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Abstract

A collection of unlabelled tournaments P is called a hereditary property if it is
closed under isomorphism and under taking induced sub-tournaments. The speed
of P is the function n +— |P,|, where P,, = {T" € P : |V(T)| = n}. In this paper,
we prove that there is a jump in the possible speeds of a hereditary property of
tournaments, from polynomial to exponential speed. Moreover, we determine the
minimal exponential speed, |P,| = ¢ where ¢ ~ 1.47 is the largest real root
of the polynomial 23 = 22 + 1, and the unique hereditary property with this speed.
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1 Introduction

In this paper we shall prove that there is a jump in the possible speeds of a hereditary
property of tournaments, from polynomial to exponential speed. We shall also determine
the minimum possible exponential speed, and the unique hereditary property giving rise
to this speed. This minimum speed is different from those previously determined for other
structures (see [4], [13], [14]). In order to state our result, we shall need to begin with
some definitions.

A tournament is a complete graph with an orientation on each edge. Here we shall deal
with unlabelled tournaments, so two tournaments S and T" are isomorphic if there exists a
bijection ¢ : V(S) — V(T') such that v — v if and only if ¢(u) — ¢(v). Throughout the
paper, we shall not distinguish isomorphic tournaments. A property of tournaments is a
collection of unlabelled tournaments closed under isomorphisms of the vertex set, and a
property of tournaments is called hereditary if it is closed under taking sub-tournaments.
If P is a property of tournaments, then P,, denotes the collection {T" € P : |V(T)| = n},
and the function n — |P,| is called the speed of P. Analogous definitions can be made
for other combinatorial structures (e.g., graphs, ordered graphs, posets, permutations).

We are interested in the (surprising) phenomenon, observed for hereditary properties
of various types of combinatorial structures (see for example [1], [8], [15]) that the possible
speeds of such a property are far from arbitrary. More precisely, there often exists a family
F of functions f : N — N and another function F': N — N, with F'(n) much larger than
f(n) for every f € F, with the following property: If, for each f € F, the speed is
infinitely often larger than f(n), then it is also larger than F'(n) for every n € N. Putting
it concisely, the speed jumps from F to F.

Hereditary properties of labelled oriented graphs, and in particular properties of posets,
have been extensively studied. For example, Alekseev and Sorochan [1] proved that the
labelled speed |P"| of a hereditary property of oriented graphs is either 20(”2), or at
least 27°/4t0("*) and Brightwell, Grable and Promel [10] showed that for a principal
hereditary property of labelled posets (a property in which only one poset is forbidden),
either (i) |P"| < nlc™ for some ¢ € R, (i) n®™ < |P"| < n®" for some ¢1,c2 € R,
(i11) nC" < |P"| = 2°0"") for every C' € R, or (i) |P"| = 2"*/4+°("*)  Other papers on the
speeds of particular poset properties include [2], [9] and [11]. For properties of labelled
graphs, Balogh, Bollobas and Weinreich [6], [7] have determined the possible speeds below
n"to( very precisely, and their proofs can be adapted to prove corresponding results for
labelled oriented graphs. Much is still unknown, however, about properties with speed
|P"| = n"*+°(") and about those with speed greater than /4,

For very high speed properties, the unlabelled case is essentially the same as the
labelled case, since the speeds differ by a factor of only at most n! (the total possible
number of labellings). However, for properties with lower speed, the two cases become
very different, and the unlabelled case becomes much more complicated. For example, the
speed of a hereditary property of labelled tournaments is either zero for sufficiently large
n, or at least n! for every n € N, simply because any sufficiently large tournament contains
a transitive sub-tournament on n vertices (see Observation 6), and such a tournament is
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counted n! times in |P"|. On the other hand, in [3] the authors found it necessary to give
a somewhat lengthy proof of the following much smaller jump: a hereditary property of
unlabelled tournaments has either bounded speed, or has speed at least n — 2.

Given the difficulty we had in proving even this initial jump, one might suspect that
describing all polynomial-speed hereditary properties of tournaments, or proving a jump
from polynomial to exponential speed for such properties, would be a hopeless task.
However, in Theorem 1 (below) we shall show that this is not the case. Indeed, we shall
prove that the speed |P,| of a hereditary property of unlabelled tournaments is either
bounded above by a polynomial, or is at least ¢!t wwhere ¢ ~ 1.47 is the largest real
root of the polynomial 23 = 22 + 1.

Results analogous to Theorem 1 have previously been proved for labelled graphs [6],
labelled posets [3], permutations [13] and ordered graphs [4]. In the latter two cases the
minimum exponential speed is the sequence F,, = F,_1 + F},_o, the Fibonacci numbers,
and in [14] there was an attempt to characterize the structures whose growth admits
Fibonacci-type jumps. Tournament properties were not included in this characterization
and, as Theorem 1 shows, they exhibit a different (though similar) jump from polynomial
to exponential speed.

Each of these results is heavily dependent on the labelling/order on the vertices. When
dealing with unlabelled and unordered vertices, we have many possible isomorphisms to
worry about (instead of only one), so many new problems are created. The only result
similar to Theorem 1 for such structures, of which we are aware, is for unlabelled graphs [5].
The proof in that paper uses the detailed structural results about properties of labelled
graphs proved in [6] and [7]; in contrast, our proof is self-contained.

2 Main Results

In this section we shall state our main results. We begin by describing the hereditary
property of tournaments with minimal exponential speed.

Consider the following collection 7 of tournaments. For each m € N and ay, ..., a,, €
{1,3},let T =T(ay, ..., a,) be the tournament with vertex set {z(i,j) : i € [m],j € [a;]},
in which

x(i,j) = x(k,0) if i <k, orif i=Fk and {—j=1 (mod 3).

Thus [V(T)| = Y%, a;, and the sequence (ay,...,a,) can be reconstructed from T (see
Lemma 12). Define

T = {T(ay,...,an) : meN, ay,...,a, € {1,3}},

and note that 7 is a hereditary property of tournaments.

Now, let F7* be the Fibonacci-type sequence of integers defined by Fj = F} = Fy =1,
and F* = F* | + F* , for every n > 3. Note that F* = c+°)" a5 n — oo, where
¢ =~ 1.47 is the largest real root of the polynomial z* = 22 + 1. Note also that |7,| = E
for every n € N (again, see Lemma 12 for the details).
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The following theorem, which is the main result of this paper, says that 7 is the
unique smallest hereditary property of tournaments with super-polynomial speed.

Theorem 1. Let P be a hereditary property of tournaments. Then either
(a) |P.| = O(n*) for some k € N, or
(b) |Pn| = Ef for every 4 #n € N.

Moreover, this lower bound is best possible, and T is the unique hereditary property of
tournaments P with |P,| = F for every n € N.

We remark that there exists a hereditary property of tournaments P with speed
roughly 2", but for which |P4| = 2 < 3 = FJ (see Lemma 22), so this result really is
best possible.

Our second theorem determines the speed of a polynomial-speed hereditary property
of tournaments up to a constant. The statement requires the notion of a homogeneous
block in a tournament, which will be defined in Section 3, but we state it here in any case,
for ease of reference. Given a hereditary property of tournaments P, let

E(P) = sup{¢ : Vm €N, 3T = T(m) € P such that the (£ + 1)*" largest

homogeneous block in 7" has at least m elements}.
Theorem 2. Let P be a hereditary property of tournaments. If k = k(P) < oo, then
Pl = ©(n").

