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Abstract

We generalize the classical work of de Bruijn, Knuth and Rice (giving the asymp-
totics of the average height of Dyck paths of length n) to the case of p-watermelons
with a wall (i.e., to a certain family of p nonintersecting Dyck paths; simple Dyck
paths being the special case p = 1.)

An exact enumeration formula for the average height is easily obtained by stan-
dard methods and well-known results. However, straightforwardly computing the
asymptotics turns out to be quite complicated. Therefore, we work out the details
only for the simple case p = 2.

1 Introduction

The model of vicious walkers was originally introduced by Fisher [10] and received much
interest, since it leads to challenging enumerative questions. Here, we consider special
configurations of vicious walkers called p—watermelons with a wall.

Briefly stated, a p-watermelon of length n is a family P, ... P, of p nonintersecting
lattice paths in Z?, where

e P starts at (0,2i — 2) and ends at (2n,2i —2), fori =1,...,p,

e all the steps are directed north—east or south—east, i.e., lead from lattice point (i, j)
to(i+1,7+1)orto(i+1,7—1),
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Figure 1: A 6—watermelon of length 46 and height 20

2 » ~ level 20
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e 1o two paths P;, P; have a point in common (this is the meaning of “nonintersect-

ing”).

The height of a p—watermelon is the y—coordinate of the highest lattice point contained
in any of its paths (since the paths are nonintersecting, it suffices to consider the lattice
points contained in the highest path P,; see Figure 1 for an illustration.)

A p—watermelon of length n with a wall has the additional property that none of the
paths ever goes below the line y = 0 (since the paths are nonintersecting, it suffices to
impose this condition on the lowest path P;; see Figure 2 for an illustration.).

In [3], Bonichon and Mosbah considered (amongst other things) the average height

Figure 2: A 3—watermelon of length 11 and height 12 with a wall

level 12
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H(n,p) of p—~watermelons of length n with a wall,

1
#(all p-watermelons of length n with a wall)

X Z h - #(all p-watermelons of length n and height h with a wall),
h

H(n,p) =

and derived by computer experiments the following conjectural asymptotics [3, 4.1]:

H(n,p) ~ /(1.6Tp — 0.06) 2n + o(v/n) . (1)

The purpose of this paper is to work out the exact asymptotics for the simple special
case p = 2 by imitating the classical reasoning of de Bruijn, Knuth and Rice [6] for the
case p = 1 (i.e., for the average height of Dyck paths). Following this road involves
rather complicated computations, even in the case p = 2. In particular, we shall need
informations about residues and evaluations of a double Dirichlet series, which we (partly)
shall obtain by imitating Riemann’s representation of the zeta function ¢ [7, section 1.12,
(16)] in terms of Jacobi’s theta function 6.

The appearance of ( and 6 in this context is not surprising from the probabilist’s point
of view, since in the scaling limit watermelons lead to noncolliding diffusion processes,
and there are well-known connections between the zeta function and Brownian motion.
For example, # and ( are involved in the asymptotic distribution as n — oo of the height
of 1-watermelons [18, Theorem 4, and the remark on page 181]; see Biane, Pitman and
Yor [2] for a comprehensive overview.

1.1 Notational conventions

For k,n € Z, we shall use the notation introduced in [13] for the rising and falling factorial
powers, i.e.

) =0ifk<0, n)’:=1, M) =n-(n+1)---(n+k—1) ifk>0

and
) :=0if k<0, (M)°’:=1, ) =n-n—1)---(n—k+1) if k> 0.

For the binomial coefficient we adopt the convention

(n)'_ W2 i<k <,
k)~ 0 else.

Moreover, we shall use Iverson’s notation:

1 if “some assertion” is true,

[some assertion] =
0 else.
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1.2 Organization of the material presented

This paper is organized as follows:

e In section 2, we present exact enumeration formulas for the average height of p—
watermelons with a wall in terms of certain determinants. Moreover, we make these
formulas more explicit (in terms of sums of binomial coefficients) for the simple
cases p=1 and p = 2.

e In section 3, we first review the classical reasoning for the asymptotics of the average
height of 1-watermelons with a wall, which was given by de Bruijn, Knuth and Rice
[6]. Then we show how this reasoning can be directly extended to the case of 2-
watermelons with a wall.

e In appendix A, we summarize background information on

— Stirling’s approximation,
— certain residues and values of the gamma and zeta function,

— a certain double Dirichlet series and Jacobi’s theta function

which are needed in the reasoning of section 3.

