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Abstract

We compute the list of all minimal 2-infinite diagrams, which are cluster alge-
braic analogues of extended Dynkin graphs.

1 Introduction

Cluster algebras were introduced in [4] by Fomin and Zelevinsky to provide an algebraic
framework for the study of canonical bases in quantum groups. Since their introduction,
it has also been observed that cluster algebras are closely related with different areas in
mathematics. For example; they provide a natural algebraic set-up to study recursively
defined rational functions in combinatorics and number theory [3]. In geometry, they
introduce natural Poisson transformations [6]. In representation theory, they form a
natural algebraic framework to study positivity [1].

One of the most striking results in the theory of cluster algebras due to S. Fomin
and A. Zelevinsky is the classification of cluster algebras of finite type, which turns out
to be identical to the Cartan-Killing classification [4]. This result can be stated purely
combinatorially in terms of certain transformations, called mutations, on certain graphs.
To be more precise, let us assume that I" is a finite directed graph whose edges are weighted
with positive integers. We call I' a diagram if it has the following property: the product
of weights along any cycle is a perfect square, i.e. the square of an integer. For any vertex
k in I') the mutation py in the direction k is the transformation that changes I' as follows:

e The orientations of all edges incident to k are reversed, their weights intact.

*The author’s research was supported in part by Andrei Zelevinsky’s NSF grant #DMS-0200299.
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e For any vertices ¢ and j which are connected in I' via a two-edge oriented path going
through & (refer to Figure 1 for the rest of notation), the direction of the edge (4, )
in pi(I") and its weight ¢’ are uniquely determined by the rule

+v/c+ Ve = Vab, (1.1)

where the sign before /¢ (resp., before /) is “47 if 4, j, k form an oriented cycle
in I (resp., in ug(I")), and is “—” otherwise. Here either ¢ or ¢ can be equal to 0,
which means that the corresponding edge is absent.

e The rest of the edges and their weights in I remain unchanged.

k k
ARVA
C c

Figure 1: Diagram mutation

It is not hard to show that the resulting weighted graph is a diagram; in particular,
its edge-weights are positive integers. It is also easy to check that pu is involutive, i.e.
pz(T) =T. Two diagrams I" and I" related by a sequence of diagram mutations are called
mutation equivalent. A diagram is called 2—finite if every mutation equivalent diagram
has all edge weights equal to 1,2 or 3. The combinatorial part of the classification theorem
in [5] is the following: a diagram is 2-finite if and only if it is mutation equivalent to a
Dynkin diagram, i.e. a diagram whose underlying undirected graph is a Dynkin graph.
However, in [5], an algorithm for checking whether a given diagram is mutation equivalent
to a Dynkin diagram is not given. In particular, we do not know how many mutations
one needs to perform to show that a given diagram is mutation equivalent to a particular
Dynkin diagram, say, Fg. This makes the following recognition problem natural:

Problem 1.1 Recognition Problem for 2-finite diagrams: How to recognize whether a
giwen diagram I is 2-finite without having to perform an unspecified number of mutations.

In this paper, we solve Problem 1.1 completely by providing the list of all minimal
2-infinite diagrams (Section 8). The list contains all extended Dynkin diagrams but also
has 6 more infinite series, and a substantial number of exceptional diagrams with at most
9 vertices. For the proof of this fact, we first show that any diagram in our list is minimal
2-infinite. To prove that any minimal 2-infinite diagram is indeed in our list, we use an
inductive argument. The basis of the induction is the following fact: our list contains
any two-vertex diagram with the edge weight greater than or equal to 4. The inductive
step is the following statement: if a diagram I' contains a subdiagram that belongs to our
list, then, for any vertex k in I', the diagram p(I") also contains a subdiagram from our
list (Lemmas 3.4 and 3.5). Those two properties imply that our list contains all minimal
2-infinite diagrams. To be more precise, let us assume that I' is a minimal 2-infinite
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diagram. Then, by definition, there is a sequence of mutations ., ..., u; such that the
diagram IV = p, o ... o uy(I") contains an edge whose weight is greater than or equal to
4. Here we note that I' = p; o ... o u.(I'") because mutations are involutive. Thus, by
induction on k, the diagram I' contains a subdiagram I'" from our list. Since I' is minimal
2-infinite we have I' = I, showing that our list is a complete list of minimal 2-infinite
diagrams. We give a more detailed outline of this proof in Section 3.

We have used some computer assistance to produce our list of diagrams and prove that
it really is the list of minimal 2-infinite diagrams. More specifically, we use computer to
obtain exceptional minimal 2-infinite diagrams, which are the minimal 2-infinite diagrams
that do not appear in series. We first used a theoretical argument to show that those
exceptional diagrams can have at most 9 vertices, even so it presented a challenge for us
to compute them explicitly because we needed, in one form or another, a fast method
to check using a computer if a given diagram is 2-finite. In Section 5, we develop such
a method for simply-laced diagrams, here a diagram is called simply-laced if all of its
edges have weight equal to 1. The basic idea of our method is to view the underlying
graph of a diagram as an alternating bilinear form on a vector space over the 2-element
field, and describe an arbitrary simply-laced 2-finite diagram using algebraic invariants
of the corresponding bilinear form®. A nice combinatorial set-up to carry out this idea is
provided by a class of (undirected) graph transformations called basic moves, which were
introduced and studied in [2, 11]. A basic move is a simpler operation than a mutation;
there is also a classification of graphs under basic moves using algebraic and combinatorial
invariants which can be easily implemented [9, 11]. We take advantage of this classification
thanks to our following characterization: a simply-laced diagram that does not contain
any non-oriented cycle is 2-finite if and only if its underlying graph can be obtained from
a Dynkin graph using basic moves (Theorem 5.3). Using this description, we design and
implement the algorithm in Section 5.4, computing the exceptional minimal 2-infinite
diagrams. Our computer program is available at [15].

In addition to giving an explicit description of minimal 2-infinite diagrams, we deter-
mine representatives for their mutation classes. In particular, we prove that any minimal
2-infinite diagram with at least 5 vertices is mutation equivalent to an extended Dynkin
diagram (Theorem 3.2). We also remark that one can enlarge the set of extended Dynkin
diagrams by including some other representatives giving the following “intermediate”
recognition criterion: a diagram is 2-infinite if and only, using at most 9 mutations, it can
be transformed into a diagram which contains one of the distinguished representatives
(Remark 7.1).

Another long list of directed graphs (quivers) was obtained by Happel and Vossieck in
8] to classify finite dimensional algebras which are of minimal infinite representation type.
We observed that our list of simply-laced minimal 2-infinite diagrams is the same as the list
of Happel and Vossieck up to a natural operation of replacing the dotted edges indicating
relations of quivers in [8] by arrows in the reverse direction. This remarkable coincidence of

L After the first version of this paper appeared, M. Barot, C. Geiss and A. Zelevinsky had the paper
“Cluster algebras of finite type and positive symmetrizable matrices” (J. London Math. Soc. (2006) no:3,
545-564), where they obtained a description of 2-finite diagrams using bilinear forms over integers.
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such long lists suggests a close relation between the associated finite dimensional algebras
and cluster algebras, which we will explore in a separate publication. Let us also note that
our list contains non-simply-laced diagrams while the diagrams in [8] are simply-laced.
The paper is organized as follows. In Section 2, we give basic definitions. In Section 3,
we state our main results and outline their proofs. In Section 4, we prove some statements
that allow us to compute series of minimal 2-infinite diagrams. In Section 5, we compute
exceptional simply-laced minimal 2-infinite diagrams using basic moves. In Sections 6
and 7, we prove our main results. Section 8 is our list of minimal 2-infinite diagrams.

2 Basic Definitions

In this section, we recall some definitions and statements from [4, 5]. We start with the
skew-symmetrizability property of an integer matrix [4, Definition 4.4].

Definition 2.1 Let B be a nxn matriz whose entries are integers. The matriz B is called
skew-symmetrizable if there exists a diagonal matriz D with positive diagonal entries such
that DB is skew-symmetric.

For any skew-symmetrizable matrix B, Fomin and Zelevinsky introduced a weighted
directed graph as follows ([5, Definition 7.3]).

Definition 2.2 Let n be a positive integer and let I = {1,2,....,n}. The diagram of a
skew-symmetrizable integer matrizc B = (b;;)i jer s the weighted directed graph I'(B) with
the vertex set I such that there is a directed edge from i to j if and only if b;; > 0, and
this edge is assigned the weight |b;;b;;| .

According to [5, Lemma 7.4]; if B is a skew-symmetrizable matrix, then, for all £ > 3 and
all i1,..., 1, it satisfies

bi1i2bi2i3 e blkll = (_1)kbi2i1bi3i2 T bilik : (2'1)

In particular, if the edges eq,es, ..., e, with weights wy, ws, ..., w, form an induced cycle
(which is not necessarily oriented) in I'(B), then the product wqws...w, is a perfect square.
Thus we can naturally define a diagram as follows:

Definition 2.3 A diagram T is a finite directed graph whose edges are weighted with
positive integers such that the product of weights along any cycle is a perfect square.