The proof of Theorem 1 is roughly as follows. In Section 3 we shall define the homo-
geneous block decomposition of a tournament, and show that if the number of distinct
homogeneous blocks occurring in a tournament in P is bounded, then the speed of P is
bounded above by a polynomial, whereas if it this number is unbounded, then certain
structures must occur in P. Then, in Section 4, we shall use the techniques developed in
[4] to show that if these structures occur, then the speed must be at least F¥. In Sec-
tion 5 we shall investigate the possible polynomial speeds, and prove Theorem 2, and in
Section 6 we put the pieces together and prove Theorem 1. In Section 7 we shall discuss
possible future work.

We shall use the following notation throughout the paper. If n € N and A, B C N, we
say that n > A if n > a for every a € A, and A > B if a > b for every a € A and b € B.
Also, if T is a tournament, v € V(7T') and C, D C V(T'), then we say that v — C' if v — ¢
for every c € C', and C — D if ¢ — d for every ¢ € C, d € D. We shall sometimes write
u € T to mean that u is a vertex of T'. Finally, [n] = {1,...,n}, and [0] = 0.

3 Homogeneous blocks, and the key lemma
We begin by defining the concept of a homogeneous block in a tournament. Let T' be a

tournament, and let u,v € T'. Write u ~ v if u — v, and for some k& > 0 and some set of
vertices wy, . .., wy, the following conditions hold. Let C(u,v) = {u,wy,...,w,v}.

THE ELECTRONIC JOURNAL OF COMBINATORICS 14 (2007), #R60 4



(1) u— w; — v for every 1 < i <k,

<
<

(17) w; — w; for every 1 <1 < j <k, and

(zii) if x € V(T) \ C(u,v), and y, z € C(u,v), then x — y if and only if z — z.

We say that the pair {u,v} is homogeneous (and write u ~ v) if u = v, or u ~ v, or
v~ u. If u ~ v, then we call C(u,v) the homogeneous path from u to v, and define
C(v,u) = C(u,v). Note that C(u,v) is well-defined, since if it exists (and v — v, say),
then it is the set {u,v} U{w : u — w — v} (by (iii), the condition © — w — v implies
that w € {wy,...,wi}). Note also that z ~ y for every pair x,y € C(u,v).

Lemma 3. ~ is an equivalence relation.

Proof. Symmetry and reflexivity are clear; to show transitivity, consider vertices z, y and
zin T with  ~ y and y ~ z, and suppose without loss that x — y. We shall show that
x ~ z. Let the sets C(z,y) = {z, w1, ..., wg,y} and C(y, z) = {y,w),...,wy, 2z} be the
homogeneous paths from x to y and between y and z respectively. As noted above, if
z € C(x,y) then x ~ z, so we are done, and similarly if z € C(y, z) then z ~ 2.

So assume that z ¢ C(z,y) and © ¢ C(y,z). Now if z — y, then also z — =,
since x ~ y and z ¢ C(x,y). But then 2 — = — y, so z € C(y, 2), a contradiction.
Hence y — z, and so C(x,y) N C(y,z) = {y}, since w — y if y # w € C(zx,y) and
y — wify #w € C(y,z). But now z ~ z, with C(z,z) = C(x,y) U C(y, z), since
for any w € C(z,y) and w' € C(y, z) with w # ', y — w' so w — w’, and for any
v ¢ C(z,y) UC(y, 2) and any w,w’ € C(z,y) U C(y, z), w — v if and only if y — v, if
and only if w’' — v. O

We may now define a homogeneous block in a tournament 7" to be an equivalence class
of the relation ~. By Lemma 3, we may partition the vertices of any tournament 7T into
homogeneous blocks in a unique way (see Figure 1).

e AN

N e

—>

Figure 1: Homogeneous blocks
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Note that, by the definitions above, (1) each homogeneous block induces a transitive
tournament, and (2) all edges between two different homogeneous blocks go in the same
direction. Indeed, we have proved the following simple lemma.

Lemma 4. Given any tournament T’, there exists a partition By, ..., By of the vertex set
such that:

(a) For each i € [k], the tournament T'|B;] is transitive.
(b) For each 1< i< j <k, either B — B, or B; — B;.

(¢) If x € B; andy € Bj, and i # j, then there exists a vertex z € V(T) \ (B; U B;)
such that either v — z — y, ory — z — .

Let B(T') denote the number of homogeneous blocks of a tournament 7', and if P is
a property of tournaments, let B(P) denote sup{B(T) : T € P}, where B(P) may of
course be equal to infinity.

Lemma 5. Let P be a hereditary property of tournaments, and let M € N. If B(P) =
M + 1, then |P,| = O(n™).

Proof. Let B(P) = M + 1. Each tournament 7" € P, is determined by a sequence
(ay,...,ap+1) of non-negative integers summing to n, and an ordered tournament on
M + 1 vertices. Thus

Py < (” LM) — o@m™M),

as claimed. 0

We shall now prove the key lemma in the proof of Theorem 1. We first need to define
some particular structures, which will play a pivotal role in the proof; they come in two
flavours. Let T be a tournament, and let k£ € N.

e Type 1: there exist distinct vertices z1,...,29; and y in T such that z; — z; if
i <j,and y — x; if and only if x;41 — y, for each i € [2k — 1].

e Type 2: there exist distinct vertices 1, ...,z and y1, ..., yx in T such that z; — z;
if i < j, and @y — y; — To;_y for every i € [k].

Note that there are two different structures of Type 1, and only one of Type 2. We
refer to these as k-structures of Type 1 and 2. Type 2 structures are not tournaments, but
sub-structures contained in tournaments: instead of saying that “a structure of Type 2
occurs in P” it would be more precise to say that “there is a tournament 7" € P admitting
a structure of Type 2”. However, for smoothness of presentation we sometimes handle
them as tournaments.

We shall use the following simple observation, which may easily proved by induction.
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Observation 6. A tournament on at least 2™ vertices contains a transitive subtournament
on at least n vertices.

The following lemma is the key step in the proof of Theorem 1.

Lemma 7. Let P be a hereditary property of tournaments. If B(P) = oo, then P contains
arbitrarily large structures of Type 1 or 2.

Proof. Let P be a hereditary property of tournaments with B(P) = oo, and let k& € N.
We shall show that P contains either a k-structure of Type 1, or a k-structure of Type 2
(or both).

To do this, first let K = 4k?2'6%° 4 8k2 let M = 2K, and let 7" € P be a tournament
with at least M different homogeneous blocks. Choose one vertex from each block, and
let T be the tournament induced by those vertices. Note that T € P, and that the
homogeneous blocks of T" are single vertices, since if x ~ y in T, then x ~ y in T’. Thus,
for each pair of vertices x,y € V = V(T'), there exists a vertex z € V such that z — z — y
ory — z — x.

Let A be the vertex set of a maximal transitive sub-tournament of 7", so by Obser-
vation 6, |A| = r > K. Order the vertices of A = {a4,...,a,} so that a; — a; if i < j.
Then, for each pair {a;,a;+1} with i € [r — 1], choose a vertex b; € V \ A such that
aj; 1 — b; — a; if one exists; otherwise choose b; such that a; — b; — a;,1. As observed
above, such a b; must exist. Let Y = {b; : a;x1 — b; — a;}, and for each y € Y, let
Z,={a; € A:a;x1 —y — a;}. The following two claims show that a,y; — b; — a; for
only a bounded number of indices .

Claim 1: If |Z,| > 2k for some y € Y, then T contains a k-structure of Type 1.

Proof. Let y € Y and suppose that |Z,| > 2k. Let Z' = {a;q), ..., a2k} be any subset
of Z, of order 2k, and suppose i(1) < ... < i(2k). By definition, a;;j)+1 — y — a4 for
each j € [2k]. Let Z" = {a;2j-1), @i2j—1)11 : j € [k]}. Since T[A] is transitive, so is T'[Z"],
and thus T'[Z" U {y}] is a k-structure of Type 1. O

Claim 2: If |Y| > 2k then T contains a k-structure of Type 2.

