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Abstract

The density matrix of a graph is the combinatorial laplacian matrix of a graph
normalized to have unit trace. In this paper we generalize the entanglement prop-
erties of mixed density matrices from combinatorial laplacian matrices of graphs
discussed in Braunstein et al. [Annals of Combinatorics, 10 (2006) 291] to tripartite
states. Then we prove that the degree condition defined in Braunstein et al. [Phys.
Rev. A, 73 (2006) 012320] is sufficient and necessary for the tripartite separability
of the density matrix of a nearest point graph.

1 Introduction

Quantum entanglement is one of the most striking features of the quantum formalism!.
Moreover, quantum entangled states may be used as basic resources in quantum infor-
mation processing and communication, such as quantum cryptography!®, quantum para-
llelism®, quantum dense coding!*® and quantum teleportation!® 7. So testing whether a
given state of a composite quantum system is separable or entangled is in general very
important.

Recently, normalized laplacian matrices of graphs considered as density matrices have
been studied in quantum mechanics. One can recall the definition of density matrices of
graphs from [8]. Ali Saif M. Hassan and Pramod Joagl® studied the related issues like
classification of pure and mixed states, von Neumann entropy, separability of multipartite
quantum states and quantum operations in terms of the graphs associated with quantum
states. Chai Wah Wul"l showed that the Peres-Horodecki positive partial transpose con-
dition is necessary and sufficient for separability in C? ® C9. Braunstein et al."'! proved
that the degree condition is necessary for separability of density matrices of any graph
and is sufficient for separability of density matrices of nearest point graphs and perfect

THE ELECTRONIC JOURNAL OF COMBINATORICS 14 (2007), #R40 1



matching graphs. Hildebrand et al.l'” testified that the degree condition is equivalent to
the PPT-criterion. They also considered the concurrence of density matrices of graphs
and pointed out that there are examples on four vertices whose concurrence is a rational
number.

The paper is divided into three sections. In section 2, we recall the definition of the
density matrices of a graph and define the tensor product of three graphs, reconsider the
tripartite entanglement properties of the density matrices of graphs introduced in [8]. In
section 3, we define partially transposed graph at first and then shows that the degree
condition introduced in [11] is also sufficient and necessary condition for the tripartite
state of the density matrices of nearest point graphs.

2 The tripartite entanglement properties of the den-
sity matrices of graphs

Recall that from [8] a graph G = (V(G), E(GQ)) is defined as: V(G) = {v1, ve, -+, v,}
is a non-empty and finite set called vertices; E(G) = {{v;, v;} : v, v; € V} is a non-
empty set of unordered pairs of vertices called edges. An edge of the form {v;, v;} is called
as a loop. We assume that F(G) does not contain any loops. A graph G is said to be on
n vertices if |V(G)| = n. The adjacency matriz of a graph G on n vertices is an n X n
matrix, denoted by M(G), with lines labeled by the vertices of G and ij-th entry defined

as: [ 1, if (v, v;) € E(GQ);
e A Tl o

If {v;, v;} € E(G) two distinct vertices v; and v; are said to be adjacent. The degree
of a vertex v; € V(G) is the number of edges adjacent to v;, we denote it as dg(v;).

dg = Z dc(v;) is called as the degree sum. Notice that dg = 2|E(G)|. The degree matriz
i=1

of G is an n x n matrix, denoted as A(G), with ij-th entry defined as:

@ - { ot 1=

The combinatorial laplacian matriz of a graph G is the symmetric positive semidefinite
matrix

L(G) = A(G) — M(G).
The density matrix of G' of a graph G is the matrix

p(G) = - L(C).

Recall that a graph is called completel™ if every pair of vertices are adjacent, and the

complete graph on n vertices is denoted by K,. Obviously, p(K,) = ﬁ(n[n — Jn),
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where I,, and J, is the n x n identity matrix and the n x n all-ones matrix, respectively.