By some abuse of notation, we denote by the same symbol I' the underlying undirected
graph of a diagram. If an edge e = [i, j| has weight equal to 1, then we call e weightless
and do not specify its weight in the picture. If all the edges are weightless, then we call
I’ simply-laced. By a subdiagram of I', we always mean a diagram [ obtained from I'
by taking an induced directed subgraph on a subset of vertices and keeping all its edge
weights the same as in I' [5, Definition 9.1]. We will denote this by IV C T'.
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For any vertex k in a diagram I', there is the associated mutation p; which changes I
as described in Fig. 1. This operation naturally defines an equivalence relation on the set
of all diagrams. More precisely, two diagrams are called mutation equivalent if they can
be obtained from each other by applying a sequence of mutations. An important type of
diagrams that behave very nicely under mutations are 2-finite diagrams:

Definition 2.4 A diagram I is called 2-finite if any diagram I'" which is mutation equiv-
alent to I' has all edge weights equal to 1,2 or 3. A diagram is called 2-infinite if it is not
2-finite.

Let us note that a subdiagram of a 2-finite diagram is 2-finite. We also note that there are
only finitely many diagrams which are mutation equivalent to a given 2-finite diagram.

2-finite diagrams were classified by Fomin and Zelevinsky in [5]. Their classification
is identical to the Cartan-Killing classification. More precisely:

Theorem 2.5 A diagram is 2-finite if and only if it is mutation equivalent to an arbi-
trarily oriented Dynkin diagram (Fig. 2).

It is a natural problem to give an explicit description of 2-finite diagrams (Problem 1.1).
A conceptual solution to this problem could be obtained by finding the list of all minimal
2-infinite diagrams. More precisely:

Definition 2.6 A diagram I' is called minimal 2-infinite if it is 2-infinite and any proper
subdiagram of I' is 2-finite.

Clearly one has the following:

a diagram I' is 2-infinite if and only if it contains a subdiagram which (2.2)

is minimal 2-infinite.

In Section 8, we give a complete list of minimal 2-infinite diagrams, solving Prob-
lem 1.1.

A B, 2

Dn>

Eg E;
Es
F. 4 2 G2 'i'

Figure 2: Dynkin diagrams
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Figure 3: Extended Dynkin diagrams

3 Main Results

Throughout the paper, we assume that all diagrams are connected. We also assume, unless
otherwise stated, that any diagram has an arbitrary orientation which does not contain
any non-oriented cycle.

Our main result is the following statement:

Theorem 3.1 The list of minimal 2-infinite diagrams consists precisely of the diagrams
given in Section 8.

We also determine representatives for mutation classes of minimal 2-infinite diagrams
as follows:

Theorem 3.2 Any minimal 2-infinite diagram is either one of the diagrams in Table 2
(Section 8) or it is mutation equivalent to an extended Dynkin diagram (Fig. 3).

We prove Theorem 3.1 as follows. We first show that any diagram in our list is minimal
2-infinite:
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Lemma 3.3 Any diagram I' in Section 8 is minimal 2-infinite.

Next, to complete the proof of Theorem 3.1, we show that any minimal 2-infinite diagram
is indeed one of the diagrams in Section 8. For this, we recall that any 2-infinite diagram,
in particular any minimal one, is mutation equivalent to a diagram which contains a
subdiagram of the form I(a),a > 4:

a

a>4

To be more precise, let us assume that X’ is a 2-infinite diagram and pu,., ..., ;41 a sequence
of mutations such that the diagram X = p,0...ou;(X’) contains a subdiagram of the form
I(a),a > 4. Here we note that X’ = u o ... o u,.(X) because mutations are involutive.
We prove, by induction on r, that X’ contains a subdiagram from our list, so if X’ is
minimal 2-infinite then this subdiagram must be X itself (because any diagram in our
list is 2-infinite), proving Theorem 3.1. The basis of the induction is the fact that any
diagram of the form I5(a),a > 4 is included in Section 8 (Table 1). The inductive step is
the following statement:

If a diagram X contains a subdiagram I' from Section 8, then, for any vertex k in X,

the diagram py(X) also contains a subdiagram from Section 8. (3.1)

To establish (3.1), we consider it in two possible cases: the vertex k being contained in I
or not. If k is a vertex of I, we show that p(I") contains a subdiagram from our list. If
k is not in I', we denote by I'k the minimal subdiagram of X that contains I' and k, and
show that p;(I'k) contains a subdiagram from our list. For this we will assume, without
loss of generality, that k is connected to (at least two vertices in) I' because otherwise puy
does not effect I' (Fig 1). In short, we prove the following two statements to show that
(3.1) is satisfied:

Lemma 3.4 Let I be an arbitrary diagram in Section 8. If k is a vertex in I', then pu(T")
contains a subdiagram I which is in Section 8. Furthermore, if I is in Table 1, then I
can be chosen from Table 1.

Lemma 3.5 Suppose that I' is an arbitrary diagram in Section 8. Let I'k be a diagram
obtained from I' by adjoining a vertex k. Then pi(T'k) contains a subdiagram I which is
i Section 8.

Let us note that Lemmas 3.3, 3.4, 3.5 prove Theorem 3.1. We prove those lemmas
in Sections 6.1, 6.2 and 7. The proof of Lemma 3.5 is more involved, therefore, for
the convenience of the reader, here we discuss an outline of our proof in some detail.
To prove this lemma we assume, without loss of generality, that 'k does not have any
subdiagram which contains & and belongs to our list (otherwise Lemma 3.4 applies). This
assumption greatly restricts possible non-simply-laced I'k and we manage to obtain the
lemma for such I'k using a case-by-case analysis. To treat simply-laced I'k, it turns out
to be convenient for us to consider them in two classes: those that do not contain any
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subdiagram which is mutation equivalent to the Dynkin diagram FEg and those that do. If
a simply-laced 'k belongs to the first class, then I'is in Table 1 (because any simply-laced
diagram in other tables contains a subdiagram which is mutation equivalent to Eg). For
such T'k, we obtain the lemma from the following stronger statement:

Proposition 3.6 Suppose that I is a simply-laced diagram in Table 1 (Section 8), i.e.
T is one of the following diagrams: A}, DSV, D,gl)(m,r), Dﬁll)(r), D,(ql)(m,r, s). Let Tk
be a simply-laced diagram obtained from I' by adjoining a vertex k. Suppose that k s
connected to at least two vertices in I'. Suppose also that

the vertex k is not contained in any subdiagram E C T'k such that E is (3.2)

mutation equivalent to Fg.
Then (precisely) one of the following holds:

k is contained in a diagram I C Tk such that T is in Table 1, (3.3)
the diagram p(Tk) is in Table 1. (3.4)

Let us note that if (3.3) is satisfied, then Lemma 3.4 applies, giving the same conclusion
as Lemma 3.5. Now to complete the proof of Lemma 3.5, we need to establish it for I'k
that contains a subdiagram, say F, which is mutation equivalent to Fg. For this we first
show that (k) contains a minimal 2-infinite diagram which has at most 9 vertices,
then we show that any such minimal 2-infinite diagram is contained in our list. The first
part is obvious if T'k, thus ux(T'k), has at most 9 vertices (recall that T'k is 2-infinite,
so ur(k) is also 2-infinite thus contains a minimal 2-infinite diagram). For larger T'k,
we first observe the following fact in Corollary 5.6: any (simply-laced) diagram which
has at least 9 vertices and contains a subdiagram mutation equivalent to Fy is 2-infinite.
To use this fact in our set-up, we also observe that if I'k has at least 10 vertices then
there exists a connected subdiagram Xk C I'k of 9 vertices which contains both E and k
(Section 7.1). Then Xk must be 2-infinite by the mentioned fact, so it contains a minimal
2-infinite subdiagram, say M, which has at most 9 vertices. We note that M contains
k because any subdiagram of Xk that does not contain k is a proper subdiagram of I,
and any proper subdiagram of I' is 2-finite because I' is minimal 2-infinite. Let us also
note that py(M), which is a subdiagram of pi(T'k), is also 2-infinite, so it contains a
minimal 2-infinite diagram which has at most 9 vertices. Thus, to complete the proof of
Lemma 3.5, it is enough to show that any minimal 2-infinite diagram M with at most 9
vertices is contained in Section 8:

Proposition 3.7 Any simply-laced minimal 2-infinite diagram which has at most 9 ver-
tices is contained in Section 8.