Proof. Suppose |Y| > 2k, and let Y’ be any subset of Y of order 2k. For each vertex
y € Y’ choose an index i = i(y) such that y = b;, and note that i(y) = i(y/) implies y = v/
Let I = {i(y) : y € Y’} have elements i; < ... < ig, and let I’ = {iy,i3,... 49,1}
Finally, let A’ ={a; € A:ie€l'ori—1€ '}, and let Y = {y € Y' : y = b; for some
iel'},soi(y)el"ifyeY”.

We claim that T[A’UY"] contains a k-structure of Type 2. Indeed, T'[A’] is transitive
(since A is transitive), and if y € Y, then a;y), aiy)+1 € A, and a1 — ¥y — ai(y) in
T. Moreover, since we used only every other entry of I, no two of the pairs {a;(), @i(y)+1}
overlap. Thus |A'| = 2k and |Y"| =k, so T[A" UY"] contains a k-structure of Type 2, as
claimed. O
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If Y| > 2k, or if |Z,| > 2k for any y € Y, then we are done by Claims 1 and 2. So
assume that |Y| < 2k and that |Z,| < 2k for every y € Y. Let

P ={{ai,a;11} CA:a;1 — v—a; forsomev eV \ A}

be the set of consecutive pairs of A which are contained in some cyclic triangle of T'. Since

we chose b; such that a;.1 — b; — a; if possible, each pair in P contributes one vertex

to Z, for at least one y € Y. Thus |P| < Z |Z,| < 4k*. Therefore, by the pigeonhole
yelY|

principle, there must exist an interval C' C [r — 1] of size at least (r — 8k2)/4k? > 216+°

such that Ac = {a; : i € C} contains no element of any pair of P. In other words,

{i,i+ 1} N C = { for every pair {a;,a;,1} € P.

Now, for each i € C, recall that b; € V \ A, the vertex chosen earlier, satisfies
a; — by — a;y1. Let X ={b; : j € C'}. Observe that a; — b; — ay for every i,j,i € C
with ¢ < j < 7/, since otherwise there must exist a pair of consecutive vertices a, and ap; 1
of A, with £ € C, such that a1 — b; — ay, contradicting the definition of C'. Hence the
vertices b; with j € C are all distinct.

It follows that | X | = |C] > 2'6*°. Therefore, by Observation 6, there exists a transitive
sub-tournament of T'[X] on s > 16k® vertices. Let the vertex set of this transitive sub-
tournament be X’ = {x(1),...,z(s)}, ordered so that z(i) — z(j) if i < j, and let
C'={ieC:beX'}.

Define ¢ : C" — [s] to be the function such that z(¢(i)) = b;. Note that ¢ is surjective.
By the Erdds-Szekeres Theorem, there exists a subset C” of C" of order t > /s > 4k3,
such that ¢ is either strictly increasing or strictly decreasing on C”. Let X" = {b; € X' :
i € C"} be the corresponding subset of X'.

The following two claims now complete the proof of the lemma.

Claim 3: If ¢ is increasing on C”, then T contains a k-structure of Type 1.

Proof. Suppose that ¢ is strictly increasing on C”, so b; — b; for every 7,5 € C” with
i < j. Recall also that a; — b; — ay for every i,j,7 € C with ¢ < j < 4. Thus
T[{a;,b; : 1t € C"}] is a transitive tournament, with a; — b; — a; — b; for every i,5 € C”
with ¢ < 7.

Let v € V'\ A. Since A is a maximal transitive sub-tournament, 7[A U {v}] is not
transitive, so a;4; — v — a; for some i € [r — 1]. Recall that |P| < 4k? so by the
pigeonhole principle, there must exist a consecutive pair {as, a1} € P, and a subset
W C X" of order ¢ > |X"|/4k® > k, such that a,; — w — a, for each vertex w € W.
Note that (by the definition of C') either £+ 1 < C or £ > C.

Now, let D = {i € C : b; € W} be the subset of C” corresponding to W, with
elements d(1) < ... < d(q). Let E = {a; : i € D} be the corresponding subset of
A. Then, by the comments above, T[E U W] is a transitive tournament with vertices
aa) = ba) = - - = aagg) = bagg)-

Suppose ¢ + 1 < C, where {ay, as41} is the pair defined earlier. Then a; — aq(;) and
bas) — ag for every i € [q]. It follows that T'[{a,} UEUW] is a g-structure of Type 1, and
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so contains a k-structure of Type 1 (since ¢ > k). Similarly, if £ > C', then aqu) — a1
and agy1 — by for every i € [g]. It follows that T'[{as:} U E U W] is a g-structure of
Type 1, and again we are done. O

Claim 4: If ¢ is decreasing on C”, then T contains a k-structure of Type 2.

Proof. Suppose that ¢ is strictly decreasing on C”, so b; — b; for every i,j € C” with
i < j. Let C" = {c(1),...,c(t)}, with ¢(1) < ... < ¢(t). As in Claim 3, we have
Qe(i) — bc(i) — Qc(i+1) for every i € [t — 1]

Now T'[X"] is transitive, with by — ... = be). Also bei—1) — Ge2i) — be(ai) for
every ¢ € [t*], where t* = |t/2]. Thus, letting C" = {¢(2¢) : i € [t*]}, we have shown
that T[X” U C"] contains a t*-structure of Type 2. Since t > 4k* > 2k, this proves the
claim. O

By the comments above, ¢ is either strictly increasing or strictly decreasing, so this
completes the proof of the lemma. O

Combining Lemmas 5 and 7, we get the following result, which summarises what we
have proved so far.

Corollary 8. Let P be a hereditary property of tournaments. If for every k € N there
are infinitely many values of n such that |P,| = n*, then P contains arbitrarily large
structures of Type 1 or 2.

4 Structures of Type 1 and 2

We begin by showing that if P contains arbitrarily large structures of Type 1, then the
speed of P is at least 2"~! — O(n?). Given n € N, and a subset S C [n], let T;,.1(S)
denote the tournament with n + 1 vertices, {y,z1,...,2,} say, in which z; — z; if i < j
(so that T'— {y} is transitive), and y — z; if and only if i € S. Suppose T' = T,,41(S)
has exactly one transitive sub-tournament on n vertices (i.e., there is exactly one subset
A C V(T) with |A| = n such that T[A] is transitive). Then the vertex y € V(T is
uniquely determined, and so the set S is determined by T'. Hence if S and S’ are distinct
sets satisfying that 7,,,1(S) and T,,.1(S") each have exactly one transitive sub-tournament
on n vertices, then T,,41(S) and T,,4,(S") are distinct tournaments.

For each n € N, let D, = {S C [n] : T,,41(5) has at least two transitive sub-
tournaments on n vertices}. We shall use the following simple observation to prove
Lemma 10.

n

Observation 9. |D,,| < 2<2

) +n+1 for everyn € N.
Proof. Let n € N, S C [n], and suppose that S € D,,. Let T' = T,,,1(S) have vertex set

V ={y,x1,...,2,} say, where z; — x; if i < j, and y — x; if and only if ¢ € S. Let
¢ € [n] be such that T'— {x,} is transitive (such an ¢ exists because S € D,,).

THE ELECTRONIC JOURNAL OF COMBINATORICS 14 (2007), #R60 9



Now, T'—{z,} is transitive, so there exists an m € [0, n] such that z; — y if £ # i < m,
and y — x; if £ # 1 > m. There are three cases to consider.

Case 1: f m < fand y — xp, or m > ¢ — 1 and x, — y, then T is transitive, and
S = [i,n] for some i € [n + 1].

Case 2: If m > (+ 1 and y — x4, then S = {{}U[m+ 1,n].
Case 3: f m</{—2and 2y —» y, then S =m+ 1,4 -1 U [+ 1,n].

