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Abstract

The dartboard problem is to arrange n numbers on a circle to obtain maximum
risk, which is the sum of the ¢-th power of the absolute differences of adjacent
numbers, for ¢ > 1. Curtis showed that the dartboard problem admits a greedy
algorithm. We generalize the dartboard problem by considering more circles and
the goal is to arrange kn number on k circles to obtain the maximum risk. In
this paper, we characterize an optimal arrangement for £ = 2 and show that the
generalized dartboard problem also admits a greedy algorithm.

1 Introduction

Darts is a very popular game. Players throw darts and score points corresponding to
the sector the darts just landed on. The traditional dartboard is circular and partitioned
into several sectors as shown in figure 1. When playing darts, players often aim at the
high score sectors. But for ordinary players, it is hard to land the dart on the desired
sectors. The risk of aiming at an area can be measured by the difference between the
scores of adjacent sectors. As the larger the difference is, the higher the risk is and the
game becomes more challenging. The total risk of a dartboard is the sum over the risks of
all sectors. The so called dartboard problem, as discussed in Curtis’ paper [4], is to find
a cyclic permutation 7 = a; - - - o, of a multiset {aq,--- ,a,} on a circle which maximizes
the risk function ) ., |a; — ;1|7 where ap = v, and ¢ > 1.

The dartboard problem has been studied for a while. Eiselt and Laporte [5] used a
branch-and-bound algorithm|[1] to find optimal permutations for the dartboard problem on
{1,2,...,20} for ¢ = 1 and g = 2, and they observed that the traditional dartboard score
arrangement is not optimal. Chao and Liang [2]| studied the permutations of n distinct
numbers arranged on a circle or a line and showed the arrangements that maximize or
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Figure 1: A traditional dartboard.

minimize the risk function. Later, Cohen and Tonkes [3] analyzed optimal permutations
for multisets of numbers. Recently, Curtis[4] designed a greedy algorithm to find an
optimal permutation m = a1a,,_1a30,_305 - * Ay—4Q40,_2a2a, for the dartboard problem,
where a1 < ay < --- < a,.

In this paper, we extend the dartboard problem from single circle to double circles.
For example, the dartboard with two circles, is as shown in figure 2. Assume that we
are given a multiset of 2n numbers and a double layer dartboard. We use a pair of
permutations (vq -+ - v,, wy - - - wy,) to describe the arrangement, as shown in figure 3, where
vy -+ v, 18 a cyclic permutation for the outer circle and wy - - - w, is a cyclic permutation
for the inner circle. We can extend the definition of the risk function to the double
layer dartboard. For example, the risk of the arrangement (v - --v,,w; - - -w,) in figure
3, denoted by ry(vy -« vy, wy---wy), is defined as > | |v; —wil? + D0 v —vi|? +
o |wi — wi—1|? where vy = v, and wg = w,. We define the 2-dartboard problem as:
finding an arrangement (7, 7w ) for a multiset A = {aq,--- ,a,} on two circles which
mazimizes the risk function, where V- and W is a partition of A and both have n elements.

Furthermore, we can extend the dartboard problem to k-layer dartboard. We use k
cyclic permutations (7, -+, 7x) to represents the arrangement where 7; is a permutation
on n elements for the i-th circle. The risk function can be recursively defined as

To(Ti, o Theoy The1l = V1 Uy Tk = W1 -+~ Wy) = (71, - - - ,Tk_1)+Tq(Tk)+Z lv; — wy]?,
i=1

where the last term is the sum over the ¢-th power of the absolute differences between
numbers of the (k — 1)-th and k-th circles. Similarly, the k-dartboard problem is: find-
ing an arrangement for a multiset A = {ay, - ,ar,} on k circles to mazximize the risk
function.

For the k-dartboard problem, we show once the numbers on each circle is determined,
then we can find the maximum arrangement efficiently. Moreover, we show that for the
2-dartboard problem, there exists an efficient greedy algorithm given an arbitrary input.
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Figure 3: An arrangement for double layer dartboard

However, it is not clear whether there exist an efficient algorithm for the k-dartboard
problem (k > 2) when the input does not specify the numbers on each circle. We leave it
as an open question.

2 Preliminaries

The following lemma is very useful in our proof, which was proved in Curtis’ paper[4].