1.3 Acknowledgements

I am very grateful to Professor Krétzel for pointing out to me how the poles and residues
of certain Dirichlet series can be obtained in a simple way by using the reciprocity law
for Jacobi’s theta function, to Christian Krattenthaler for many helpful discussions, and
to the anonymous referee for helpful suggestions and corrections and for drawing my
attention to the paper of Biane, Pitman and Yor [2].

2 Exact enumeration

For a start, we gather some exact enumeration results.

2.1 The number of p—watermelons with a wall

The following proposition generalizes the well-known enumeration of 1-watermelons with
a wall (i.e., Dyck paths) of length n, which is given by the Catalan numbers

C(”>:ni1(2£)‘

Proposition 1. The number C(n,p) of all p-watermelons with a wall of length n is given
as

(2n+2j)

C(”7P)ZHW~ (2)

n
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Proof. This is a special case of Theorem 6 in [14]. O

2.2 1-watermelons with a wall and height restrictions

In order to obtain the average height, we count p—watermelons with a wall of length n
which do not exceed height h. To this end, we employ the following formula (see [16, p. 6,
Theorem 2]):

Theorem 1. Let u, d be nonnegative integers, and let b, t be positive integers, such that
—b < u—d < t. The number of lattice paths from (0,0) to (u+ d,u — d), which do not
touch neither line y = —b nor line y = t, equals

é ((U —uktbd+ t)) B (u — kzzbj:tdt) + b)) : (3)

Corollary 1. Let i, j and h be integers such that 0 < 2i,275 < h. The number of all
lattice paths from (0,21) to (2n,2j) which lie between the lines y =0 andy =h > 0 is

min 3, h) ::Z<<n—i+j2fk(h+2)) B <n+z'+j—21?(h+2)+1))' @)

keZ

The special case v = j = 0 can be written as

m(n, ) = m(n, 0,0, h) = — (2”)_

n+1\n
2n 2n 2n
;((n—k(thQ)—l) _2(n—k(h+2))+(n—k(h+2)+1))' (5)
Proof. Set u=n—i+j,d=n+i—j,b=2i+1landt=h+1—2iin (3). O

Corollary 2. Forn > 0, the number of all p-watermelons with a wall of length 2n, which
do not exceed height h, is given by the following determinant:

p—1

C(n,p,h) = ‘m(n,i, i h)

(6)

Proof. For h > 2p — 2 this follows by a straightforward application of the Lindstrom-—
Gessel-Viennot method [12].

For 0 < h < 2p — 2, the determinant equals 0 (as it should: 2p — 1 is the minimal
height of a p-watermelon), since the matrix (m(n, 1, j, h)); ;O is singular in this case. More
precisely, we have for all n and all j:

m(n,i,j,2i —1) =0 (for h=2i — 1 and i < p— 1),
m(n,i,j,2i) +m(n,i+1,5,2i) =0 (for h=2i and i < p — 1),

p—1

ST (=1 mln,i,j,2p — 2) = 0 (for h = 2p — 2).

=0

1,7=0

THE ELECTRONIC JOURNAL OF COMBINATORICS 14 (2007), #R64 )



2.3 The average height of 1-watermelons with a wall

The following is a condensed version of the reasoning given in [6]. Denote by m(n, k) the
number of all Dyck paths, starting at (0,0) and ending at (2n,0), which reach at least
height h. By (5), we obtain

m(n,h) =m(n,n) —m(n,h—1)=C(n,1) = C(n,1,h—1)

E () o) i)

So, the average height of 1-watermelons with a wall (i.e.,Dyck paths) of length n is

Hn,1) = % S m(n, ) = % <—0(n) + ;m(n, h))

14D <Z () i) —225%3) + (n_22+1))> | ™)

where d(k) denotes the number of positive divisors of k. Introducing the notation

Z d n+a k) (8)

k>1 )

we arrive at

H(n,1) = (n+1) (S(n, 1) —25(n,0) + S(n, —1)) 1, 9)

which is equivalent to equation (23) in [6].