So the set S must be of the form [i,n] with ¢ € [n + 1], or {i} U [j + 1,n| with
1<i<j<n,orli,j—1U[j+1,n] with 1 <i < j < n. There are at most 2<Z> +n+1
such sets.

The following lemma gives the desired lower bound when P contains arbitrarily large
structures of Type 1.

Lemma 10. Let P be a hereditary property of tournaments. Suppose k-structures of
Type 1 occur in P for arbitrarily large values of k. Then

P, > 2"—1—2<n_1) “n

for every n € N.

Proof. Let P be a hereditary property of tournaments containing arbitrarily large struc-
tures of Type 1, and let n € N. Let T" € P be an n-structure of Type 1, with vertex set
V ={y,z1,...,22,}, where z; — x; if i < j, and y — x; if and only if 7 is odd. For n =1
the result is trivial, so assume that n > 2.

We claim that T,,(S) is a sub-tournament of 7" for every S C [n — 1]. Indeed, let
S C [n—1], and let 7" be induced by the vertices y U {z}, ...,z }, where x} = x9;_; for
i €S, and 2} = xy; for i ¢ S. It is easy to see that T" = T,,(S5).

Now, every T,(S) has some transitive sub-tournament on n — 1 vertices. As noted
above, if T,(S) and T,(S") each have exactly one transitive sub-tournament on n — 1
vertices, and S # S’, then they are distinct. Hence the tournaments {7,,(S) : S C [n —

n—1

1],S & D,,_1} C P, are all distinct. By Observation 9, there are at least 271 — ( 5 ) -n

subsets S C [n — 1], S ¢ D,_1. The result follows. O

Remark 1. With a little more work one can replace the lower bound in Lemma 10 by
—1

[Pl =271 — " 5 ) — 1, which is best possible for n > 2. We shall not need this sharp

result however.

We now turn to those properties containing arbitrarily large structures of Type 2. We
shall show that such a property has speed at least F¥. We first need to define eight specific
(families of) tournaments. We shall show that if P contains arbitrarily large structures
of Type 2, then it contains arbitrarily large members of one of these families.
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Given n € N, let X = {z1,...,29,} and Y = {yy,...,y,} be disjoint ordered sets of
vertices, and let I = (Iy, I, I5) € {0,1}%. Define M;(X,Y) = M"™ to be the tournament
with vertex set X UY, and with edges oriented as follows.

(1) If 1 <i < j < 2n then x; — x5,

(17) for each 1 <i < n, x9; — y; — Toi_1,

(t19) f 1 <i<j<n,theny —y; &L =1,

w) if1 € 2n], 7 € [n] and i < 25 — 2, then x; — y; & [, =1,
J

(v) ifi € 2n], j€[n]andi > 25+ 1, then y; —» z; & I3 = 1.

We remark that the family {T": T" < M, ((3 )171) for some n € N} is exactly the family 7
defined in the introduction.

Lemma 11. Let P be a hereditary property of tournaments, and let K € N. Suppose that
no k-structures of Type 1 occur in P for k > K, but that k-structures of Type 2 occur
in P for arbitrarily large values of k. Then MI(") € P for some I € {0,1}3, and every
n € N.

Proof. We shall use Ramsey’s Theorem. Recall that R,.(s) denotes the smallest number
m such that any r-colouring of the edges of K,, contains a monochromatic K. Let
K € N, and P be a hereditary property of tournaments as described, and let n € N,
R = Ryg(max{n, K + 1}), and k = 2%°. Choose a tournament 7" € P containing a
k-structure of Type 2 on vertices {z1,...,%2%,Y1,..., Yk}, SO x; — z; if ¢ < j, and
To; — Y;i — T for every i € [k].

First, by Observation 6, there exists a subset Y C {yi,...,yx}, with |Y| > R
such that T[Y] is transitive. Now, by the Erdés-Szekeres Theorem, there exists a subset
Y' C Y, with |Y’| =t > +/]Y] > R, such that either y; — y; for every y;,y; € Y’ with
i < j,ory; —y; for every y;,y; € Y with i < j.

Let Y = {Ya(1)s- -, Yo }, With a(1) < ... < a(t), and for each i € [t] let y; = y,0),
so either yj — ... — y;, or y; — ... — yji. Also, for each i € [t] let %, | = %a,:)-1, and
Thy = Toq(iy, and let X = {a7,...,2h,} = {&2i—1, 72 : y; € Y'}. Note that z{ — ... — 2},
and xh; — y. — xb;_, for every i € [t].

We partition X UY” into blocks of three vertices each, as follows: Dy = {z, 2}, vy},
Dy = {af, 2, y5}, ..., Dy = {ah,_,, 25, y;}, and let J be the complete graph with these ¢
blocks as vertices. Now, define a 16-colouring f on the edges of J as follows. For each
1<i<j<t,let

f(Di, Dj) = 81wy 4 — y;] + 4wy — y;] + 2I[$,2j—1 — il + I[xl2j —y]+1,

where I[A] denotes the indicator function of the event A. (Note that, by uniqueness of
the binary representation, the value of f(D;, D;) determines each of the four indicators.
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We chose r = 16 because it is the maximum value of f.) By Ramsey’s Theorem, and our
choice of k, there exists a complete monochromatic subgraph of J on s > max{n, K + 1}
blocks, in colour ¢ € [16], say. By renaming the vertices of .J if necessary, we may assume
that these blocks are D1, ..., D,.

The following claim shows that ¢ € {1,4,13,16}.

Claim: (a) oy — y4 if and only if 2, — y5, and (b) x5 — y} if and only if 2, — y].

Proof. Suppose that ] — yj, but y5 — x5. Since f is monochromatic on Dy, ..., Dy,
it follows that zf,, , — y. — i, for every i € [s — 1]. But now, since s > K + 1, the
tournament 7'[X U {ys}| contains a K-structure of Type 1, which contradicts our initial
assumption. The proof in the other cases is the same. O

Let X' = X N (DyU...Dy). It is now easy to see that T[X'UY"] = MI(S) for some
I € {0,1}3; indeed, conditions (i) and (i) follow from the fact that T"is a Type 2 structure,
condition (7i7) follows from the definition of Y, and conditions (iv) and (v) follow from
the claim, and the fact that f is monochromatic on Dy, ..., D,. Note that I; = 1 if and
only if yj — vy, I = 1 if and only if 2} — v}, and I3 = 1 if and only if yj — 2.

Since s > n, it follows that M }") is a sub-tournament of T', and so M }") € P. Since n
was arbitrary, this completes the proof of the lemma. O

It remains to count the number of sub-tournaments of M }") for each I € {0,1}?. For
each n € N, I € {0,1}? and sufficiently large m, let £(n,I) denote the collection of sub-
tournaments of M I(m) of order n. Let L(n,I) = |£(n,I)| denote the number of distinct
tournaments in £(n,I). The following lemmas cover the various cases. We begin with
the simplest case, I = (1,1,1).

Lemma 12. If I = (1,1,1) then L(n,I) > F} for every n € N.

Proof. Let n e N, I = (1,1,1), X ={z1,..., 22, }, Y ={v1,...,yn}, and M = M;(X,Y).
For each i € [n], let A; = {x9;_1, %2, v;}, and note that xe;_1 — x9; — y; — T2;—1. Since
I'=(1,1,1), we have A, — A; for every 1 <1i < j < n, so M consists of an ‘ordered’ set
of n cyclic triangles.

