEin—1 (q7 17 _1)

for 7 = 0, and

k

m
Z’!L

]._[ Tq am_T
q a=hazm PGrl ,,,,, 'rk;nfl(Q7 17 _1) = q " Tm PGrl ,,,,, TEin—1 (q7 ]'7 _1)
for 7 = 0.

In order to calculate > Prs and > Prz, we have to divide Z,, X

EEZT-lx---xZTk 1‘)’62,7«1><~~~><Z”C
-++ X Zy, into sets according to the minimal index m such that 2/ # 0 and 2z, = 0 for all
t<m.
For each m € {1,...,k + 1}, denote:

W ={0=(2},....,25)€Z,, x---xZ, |2 #0,2, =0,Vt <m}.

Note that Wiy = {0}.
It is easy to see that {Wi, ..., Wy, W11} is a partition of Z,, X -+ X Z

Tk

Hence
k+1 k Tm—1
Z PTE = Z Z PT:Z = (—1+ ZTm+1..-rk Z _qtm> PGT1 _____ Tkmfl(q’17_1)'
'UGZTIX---XZTk m=1 \5eEW,, m=1 t=1

Similarly, we get:

rm—1

k
Z PR;{ — <q7‘ + Z Tongd * T Z qt#> PGT,1 ,,,,, T,kmil(q, 1,-1).
m=1

6€ZT1 ><---><Zrk t=1

Now, if we sum up all the parts, we get:

PGrl ,,,,, 'rk;n(q717_1) = Z PTE"‘ Z PRE

6€ZT1><---><ZTk T€Zry XX Ly,

= (qr - 1)PG’I‘1 ,,,,, 'rk;nfl(q7 ]‘7 _1)
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as needed.

From now on, we denote

k rm—1
K(q):K(q;rl"“’rk):Zrm+l"'rkthm‘
m=1 t=1
Note that: q
1 + K(q) = Z qexc(lv)‘

17627"1 X"'XZT'k
Now, for n =1, G, .1 18 Zyp, X -+ X Zy,, and thus

PGrl ,,,,, 'rk;l(Q7 17 _1) = _1 - K(q)

Hence, we have
Po, . n(a1,=1) = (=1 = K(q)) (¢" = 1)" ",
and we have finished the proof of Theorem 1.1.

5 Derangementsin G, , ., and the proof of Theorem
1.2
We start with the definition of a derangement.

Definition 5.1. An element 0 € G,, ., is called a derangement if it has no abso-
lute fixed points, i.e. |m(i)| # i for every ¢ € [n]. Denote by D,, ., .. the set of all
derangements in G, . .n-

We prove now Theorem 1.2.
We divide D,, ;.. into 7+ 2 =ryry - - -1, + 2 disjoint subsets in the following way:

Afl,...,rk;n ={re Dy, rem | m(2) = 15> \m(1)| # 2}, 0 € Zypy X --- X Ly,

By won=A{m€ Dy _som||7|=(123---n)}.

~ - v
Drl,...,rk;n - Drl,...,rk;n - U Arl,...,rk;n U B7"17~~~,7“k§n

6€ZT1><---><ZTk

We start by constructing a killing involution ¢ on ﬁm...,rk;n- Given any 7 € ﬁmm,,«km,
let i be the first number such that |7 (i)| # i + 1. Define

' =p(r) = (7(i),7(i + 1)).
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It is easy to see that ¢ is a well-defined involution on lA?m___,rkm. We proceed to prove
that exc(m) = exc(n’). Indeed, csum,(7) = csum,(7’) for all 1 < p < k.

Let 7 be the first number such that |7w(7)| # ¢ + 1, so that in the pass from 7 to 7’
we exchange (i) with w(7 + 1). For every j # i,i + 1, clearly j € Exca(m) if and only if
J € Excy(n'). Since m € Dy, ypm, |7(2)| #i+1 and |7(j)| = j+1 for j < i, we have that
|m(@)|,|m(i+1)| € {1,i+2,...,n}. Thus, exchanging 7 (i) with 7(i + 1) does not change
Exca(m).