A star graph on n vertices aq, g, -, a,, denoted by K ,_1, is the graph whose set of
edges is {{a1, a;}: i=2, 3, .-+, n}, we have
n—1 -1 -1 -+ -1
-1 1
p(Kin-1) = ; —1 1
’ 2(n—1)
-1 1

Let G be a graph which has only a edge. Then the density matrix of G is pure. The
density matrix of a graph is a uniform mixture of pure density matrices, that is, for a
graph G on n vertices vy, vq, - -+, v, having s edges {v;,, v;, }, {vip, v, }, -, {vi,, vi }
where 1 S il, jl, ’ig, jg, SR ik, jk S n,

p(C) = 3 ()

here H; : 1is the factor of G such that

kJk
|1, ifu=i and w = j or w = iy and u = Jy;
(M (Hi ), w = { 0, otherwise.
It is obvious that p(H;,,) is pure.
Before we discuss the tripartite entanglement properties of the density matrices of
graphs we will at first recall briefly the definition of the tripartite separability:
Definition 1 The state p acting on H = H4QHpR@Hc is called tripartite separability
if it can be written in the form

p="> Dipy ® ply ® pi,

where ply = |aly)(aly], ol = [B5) (85l sl = WEYOEL D pi =1, pi = 0 and [ad), [B),

|7%) are normalized pure states of subsystems A, B and C, respectively. Otherwise, the
state is called entangled.

Now we define the tensor product of three graphs. The tensor product of graphs
Ga, Gp, G¢, denoted by G4 ® G ® G¢, is the graph whose adjacency matrix is
MGy ® Gp @ Go) = M(Ga) @ M(Gp) ® M(G¢). Whenever we consider a graph
G4 ® G ® Go, where G4 is on m vertices, Gg is on p vertices and G¢ is on ¢ ver-
tices, the tripartite separability of p(G4 ® G ® G¢) is described with respect to the
Hilbert space Ha ® Hp ® H¢, where Hy is the space spanned by the orthonormal basis
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{Ju1), |us), -+, |um)} associated to V(G4), Hp is the space spanned by the orthonor-
mal basis {|v1), |va), -+, |vp)} associated to V(Gp) and He is the space spanned by
the orthonormal basis {|wi), |ws), ---, |w,)} associated to V(G¢). The vertices of
Ga ® G @ G are taken as {uvjwg, 1 < i < m, 1 <35 <p 1<k < g} We
associate |u;)|v;)|wg) to wvjwg, where 1 < i < m, 1 < j <p, 1 <k < ¢ In con-
junction with this, whenever we talk about tripartite separability of any graph G on n

vertices, |aq), |ag), ++ -, |ayn), we consider it in the space C™ ®@ C? ® C'9, where n = mpyq.
The vectors |ay), |ag), -+, |a,) are taken as follows: |a1) = |ug)|vi)|wy), |ae) =
un) [vr)|wa), -+, Jam) = |um)|vp)|wg).

To investigate the tripartite entanglement properties of the density matrices of graphs
it is necessary to recall the well known positive partial transposition criterion (i.e. Peres
criterion). It makes use of the notion of partial transpose of a density matrix. Here we
will only recall the Peres criterion for the tripartite states. Consider a n x n matrix
papc acting on C}' ® C} ® CF, where n = mpqg. The partial transpose of pspc with
respect to the systems A, B, C are the matrices p’;’_;%c, pZ;E"BC, pﬁ%c, respectively, and
with (i, j, k; i/, j', k')-th entry defined as follows:

[0hscli i ks o,k = (upvjwe] papeluivywg),
i )i i ks o, gk = (wvpwe] page|uiv o),
[02Gcli i ks o, gk = (wvjwp| page|uivjaog),

where 1 <i, i/ <m; 1<j, j/<pand 1<k, k' <q.
For separability of papc we have the following criterion:
Peres criterion™® If p is a separable density matrix acting on C™ ® C? @ C, then

pla, pTe. plc are positive semidefinite.

Lemma 1 The density matrix of the tensor product of three graphs is tripartite
separable.

Proof. Let G; be a graph on n vertices, uj, us, - -, u,, and m edges, {u,,,
Udy by oo s AUy U, t, 1< c1, diy, -+, ¢m, dpm < n. Let Gy be a graph on k vertices,
V1, U2, =+, Uk, andeedges, {Uil, ’Ujl}, SR {Uie, Uje}? 1< il, jl, R ’ie, je < k. Let G3
be a graph on [ vertices, wy, wa, ---, wy, and f edges, {w,,, ws, }, -+, {w,,, wy, }, 1 <
ri, s1, ~=+, rf, 8§ < 1. Then