We shall map sequences {aq,...,a,} € {1,3}"™ such that m € N and Zai =n, to

distinct sub-tournaments of M as follows. If w is such a sequence of lengthZ m, then let
¢(w) be induced by the vertices {xy; : a; = 1} U {91, %9, y; : a; = 3}. To reconstruct
w from T = ¢(w), let a; = 1 if there is a ‘top vertex’ in T' (i.e., a vertex with outdegree
|T| — 1), and otherwise let a; = 3 and note that there is a ‘top triangle’ in T' (i.e.,
a triple {a,b,c¢} C V(T') with @ — b — ¢ — a, and {a,b,c} — d for every vertex
d e V(T)\ {a,b,c}). Remove the top vertex/triangle, and repeat, to obtain as, as, and
so on. There are F)’ sequences as described, so this proves the result. O

We next consider the case Iy # I3. Given n € N, 0 < ¢t < n/2, S C [n] with
|S| = 2t, and a t-permutation o, let T)*(S, o) denote the following tournament. Suppose
S ={a(l),...,a(2t)}, with a(1) < ... < a(2t). Then T(S, o) has n vertices, {z1,...,x,}
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say, and x; — x; whenever ¢ < j, unless ¢ = a({) and j = a(t + o(¢)) for some ¢ € [t], in
which case z; — ;. Thus T}(S,0) is a transitive tournament, with ¢ independent edges
reversed.

Observation 13. Let n,t € NU{0}, and S ={a(1),...,a(2t)} C [n], wherea(l) < ... <
a(t) <a(t)+1<a(t+1)<...<a(2t). Let o be a t-permutation, and let T =T (S, 0)
be as described above. Then S can be reconstructed from T

Proof. Let n, t, S and ¢ be as described, and let T' have vertex set {x1,...,z,}, with
x; — x; whenever ¢ < j, unless i = a(¢) and j = a(t + o(¢)) for some ¢ € [t], in which
case x; — x;. Recall that d(x) denotes the outdegree of x, and note that for each i € [n]
we have
n—i if i¢S,
dz;) =<n—i—1 if x;=a(y) and j < t,
n—i+1 if x; =a(j)and j > t.

So, d(x;) > d(x;41) for every i € [n — 1], and z; — x;41 for every i € [n — 1], since
a(t)4+1 < a(t+1). Notice also that at most two vertices can have the same degree, unless
a(t +1) = a(t) + 2, in which case Z4x), To@)4+1 and x,¢41) are the only triple all with the
same degree.

Now, in order to reconstruct S from 7', simply order the vertices of T" according to
their outdegrees, and if two vertices have the same outdegree then order them according
to the orientation of the edge between them. More precisely, if u,v € V(T'), then let
u > v if d(u) > d(v), or if d(u) = d(v) and u — v. By the comments above, this gives a
linear order unless a(t+ 1) = a(t) +2; in that case, order the three vertices with the same
degrees arbitrarily. Let this ordering be y; > ... > y,, where {y1,...,y,} = V(T). Now
y; — y; if and only if x; — xz;, s0 S = {y; : d(y;) #n —i}. O]

We can now give a lower bound for the case Iy # I3.
Lemma 14. If I, # I3 then L(n,I) > 2"72 for every n € N.

Proof. The proofs for the two cases {I, I3} = {0, 1} are almost identical, so for simplicity
we assume that [, = 1 and I3 = 0. Let n € N, I} € {0,1} and m = n? + 2n. Let
X ={«,...;25, 1Y ={vy1,...,ym}, and M’ = M;(X'",)Y). We shall only need to use
half of the vertices of X', so for each i € [m] let x; = zi, ,, and let

X =A{x1,...,2pn} = {2, € X' : i=1 (mod 2)}.

Note that y; — x; if and only if i = j, and let M = M’'[X UY]. We shall show that M
has at least 2"~2 distinct sub-tournaments.

For each subset S C [n — 1] of even size, we shall find a distinct sub-tournament (.5)
of M. Let the elements of S be a(1) < ... < a(2t), where 0 <t < (n—1)/2. Let a(0) =0
and a(2t + 1) = n, and define b(i) = a(i) —a(i — 1) — 1 for each i € [2¢t + 1] \ {t + 1},
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and b(t +1) = a(t+1) —a(t) > 1. We choose a subset AU B C X UY on which M is
transitive, except for ¢ independent edges which are reversed, as follows. First, let

A={r, e X, y, €Y : i=2jn, j€[t]}.
The vertices of A will be the endpoints of the reversed edges. In order that they corre-
spond to the set S, we define a set B as follows. Since our choice of B will depend on the
value of I, we split into two cases.
Case 1: I =0.
Recall that if I; = 0, then y; — y; for every ¢ < j. Let
B = {neX:i=2n+l je0, (epy+1)}
U {ymeY i=2j—1)n+{, jelt], L €[b2t—j+2)},
and let (S) = M[A U B] (see Figure 2). If S = () then (1) = n, and so (S) is
transitive. Otherwise, b(i) < n for every i € [2t + 1], so A and B are disjoint, and so
|AUB| =2t+ ) b(i) =n.

\

g e

Figure 2: The tournament (S
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Now, we claim that ¢(S) = T5(S’, 0""), where
S"'={a(1),...,a(t),a(t+1)+1,...,a(2t) + 1} C [n],

and o™’ = t(t —1)...21 is the reverse permutation on [¢]. Indeed, giving AU B the order
induced by 71 < ... < xp < Ym < ... < yp, we see that the only ‘reversed’ edges (u — v
but u > v) in 1(S) are those of the form y; — x; with z;,9; € A. One can easily check
that these correspond to the edges between the a(¢)"* and (a(t + o"¢¥(£)) + 1) elements
of AU B (in the above ordering) for some ¢ € [t]. So (S) = T (5", 0""), as claimed.

So, by Observation 13 we can reconstruct S’ from ¥(5), and it is easy to see that we
can reconstruct S from S’. Thus 1) is injective. There are 2”72 sets S C [n — 1] of even
size, and so this proves the result when I; = 0.

Case 2: [ =1.

The proof is very similar to that in Case 1. Let

B = {x;eX :i=2j—1)n+¢, jet+1], L€[b(4)]}
U {y €Y i=2mn+4L je]t], Leb(t+j+1)]},

and let 1(S) = M[AUB]. Now ¥(S) = T#(S', 0'?), where, as before, S’ = {a(1),...,a(t),
a(t+1)+1,...,a(2t) + 1}, and 0™ = 12...(t — 1)t is the identity permutation on [t].
Again we can reconstruct S from (S), so this proves the result when I; = 1. O

We have dealt with the cases I = (1,1,1) and Iy # I3. We next turn to the cases
I=1(0,0,0) and I = (0,1,1).

Lemma 15. If I, = 0 and I, = I3, then L(n,I) > 2"3 — 2 for every n € N.

Proof. The proofs for the two cases I = (0,0,0) and I = (0,1,1) are almost identical,
so we shall only prove the result for I = (0,0,0). Let n € N and m = n? Let X' =
{,...,2h, }, Y = {y1,...,ym}, and M’ = M;(X')Y). To make the proof easier to
follow, we let z; = i, | for each i € [m], and let X = {x,...,2,}. Note that now
x; — y; if and only if i > j. Let M = M'[X UY].

For each subset S C [n— 3]\ {0, [n — 3]}, we shall find a distinct sub-tournament (.5)
of M. Let the elements of S be a(1) < ... < a(t), where 1 <t <n—4, and let a(0) =0
and a(t+ 1) =n — 2. For each i € [t + 1], let b(i) = a(i) —a(i — 1) — 1, and let

A={x;eX :i=(+1)n, jelt]}
The vertices of A will, as usual, correspond to the elements of S. Now let
B={ycY i=jn+l, jelt+1], L€ b}
and finally let

C = {xl, Y1, Im}
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Let (S) = M[AU B UC]. The sets A, B and C are disjoint, so |[AU BUC| =
t+> b(j)+3=n.