2.4 The average height of p—watermelons with a wall

In generalization of the above notation, denote by m(n, p, h) the number of all p-waterme-
lons of length n, which reach at least height h, i.e.,

m(n7p> h’) = C(n7p) - C’(n,p, h — 1) .

Clearly, we have the following exact formula for the average height of p—watermelons of

length n:
n+2p—2

H(n,p) = C(i,p) > m(n,ph). (10)

h=1

2.4.1 The average height of 2—watermelons with a wall

Let

n a, b sz ng ], (n-l—a—j) (n-l—b—k) . (11)

3j>1 k>1 (2:)2
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From (6), straightforward (but rather tedious) computations lead to the following formula:

(n+ 1)§

Hn:2) = 5ent 1

((n +1)%Sy(n) + Sl(n)> 1, (12)
where
Si(n) = (n*+5n+6) (S(n,—3) + S(n,3)) —
(6n* + 18n) (S(n, —2) + S(n,2)) +
(15n* + 27n + 6) (S(n, —1) + S(n, 1)) —
(20n* + 28n 4 24) S(n,0), (13)
Sa(n) = S(n,—2,-2) — S(n,—1,-3) —25(n,—1,-2) + S(n,—1,—1) + 25(n, —1,0)—
S(n,—1,3)+25(n,0,-3) — 45(n,0,0) +25(n,0,3) — S(n,1,—-3)—
25(n,1,-2) +2S(n,1,-1) +25(n,1,0) + S(n,1,1) — S(n, 1,3)+
25(n,2,-2) —25(n,2,—1) —25(n,2,1) + S(n,2,2). (14)

3 Asymptotic enumeration

3.1 Asymptotics of the average height of 1-watermelons

In the case of 1-watermelons, the asymptotic of the average height (7) is well-known, see
[11, Proposition 7.7] or [6, equation (34)]:

H(n,1) ~ /n — g + O(n—%+f) . (15)

We repeat the classical reasoning of de Bruijn, Knuth and Rice [6], in order to make clear
the basic idea, which we shall also employ for the case p = 2 later.
Proof of (15): From (9) it is clear that we need to investigate the asymptotic behaviour

2n
of S(n,a) = ,_, d(k) % Note that the sums S(n,a) in (9) are multiplied with a
factor of order 1. So if we are interested in the asymptotics of H(n, 1) up to some O(n~%),
we need the asymptotics for S(n,a) up to O(n=*"1); for our case, a = 1 — ¢ is sufficient.
The basis of the following considerations is the asymptotic expansion of the quotient

of binomial coefficients (30) (see appendix A.1).

3.1.1 The asymptotics of S(n,a) for a fixed, n — oo

2n
(n+a—k)
()
if |£=2| > n 2, ie., if k > n2te 4 a (see (30) in appendix A.1). Therefore, the sum of
all terms with k > n2*¢ 4 a is negligible in (8), being O(n™™) for all m > 0, and we may
take £ = O(nﬁ_%) in (30).

First we observe that

=0 (exp (—nze))
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Next, we take (30) up to order n~! and substitute x — %: Pulling out the leading

_ 1.2
term e n and expanding the rest with respect to k gives

2n

(nga_k)_en<1_a_2+k 2a_a+2d%)  (1+4a) 8
(:) n n n2 2n?