1 < I < 1
p(Gl) = E Zp(Hcpdp)7 p(G2) = E Zp(Liqjq)> p(G3) = ? Zp(QT’tSt)‘
p=1 g=1 t=1
Therefore

p(G1 ® Gy ® G3)
1

= [A(G1® G2 ® G3) — M(G) @ Go @ Gy)]
deie6a00s
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1 m
:732

deroGa06s 5 41 15
m e f
1
= 8p(Hcpdp X qu q ® Qrtst)
m e f
1
- mef Z Z p(HCPdP ® Ligj, ® Qrese)
p=1 ¢g=1 t=1
m e f
1 1
= mef Z Z Z g[A(Hcpdp> ® A(qu]q) ® A(Q"‘tst) M(Hcpdp> ® M(qu]q) ® M(Qrtst>]
p=1 ¢g=1 t=1
1 S n -]
= mefZZZE[ﬂ(Hdep)(gp(qu]q) ®p(QTt3t>
p=1 ¢g=1 t=1
_'_p"r(Hdep) ® p(LZq]q> ® p‘l’(Q'f‘tst) _'_ p(Hdep) ® p+(L2q]q> ® p‘l’(Q'f‘tst)
+p+(Hdep) ® p+ (qu]q) ® p(QTtSt)]
where

pi(Hepa) & A(Hepg)) — p(Heya) = = (A(Hepg,) + M(He,p,)),

def
p+(Liqjq) = A(Liqjq> - p(Liqjq) =

P4+ (Qrys,) £ A(Qrys,) = p(Qrs,) = B) (A(Qrm) + M(Q'f‘tst))7

the fourth equality follows from dg,sc,06, = 8mef and the fifth equality follows from
the definition of tensor products of graphs.
Notice that py(Hc,a,), p+(Liyj,)s P+(Qr.s,) are all density matrices. Let

f
Z (Qrys:)-

(A(Lij,) + M(Li,y,)),

=N o =

wH

1 m
:EE p+(Hepa,);,  p+(Ge) = E p+(Lig,), p+(G3) =
p=1

Then
p(G1® Gy @ Gy) = 1[p(G1) @ p(G2) @ p(G) + p1(G1) @ p(Ga) @ py(Gs)
+p(G1) @ p+(G2) @ p+(G3) + p1(G1) ® p1(G2) ® p(G3)].

So we have that p(G) is tripartite separable. O
Remark We associate to the vertices ay, as, ---,a, of a graph G an orthonormal
basis {|a1), |a2), --+, |a,)}. In terms of this basis, the uw-th elements of the matrices

p(Hc,q,) and p+(Hcpdp) are given by (a,|p(H, dp)|aw> and (o |p+(He,q,)|ow), respectively.
In this basis we have

p(He,a,) = P[%(I%) —lag,))], p+(He,a,) = P[%ﬂ%) +lag,))]-
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Lemma 2 The matrix o = 1P[ s (ligk)— |r5t>)}+iP[%(|Z’jt)—|rsk:>)]+iP[%(|z’sk)—
Irjt)] + [\/5(|7’jk‘> — |ist))] is a densfcy matrix and tripartite separable.

Proof.  Since the project operator is semipositive, ¢ is semipositive. By computing
one can get tr(c) = 1, so o is a density matrix. Let

(l8) £ Ir)), Jv*) = (IJ>i| ), w®) = (|k>i|t>)

Sl
%\
Sl

We obtain
7 = 2Pl o) )] + TPt )] + 3Pl o)) + 3P ),

thus o is tripartite separable. O

Lemma 3 For any n = mpq, the density matrix p(K,) is tripartite separable in
C"®CPe (1.

Proof. Since M(K,) = J, — I, where J,, is the n x n all-ones matrix and I, is
the n x n identity matrix, whenever there is an edge {w;v;wy, u,vsw;}, there must be
entangled edges {u,vjwy, wvsw}, {wvswg, wvjw} and {wvjwy, uvswg}. The result
follows from Lemma 2. O

Lemma 4 The complete graph on n > 1 vertices is not a tensor product of three
graphs.

Proof. It is obvious that K, is not a tensor product of three graphs if n is a prime
or a product of two primes. Thus we can assume that n is a product of three or more
primes. Let n = mpq, m, p, ¢ > 1. Suppose that there exist three graphs GGy, G5 and
G5 on m, p and g vertices, respectively, such that K,,,, = G; ® G2 @ G3. Let |[E(Gy)| =
r, |E(Gq2)| = s, |E(G3)| = t. Then, by the degree sum formula, 2r < m(m — 1), 2s <
p(p—1), 2t < q(q—1). Hence

2r - 25 -2t <mpq(m —1)(p — 1)(q — 1) = mpg(mpq —mp —mq —pg +m +p+q—1).
Now, observe that
V(G ® Gy ® Gs)| =mpq, |E(Gy® Gy ® Gs)| = 4rst.
Therefore,

G1® Gy ® G3 = Kyppy <= mpq(mpg — 1) =2 - 4rst,

SO
mpq(mpq — 1) = 8rst < mpq(mpqg —mp —mq —pg+m +p+q—1).