We prove the proposition using some theory that we develop in Section 5 along with
some computer assistance. To motivate for our proof, let us first note that we may obtain
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all simply-laced minimal 2-infinite diagrams (with at most 9 vertices) as follows: first
we compute all simply-laced 2-finite diagrams (with at most 8 vertices) mutating the
corresponding Dynkin diagrams, then extend any 2-finite diagram by connecting, in all
possible ways, an additional vertex such that the resulting diagram is 2-infinite and any
proper subdiagram is 2-finite. To implement the second step of this algorithm, we need
an efficient method to check, possibly using a computer, if a given simply-laced diagram
is 2-finite. Our basic idea to develop such a method is to view the underlying graph of
a diagram as an alternating bilinear form on a vector space over the 2-element field, and
characterize an arbitrary (simply-laced) 2-finite diagram using algebraic invariants of the
corresponding bilinear form. A nice combinatorial set-up to carry out this idea is provided
by a class of (undirected) graph transformations called basic moves, which were introduced
and studied in [2, 11]. A basic move changes a graph as follows: it introduces or deletes
edges containing a fixed vertex connected to a given vertex (thus a basic move is assigned
to a pair of vertices connected to each other, for a precise description see Definition 5.1).
We note in Proposition 5.2 that the underlying graphs of mutation-equivalent simply-
laced diagrams can be obtained from each other by a sequence of basic moves. We
prove the converse of this statement for 2-finite diagrams: any simply-laced diagram that
does not contain any non-oriented cycle is 2-finite if and only if its underlying graph
can be obtained from a Dynkin graph using basic moves (Theorem 5.3). The advantage
of characterizing 2-finite diagrams using basic moves is that a basic move is a simpler
operation than a mutation; there is also a classification of graphs under basic moves
using algebraic and combinatorial invariants which can be easily implemented [9, 11]. In
Proposition 5.7, we give such a characterization for graphs that can be obtained from
Dynkin graphs with 6,7 or 8 vertices using basic moves. Using this description, we design
and implement the algorithm in Section 5.4, obtaining all simply-laced minimal 2-infinite
diagrams that contain a subdiagram which is mutation equivalent to Eg (our computer
program is available at [15]). For the remaining simply-laced minimal 2-infinite diagrams,
we prove that they must belong to Table 1 (Corollary 5.14), completing the proof of
Proposition 3.7.

We will prove Theorem 3.1 in Section 7. We prove Theorem 3.2 in Section 7.4. The
reader may note from the outline in this section that we use most of our results to show
Lemma 3.5 for a simply-laced diagram I' in our list. As we mentioned, we also show
the lemma for a non-simply-laced diagram in our list. For such diagrams, we show the
lemma directly, without referring to any non-trivial statements; this is because those
diagrams are fairly simple (Table 1-3). In the course of the proof, we use same type of
arguments repeatedly. Since we also need to save space, in this paper we do not include
our treatment of all non-simply-laced diagrams; we do a representative one in Section 7.3.
For the complete proof, we refer the reader to the long version of this paper which is
available at [12] or refer to [13]. There is also a similar type of referring in Section 4.2.
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4 Series of minimal 2-infinite diagrams

In this section we prove Proposition 3.6. For this it will be convenient for us to prove first
a slightly stronger statement for the diagram AV

Proposition 4.1 In the situation of Proposition 3.6, if I' is of type AV then pr(Tk) s
one of the following diagrams: AS), Dg), Dfll)(m,r), D,(LI)(T), Dg)(m, T, S).

4.1 Proof of Proposition 4.1
Let us index the vertices in I by {1,...,n}. Let us also write
{i € I : kis connected toi} = {iy,...,%,}

where 1 <11 < iy < ... <1, <nandr > 2. Since k is not contained in any non-oriented
cycle in I'k, the number r is even.
We prove the lemma using a case by case analysis as follows:

Case 1. r > 8. In this case the subdiagram with the vertices {i1,i1 + 1,44,14 + 1,47, k}
is always mutation equivalent to Fs (Fig. 4), contradicting (3.2).

13 14
19 5

11 2.6

Figure 4: The subdiagram on vertices {i1, is, i4, i5, i7, k} is mutation equivalent to Eg

Case 2. r=6.

Subcase 2.1. T has length 6. Then the subdiagram with the vertices {i1, 1o, ..., 15, k} is
mutation equivalent to Fg (Fig. 5), contradicting (3.2).

13 14

19 15

Figure 5: The subdiagram on vertices {1, is, ..., i5, k} is mutation equivalent to Eg

Subcase 2.2. T’ has length greater than 6. Let us note that k is contained in a cycle
C C I'k of length greater than 3.
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Subsubcase 2.2.1. k is contained in a cycle C C T'k of length equal to 4. Let us assume,
without loss of generality, that C' = [k,i; = 1,2,i5 = 3] and k is not connected to the
vertex 2. Then the subdiagram with the vertices C' U {n, 75} in I'k is mutation equivalent
to Eg (Fig. 6), contradicting (3.2).

Figure 6: The subdiagram on vertices {k, 1,2,3,n,i5} is mutation equivalent to Fg

Subsubcase 2.2.2. k£ is contained in a cycle C C 'k of length greater than 4. Let
us assume, without loss of generality, that C' = [k,i; = 1,2,...,7,i3] where p > 3 and
k is not connected to any vertex in {2,...,p}. Then the subdiagram with the vertices
{k,1,2,p,is,1i4}is mutation equivalent to g (Fig. 7), contradicting (3.2).

D4
1\/ k& i3
n ia

Figure 7: The diagram on vertices {k, 1,2, p,is,i4}, p > 3, contains (a subdiagram muta-
tion equivalent to) Eg

Case 3. r=/. Let us first assume that the diagram I'k does not contain a triangle.
Then, e.g., the subdiagram with the vertices {k,i1,4; + 1,142,492 + 1,44} is always mutation
equivalent to Eg (Fig. 8), contradicting (3.2). Let us now assume that I'k contains at
least one triangle and consider the subcases.

19 o+ 1
) 7
11 + 1 3
11
i4

Figure 8: The subdiagram on vertices {k,i1,4; + 1,i2,45 + 1,44} is mutation equivalent
to E6

Subcase 3.1. The diagram 'k contains precisely one triangle.
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Subsubcase 3.1.1. The vertex k is contained in a cycle C' C T'k of length greater than
4. Let us assume without loss of generality that C' = [k,i; = 1,2,...,i9 = r]. Since 'k
contains precisely one triangle, we may assume that i3 is not connected to 5. Then the
subdiagram with the vertices C’ U {i3} is mutation equivalent to Eg, contradicting (3.2).

Subsubcase 3.1.2. The vertex k is not contained in any cycle C' C T'k such that C’
has length greater than 4. Let us first assume, without loss of generality, that T' = [k,i; =
1,49 = 2] is the unique triangle in I'k. Since k is not contained in a cycle of length greater
than 4, we have i3 = 4 and i5 = 6. Then the subdiagram with the vertices {k, 1,2, 3, 4,6}
is mutation equivalent to Fg (Fig. 9), contradicting (3.2).

3 4

" ™%

Figure 9: The subdiagram on vertices {k, 1,2, 3,4,6} is mutation equivalent to Fg

Subcase 3.2. The diagram 'k contains precisely two triangles, say T and T.

Subsubcase 3.2.1. T} and Ty share a common edge. Let us assume, without loss
of generality, that 71 = [k,iy = 1,io = 2] and Ty = [k,is = 2,i3 = 3|. Then k is not
connected to any vertex in {4, n}, thus the subdiagram with the vertices Ty UTy U{k, 4, n}
(Fig. 10) is mutation equivalent to Eg, contradicting (3.2).

2 3

n 15
Figure 10: The subdiagram on vertices {n, 1,2, 3,4, k} is mutation equivalent to Ejg

Subsubcase 3.2.2. T and Ty do not share a common edge. Then ug(T'k) is of type
DY (m,r,s).
Subcase 3.3. The diagram 'k contains precisely three triangles, say T4, Ty and Tj.
Then the diagram p(I'k) is of type Dfll)(m, r).

There is no other subcases in Case 3.

Case 4. r=2.
Subcase 4.1. The vertices iy and iy are connected to each other. Then uy(T'k) is of type
AD.

Subcase 4.2. The vertices i1 and i9 are not connected to each other. Then the vertex k
is contained in precisely two cycles, say C and C5 in I'k. We may assume, without loss
of generality, that the length of C is less than or equal to the length of Cs.
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Subsubcase 4.2.1. The cycle Cy has length 4. Then p(I'k) is of type Dg)(r).

Subsubcase 4.2.2. The cycle C has length greater than 4. Let us assume, without
loss of generality that, iy = 1 and 73 > 4. Then the subdiagram with the vertices
{k,ia — 2,15 — 1,i9,i9 + 1,45 + 2} is an Eg, contradicting (3.2).

4.2 Proof of Proposition 3.6

Let us note that for I' which is of type AY the proposition follows from Proposition 4.1.
We need to show that the proposition holds for each of the remaining diagrams Dg),
Dfll)(m, ), D,(LI)(T), Dfll)(m, r,s). This can be done in exactly the same way as we did for
AV, Not to repeat the same arguments, we do not give the proof here; we refer to the
corresponding section (Section 4.2) in the long version of this paper [12] (or to [13]).