Lemma 1. [4] Let Lyin, lmazs Tmins Tmaz, ¢ be real numbers with ¢ > 1. If Lyin < lpae and
T'min S Tmazx then |lmax - rmin|q + |lmzn - Tma:c|q Z |lma:c - Tmax|q + |lmzn - Tmin|q-

With lemma 1, Curtis[4] proved the following theorem:

Theorem 1. [4] For arranging n numbers a; < as < --- < a, on a single circle dartboard,
the permutation a1a,_1030,_30s5 - - * Gy_4040, 2020, maximizes the risk function.
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For an n-element multiset A, we denote the maximum permutation of A claimed in
Theorem 1 by 7,(A). Cyclic permutations are reverse-invariant and shift-invariant when
calculating the risk function. That is, the value of risk is the same under the following
permutations o -« -,y Q- and qgyq - apon -y for @ € [n— 1], We denote the
reverse of permutation 7 by 7.

Lemma 2. Given two multisets of numbers X = {xy,- - ,x,} and Y = {y1, -+ ,yn}.
Assume that xy < -+ < w,. Ifyy < -+ <y, then Y"1 |x; — yn_it1|® has the mazimum
value over all possible permutations of y;’s, where ¢ > 1.

Proof. Assume that yi, - - ,y, are not sorted in increasing order and >\, |2; — Yp—it1|
is maximized. Thus, there exists ¢, j such that 7+ < j and y,—i41 < Yn—jy1. We call 7 and
j form an inversion in y;’s . As z; < x;, we know that |x; — yp—it1|” + |25 — Yn—jt1]? <
|2; — Yn—it1]” + |Ti — Yn—j+1|* by lemma 1. Therefore the sum does not decrease after
swapping Yn—;+1 and y,_;+1. By repeating the swapping step whenever there is an inver-
sion in y;’s, then we can eventually rearrange y;’s in increasing order without decreasing
the sum, since there are at most O(n?) inversions in a permutation of size n. O
With lemma 2, we have the following theorem.

Theorem 2. If n numbers on each circle are given, say X and Y are the multisets
of numbers on the outer circle and the inner circle, respectively, then the arrangement
(10 (X), 1, (Y)E), achieves the mazimum risk. That is, ry(7,(X), m,(Y)E) > r,(7x, 7v)
for any permutation 7x of X and v of Y.

Proof. Since the numbers on the outer circle are permuted with 7,(X), the risk con-
tributed from the outer circle is maximized and so is m,(Y)¥ to the inner circle. Assume
X ={xy, -,z withaey <---<zx,and Y ={y1,--- ,y,} with 5y <--- <y,. Observe
that m,(X) = 217, 173+ Tp_omox, and m,(Y)? = yuyoyn_o- - Ysyn_1%1. By lemma 2,
we have the risk contributed from the difference between circles is maximized since x; is
adjacent to y,_;+1. Therefore, we conclude that r,(m,(X), 7,(Y)®) > r,(7x, 7v) for every
permutation 7y of X and 7 of Y. O

By the above, for convenience, we denote the maximum risk corresponding to partition
(X,Y) by r(X,Y).

Corollary 1. Let X; be the multiset of n numbers on the i-th circle, i = 1.k, then the
arrangement, permuting circle i with m,(X;) if © is odd, else with m,(X;)®, achieves the
mazximum risk.

Proof. By induction on k, assume the corollary is true up to £ — 1. Similar to the proof
for theorem 2, the risks contributed from the first £ — 1 circles and from the k-th circle
are maximized by induction basis. The risk contributed from the difference between the
(k — 1)-th and k-th circles is also maximized due to lemma 2. Thus the corollary is true
for k. O

Let A be a multiset of kn elements and (Ay,- -, Ax) is a partition of A with each A;
of the same size. We say a partition (Ay, - -, Ag) is maximum if r, (7, (A;), m,(A2)T, - +)
> ry(m,- -+ ,7), for every arrangement (7q,---,7;) of A. Note that corollary 1 implies
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Algorithm GREEDYPARTITION({ay, -, as,})

1. if n = 3 then return ({a1, ags,_2, as,—1},{az, as, as,})

2. if n = 4 then return ({Cll, a4, Aop—2, agn_l}, {(12, as, Agn—3, a2n})
3. (X", Y’) =GREEDYPARTITION({as, - - - , a2,—2});

4. X —«Y'U{ar,a0n-1}, Y — X' U{ag,, a};

5. return (X,Y);

Figure 4: Our greedy algorithm

that once the partition (Ay,--- , Ag) of kn numbers is determined, the maximum possible
risk achieved by (A, - - - , Ax) can be determined, so we can just focus on finding a partition
that yields the maximum risk.