It follows that mp+mq+pg—m —p—q <0, thatism(p—1)+qg(m—1)+p(¢g—1) <0.
Asm,p,qg>1weget m(p—1)+qg(m—1)+p(g—1) =0. It yields that m =p=¢g=1. 0
Theorem 1 Given a graph G; ® G5 ® G3, the density matrix p(G; ® Go ® G3) is
tripartite separable. However if a density matrix p(L) is tripartite separable it does not
necessarily mean that L = L1 ® Ly ® L3, for some graphs L, Lo and Ls.
Proof. The result follows from Lemmas 1, 3 and 4. O
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Theorem 2 The density matrix p(K;, ,—1) is tripartite entangled for n = mpq > 8.
Proof. Consider a graph G = K; ,_; on n = mpq vertices, |ay), |az), -+, |an).
Then

k) = —ZP |CV1 |an))].

We are going to examine tripartite separability of p(G) in O ® CY @ CE, where C, CY,
and Cf are associated to three quantum systems Hu, Hp and He, respectively. Let
{lur), fuz), -+, fum)}, {lo1), |v2), -+ |vp) } and {Jwn), fws), -+ -, |wg)} be orthonormal
basis of Cy', C}, and C{,, respectively. So,

6) = 1 D Pigunen) )

where k= (rpy — Dpg + (sp — 1) + b5, 1 <71 <m, 1 <sp <p, 1<t <q.Hence

1
NG

+ZP[|ul>|vl>7<|wl> NNESS ZP[%(WWWO )

(lon) = fv))Jwn)]

n—1

p(G) = {ZP (lur) = fui))[o1)[wn)] +ZP[|U1>

=2 j=2 2
m g
1
+ Z Z Pl— |ulvlw1> — |uwv;wg))] + Z Pl—(lujviwy) — |u;vrwy,))]
i=2 k=2 =2 k=2 2
+ ZZP (Jlurviwy) — \ulvjwk))]}
1=2 j=2 k=2

Consider now the following projectors:

P = fup)(ui| + [uz) (ua|, @ = [vi){vi] + |vz)(v2| and R = |wy)(w:] + |wa)(ws.

B 0e R Peqer)
- %1{"——813[|u1v1w1>] + Pl (o) - [uvgws))]
[%(|U1U1w1> — |uavawn))] + [%(|U1@1w1> — |ugviwy))]
+P[%(|U1U1w1> — [urvaws))] + [7(|U101w1> [ugv1wsa))]
+P[ 5 (Jwmviwi) — |usvawn))] + Pl (luvw) — \U2U2w2>)]}-

In the basis

{lurviwy), [urviwy), [urvews), [urvaws), [ugviws), |ugviws), |ugvaws), [ugvaws)},
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we have

nlo 11 1 1 g 0
-1 1 0 0o -Lo0o0o0
19 L 0 ~1o0o0o0
1 1 1

[(P@Q@R)p(G)(P@?Q@R)]TA:ﬁ _i _0; _O; _i f 2 2 2
2 2 2 2 2
00 0 0 0 400
0 0 0 0 0 04%0
0 0 0 0 0 00 1

The eigenpolynomial of the above matrix is

1 5 n+1 n—4 n-+4
my) oY ) )
( 2(n —1) 2n—1)" " 2An—12" " An—1)
ﬁ (with multiplicity 5) and the roots of the

polynomial A3 — 2(7:;11))\2 - 2(2:‘11)2 A+ 4(21“11)3. Let the roots of this polynomial of degree
three be A1, Ay and A3. Then A\ \3 = —4(;‘%‘11)3 < 0, so one of the three roots must be
negative, i.e., there must be a negative eigenvalue of the above matrix. Hence, by Peres
criterion, the matrix (P ® Q ® R)p(G)(P ® Q ® R) is tripartite entangled and then p(G)

is tripartite entangled. O

so the eigenvalues of the matrix are

3 A sufficient and necessary condition of tripartite
separability

Definition 2 Partially transposed graph G'4 = (V, E'), (i.e. the partial transpose of a
graph G = (V, E') with respect to H4) is the graph such that

{wvjwg, uvsw} € E"if and only if {u,vjwg, wvsw} € E.