5 Simply-laced minimal 2-infinite diagrams with at
most 9 vertices

In this section we will characterize simply-laced 2-finite diagrams using basic moves, a
class of graph transformations. Using this characterization we will prove Proposition 3.7
in Section 5.5.

Definition 5.1 Suppose that I is a weightless undirected graph and that a,c are two
vertices which are connected to each other. The basic move ¢, is the transformation that
changes T as follows: it connects ¢ to vertices that are connected to a but not connected
to ¢; at the same time it disconnects vertices from c if they are connected to a. We call
two graphs I' and I" BM(basic move)-equivalent if they can be obtained from each other
by a sequence of basic moves.

For a diagram T, we denote by T' the undirected graph which is defined as follows: the
vertex set of I' is the same as that of I and two vertices i, j in I are connected to each
other if and only if they are connected in I' by an edge whose weight is an odd integer. By
a subgraph of I', we mean a graph obtained from T' by taking an induced subgraph on a
subset of vertices.

Basic moves were introduced in [2]. Here we note that they are related to mutations
as follows:

Proposition 5.2 Suppose that a diagram T is mutation equivalent to I'". Then [ is
BM-equivalent to I".

Proof. It is enough to establish the proposition for IV = p(I") where k is an arbitrary
vertex in I'. Let us assume that ¢, co, ..., ¢, are the vertices er_lich are connected to k bX a
directed edge pointing towards k with an odd weight. Then IV = ¢, 1 © ...¢0cy & © Dey 1 (1).

O
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We observe that the converse of Proposition 5.2 holds for 2-finite diagrams. More
precisely:

Theorem 5.3 Suppose that I' is a simply-laced connected diagram that does not contain
any non-oriented cycle. Let I' be the underlying undirected graph of I'. Then the diagram
I’ is 2-finite if and only if ' is BM-equivalent to a Dynkin graph.

We prove the theorem in Section 5.3 after some preparation.

5.1 Basic moves as linear transformations

In this subsection we give some definitions related to basic moves; the details can be found
in [11]. Let I be a connected graph with vertex set I. We denote by V' the vector space
with the basis I. The graph I' naturally defines an alternating Fo-valued bilinear form 2
on V as follows: for any i,j € I, £(i,5) = 1 if and only if 7 and j are connected to each
other in T'. Then a basic move ¢, , corresponds to the following change of basis for Q:

Gea(l) =1 —{c}U{c+a}.

For any vector subspace U of V', we denote by U, the kernel of the restriction of 2 on U,
ie. Uy={ueU: Qu,u)=0forallu’ € U}. We denote by @) the Fy-valued quadratic
form which is defined as follows: Q(u +v) = Q(u) + Q(v) + Q(u,v), (u,v € V) and
Qi) = 1 for all 1 € I.We define Uyy = Uy N Q~(0). Clearly Uy is a vector subspace of
Up. If Vo = Vyo, then the Arf invariant of @ is defined as follows: Arf(Q) = > Q(e;)Q(f;)
where {e1, f1,.... e, fr, b1, ..., hp} is a symplectic basis, i.e. a basis such that Q(e;, f;) =1
and the rest of the values of €2 are 0.
We will use the following simple fact in our proof of Theorem 5.3:

Proposition 5.4 Suppose that U is a vector subspace of codimension one in V. Then
dlm(‘/bo) 2 dim(Uoo)- 1.

Let v € V be a non-zero vector which is not in U. Let us assume that K = {zy,...,2,} is
a basis of Uy and write r(K) = #{z; € K : Q(v,z;) = 1}. If 7(K) = 0, then K is also a
basis for Vi, thus dim(Vy)=dim(Uy). Suppose that r(K) = 1 and Q(v,x;) = 1. Then
K — {z;} is a basis for Vj. Let us now assume that r(K) > 1 and, assume without loss
of generality, that Q(v,z;) = 1 for i = 1,2. Then Ky = {x1, 21 + 22,23, ...,2,} is also a
basis for Uy while r(K;) = r(K) — 1 (because Q(v, 1 + x2) = 0), thus the proposition
follows by induction.

5.2 Basic moves and Dynkin graphs

In this subsection we give some properties of graphs which are BM-equivalent to Dynkin
graphs and discuss their implications on mutations. Throughout this subsection, we
assume that I' is a connected graph in the set-up of (sub)section 5.1.
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Proposition 5.5 Suppose that ' contains Eg. If the number of vertices in ' is greater
than or equal to 9, then it is not BM-equivalent to any Dynkin graph.

Since I' contains Fg, any tree which is BM-equivalent to I' also contains Eg [11, Theo-
rem 2.7]. Since no Dynkin graph with 9 or more vertices contains Eg, the graph ' can
not be equivalent to any Dynkin graph.

Corollary 5.6 Suppose that ' is a simply-laced diagram that contains a subdiagram which
18 mutation equivalent to Fg. If the number of vertices in I' is greater than or equal to 9,
then I' is 2-infinite.

Proposition 5.7 In the set-up of Section 5.1, we have the following description of the
BM-equivalence classes of the simply-laced Dynkin graphs with 6, 7, or 8 vertices:

o Suppose that I has precisely 6 vertices. Then I' is BM-equivalent to a Dynkin graph
if and only if one of the following holds:

(a) Vo = {0},
(b) dim(Vy)=2 and Vo # Vio.

o Suppose that I has precisely 7 vertices. Then T' is BM-equivalent to a Dynkin graph
if and only if dim(Vy)=1 and one of the following holds:

(a) Vo # Voo,
(b) Vo = Voo and Arf(Q) =0

o Suppose that I has precisely 8 vertices. Then I' is BM-equivalent to a Dynkin graph
if and only if one of the following holds:

(a) Vo= {0} and Arf(Q) = 0.
(b) dim(Vy)= 1 and T is BM-equivalent to the Dynkin graph Dg. (Note that an
explicit description of graphs which are BM-equivalent to Dg is given in [11,
Theorems 2.7, 2.10]).
This is a special case of [2, Theorem 4.1] and [9, Theorem 3.8] (see also [11, Theorem 2.7]).

Proposition 5.8 Suppose that [ contains a subgraph which is BM-equivalent to Eg. If
dim (Voo )> 1, then T' is not BM-equivalent to any Dynkin graph.

This statement is also a special case of [9, Theorem 3.8] and [11, Theorem 2.7].

Proposition 5.9 Suppose that ' contains a subgraph X which is Eél) or Eg). Then T
15 not BM-equivalent to any Dynkin graph.
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If the number of vertices in I is greater than or equal to 9, then the statement follows
from Proposition 5.5 because X contains Fjg as a subgraph. Let us now assume that I’
has at most 8 vertices. If X is Eél), then X = I’ which is not BM-equivalent to any
Dynkin graph by [9]. Let us now assume that X is Eél) indexed as in Fig 11. Then T
can not be BM-equivalent to any Dynkin graph with seven vertices [11, Theorem 2.3],
so we may assume that I' has precisely 8 vertices. We may also assume that Vj = 0,
otherwise ' is not equivalent to any Dynkin graph by Proposition 5.8. Under these
assumptions, by Proposition 5.7, the graph I' is BM-equivalent to a Dynkin graph if and
only if Arf(Q) = 0. We will establish a symplectic basis and show that Arf(Q) = 1,
which will prove the proposition. We note that the set

{e1 = a1, fr = as,ea = aq, fo = a5, €3 = ag, f3 = ar,e4 = a; + as + as + ar}

could be completed to a symplectic basis, i.e. there is a non-zero vector f, € V such that
Qey, f1) = 1 and Qe;, f1) = Q(f;, f2) = 0 for i = 1,2, 3, which gives Arf(Q) = 1 because
Q((Zl +as +as + CL7) =0 and Q(CLZ) =1fori= 1, ceey 7.

ar

ae

ai az as aq as

Figure 11: The extended Dynkin graph E’él)

Proposition 5.10 If ' contains a subgraph X which is of type DS), then it is not BM-
equivalent to any Dynkin graph.

Let us denote by U C V the vector subspace which is spanned by the vertices in X
(recall that we work in the set-up of Section 5.1). By [11, Proposition 3.1], we have the
following: if X is a Dfll) (resp. DV n > 5), then dim(Up)= 3 (resp. dim(Upy)> 2). If T
does not contain any subgraph which is BM-equivalent to Fj, then dim(Vpo)> 2 by [11,
Theorem 2.9], implying the conclusion of the proposition by [11, Theorem 2.3,2.7]. Let
us now assume that I' contains a subgraph which is BM-equivalent to Fgs. If I has at
least 9 vertices, then the statement follows from Proposition 5.5. If I' has 6 or 7 vertices,
then dim(Uyy)> 1 by Proposition 5.4, so the proposition follows from Proposition 5.8.
If T has 8 vertices, then it contains a subgraph which is BM-equivalent to Eél) by the
classification of graphs under basic moves [11, Theorems 2.3, 2.7| and [9, Theorem 3.8],
thus the proposition follows from Proposition 5.9.
Finally, we will need the following statement on mutations.