Note that the vertex y; has outdegree 1 in ¢(S) (y; — x1, but y; — y; and z; — ¥
if j > 1, since I = (0,0,0)). We claim that every other vertex in ¥ (S) has outdegree at
least 2. Indeed, A — {y;, .}, so d(v) = 2 forv € A; B — {x1,y1}, so d(v) > 2 for every
v € B; 1 — AU{x,,}, and |A| > 1since S # (), so d(z1) > 2; and finally, z,,, — BU{y1 },
and |B| > 1 since S # [n — 3], so d(x,,) > 2. Hence y; is the unique vertex in ¢(S) with
degree 1.

So we can identify y;, and since x; is the unique element of {v € ¥(5) : y; — v}, we
can also identify z;. But now A ={v € ¥(S) : v ¢ {z1,y1}, 21 — v}, and moreover 1(5)
is transitive on A and on B, and x; — y, if and only if ¢ > j. It is now easy to see that
we can reconstruct S from ¢(.S), and so v is injective. This proves the lemma. O

There is only one case left to deal with. Given n € N, let ), denote the ‘cyclic
tournament’ on n vertices, defined as follows. Let C, have vertex set {z1,...,z,}, and
let z; — z; in C,, if and only if 1 < j —i <n/2 (mod n), or j —i =n/2.

n—1

Lemma 16. Cy, has at least distinct sub-tournaments on n vertices.

n

Proof. Let n € N, and let C' = (Y, be the cyclic tournament defined above, with vertices
{z1,..., 22}, and x; — zjif and only if 1 < j —i<n—1 (mod 2n) or j =i+ n. We
shall describe a map g from the subsets of [n — 1] to sub-tournaments of C' on n vertices,
such that at most n subsets map to the same tournament, i.e., |u~'(T)| < n for every
tournament 7'. Since there are 2"~! such subsets, this will suffice to prove the lemma.

For each subset S C [n — 1], let As = {z; : i € S}, Bs = {xn1i : i ¢ S}, and define
w(S) to be the sub-tournament of C' induced by the vertices Ag U Bg U {x2,}. Note that
Bg — 3, — Ag, and that if z; € Ag and z; € Bg, then x; — z; if and only if n 47 > j.
Note also that C[Ag] and C[Bg| are transitive tournaments.

Now, we claim that given a tournament 7 in the image of u, and the vertex x € T
corresponding to xg, in C, we can reconstruct S. Indeed, let A = {v € T': x — v}, and
B={veT:v— z}. Now, for each u € A, let

s(u) = fveA:v—u}| + {weB:u—w} + 1

Then S = {s(u) : u € A}.

Thus, given any tournament 7" in the image of u, there are at most n subsets S C [n—1]
for which T' = (), and so |u=(T')| < n for every tournament 7. By the comments above,
this proves the lemma. O

The final case now follows easily.

n—1

Lemma 17. If I = (1,0,0), then L(n,I) >

for every n € N.
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Proof. Let n e N, I = (1,0,0), X ={z1,..., 22, }, Y ={v1,...,yn}, and M = M;(X,Y).
We claim that (5, is a sub-tournament of M. By Lemma 16, this will suffice to prove the
result.

Recall that y; — y; if i < j, 2; — x; if ¢« < j, and x; — y; if and only if ¢ > 27.
Consider the vertices Z = {21 ..., 29, }, where z; = xo; and z,,; = y; for each i € [n], and
let £ € 2n]. If ¢ € [n] then {w € Z : zp —» w} = {wg; 1 i > L} U{y; : i < {}, so zp — 2,
if and only if j € [¢ + 1,n + ¢]. Similarly, if ¢ € [n 4 1,2n] then 2z, — z; if and only if
jel+1,2n]U[l,{ —n —1]. Thus M[Z] = Cy,, so Csy, is a sub-tournament of M, as
claimed. O

We finish this section by summarising what we have learnt from it. We shall need the
following simple observation.

Observation 18.
—1
(49) 2"—1—2<n2 ) —n > Fifn>6.
2>

(i) 272> 23 2 > F* ifn > 6.

n—1

(id) Fn

-‘ > FFifn #4.
Proof. One can check that the inequalities hold for small cases, and that each function
f(n) on the left satisfies f(n+1) > f(n) + f(n — 2). O

Using Lemmas 10, 11, 12, 14, 15 and 17, and Observation 18, we reach the following
conclusion.

Corollary 19. Let P be a hereditary property of tournaments, and suppose that P con-
tains arbitrarily large structures of Type 1 or 2. Then

—1 2n—1
|Pn| > min{Qn_1_2<n ) - n, Frtv 2n—3_27 ’V —‘}
2 n

for every n € N, and hence |P,| = F for every n > 6.
Moreover, if also |P,| = F for some n > 7, then P contains the property T = {T :

T < M((ﬁ)g) for some m € N}.

Proof. If P contains arbitrarily large structures of Type 1, then by Lemma 10, |P,| >

n—1
-t 2( 5 ) —n. So assume it does not, in which case, P must contain arbitrarily

large structures of Type 2, and so, by Lemma 11, M}") € P for some I € {0,1}3, and
every n € N. Now, by Lemmas 12, 14, 15 and 17, we have

2n—1
|P,,| > min {F;,2"—2,2"—3 -2, [ W }
n
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for every n € N, and the first statement follows. By Observation 18, it follows that
|P.| = F for every 6 < n € N.

Now suppose that |P,| = EF* for some n > 7. Since 277! — 2 " g 1) —n > F for
n > 7, it follows that P does not contain arbitrarily large structures of Type 1, and since
min {2”‘3 -2, 2" 2 { ::1—‘ } > F*if n > 7, it follows that P does not contain the set
{M™ :n e N} for any I € {0,113\ {(1,1,1)}. Thus M((1n,)1,1) € P for every n € N, and so

{T:T< M((fb{l) for some m € N} C P, as claimed. O

5 Polynomial speed

The results of the previous two sections imply that if P is a hereditary property of
tournaments, and B(P) = oo, then |P,| grows at least exponentially as n — oo. By
Lemma 5, we know that if B(P) < oo, then |P,| is bounded above by a polynomial. In
this section we shall prove Theorem 2, which considerably extends Lemma 5. In other
words, we shall show that if B(P) < oo, then |P,| = ©(n*), where

k(P) = sup{¢ : Vm €N, 3T € P such that the (¢ + 1)* largest

homogeneous block in 7" has at least m elements}.

We shall also give some idea of how this result might be further improved. The method
is very similar to that of Section 4 of [4], and the reader may wish to compare the results
obtained here with those obtained in that paper for ordered graphs.

We begin by recalling that a pair {u, v} of vertices of a tournament 7" are homogeneous
(and we write u ~ v) if u = v, or u ~ v, or v ~ u, and that the homogeneous blocks of T'
are the equivalence classes of the relation ~. The homogeneous block sequence of T' is the
sequence (t1,to,...,ty), where ty,ts, ..., t,, € N are the sizes of the homogeneous blocks
of T,and t; >ty > ... > t,,. Note that this sequence is uniquely determined by 7". Recall
also that B(T") denotes the number of homogeneous blocks of T', so B(T') = m. We may
also embed the homogeneous block sequence of T into the space of infinite sequences of
non-negative integers in a natural way, in which case B(T) = min{k € N : ;. = 0}.

Now, let T be a tournament, and By, ..., B,, be the homogeneous blocks of T". Define
T(By,...,By) to be the labelled (or ordered) tournament U, with vertex set [m], and in
which ¢ — j in U if and only if b; — b; in T" for some (and so every) b; € B; and b; € B;.