3 Optimal arrangement for 2-dartboard problem

In this section, we show how to solve the 2-dartboard problem with a greedy method.
Consider a multiset {ay, -+ ,as,} with a; < -+ < ag,. By theorem 2, we focus on
finding a maximum partition. But trying all possible (2") partitions is inefficient. Here

n
we propose an efficient greedy method to obtain a maximum partition, as in figure 4.

Theorem 3. There is an efficient algorithm solving the 2-dartboard problem.

Proof. There are only (f) = 2 and (;‘) = 6 possible partitions when n = 1 and n = 2,
respectively, so we can find out the maximum partition efficiently by brute force if n < 2.
When n > 3, we claim that GREEDYPARTITION algorithm gives a maximum partition.
The correctness of a greedy algorithm can be justified by checking the greedy choice
property and the property of optimal substructure. To prove the greedy choice property
of GREEDYPARTITION, we need to show that there exists a maximum partition (X,Y)
with {a1,a2,-1} € X and {ag, as,} C Y. To prove the optimal substructure property, we
need to show that there exists a maximum partition (X,Y) such that (Y — {as, as,}, X —
{ai, as,—1}) is also a maximum partition for the subproblem with instance {as, - - , a2,_2}.
The proof of correctness consists of 4 propositions. The greedy choice property is proved
by proposition 1 and 2 and the optimal substructure is proved by proposition 3 and 4.

Proposition 1. Forn > 3, there exists a maximum partition (X*,Y™) such that a; € X*
and as, € Y*.

Proof. Let (X,Y) be another maximum partition. Let X = {x1,--- ,x,} withz; <. <
Ty and Y = {y1, - ,y,} with y; <--- <wy,. By theorem 2, (x12, 123" Tp_oToTpn, YnYo
Yn—2 " Y3Yn—1Y1) is an optimal arrangement. Without loss of generality, we can assume
x1 = a;. Note that ag, can be either y, or z,. If y, = as,, then we’re done. Thus we
assume I, = doy,.

Since 1 = a; and x,, = as,, we have z; < y; and z,, > y,. Note if x1 = y; or x,, = Yy,
then (Y, X) satisfies the proposition. Hence, we consider x; < y; and z,, > y, from now
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on. Let | = min{i : ; > y;} and r = min{j : x,_j11 < yp—jr1}. Let kK = min(l,r). It is
clear that 1 < k < n, and for every ¢+ < k, z; < y; and z,_;11 > Yn_;+1. By lemma 1, we
have

|2 — Yn—iv1|* + |Tn—ivr — Uil* <@ — Tpiia|* + [Yi — Yn—ita|?

for every ¢ < k. Thus, swapping x;’s with y;’s and swapping x,_;11’s with y,_;11’s
respectively, for every ¢ < k will not decrease the risk contributed from the difference
between circles. This kind of swapping is a basic step of our argument. The rest part of
proof is to decide the numbers we should swap. There are two possible cases:

e k =1 < r: For k is odd, we swap T, _pi2,Tk_2, Tn_kids Tha, " ,Tn_1,01 With
Yn—kt2, Yb—2s Yn—ktds Yk—4, * * * » Yn—1, Y1, respectively. We illustrate the swapping op-
eration in figure 5. For k is even, as in figure 6, we swap =, _gi2, Trx—2, Tn_ki4,
Thoa, " T2, G2y WILh Y pyo, Yk—2, Yn—ktds Ye—as ** » Y2, Yn, TESPeCtively.

Figure 6: The swapping operation when k£ = [ and k is even

The swapping operation exchanges the elements in the gray regions. The new ar-
rangement has a; and as, on different circles. As mentioned above, swapping the
numbers in the gray regions does not decrease the risk from the difference between
circles. Moreover, the illustrations indicate that the neighbors of aq, as,, y; and v,
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are not changed. Hence the only possibility that swapping may decrease the risk
is from the two pairs (Tg, Tp_ri2) and (Y, Yn_gs+2) which may have higher risk sum
than (zg, Yn_rro) and (Y, T,_gr2) do. However, since k = [, we have z; > y; and
Tn_kt2 > Yn_kio. By lemma 1, we have

|2k — To—krol® + Uk — Yntro? < |2k — Yn—ra2|? + luk — Tppaa|?.

Thus the risk function does not decrease after the swapping operation.

o k = r < [: For k is odd, we swap Xx_1,Tn_k+3,Th—3, Tn_kis5- " ,Ta, Qo With
Yk—15Yn—k435 Yk -3 Yn—k+55 *** s Y2, Yn, respeCtiVGIY7 as in ﬁgure 7. For k is even, we
SWaP Tk—1, Tn—k+3s Th=3, Tn—k+5" " > Tn—1, @1 WIth Yr_1, Un_ k43, Yb—3, Yn—k45, " > Yn—1,

Y1, respectively, as in figure 8.