Note also that the parity of cyc(n’) is opposite to the parity of cyc(w) due to the mul-
tiplication by a transposition. Hence, we have proven that ¢ is indeed a killing involution.

Now, let us calculate the contribution of each set in our decomposition to

PGrl ,,,,, rk;n(q7 07 _1)

As we have shown, Dm,...,rk;n contributes nothing.
Let ¥ = (23,...,2%). Define a bijection

’QD Arl, TR _)Dm,...,rk;n—l

by: () = 7’ where 7/(1) = (|7(1)] — 1)) and for j > 1, 7'(j) = (|7(j + 1)| — 1)z+("),
For example, if 7 = (3(®101(0004222)90.01)) "then 7/ = (2(0:10322210.01)) Tt is easy
to see that exca(m) = exca(n’). On the other hand, let m € {1,...,k} be the minimal
index such that 25" # 0 and 2!, = 0 for all ¢ < m. Then csum,,(7’) = csum,,(7) — 23", and
csum, (1') = csum,(m) for 1 <p < k,p # m.

We have also: cyc(m) = cyc(n’) and thus the contribution of A7, to Pg,, . ..(¢,0,—1)
is

k

P KA P P —1) = ¢%'m —
AT rem =4q Gry,..., r-k;nfl(% 0, 1) =q mPGr-l ,,,,, r'k;'rlfl(q? 0, 1)
where m is defined as above.

Finally, we treat the set B,, ;... Here for every m € B,, ., we have cyc(m) = 1.

We calculate now:

n
PBrl 7777 rpin (q, 07 —1) - — H Z qoxC(Qvl 392..n%n—117n)

s=1 175le1 ><m><Zrk
= — (¢ +K(@)" " (1+K(q).
To summarize, we get:

PG'rl ,,,,, rk;n(q7 07 _1) - PAU + PBT1

T1heees TN

o= (z27 ,22 EZT1>< XL,

k

+1
= Z PAU ,,,,, Thsn + PB”“l ~~~~~ Thm

m=1veW,

(14 K(q)) P, (2:0,=1) = (¢" + K(q))" ™" - (1 + K(q))
= (14 K@) (Por,. s (0:0,-1) = (¢ + K(@)").
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so we get:
PGrl ,,,,, rk%n(q7 07 _1) = (1 + K<q>> (PGv"l ,,,,, TEin—1 (q7 07 _1) - (qr _'_ K(q>>n_1> :
Now, for n = 2 we have:

Fe,, (0,0, =1) = (¢" + K(q)) - (1 + K(q)) .

By a direct computation, one can now get:

PG i (0,0, =1) = (¢" + K(q)) (1 + K(q)) - ((1 +K(q)" - i (" + K@) 1+ K(q))”2k>
k=1

for all n > 2 as in Theorem 1.2.

6 Involutions in G, _,.»

We recall that an element o in G,, _,,., is called an involution if 02> = 1. The set of
involutions in G, . ... Will be denoted by I, . .n-
We consider the multi-distribution of the parameters exc, fix and csum on I, ;..
where csum(7) here is the total contribution of all the csum,-s from all the palettes:
k k
csum(7) = exc(m) — r - exca(m) = Z (csump(ﬂ) . H rq) :

p=1 q=1,q9#p

We start by classifying the involutions of G,,  ,..,. As in the case of G,,, each
involution of Gy, .., can be decomposed into a product of ’atomic’ involutions of two
types: absolute fixed points and 2-cycles.

An absolute fixed point must be of the form 7 (i) = i” where 27 = 0.

The 2-cycles have the form 7(i) = j%; 7(j) = i® where ¥},7, € Z; X -+ X Zj and
Uy + T, = 0.

Now, we compute recurrence and explicit formulas for

le,...,rk;n (’U,, v, w> = Z uﬁx(w) UCXC(W)wCSum(ﬂ) )

Let 7 be any involution in 7, ... Then we have either w(n) = n? or n(n) = k% with
k < n.