Proposition 5.11 Let C be a diagram which is a non-oriented cycle whose length is
less than or equal to 7 and let Ck be a diagram obtained by adjoining a vertex k to C.
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Suppose that k is a vertex connected to at least two wvertices of C. Suppose also that
k is mot contained in any non-oriented cycle in Ck, in particular k is connected to an
even number of vertices in C. Then Ck is mutation equivalent to a simply-laced extended
Dynkin diagram.

If C'k does not contain any subgraph which is mutation equivalent to Ejg, then the state-
ment is the same as Proposition 4.1. If C'k contains a subgraph which is mutation equiv-
alent to Fg, then C'k is one of the diagrams in Fig.12. It follows from a direct check
that C'k is mutation equivalent to a simply-laced extended Dynkin diagram. (In fact, the
diagram p(Ck) is in Table 4 or 5). We will prove in Lemma 6.1 that each diagram in

Table 4 (resp. Table 5) is mutation equivalent to Eé ) (resp. Eé h.

) B0 W)

Figure 12: The diagram C'k of Proposition 5.11; k is the vertex in the center

5.3 Proof of Theorem 5.3

In view of Proposition 5.2, it is enough to prove that

(*) if T" is not 2-finite, then T is not BM-equivalent to any Dynkin graph.
To establish (*), let us first notice that there is a sequence of mutations 1, ..., g, k > 1
and a simply-laced diagram I such that

(i) I"= pr o ... o (L),
(ii) the diagram I contains a non-oriented cycle C,

(iii) for any 7 : 1,...,k — 1, the diagram I'; = p; o ... o 1 (I") is simply-laced and it does
not contain any non-oriented cycle.

Let us note that k is not contained in C' and it is connected to an even number of vertices
in C' (because pg(I") = 'y is a simply-laced diagram which does not contain any non-
oriented cycle). We denote by Ck the subdiagram with the vertices C'U k. Let us first
assume that C' has length less than or equal to 7. Then u(Ck) C T'y_; is mutation
equivalent to an extended Dynkin diagram, say X, (Proposition 5.11). Note that Ck is
BM-equivalent to X by Proposition 5.2. Since Fk 1 does not contain any non-oriented
cycle, the diagram X is one of the following: DS, E6 b E(l). Thus (*) follows from
Proposition 5.10 and Proposition 5.9. Let us now assume that the length of C' is greater
than or equal to 8. If C'k does not contain any subdiagram which is mutation equivalent
to Fg, then Ck is mutation equivalent to DY by Proposition 3.6, so (*) follows from
Proposition 5.10; otherwise it follows from Proposition 5.5.
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Corollary 5.12 Suppose that I' is a diagram that contains (a subdiagram which is mu-
tation equivalent to) Eg. Let I" be a simply-laced diagram which is mutation equivalent
to I'. Suppose also that I does not contain any non-oriented cycle. Then I' contains a
subdiagram which is mutation equivalent to Fg.

By [11, Theorem 2.7], the diagram [V contains a subgraph, say £, which is BM-equivalent
to Fg. Since I does not contain any non-oriented cycle, the subdiagram F is mutation
equivalent to (an orientation of) Eg by the theorem.

Corollary 5.13 Suppose that T is a simply-laced 2-finite diagram. Suppose also that T’
contains a subdiagram which is mutation equivalent to Eg. Then I' is mutation equivalent
to one of the following diagrams: Fg, F-, Es.

The statement immediately follows from Corollary 5.12 (and the classification of 2-finite
diagrams).

Corollary 5.14 Suppose that T is a simply-laced minimal 2-infinite diagram that does
not contain any subdiagram which is mutation equivalent to Eg. Then I' is in Table 1,
i.e. I' is one of the following diagrams: AS), Dﬁll), D,gl)(m,r), D,gl)(r), Dﬁll)(m, T, S).

If I' contains a non-oriented cycle C', then I' = C' (i.e. of type AS)) because I is minimal
2-infinite. Let us now assume that I" does not contain any non-oriented cycle. Then there
is a sequence of mutations fiq, ..., ux, & > 1 and a simply-laced diagram I'” such that

(i) I" =g o ..o pa (1),
(ii) the diagram I contains a non-oriented cycle C,

(iii) for any 7 : 1,...,k — 1, the diagram T'; = p; o ... o puy(T") is simply-laced and it does
not contain any non-oriented cycle.

We note that £ is not contained in C' and it is connected to an even number of vertices
in C' (because py(I") = I'y_; is a simply-laced diagram which does not contain any non-
oriented cycle). We also note that, for any ¢ : 1,..., k — 1, the diagram I'; does not contain
any subdiagram which is mutation equivalent to Eg (Corollary 5.12). This implies that
the vertex k is not contained in any subdiagram which is mutation equal to Fg in Ck
(otherwise u,(Ck) C pup(I”) = I'y_; contains one). By Proposition 4.1, the diagram
ur(CE) is one of the diagrams DY, Dﬁll)(m, T), Dﬁll)(r), Dﬁll)(m, r,s). By Proposition 3.6
and Lemma 3.4, for any j = 1,....k — 1, the diagram TV = p;_; o ..pp—1 o p(I’), in
particular I*~! = I, contains one of the diagrams D", Dg)(m, ), Dﬁll)(r), Dﬁll)(m, T, S).
Since I' is minimal 2-infinite, the diagram I" must be one of Dg), D,gl)(m,r), D,(ql)(r),
DY (m,r,s).
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Corollary 5.15 A simply-laced diagram I is mutation equivalent to the Dynkin diagram
of type A if and only if it does not have subdiagrams of the following form.:

a non-oriented cycle, (5.1)
a tree of type Dy,
two triangles sharing a common edge,

any (oriented) cycle whose length is greater than or equal to 4.
In view of Theorem 5.3, the corollary follows from [11, Theorem 2.7].

Corollary 5.16 Suppose that ' is a simply-laced minimal 2-infinite diagram. Suppose
also that I' contains a subdiagram which is mutation equivalent to Eg. Then I' is one of
the diagrams in Tables 4-6 in Section 8.

We obtained this corollary by implementing the following algorithm.

5.4 Algorithm to compute minimal 2-infinite diagrams that con-
tains a subdiagram which is mutation equivalent to Ej

Let us denote the set of those diagrams by E. Let I' € E be a diagram with n vertices.

Then 7 <n <9 by Corollargz 5.6. If n =8 or n =9, then I' contains a subdiagram which

is mutation equivalent to Enl_)1 (Corollary 5.13). Thus we can compute E as follows:

Forn=17,8,9:
e compute the mutation class of E,_1,

e for each diagram I' in the mutation class of F,,_;, and each non-empty subset X of
vertices in I,

— form the graph I'k by adjoining a vertex k to I' as follows: k is connected to
all of the vertices in X but not connected any other vertex in T,

— check if 'k is minimal 2-infinite using Theorem 5.3 and Proposition 5.7,

— (if I'k is minimal 2-infinite, check whether it is in the mutation class of E,(LI_)l)

We implemented this algorithm using the computer algebra package Maple (v.8). Our
code is available at [15].

5.5 Proof of Proposition 3.7

If I' contains a subdiagram which is mutation equivalent to Eg, then the theorem follows
from Corollary 5.16. If I' does not contain any subdiagram which is mutation equivalent
to Ejg, then the theorem follows from Corollary 5.14.
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6 Proof of Theorem 3.1

We prove the theorem following the outline given in Section 3, i.e. by proving Lemmas 3.3,
3.4, 3.5. Since Lemma 3.5 is somewhat more involved, we will prove it in a separate section,
Section 7, for convenience.

6.1 Proof of Lemma 3.3

We first prove that I' is 2-infinite. According to [5, Propositions 9.3, 9.7]), any non-
oriented oriented cycle is 2-infinite. In particular any diagram in Table 2 is 2-infinite. By
[5, Propositions 9.3, 9.7]), any extended Dynkin diagram is also 2-infinite. Thus for T’
which is not in Table 2 the fact that it is 2-infinite follows from the following stronger
statement:

Lemma 6.1 Suppose that I" in Section 8 is not one of the diagrams in Table 2. Then I’
is mutation equivalent to an extended Dynkin diagram (Fig. 3).

We prove the lemma using a case by case analysis. Throughout the proof, we assume
that I" is indexed as in the associated table (Section 8).

Case 1. " is in Table 1.

Subcase 1.1. I' is of type By(Ll)(m,r) (resp. B,(ql)(r)). Then we have the following: if
r = 3, then puy, (I') is of type BY:ifr > 3, then 1, (I') is of type B,gl)(m +1,7r—1) (resp.
BW(1,r — 1)), so it is mutation equivalent to B by induction on 7.