Figure 8: The swapping operation when k& = r and k is even

Similarly, the swapping operation puts a; and as, on different circles, and the only
possibility that swapping may decrease the risk is from the two pairs (z,_g+1, Tx—_1)
and (Yn_g+1, Yx—1) which may have higher risk sum than (z,_r11, yx—1) and (yn_g+1,
xp_1) do. However, due to k = r, we have x,, 11 < Yp_g+1 and o571 < yYp_1. By
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lemma 1, we have

q q q q
[Tr—1 = Topr1]" + Y1 = Ynrrrl” < et — Ynowa|" + (Y1 — Tnpa
Again, swapping does not decrease the risk function.

We conclude that there exists a maximum arrangement in the required form. O

Proposition 2. Forn > 3, there exists a maximum partition (X*,Y™*) such that a1, as, 1
€ X* and as, as, € Y.

Proof. Let (X,Y') be an arbitrary maximum partition. Let X = {x, -+, z,} with z; <
o< zpand Y = {yp, -, ynt with 5y < -+ < y,. By proposition 1, we can assume
x1 = aj and y,, = ag,. If ay ¢ Y, then 25 = ay since ay is the second smallest element.
We obtain another arrangement with as on the inner circle by swapping as and y;, as in
the following illustration:

Before swapping After swapping
ay | Tp | G2 | Tp—2 | """ ol ar | T | Y1 | Tn-2
Aon | Y1 | Yn—1| Y3 |--- | Gop | A2 | Yn—1 | Y3

It is clear that as < y; and z,_5 < ag,. By lemma 1, we have |ag, — y1|? + |2n_2 — as|? <
lagn, — as|? + |2n_2 — y1|?. Therefore the swapping operation does not decrease the risk
and the new arrangement is maximum. Hence, we can assume a, € Y from now on.

If ag,—1 ¢ X, then y,_1 = ag,_1 since as,_1 is the second largest element. Similarly,
we can swap as,_1 with x, to obtain an arrangement with as,_; on the outer circle:

Before swapping After swapping
a1 | Tp i) Tp—2 | | Q1 | Gop—1 | T2 | Tp—2
Qon | Q2 | Q2pn—1 | Y3 | " T Gon a Tn | Ys

It is clear that ag, 1 > x, and y3 > a;. By lemma 1, we have |ag, 1 — y3|? + |7, — a1]? <
lagn_1 — a1|"+|x, — ys|?. The swapping operation does not decrease the risk. We conclude
that there exists a maximum partition satisfying the proposition. O

Proposition 3. Forn > 3, there exists a maximum partition (X*,Y™) such that aq, as,_1,
Qon_9 € X* and as, az, as, € Y.

Proof. Let (X,Y) be a maximum partition. Let X = {zy,--+ ,x,} with x; < --- < x,
and Y = {y;, -+ ,yn} with y; < --- < y,. By proposition 2, let 1 = ay, x, = ag_1,
y1 = ag and y,, = as,. There are 3 disjoint possible cases such that (X,Y’) does not satisfy
the proposition. We will reduce them to the required form case by case.

e Case 1: “az € X and ag,_o € Y.” By theorem 2, we can assume x, = a3 and
Yn—1 = Go,_o. Note that this is the only case that (X,Y’) does not satisfy the
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proposition when n = 3. In this case, we can rotate the 2-by-2 block, which contains
ai, ag, Go,_1 and as,, 180 degrees:

Before rotation After rotation
Tp—1| A1 | A2p—1 as T | Tp—1 a2 Q2n, a3
Yo A2, a2 Aop—2 | * T Y2 Q2n—1 | A1 | A2p—2

Since a1 < ay and ag,_o > x,,_1, we have
lay — 2 1|T + |ag — agn_2|? < |ay — agn_o|* + |ag — x 1|7
Similarly, since as, > as,_1 and as < yo we have
|agn—1 — az|” + |agzn — ya|* < ag, — as|” + |agn—1 — yal*.