Partially transposed graphs G'# and G'¢ (with respect to Hp and Hc, respectively) can
be defined in a similar way.

For tripartite states we denote A(G) = A(G") = A(G"8) = A(G"¢) as the degree
condition. Hildebrand et al.*! proved that the degree criterion is equivalent to PPT
criterion. It is easy to show that this equivalent condition is still true for the tripartite
states. Thus from Peres criterion we can get:

Theorem 3 Let p(G) be the density matrix of a graph on n = mpq vertices. If p(G)
is separable in C}' @ C% @ Cg, then A(G) = A(GM4) = A(GT2) = A(G'e).
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Let G be a graph on n = mpq vertices: oy, ag, ---, «a, and f edges: {ay,, o},
{viy, gy}, -+, {ai;, aj, . Let vertices o, = uvjwy, where s = (i—1)pg+(j —1)g+k, 1 <
i<m, 1<j<p 1<Fk<yq. Thevectors |u;)’s, |v;)’s, |wg)'s form orthonormal bases
of C™, C? and C7, respectively. The edge {uvjwi, u,vsw;} is said to be entangled if
i#£r, jF£s, k#tL

Consider a cuboid with mpq points whose length is m, width is p and height is ¢, such
that the distance between two neighboring points on the same line is 1. A nearest point
graph is a graph whose vertices are identified with the points of the cuboid and the edges
have length 1, V2 and /3.

The degree condition is still a sufficient condition of the tripartite separability for the
density matrix of a nearest point graph.

Theorem 4 Let G be a nearest point graph on n = mpq vertices. If A(G) =
A(G') = A(GTB) = A(GY?), then the density matrix p(G) is tripartite separable in
Cr ®CheCE.

Proof. Let G be a nearest point graph on n = mpq vertices and f edges. We
associate to G the orthonormal basis {|oy) : 1 =1, 2, -+, n} = {|u;) @ |v;) @ |wy) : i =
1,2 - myj=1,2 -, p k=12, ---, q}, where {Ju;) : i =1, 2, ---, m}is
an orthonormal basis of C{', {|v;) : =1, 2, ---, p} is an orthonormal basis of C}, and
{lwg) : i=1, 2, ---, ¢} is an orthonormal basis of C¢. Let i, r € {1, 2, ---, m}, j, s €
{1, 2, -+ p}, ky t€{1, 2, -, q}, Nijk, rst € {0, 1} be defined by

)\ 1 i (wvywyg, wvswy) € E(G);
ik, st =00, if (wivjwy, uvswy) ¢ E(G),

where i, j, k, r, s, t satisfy either of the following seven conditions:

e i=1, =5 k=t+1;

e i=1,j=s5+1, k=t

ei=r+1 j=s5 k=t

e i=7r j=s5+1 k=t+1;

ei=r+1 j=s+1k=t

ei=r+1 j=s k=1t+1;

ei=r+1 j=s+1 k=t+1.

Let p(G), p(G¥4), p(GF?) and p(G'¢) be the density matrices corresponding to the
graph G, G'4, G'# and G, respectively. Thus

p(G) = 3;(A(G) - M(G)), p(GT4) = g5 (A(GT) — M(G™)),

L
2f

pG) = H(AG) = M(G™)),  p(GPe) = H(A(G™) ~ M(GTe)).
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Let G; be the subgraph of G whose edges are all the entangled edges of G. An edge
{uvjwg, uvw} is entangled if i # r, j # s, k # t. Let G be the subgraph of G4
corresponding to all the entangled edges of G4, G¥ be the subgraph of G'# corresponding
to all the entangled edges of G'2, and G{ be the subgraph of GT'¢ corresponding to all
the entangled edges of G'c. Obviously, GA (G1)F4, GB = (G))'s, GY = (G)Ve. We

have
1 m
? Z Z Z )\mk rstP \/7 |UZ’U]U)k> |U7«U5wt>)]7

i=1 j=1 k=1

where i, j, k; r, s, t must satisfy either of the above seven conditions. We can get
p(G), p(GP) and p(GY) by commuting the index of u, v, w in the above equation,
respectively. Also we have