Subcase 1.2. T is of type DS (m,r). Then we have the following: if r = 3, then pu,, (I') is
of type Dﬁll); if » > 3, then ., (') is of type Dﬁll)(m%— 1,7—1), so it is mutation equivalent
to D by induction on 7.

Subcase 1.3. I' is of type D,(ql)(r). Then we have the following: if = 3, then p,, (I') is
of type DIV; if r > 3, then p, (T) is of type DS (1,7 — 1) which is mutation equivalent
to D by Subcase 1.1.

Subcase 1.4. T" is of type D,(f)(m, r,s). Then we have the following: if r = 3, then p., (I")
is of type Dﬁll)(m + 1, s), which is mutation equivalent to DY by Subcase 1.2; if r > 3,
then g, (I') is of type DY (m+1,7—1,s), so it is mutation equivalent to D by induction
on 7.

Case 2. " is in Table 3.

Subcase 2.1. I' contains a triangle, say T, which is not adjacent to any cycle. Then
T contains a vertex, say k, which is adjacent to precisely two edges one of them being
weightless. Then the mutation py eliminates the triangle 7'. Continuing this process one
has F4(1) or Ggl).

Subcase 2.2. Subcase 2.1 does not hold. In this case I' has two cycles and there is a
vertex k which is contained in both cycles. If the cycles are triangles, then pu (") is as

in Subcase 2.1; otherwise (') has two adjacent triangles, and applying this case once
more will reduce it to the Subcase 2.1.
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Case 3. I is in Tables 4-6. Then, it follows from a computer check that I' is mutation
equivalent to Eél), Eél) or Eél) [15].

We are done with the proof of Lemma 6.1, thus have shown that any diagram I' in
Section 8 is 2-infinite. Now we will prove that I' is minimal:

Lemma 6.2 Suppose that ' is an arbitrary diagram in Section 8. Then any connected
subdiagram I obtained from T' by deleting a vertex b is mutation equivalent to a Dynkin
diagram.

We prove the lemma using a case by case analysis. Throughout the proof, we assume
that I' is indexed as in the associated table (Section 8).

Case 1. I' is in Table 1. The lemma obviously holds for the extended Dynkin diagrams
and the diagrams Iy(a),a > 4.

Subcase 1.1. T is of type Dfll)(m,r).

Subsubcase 1.1.1. b = by or b = by. Then the diagram g, ,...p, (I') is of type D.

Subsubcase 1.1.2. b = ¢; for some i :1 <i < r. Then the diagram p., ,...pc, (I') is of
type D.
The remaining (sub)subcases are trivial.

Subcase 1.2. T is of type D,(LI)(T).
Subsubcase 1.2.1. b = a; or b = ¢; Let us assume, without loss of generality, that
b = ay. Then p., (I') is an (oriented) cycle which is mutation equivalent to a Dynkin
graph of type D [5].
Subsubcase 1.2.2. b = b; for some i : 1 < i < r. Then the diagram f, ,...ptc, (I') is of
type D.

The remaining (sub)subcases are trivial.
Subcase 1.3. T' is of type D,gl)(m,r, s). By the same arguments as in Subcase 1.1, the
diagram I" is mutation equivalent to a tree of type A or D.
Subcase 1.4. T is of type By(Ll)(m, T) or B,Sl)(r). In this case I'" is mutation equivalent to
a tree of type A, B or D.
Case 2. I' is in Tables 2-3. In this case the lemma is almost obvious.

Case 3. " is in Tables 4-6. For this case we obtained the lemma by a computer check
(see Section 5.4 and [15]).

6.2 Proof of Lemma 3.4

Let us also show this lemma by considering possible cases:

Case 1. I' is in Table 1. In this case we have one of the following: p(T'k) is in Table 1
or the subdiagram I C p (k) formed by all of the vertices which are different from £ is
in Table 1. For most k£ we observed those two statements in our proof of Lemma 6.1. For
the remaining vertices they follow from a direct check.
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Case 2. I' is in Tables 2,3. In this case we have one of the following: p(T'k) is in Table
2,3 or the subdiagram I C p(T'k) formed by all of the vertices which are different from
k is in Section 8. Those two statements also follow from a direct check.

Case 3. I" is in Tables 4-6. In this case the lemma follows from Proposition 3.7 (because
Ik is 2-infinite so is ux(I'k))).

7 Proof of Lemma 3.5

We have divided the proof into several subsections. In each subsection, we assume that
the diagrams I" and I'k are as in the title (of the subsection). We will also assume, without
loss of generality, that k is connected to at least two vertices in I', (otherwise I' C i (T'k),
so we may take I'' = I'). We will show that one of the following two statements is satisfied:

k is contained in a diagram I C T'k such that I'” is in Section 8, (7.1)
the diagram py(T'k) contains a subdiagram I which is in Section 8 (7.2)

Let us note that (7.1) implies (7.2) by Lemma 3.4, so Lemma 3.5 holds in any case.

7.1 The diagram I'k is simply laced

If I' has at most 8 vertices, then obviously p(I'k) has at most 9 vertices and it is 2-infinite,
so we have (7.2) by Proposition 3.7. Let us now assume that I' has at least 9 vertices and
that

'k contains in a subdiagram E C I'k which is mutation (7.3)
equivalent to the Dynkin diagram FEg.

We claim that there exists a connected subdiagram Xk C I'k of 9 vertices which contains
both E and k. To prove this claim we argue as follows: if I' is in Table 1, then it follows
by inspection that I' does not contain any subdiagram which is mutation equivalent to Fjg,
so the subdiagram E must contain the vertex k and we may take Xk to be any connected
subdiagram which has 9 vertices and contains E. If I' is not in Table 1, then it must
belong to Table 6 with precisely 9 vertices. We note, by inspection, that I' contains a
subdiagram which is mutation equivalent to Fj, thus in our set-up of (7.3) we may assume
that £ C I'. Let X C I' be any (connected) subdiagram with precisely 8 vertices such
that £ C X. Note that X is 2-finite because it is a proper subdiagram of I', which is
minimal 2-infinite (Lemma 3.3). Since k is connected to at least two vertices in I', it is
connected to at least one vertex in I', so we may take Xk to be the subdiagram formed by
X and k. Then Xk is 2-infinite by Corollary 5.6, thus it contains a subdiagram X’ from
Section 8 by Proposition 3.7. Since X is 2-finite, the vertex k is necessarily contained in
X', thus (7.1) is satisfied.
If (7.3) is not satisfied, then Lemma 3.5 follows from Proposition 3.6.
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7.2 The diagram 'k is non-simply-laced while I' is simply-laced
A glance at Table 2,3 shows that

if I'k contains an edge e whose weight is greater than or equal to 3, then e is (7.4)

contained in a subdiagram I" C I'k which is one of the diagrams in Table 2 or Table 3,

therefore (7.1) is satisfied. Let us now assume that the condition of (7.4) is not satisfied.
Then, by Definition 2.3, any edge which contains k has weight equal to 2.

Case 1. k is connected to two vertices, say i,j, which are not connected to each other.
Then the subdiagram with the vertices {k,,j} is of type ctV.

Case 2. Case 1 does not hold. Then k is connected to precisely two vertices, say 4, j, in
I'. Furthermore, the vertices ¢ and j are connected to each other.

Subcase 2.1. I' is of type AS), i.e. a non-oriented cycle. Then the diagram pu(I'k) is of
type B,Sl)(r).

Subcase 2.2. T' is not of type AV,

Subsubcase 2.2.1. The edge [i, j| is contained in a cycle, say C, in I'. Then the subdi-
agram with C'U {k} is of type B,gl)(r).

Subsubcase 2.2.2. The edge [i, j] is not contained in any cycle in I'. We first note, by
inspection, that [' contains a subdiagram X which is one of the following: a tree of type
Dy, two triangles sharing a common edge, a (oriented) cycle whose length is greater than

or equal to 4. Let P be the shortest path that connects k£ to X. Then the subdiagram
with P and X contains a subdiagram which is of type BY or By(Ll)(m, r).

7.3 The diagram I' is a non-simply-laced diagram

We need to show Lemma 3.5 for I' which is a non-simply laced diagram from Tables 1-3.
The proof follows by using the same arguments as in Section 7.2. To illustrate we will
prove the lemma for I' which is of type CT(LI); for other types we refer to the corresponding
sections (Sections 7.3-7.5 ) in the long version of this paper [12] (or refer to [13]).

To prove Lemma 3.5 for I" which is of type CT(LI); in view of (7.4), we assume that the
maximum edge-weight in I'k is 2.

Case 1. k is not connected to any vertex in the set {by,c1}.