Therefore, the rotation operation does not decrease risk. It yields a maximum
partition as required.

e Case 2: “az € X and ag,_o € X.” By theorem 2, we have x5 = a3 and x,,_1 = a9, _».
Moreover, we can assume that yo, > a3 and y,_1 < ao,_o, since if y5 = ag or
Yn_1 = Go,_o then it reduces to case 1. Now we can swap as,_1 with ao, as follows:

Before swapping After swapping
Qon—2 | A1 | Q2p—1 as T s | A2n—2 a1 A2, a3
Y2 QA2p, as Yn—1 1| """ T Y2 Aop—1 | A2 | Yn—1

Since ag,_1 < az, and az < y2, we know the swapping operation does not decrease
risk. Since x9 = a3 < yo and y,,_1 < a9,_2 = T,_1, We can apply similar swapping
operations as in the proof of proposition 1 with £ > 2. Depending on the values of
k and n, the adjustment will yield to one of the following arrangements:

Swapping upper-left with lower right  Swapping upper-right with lower-left
o Yn— az Q2n as o | Gon—2| Q1 |Q2n—1 | Y2 | ¢
Yo | Qop—1 | G1 | Q2p—2 | " o as Qon a2 Yn—1

However, both cases yield a maximum partition as required.

e Case 3: “az € Y and a9, o € Y.” In this case, we swap a; and ay, and apply similar
operations as in proposition 1 to obtain an arrangement which yields a partition as
required. The analysis is analogous to case 2.

From the above, this completes the proof of this proposition. O

Proposition 4. Forn > 4, there exists a mazimum partition (X*,Y™*) such that aq,ay,
An—2, Qop—1 € X* and ag,as, as,_3,as, € Y*. Moreover, for n > 4, suppose (X,Y) is
a maximum partition satisfying proposition 2 for the sub-instance {as,--- ,as, 2}, then
(Y U{ay,ag,-1}, X U{as, as,}) is a mazimum partition.
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Proof. First, we prove the “moreover” part. Since a; < ay--- < ag, and (X,Y") satisfies
proposition 2, the maximum arrangement corresponding to (Y U{ay, as,—1}, XU{as, as,})
is in the following form:

Qop—2 | A1 | Q2p—1 aq

as A2p, ag A2n—3

Let A = |a; — agn|"+|a1 — asn_1]"+|a1 — agp—o|"+|as — agy|'+|as — azn_1|"+|as — asn—3|*
+ |as — agn|?+ |ag — agn—1]? —|ag — agn—3|* — |as — asn—2|*. It is easy to check that r,(Y U
{(11, a2n—1}> XU {a2, a'2n}) =A+ rq(X> Y)

By way of contradiction. Assume (Y U{aq, az,1}, X U{az, as,}) is not maximum. By
proposition 3, there exists a maximum arrangement in the following form:

Qon—2 | A1 | Q2p—1 X2
as Q2n a2 Yn—1

Let (a1aon_o - 0209, _1, 2,03 - - Yn_102) be the arrangement above and A’ = |a; — ag,|*
+ a1 — agn_1|* + |ar — agn—o|? + |az — agn|? + |ag — azn_1|? + a2 — yp_1|* + |as — ag,|* +
|LU2 — agn_1|q— |a3 — yn_l‘q — |ZL’2 — agn_2|q. Again it is clear that Tq(alagn_g s T2Qop—1, A2p,
as -+ Yp—1a2) = N +ry(agm—o---T2,a3- - Yp—1). Since (X,Y) is maximum for the sub-
problem {as,- - ,as,—2}, 7(X,Y) > ry(agn—2---x2,a3---ynp—1). It implies A < A’. But

A—A

lag — agn—3|" + |as — agn—1|" — |az — agn—3|" — |as — azn—s|’
—lag = yna1|" = |72 — azn—1|* + |az — yna|* + |12 — azp—2|
las — agn_1 | = |as — asn_a|® — |22 — azn_1|" + |22 — agn_s|?

0

AVAIAY

where the first inequality holds because as < a3 and y,_1 < as,_3 and the second holds
because a4 < 29 and ag,_2 < a9,—1. A contradiction!

With the “moreover” part proved, the rest is to prove ({ay, ay, ag, ar}, {as, as, a5, ag}) is
maximum. Suppose not, then by proposition 3 and theorem 2, the only possible maximum
arrangement is (ajagasar, agasasas). But ro(aiasasar, asagasas)—ry(arasasar, agasasas) =
|a6 — a5|q + |(I7 — (I5|q — |(16 — a4|q — |(I7 — (I4|q + |(12 — a4|q + |(13 — (I4|q — |(12 — a5|q —
laz — as|? < 0 due to ay < as. A contradiction! Thus the proposition holds for n = 4 as
well. O

4 Conclusion
We have resolved the 2-dartboard problem. However, it is still not clear how to solve the

k-dartboard problem when £ > 2. It will be interesting to design an efficient algorithm
for it or prove it to be hard, say NP-hard, etc.
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