Let P be a hereditary property of tournaments, and suppose that B(P) < oo, so there
exists a K € N such that B(T) < K 4+ 1 for every T € P. Thus t,, = 0 if m > K + 2,
SO Zfik 4o ti 18 bounded for some k € N with £ < K. The following lemma shows that in
this case, |P,| = O(n¥).

Lemma 20. Let P be a hereditary property of tournaments, and let k, M > 0 be integers.

Suppose that for every T € P, the homogeneous block sequence of T' satisfies Z t; < M.
i=k+2
Then |P,| = O(nF).
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Proof. Let P be a hereditary property of tournaments, let k, M > 0 be integers, and
suppose that tpio + trs + ... < M for every T € P. We shall give an upper bound on
the number of tournaments of order n in the property.

Indeed, every tournament 7' € P, is determined by a sequence S = (ay,...,a,;) of
positive integers, satisfying 1 <m < k+M+1, Y>> a; =n,and >, ;a;, = n— M for
some set I C [m] with |/| < k+ 1; and an ordered tournament U on m vertices. To see
this, let T' € P,, have homogeneous blocks By, ..., By, let a; = |B;| for each i € [m], and
let U =T(By,...,By). Now, 1 <m < k+M+1,since 0, t; < M; > " a;, =n
since |T'| =n;and ), ;a; =n— M if I = {i: B; is one of the largest k + 1 homogeneous
blocks of T'}. Thus S = (ay,...,a,) and U satisfy the conditions above. It is clear that
T can be reconstructed from S and U.

[t remains to count the number of such pairs (S, U). The number of sequences S is at

most
> (n ) 2 ()T - oo

m=1 m=k+2

(the first sum accounts for all compositions of n of length at most k + 1, and the m'"

summand in the second sum is an upper bound for the number of compositions of length
m such that some k + 1 components add up to at least n — M). The number of ordered
tournaments on m vertices is just a constant, so this proves the result. ]

Theorem 2 says that in fact, if k is taken to be minimal in Lemma 20, then |P,| =
©(n*). The next lemma provides the required lower bound.

Lemma 21. Let P be a hereditary property of tournaments, let k € N, and suppose that
there are tournaments T € P such that tj 1, the size of the (k+1)% largest homogeneous
block in T, is arbitrarily large. Then

n—2k+1)*  nF
k RIS

1

P

k1 1) +0(n")

as n — 0o. Moreover, if k =1, then |P,| > n — 2 for every n € N.

Proof. Let P be a hereditary property of tournaments, let n, k € N, and let T' € P have
k + 1 homogeneous blocks of order at least n. We shall construct a sub-tournament U of

T with at least
1 n—2(k+1)>3
(k+1)! k

distinct ordered sub-tournaments. The idea is simply that U should also have k + 1 large
homogeneous blocks, and at most 3(k'51) other vertices.

Let By, ..., Bri1 be homogeneous blocks of T, each of order at least n. Let Ay =
Bi U...UByj1. We shall inductively define a sequence of sets Ag C Ay C ... C Ay, for
some t € [0, (k;rl)}, such that |A;11] < |A;| + 3 for each i € [1,¢ — 1], and such that the
sets {B; : i € [k + 1]} are all in different homogeneous blocks of U = T'[A;].
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Let i € [0,k — 1], suppose we have already defined the sets Ag C ... C A;, and let
U; = T[A;]. If the sets {B; : i € [k+1]} are all in different homogeneous blocks of U;, then
we are done with t = ¢ and U = U;. So suppose that there exist j,¢ € [k] (with j # )
such that B; and By are in the same homogeneous block of U;. We shall find a set A;1;
as required, such that B; and By are in different homogeneous blocks of T[A;4]. Since
B; and By are distinct homogeneous blocks of 7', either B; — B, or B, — B;. Without
loss of generality, assume that B; — By.

Case 1: there exists a vertex u € T" such that By — v — B;.

Let Ai1 = A; U{u}. We claim that B; and B, are in different homogeneous blocks of
T[A;+1]. Indeed, let b € B; and b’ € By, and suppose that b ~ ¥', with homogeneous path
C. We know that b — ¥ — u — b, so u ¢ C, but now i — u — b is a contradiction.
Hence B; and B, are indeed in different homogeneous blocks of T'[A;44], as required.

So suppose there is no such vertex v with By — v — B;. Let K ={v e T :v —
B;UB}, L={veT:BjUB —v},and M ={veT:B; - v— B}. We have
KULUM=V(T)\ (B; UB,y).

Case 2: ©u — v for some v € M and v € K.

Let A;11 = A; U{u, v}, and suppose that b ~ b’ in T[A;;;], with b and " as above. Since
b— u — U, we must have u € C. But now u — v — b is a contradiction, so B; and By
are indeed in different homogeneous blocks of T'[A;,1].

Case 3: u — v forsomeu € L and v € M.

Let A;11 = A; U {u,v}. Asin Case 2, B; and B, are in different homogeneous blocks of
T[Ait1)

Case 4: u — v — w — u for some u,v,w € M.

Let A;11 = A;U{u,v,w}, and suppose that b ~ b in T[A;,4], with b and b’ as above. Since
b — u — b, we must have v € C, and similarly, v,w € C. But now u — v — w — u
is a contradiction, so B; and By are once again in different homogeneous blocks of T'[A;44].

So suppose that none of the above four cases hold. Then K — M — L, and T[M]
is transitive. It is now easy to see that all the vertices of B; U B, U M are in the same
homogeneous block of 7', and this is a contradiction.

We have shown that we can construct sets Ag C ... C A; with |A;11] < |A;|+3 for each
i € [1,t—1]. Now, the sequence (Ao, ..., A;) cannot continue any further than ¢ = (’“2”),
since if B; and By are in different homogeneous blocks of U; (for some i € [0,t — 1] and
J, € € [k + 1]), then they are in different homogeneous blocks of U, 1. Since each step of
the process described above separates B; and By for at least one pair j, ¢ € [k + 1], after
(k;rl) steps all k£ + 1 sets B; must be in different homogeneous blocks of U = T[A,].

Now, U has k 4+ 1 homogeneous blocks of size at least n, and at most K = B(k;rl)
other vertices, since |A;41| < |Ai| +3 for each ¢ € [0,¢—1]. Consider the sub-tournaments
of U of order n which include all the vertices of A; \ Ay, and a; vertices from B; (for
each i € [k + 1]), where a; > K + 1 for each ¢ € [k + 1], and a3 > ... > ag1. These

sub-tournaments are all distinct, since they have different homogeneous block sequences.
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n—(k+1)(K+1)—K+k

There are exactly ( i

) sequences of integers (ai,...,ax 1),

1 th
with a; > K +1 for each i € [k+1], and Zai =n—K, and at least <m> of these
2

have ay > ... > aps1. Therefore there are at least this many distinct sub-tournaments of
U of order n, and each of these is in P. Finally, note that (k+1)(K+1)—K+k < 2(k+1)3,

SO
1 n—2(k+1)>3 nk 1
= -
[Pal 2 (k+1)!< k ) ARG

as required.

To prove the second part of the lemma, let £k = 1, n € N, and repeat the argument
above to obtain the tournament U € P, with two homogeneous blocks of order n and
at most three other vertices. Now, the four cases in the proof above correspond exactly
to the four tournaments G\, G5, G{” and G'" defined in [3], so P must contain one
of these tournaments. By a simple counting argument, we have |P,| > n — 2 for every
n € N. 0

1
Remark 2. The constant m in Lemma 21 is not best possible. In fact, with a

little more care one can replace it with
-1
(k! max(| Aut(T)\)) ,

where Aut(7") denotes the automorphism group of 7', and the maximum is taken over all
tournaments on k + 1 vertices. Consider the following sequence of tournaments: 77 is a
cyclic triangle, and for each ¢ € N, Ty, is formed by taking three copies U, V and W
of Ty, and letting U — V — W — U in T;,;. The automorphism group of T, has size
3(=1/2 where k = 3¢ is the number of vertices of T}, and this was shown to be the largest
possible order of the automorphism group of a tournament in 1970 by Moon [16]. Moon’s
result (together with the argument above) implies that the bound in Lemma 21 could be
improved to
nk

k! 3(k=1)/2

and this constant is in fact best possible.