Gl 2f Z Z Z )\Uk rstP |u 'U]'wk>]

i=1 j=1 k=1

where i, j, k; 7, s, t must satisfy either of the above seven conditions. We can get
A(G), A(GP) and A(GY) by commuting the index of A with respect to the Hilbert space
Ha, Hp, He, respectively. Let Go, G3, GF and GY be the subgraph of G, G4, GP
and GY containing all the unentangled edges, respectively. It is obvious that A(Gs) =
A(GY*) = A(GYP) = A(G5€). So A(G) = A(G") = A(G"?) = A(G"0) if and only if
A(Gy) = A(GY*) = A(G}?) = A(G1€). The degree condition implies that

>\ijk, rst — )\Tjk, ist — >\isk, rjt — )\ijt, rsk»

for any i, r € {1, 2, -+, m}, j, s € {1, 2, ---, p}, k, t € {1, 2, .-+, q}.
The above equation shows that whenever there is an entangled edge {uvjwg, w,vsw.}
in G (here we must have i # r, j # s, k # t), there must be the entangled edges
{u,vjwy, wvsw}, {uwvswy, wvwe} and {u;v;wy, uvswy} in G. Let

pi, j. ks mos, 1) = H(Pl(uwjwe) — luvswe)] + Pl (fuvjwg) — [uwsw)]
+P[ 5 (luivswy) = [upvjwn))] + Pl (Juvjwe) = [uvswe))]).

By Lemma 2, we know p(i, j, k; r, s, t) is tripartite separable in C}' ® C}, @ C{. By
Theorem 3 in [11] we can easily get p(G2) is tripartite separable in C}' ® C% @ C¢. O

From Theorems 3 and 4 we can obtain the following corollary which is a sufficient and
necessary criterion (we called degree-criterion) of the density matrix of a nearest point
graph:

Corollary 1 Let GG be a nearest point graph on n = mpq vertices, then the density
matrix p(G) is tripartite separable in C7' ® Ch @ C& if and only if A(G) = A(G"™) =
A(G'B) = A(GTe).
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Example Let G be a graph on 12 = 3 x 2 x 2 vertices, having a unique edge
{uviwy, usvows}. Then we have

1

L O OO O OO
OO OO OO OO o oo
DO DO DD DODDODDO O o oo
OO DO DO OO o oo
|
—_
OO OO OO O oo oo
SO OO OO OO o oo
SO DO DO OO OO o oo
SO OO OO OO o oo

o O O

O OO DO DD OO oo oo
O OO DO DD OO oo oo
O OO O OO OO oo oo
[ eNoNoll e No ool o)

(@)
[a)
(@)
(@)
o
[a)
[e)
[a)

The partially transposed graph G4 is a graph on 12 vertices and has an edge {usv;w,
Ulvgwg}. Then

ooooooL»—looo
OOOOOO»—‘}LOOO
coocoocococooco oo
cCcoocoococoocococo oo
coococococococo oo
coocoocococococo oo
cooocococococo oo

O DD DO DD DODDD OO oo oo
O OO DO DD DO oo oo
SO OO DO DD OO oo oo
SO OO DD OO OO oo oo

[\
O OO DD DODIDD OO oo oo

0 O

Obviously, the degree matrices of G and G'4 are different. The eigenvalues of p(G)
are 0 (with multiplicity 8), 1 (with multiplicity 3) and —1, so p(G)™ is not positive
semidefinite. According to Peres criterion, p(G) is tripartite entangled. O

Two graphs G and H are said to be isomorphic, denoted as G = H, if there is an
isomorphism between V(G) and V(H), i.e., there is a permutation matrix P such that
PM(G)PT = M(H).H

Theorem 5 Let G and H be two graphs on n = mpq vertices. If p(G) is tripartite
entangled in C™ ® CP? ® C9 and G = H, then p(H) is not necessarily tripartite entangled
in C"® CP e C1.

Proof. Let G be the graph introduced in the above example. Then p(G) is tripartite
entangled. Let H be a graph on 12 vertices, having an edge {ujv;w;, ujviws}. Obviously,
G is isomorphic to H. However,
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p(H) = P ¥l

(lurvrwr) = [urviwe))] = |ur) (ur| @ vr) (v1| @ [w™) (w™],
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where |wt) = ﬁﬂwl) — |wy)), shows that p(H) is tripartite separable. O
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