Subcase 1.1. k£ is not contained in any edge whose weight is equal to 2 in I'k. Then
we have the following:

(i) Suppose that k is connected to two distinct vertices a;, a; in {ay, ..., a,,} and a;, a;
are not connected to each other by an edge. Let r = min{a; : k is connected to a;}
and s = max{i : k is connected to a;}. Then the subdiagram with the vertices

{bh Ay, .., Ay, k? Qsy -eeny Cl}

is of type cV (Fig. 13).
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(ii) If (i) does not hold, then k is connected to precisely two vertices a;, a; in {ay, ..., @, }
such that a;, a; are connected to each other by an edge. Then 14 (I'k) is of type cV.

k

2 2
1 r S 1

Figure 13: figure for Subcase 1.1

Subcase 1.2. k is contained in an edge whose weight is equal to 2. Then for any a;
connected to k, the edge [k, a;] is weighted 2. Let P be the shortest path that connects k

to ¢;. Then the subdiagram with the vertices P is of type oM (Fig. 14).

2 ~ 2
1 1

Figure 14: figure for Subcase 1.2

Case 2. k is connected to precisely one vertez, say by, in the set {by,c1}. We note that
the vertex k is connected to at least one vertex in {ay, ..., am}.

Subcase 2.1. The edge [k, b] is weightless. We note that for any vertex a in {a, ..., ay, }
such that k is connected to a, the edge [a, k| is weighted 2. Let us write s = max{i :
k is connected to a;}. Then the diagram IV on vertices {k, as, ..., @y, c1} is of type V.

Subcase 2.2. The edge [k, b;] is weighted. We note that, for any vertex a in {a, ..., ay, }
such that k is connected to a, the edge [a, k] is weightless. Then we have the following:

e If £ is not connected to ay, then the subdiagram with {k, by, a;} is of type otV

e Suppose that k is connected to a;. If k£ is not connected to any vertex in A =
{ag, ....;an}, then ui(Tk) is a CV. Let us now assume that k is connected to a
vertex in A and let s = min{i : k is connected toa; € A}. Then the diagram on

vertices {k, by, aq,...,as} is a Bﬁll)(r).

Case 3. k is connected to by and c;. Let us first assume that the edge [k, b;] has weight
equal to 2. Then the edge [k, c;] has also weight equal to 2, so the subdiagram with the

vertices {by, k,c;} is of type CV. Let us now assume that the edge [k, 1], hence [k, cq],
is weightless and consider subcases.

Subcase 3.1. £k is connected to a verter in A = {a,...,a,}. We note that for any
vertex a € A such that k is connected to a, the edge [k, a] is weighted 2. Let us write

{a; : kis connected to a;} = {a;,...,a; },r > 1,

where 1 <1 <3 < ... <17, <m.
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Subsubcase 3.1.1. r > 3. Then the subdiagram with the vertices {a;,, k, a;,} is of type
o,
Subsubcase 3.1.2. r = 2. If the vertices a;, and a;, are not connected to each other,

then the subdiagram on vertices {a;,,k,a;,} is of type CiV. Let us now assume that @i,
and a;, are connected to each other. Then we have the following:

(i) If 4; # 1, then the subdiagram on vertices {ay, b1, k, a;, } is of type i) (Fig 15).
(i) If iy # m then the subdiagram on vertices {an, c1, k, a;, } is of type i,

(iii) If neither of the conditions in (i,ii) holds, then iy = 1 and iy = 2 = m, so ux(T'k) is
of type F\"(320).
k

NI
1201 Qiy Gy 2C1

Figure 15: figure for Subsubcase 3.1.2

Subsubcase 3.1.3. r = 1. Then we have the following:
(i) If 1 <i; < m, then the subdiagram on vertices {k, a;,, a;, —1, a;, +1} is of type BY

(ii) Suppose that the condition of (i) does not hold. Then, without loss of generality, we
may assume that i = 1. If m > 2, then the subdiagram on vertices {a1, k, ¢1, a, }s
of type CS. If m = 2, then the diagram ur(Tk} is of type F4(1)(32; 0;1Y. If m =1,
then py (LK} is of type BY.

Subcase 3.2. k is not connected to any vertez in {ai,...,a,}. Then we have the
following: if m > 2, then the subdiagram on vertices {ay, by, k, ¢1, ap, } is of type o ;if
m = 2 then 1,(Tk) is of type F\”(4:3Y); if m = 1 then then uy(Tk) is of type B (r).

7.4 Proof of Theorem 3.2

In view of Theorem 3.1, the theorem is the same as Lemma 6.1, which we already proved.

Remark 7.1 By enlarging the set of representatives for mutation classes of minimal 2-
infinite diagrams, we obtain the following recognition criterion for 2-finite diagrams:

Using at most 9 mutations, any 2-infinite diagram can be transformed into a diagram
which contains a either a diagram from Table 1 or one of the following extended Dynkin
diagrams: E\”, B8 EW FY.

To prove this statement, one may note that any (minimal 2-infinite) diagram which
is not in Table 1 has at most 9 vertices. We also note that it is enough to prove the
theorem for any diagram I' (which is not in Table 1) from our list, because any 2-infinite
diagram contains a subdiagram from our list (Theorem 3.1). This is manageable despite
the relatively large number of diagrams in Tables 2-6. Although we checked this by hand
we do not give the proof here.
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8 The list of minimal 2-infinite diagrams

Unless otherwise stated, any diagram in this list is assumed to have an arbitrary orienta-
tion which does not contain any non-oriented cycle.

AS) O non-oriented

b3
ba
B (m.r) 2
m>1r>3" by 4@ m 1
by
07(11) 2 2
cs
bo €2
1
DR m. r) : .
m>1,r>3 ! "
by Cr
bl b2 Co Ci
DY (m, 7, s)
b a1 A,
m>1,r,8>3 1
by Cs
b; by
DI (r) I\ e I(a) o, a>4
r>3 by
by

Table 1: Minimal 2-infinite diagrams that appear in series
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VA

2 2
(each cycle is non-oriented)

Table 2: Minimal 2-infinite diagrams which are not mutation equivalent
to any extended Dynkin diagram in Fig. 3.

In the following tables, we index the diagrams as follows. For any exceptional extended
Dynkin diagram X, we denote by X (¢/";¢;bl: d") a minimal 2-infinite diagram which is
mutation equivalent to X and which has: m; cycles of length ¢;, ¢ triangles which are not
adjacent to any cycle, [; branches of length [; (here a branch is a maximal chain which is

not adjacent to any cycle), n; vertices which are connected to precisely d; vertices.

s F{M (3151520,
/l M /‘2
¢ N 2 2 ¢ 2 *
PV (31121 £V (3%0) »
5 F,7(3%1512)
2 ¥ o2 3 3 2
*r—r— 0 *r—r— 0

(1) a2 R (1) )
F, 7 (32%;0;11) F,7(41;3Y) G5’ (1) G5’ (2)

3 3 3

r——=

V@) s G$)(3)

Table 3: Minimal 2-infinite diagrams which are mutation equivalent to F. 4(1)

1
or G; ),
B E{M(3Y) EM3%0 B (3%2) BV (33)
BEM (3% BV (41;31) B{M (4%;31)

Table 4: Minimal 2-infinite diagrams which are mutation equivalent to Eél).
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I | /] 1

B B (31153110 B (3151531, 12)
B (3%52;11) B (3%;2;12) B (3%;2;13) EM(3%;0;21,12)
(1) (g2 2. 92 (1) (32 2. 41
E5"(3%;0;2%;3%) E.77(3%;0;2%;4Y)
! ! EM (33;1;12)
BN @020, 1) B3 15214Y) B (3%;1521542) B (331,21 51)

A1 NAA

B (342,0,42) BV 3%2;,05Y) BYEL 1Y) B @50 1750 B (340,12 42)

/]

B 3%40;12551), B (3%50521) EM (35;0) B (3551)
B (a1) B (41,31,0,13)  EM(41,31;1;21) BN (41, 31;0;21)
(M g1 92 (M g1 92
EM (41,3%;2) EM (41,32 1)
B (41,320 B (42,32 1)

B (L, 3%;0;154Y) B @1,33%;0;1050,31) BV (41,3%;0;11;51,41)

o.

BM (42,30) BN 42,3200 EM(51,40,350,12) B (51,40,3%50;2)

E§1>(51,40,32) E§1)(51,41731)

Table 5: Minimal 2-infinite diagrams which are mutation equivalent to Eél).
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E{Y

e

B{M (3%;1522,12)

| /]

E{M(311;31,21,11)

| /]

E{MN(341;31,21,12)

N

E{M (3151531, 22)

E{M (31;1;41,31,11)

/]

EM (3L 155,10

N

BV 3%521)

1
B (3% 2,21, 11,41, 32),

>——o

B{M (3%2;21,12)

E{M (3%0;31,12)

/]

B (3%:2,17)

B{M (322,21, 11;41,32),

/]

B (3% 1551, 41)

BV (3%2,1%)

1
E{M (322,21, 11;51)

E{M (32;2;21,13)

BV (3%0,2%)

E{(32;0;41,11;3%)

E{M (320,41, 1%;41),

Va4

E{M (320,41, 1%;41),

E{M(3%;2;3,1)

BN (3%;0;21,12)

B{M(3%;0;31,11;41)

B{M (3%2;31,21)

1
B{M(3%;0;31,11;51;33)

E{M(3%;0;31,11;51,41)

B{M (3%;0;31,11;42,32)

E{M(33;0;31,11;41,32)

E{M (33;0;41;42)

/]

BN (33;1;11;3%)

E{M (33;1;12;42,32)

B{M (33%1;12;42,32)

Table 6: Minimal 2-infinite diagrams which are mutation equivalent to F.