Pl = +0(n"™),

Theorem 2 follows easily from Lemmas 20 and 21.

Proof of Theorem 2. Let k = k(P), and suppose k < oo. By the definition of k(P),
szm t; < M for some M € N, and there are tournaments 7' € P such that t;,;, the
size of the (k+1)* largest homogeneous block in T, is arbitrarily large. Thus |P,| = O(n*)
by Lemma 20, and |P,| = Q(n*) by Lemma 21. O
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6 Proof of Theorem 1

Theorem 1 now follows easily from Lemma 7, the results of Section 4, and Theorem 2.
The only remaining ingredient is the following lemma, which covers the case n < 5. We
shall only give a sketch of the (easy, but tedious) details of the proof.

Lemma 22. Let P be a hereditary property of tournaments.
(a) If |Pn| = 2 for some n € N, then |P,| = F} forn=1,2,3.

(b) If P contains a 3-structure of Type 1, then |Ps| > FF = 4.

(c
(d
Proof. For part (a), note that if |P,| > 2 for some n € N, then P contains both tour-
naments on three vertices (the transitive tournament and the cyclic triangle). Since
|FY| = |F5| = 1 and |Fy| = 2, the result is immediate. For part (b), observe that a 3-
structure of Type 1 contains all four tournaments in 75, so if P contains such a structure,
then 75 C Ps. Similarly, for part (¢) observe that if I; = 0, M 1(3) contains a tournament
on five vertices with a 5-cycle, both tournaments with a 4-cycle (one with a vertex ‘above’
the 4-cycle, and one with a vertex ‘below’ it), and the transitive tournament. Finally, for

part (d) note that C,, does not contain a cyclic triangle for n > 4, so P4 contains only the
transitive tournament and the 4-cycle. O

)
) If MY € P, with I, = 0, then |Ps| > Fz = 4.
) If P={T:T < C, for somen € N}, then |Py| =2 < 3 =F}.

Finally, we are ready to prove Theorem 1.

Proof of Theorem 1. Let P be a hereditary property of tournaments, and suppose first
that B(P) < oo. Then k = k(P) < B(P), so |P.| = ©(n*) as n — oo by Theorem 2. So
assume that B(P) = oco. By Lemma 7, P contains arbitrarily large structures of Type 1
or 2 and so by Corollary 19,

_ n—1
1P| > min{2"_1—2<n 1) —n, ¥, 278 2, F H
2 n

for every n € N, and hence |P,| > F if n > 6.

It only remains to show that |P,| > F! for n < 5 and n # 4. For n € {1,2,3}
this follows trivially by Lemma 22 (a), but for n = 5 we must do a tiny bit of work.
Recall that since B(P) = oo, either P contains arbitrarily large structures of Type 1, or

P contains the tournament M I(") for some I € {0,1}3 and every n € N (see Lemmas 7
and 11). In the former case, we have |Ps| > FY by Lemma 22 (b). In the latter case,
we have |Ps| > Fr it I = (1,1,1) (by Lemma 12), if Iy # I3 (by Lemma 14), and if
I =(1,0,0) (by Lemma 17 and Observation 18). But I; = 0 in the remaining cases, and
so the result follows by Lemma 22 (¢). Finally, Lemma 22 (d) shows that the hereditary
property P = {T : T < C,, for some n € N}, which by Lemma 16 has speed at least
2771 /n, satisfies |Py| < Fj. O
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7 Further problems

Research into hereditary properties of tournaments is still at an early stage, and we
have many more questions than results. We present here a selection of problems and
conjectures; we begin with a Stanley-Wilf Conjecture for tournaments.

Conjecture 1. There is a jump from exponential to factorial speed for hereditary prop-
erties of tournaments. More precisely, there exists a constant o > 0 and a function
F(n) = n®"°") such that, for any hereditary property of tournaments P, either

(a) |Pn| < ™ for every n € N, for some constant ¢ = ¢(P), or
(b) |Pn| = F(n) for every n € N.
We would also like to know which exponential speeds are possible.

Question 1. Let P be a hereditary property of tournaments, and suppose that |P,| < ™
for some ¢ € R and every n € N. Does lim (\Pn\l/”) necessarily exist?

Problem 1. Let X = {c € R : there is a hereditary property of tournaments P with
lim (|P,|"'") = c}. Determine the set X.

Theorem 1 implies that X N (0, c3) = (), where c¢3 ~ 1.47 is the largest real root of the
polynomial 2° = 22+1. But what happens above c3? Consider the following generalization

of the tournament ,M((l")l 0 Let k,n € N with k& > 3, and let M (k,n) be the tournament

with vertex set {z1,..., %, }, in which z; — x; if i < j, unlessi+k—1=7 =0 (mod k).
Note that M(3,n) = .M((l")l 1y Now let PH® = {T : T < M(k,n) for some n € N},
and observe that |737(Lk)| = CI(CHO(I))YL, where ¢ is the largest real root of the polynomial

oF = 2P 23 4 2k 4 .+ 1. Note also that ¢, — ¢ as k — oo, where ¢ is the
largest real root of the polynomial 2% = 23 + 22 + 1.

We conjecture, along the lines of Theorem 1 of [4], that these are the only bases in
the range (0, ¢).

Conjecture 2. Let X be as defined in Problem 1, and let ¢ ~ 1.755 and {cy, : k > 3} be
as defined above. Then X N (0,c') = {cs3, ¢4, ...}

As in [4], we can prove a special case of Question 1. A tournament 7T is said to be
strongly connected if every ordered pair of vertices u and v are connected by a path from

u to v. Equivalently, the vertex set of T cannot be partitioned into two non-empty sets
A and B such that A — B.

Theorem 23. Let 11,15, ... be a sequence of tournaments, and suppose that every T; is
strongly connected. Let P ={T : T is a tournament, and T; L T for every i € N}. Then
cither lim (|P,|'/") exists, or liminf (|P,|'/") = occ.
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Proof. The proof is essentially the same as that of Theorem 27 in [4]. We claim that for
every pair of integers m,n,
|PM+n| > |Pm| ’ |Pn|

To see this, let G; € P, and G5 € P, and let (G1, G3) denote the tournament on m + n
vertices formed by taking disjoint copies of G; and G4, and orienting all cross-edges from
V(G1) to V(Gs). Then T; ¢ (G1,Gy) for every i, so (G1,Gs) € Ppin, and moreover G
and G5 can be reconstructed from (G1, G3), so the claim follows.

Now, Fekete’s Lemma [12] states that if aj, as, ... € R satisfy a,, + a, > a4, for all
Qp . .. . .
m,n > 1, then lim — exists and is in [—o00,00). Applying this lemma to the sequence
n—oo N
—log(|P,]|) gives the result. O

The proof of Theorem 28 of [4] can also be adapted to hereditary properties of tour-
naments, to produce many properties with different exponential speeds, but we spare the
reader the details. Of perhaps more interest is whether our results from this paper can
be used to prove a jump from polynomial to exponential speed for hereditary proper-
ties of (unlabelled) oriented and directed graphs. We therefore finish with the following
conjecture.

Conjecture 3. Let P be a hereditary property of oriented graphs. Then either
(a) |Pn| = ©(nk) for some k € N, or
(b) |Pn| = Ef for every 4 # n € N.
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