For 7 € I, . such that w(n) = n?, define 7’ € I,, _,,.,1 by ignoring the last digit
of 7. For m € I, pun with 7(n) = k¥ and 7(k) = n-")77 define 7" € I, ,n_o in
the following way: Write 7 in its complete notation, i.e. as a matrix of two rows. The
first row of 7" is (1,2,...,n — 2) while the second row is obtained from the second row of
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7 by ignoring the digits n and k, and the other digits are placed in an order preserving
way with respect to the second row of 7. Here is an explicit formula for the map 7w +— 7.

7(7) 1<i<k and 7(i)<k

noe m(i) —1 1<i<k and 7(i) >k
(i) = (i —1) k<i<n and 7(i)<k
mi—1)—1 k<i<n and (i) >k

Note that the map 7 — 7’ is a bijection from the set
{r €. som | 7(n) =n"} (¥ fixed)
to Iy, ... rpin—1, while 7 — 7" is a bijection from the set
{r €L yom | T(n) =k} (¥ fixed)

to ]rl,...,rk;n—Z'
For any @, if 7(n) = n” then:

fix(m) = fix(7") + 1,

excy(m) = exca(n).
Since ¥ satisfies 20 = 0, we have two cases. If ¥ = 0, then:

csum(m) = csum(7').

On the other hand, if ¥ = (21,...,2x) # 0, then there is some m, 1 < m < k, such that
2m # 0, and z; = 0 for all 1 <7 < m. In this case, ¥ contributes z,, - = to csum(m). But

since 7 is an involution, we have z,, = %, and thus we have:

csum(m) = csum(7') + %

If w(n) = ', then the parameters satisfy
fix(m) = fix(x"),
exca(m) = exca(m") + 055

where 03, 5, is a generalized Kronecker Delta:

s _ 1 a=0
vy,02 — 0 17175—*2

Note that 7(t) = n*?, where @, + 7, = 0. Again, we have two cases. If 7, = 0, then @, = 0,
and:
csum(m) = csum(7').
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On the other hand, if 07 = (21,...,2) # 0, then there is some m, 1 < m < k, such that
zm # 0, and z; = 0 for all 1 <7 < m. Since v} + 7, = 0, we have that vy = (21,...,2,) #0
with 2/, # 0, 2z, =0 for all 1 <i <m, and z,, + 2/, = r,,. Now, ¢ contributes z,, - - to
csum(m) while @ contributes z;, - ;= to csum(r). Hence, their total contribution is:
zm-L+z;n~L:(zm+z;n)-L:rm-—:r.
Thus we have:
csum(m) = csum(7”) +7(1 = 055)-
Now define
e=#{ri|1<i<k, r,=0 (mod2)}.

Define also i
142wz e#0
II"L = /"L’f‘l,...,Tk = 1 € = O .

The above consideration gives the following recurrence formula:

frl,...,rk;n(ua v, w) = uﬂfr1,---ﬂ“k;n—1(u> v, w)
+(n—=1)(v+ (r—1Dw") fr.  remn—2(u,v,w), n>1.

Using the same technique used in [2], we get the following explicit formula:

Corollary 6.1. The polynomial fr, . r.n(u,v,w) is given by

3 n- j)!( : ) Mt = Du) e )

Py n—jn—752j—n 2n=J

If we substitute w = 1 and compute the coefficient of u™v* in Formula (5), we get the
following result:

Corollary 6.2. The number of involutions in G,
points and exca(m) = £ is given by

n—m nm_ n (1 +2¢)t~v
I(r — 57—t N 77
( 2 )(T 1) <n—m n—m __ E, g) n;m ?

2 , Ty 2 2

ren With exactly m absolute fized

where y € {0,1} and y =r (mod 2).

We turn now to the computation of the number of involutions with a fixed number of
excedances. We do this by substituting v = 1 and v = w" in Formula (5).

Corollary 6.3. The number of involutions m € G,y .. With exc(m) = m is:

y!(y, y,nn—Qy)(%)y r=1 (mod 2)
S =) g n o gy 320 =0 (mod 2)
)

where y =2

e
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