A

E{M (3%;0;41;51)

/]

E{V (3351511541, 33),

BV (3351511541, 33),

B{M (33151241, 3%),

B{M (33;1;13;41,35)
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BN (331;13;51,3%)  E{V(33;1;13;51,41,32) B{MY(33;1;21,11;51,41) BV (3%;1;21, 11541, 34)

/]

BV (3% 1521,1542,32)  EB(V(3%;1;21,1%;5,32)  B{Y(3%;3;11;42,31)

—o

NA A B

EM(3%3;11;51,3%)  E{M(3%:3;12550,41,3Y),  EB{M(3%;3;12;51,41,31),

o—@

EM (3451512550 B (3%50513), B (34;0;21;43)

B (34;0;13),

BN (3%0,21,15,42) BN (340,28, 1550, BV (340;21,155Y),  ESV(340;3)
B (34150;42) E{Y (341;0,51) E{D (341,11 41)

A/

B (3%;1512;42,3%), BV (341,151, 33)

A A

EM @5 151850,3Y B35 15185041 B (3%151254%) BV (3%1512;4%),

B (34151242, 3%),

p——o

E{M (3%51512;43), E{M (341512551, 4Y) BV (3%;1512;43), E{M (3415125 61)

AN

E{N (3% 1;2450,4Y) BV (3% 1;2161)

E{(3%2;11;42,3%) E{V(3%;2;11;4%)

E{M (342;11;5,41,31)
Eél)(34; 2;11;52)

Table 6 (continued)
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(1) (35.(.12. 43
BV (3%;0;12;43)
i BV (3%;0;12;51) BV (35;0;12;51,42,32),  E{V(35;0;12;51,42,32),

(1 (35.1. 0:41) (D (35. 1. 0: 51
E{M (3% 1;0;41) B{M (3551505 51)
B 3%0,25,4%)  BLD (3% 0521561 )
E{M (3%;1;11;43) E{M (3%;1;11;44) BN (31,1151, 4)

/]

EM (355151151, 42) B (355151151, 43) BV (3% 1;11;52)  E(Y(35;2;0;51) ELV(3%;2;0;61)

E{M(3%;0;11;42) B{M(3%;0;11;51,4%) BV (365,0;1%;5%) LM (3%;1;0;51,43),
B{M (35,1;0;51,43), E{M (351;0;52) E{M (3%1;0;61)
1
ED(37)
E{M (410,411 E{M (41;0;31,12)

EM@1,35;0;21,12) B (41, 3%;0;22) ESY(41,31;0;31,11;3%) B{Y(41,350;31, 11541,

B{M (41, 3%;0;31,11;41), E{M (41, 315041 3%) E{M (41,31, 0;41;47)
B @431 1510 E{M (41,315 1512;3%), B{Y(41,34,1;1253Y), BV (41,31 1;12;41)

/ | 1. =

(g1 g1 3 (g1 31 1 11,41
BV @,341;13) BV (4l 3151528 115 4)
s s A E(l) (41,32,0;1%;41)  E{V(41,32,0;21, 11,41, 30),

(1)(41 32021 114 3) (1)(12[_J/1 5 2) E(l( 021
4+,34;0;24,1%;4

/ TI7I

Table 6 (continued) B{M(41,32;0;21,12)  E{V(41,3%0;31)
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MDZJ [N A [ 12

BV (41,3%1;0;3%) )(41,32%,1;0;4Y)  EB{V(41,32%1;11,3%) BV (41, 82;1;11;41,33),

/| A A1 A

BN (41,32,1;11;41,3%), B{M (41,32 1510541, 3301 (41, 3215105 51) BLM (41, 3251;12;42,34),

(DN A, DNAT [

B (41,32,1;12;41,3%),  B{M (41,321;12;42,32), B{M (41, 32,1512, 42, 32), B(M (41, 32,1512, 49)

o o -

(1) 41 32 1; 12 51 ) E<1) 41 32 1; 21. 41) (1) 41 32 1; 21. 42)E(1)(41 32 1; 21 51
B 41,3%;2;11) BV (41,33;0;1%,42,3%),  E{V(41,33%;0;1%;42,3%),
E{M (41,32;1;21;51), N
E(l)(4l 33. 0: 12:43 32) E<1) 41 33. 0: 12.43 32 E(l) 41 33.0:12:51.35
8 »9 5 Y ) ) 1 8 ( ) y Uy ; ) )2 8 ( 7370717573)

E(l) 41733;0;12;51741733 1 E(1> 41,33;0;12;51,41,33 2 E(1> 41,33;0;12;51,41,33 3
8 8 8

e

BV (41,33;0;21;41)

(1) 41 33.0.12.51 41 33 (D g1 33.09.12.51 41 33
E (4 73 7071 ;5 74 73 )4 E (4 73 7071 ) 74 73 )5
8 q 8, ( )(41 33 0 21 42)

(1) g1 93.0.91.43 (1) (41 93.0.91.43
E (4 »3 7072 74 )1 E (4 73 7072 74 )2 .
i ’ BV (41,3%;0,21; 51, 3%)E{M (41, 33; 0; 21 51, 3%)

/]

E{M (41,33 1,0)

B{M(41,33;0;21;51 41y, E{D(41,3%;0;21; 51, 41),

B{M (41,33, 1511542 321 (41,331, 11,42, 33), E{M (41,33;1;11;42,3%),

B{M (41,33, 1;11;42,33),

BV 41,33 1;154%) BN (1,33 151151 E(Y (41,33, 2;0;42)
\ E{M(41,3%;2;0;51 )

B (41,3%;2;0;51 )2 BLM (41, 3%0;11;43, 33 B (41, 3%, 05 11, 43, 33),
Table 6 (continued)

E{M (41,340,115 4%)
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Eél)(417 3%:1;0;42)

E{M (41,3%1;0;52)

BV (a1,3%1;0,51, 4 BLY(41,3% 150,441 % | E{D (41,34 1;,0;61)
E{M (41,341;0;4%),

- E{(41,3%1;0;43) ESV (41,34 1;0;51,41),
Eé )(41,34; 0;1%;51)

E{M (41,350,051, 4)
: B (41,35,0,0;51,4%); BV (41,3%0;0;51,43), B (41,350;0;52,3%)

E{M (41,35,0,0;52,41)  E{M (42;0) E{V (41,310, 21, 3%) e
E{M (41,31;0;21;41), B{M (41, 31;0;21; 42) BN (41,3111
I . —Oh
E{M (42,320,113 41C
B{M (42,320, 11;41), EO @2, 32,0,10,42) BN 42,320,105
RN mu¥ .
B{M(42,32,1;0,41) BV (42,321;0,42);

BV (42,3%;1;0;42), BV (42,3%1;0;51)

AN

BV (42,3%;0;0;43) B (42,33;0;0;4%)
(1) )(51;0;22)  E{V(5%;0;41) )(51,350;13) E(M(51,3%;0;21,11),
Eg’(43,3h)
E{M (51,31;0;21,11), EM (51,31:1;0) BN (51,3151
EM (1,3 1512) B (51,35 1;2541,3Y), E{V (51,315 1521541, 3,

Table 6 (continued)
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/] N
%\/7% AKS

E{V(51,32;0;12;41,34)1 ESV (5,32, 05 12,41, 34),B() (51, 32,0, 12,42, 32), B (5, 32, 0; 12; 42, 32),

>

EM(51,321;11,41,3%); EJV(51,32;1;1%41,33), B0 (5, 322, 0;42),

=

B{V(51,3%0;0)  E{M(51,3%0;11541),  E{M(51,3%;0;11;41),

=

B (51,3% 010501 By (51,8%0,1551), BV (51,33,0,11;51)
s ,3%;0;1%550)3

(<

o——%

Eél)(51,32; 2;0;42)2

Eél)(f)l, 33:0;11;42)

BV (51,33;0;11;51,41)

/] /]

(1) (51 41 2 (1) (51 41 1
Ey 7’ (5%,4%;0;1%) Eg’(54,44;0;24)
BV (51,340,0,4%)  AEY(51,340;0;5)) i
E{M(5,41,3%;0;11) B{M(51,41,351,0) BV (51,41,32;0)
E{V(61,31;0;12) E{M(61,3%;0;12), E{M (61,3205 1),

E{(61,3%;0)

E{V(61,3%0;11),

V(1,350 E{M(6!,4%,350;3%)

Table 6 (continued)
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