(ba+4a®) k> k' ak®

3n3 6n3  3nt

Now we consider the following function

= Krd(k)e (17)

k>1
and observe that here the terms for & > n'/?* are again negligible:

Z kb d(k) e M/ = O(n™™) for all m > 0.

k2n1/2+6

Hence we directly obtain from (16):

S(n, a) = (1 _ %2) 4(n,0) + (%“ 2 “‘) g(n,1) + (4“2 s 1) o(n,2)

+ 4&;35& g(n,3) — % ng(n74)—%9(7%5)210("_2“9(”70))- (18)
3n 6n 3n

(This is equation (27) in [6].) Note that the coefficients for g(n,b) are odd functions of a
for odd b and obtain:

S(n,1) — 25(n,0) + S(n, —1) —zg(n 0) + s g(n,2) + O(n *g(n,0)) . (19)

So we reduced our problem to that of obtaining an asymptotic expansion for g(n,b). Note
that we need this information only for b even. It follows from the computations presented
in appendix A.2.1, that g(n, 2b) = O(n"*'/?1log(n)), and that we have for all m > 0:

g(n,0) = i\/ﬁlog(n) + (%y - 1log(2)) N i +0(n™™),

2
n 1 3 1 o
g(n,2) = gV log(n) + <1 + 37 1 log(2)) nymn+0(n™™). (20)
Inserting this information in (19) we immediately obtain the desired result (15). O

3.2 Asymptotics of the average height of 2—watermelons

We shall modify the reasoning from section 3.1 appropriately. In doing so, it turns out

that we have to deal with the double Dirichlet series ), >1 (k;:-lQ for integers a,b > 0.

THE ELECTRONIC JOURNAL OF COMBINATORICS 14 (2007), #R64 8



Proposition 3 in appendix A.3 states that this series is convergent in the half-plane
R(z) > a+ b+ 1 and defines a meromorphic function Z(a,b;z) : C — C which has
a simple pole at z = a4+ b+ 1, and an additional simple pole at z = a+b+ % onlyifa=0
or b = 0. Hence, we can write

a 1
2

Given this “implicit” definition of the numbers c,; we will show:

H(n,2) ~ \/7m<—20070 + 810 — 9ers — 9ca0 + 1562,

3
+ 3562,2 + 56370 - 356371) - 5 + O(n_%JFE) . (22)
Using the representations of the constants c,; by certain integrals (see (50) in appen-
dix A.3), we obtain the following approximative asymptotics by numerical integration
(carried out with MATHEMATICA)

H(n,?2) ~ 2.57758 \/n — g + O<n—%+f) . (23)

This conforms quite well to Bonichon’s and Mosbah’s conjecture (1) for the case p = 2,
which gives approximately 2.56125 y/n. Straightforward computation of H(n,2) for small
n (using the GNU multiple precision library in a small C++—program) indicates that the
approximation is quite good. For example, considering the difference D(n) := H(n,2) —
(2.57758 y/n — 2), we obtain D(1000) = 0.083217, D(2000) = 0.058859, D(3000) =
0.048062 and D(5000) = 0.037231. Figure 3 shows a plot of D(n) for n < 1000.

Proof of (22): Note that in (12), the “single sums” S(n,a) are multiplied with a rational
function in n of order at most 3, while the “double sums” S(n,a,b) are multiplied with a
factor of order 4: So if we are interested in the asymptotics of H(n,2) up to some O(n~%),
we need the asymptotics for S(n,a) up to O(n=*7?) and for S(n,a,b) up to O(n=*"*);
for our case, o« = 1 — ¢ is sufficient.

3.2.1 The asymptotics of S(n,a) for a fixed, n — oo

Basically, we repeat the computations from section 3.1.1. The only difference is that we
need higher orders now. After some calculations, we obtain:

24 (4n” + 201+ 89) g(n,0) | 4 (96n” + 10650 + 3656) g(n. 2)

Si(n) = — 3 A
(28802 + 40600 + 12213) g(n,4) 8 (8n® + 107n + 335) g(n, 6)
B nd + nb
(96n + 521)g(n,8)  10g(n, 10) 4t
— ¢ . (24
SIS SO o g (n,0) (20
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Figure 3: The difference D(n) := H(n,2) — (2.57758 y/n — 2) for n < 1000. The compu-
tations were done in a C++-program using the GNU multiple precision library.

95.00 190.00 285.00 380.00 475.00 570.00 665.00 760.00 855.00 950.00

Recall that in appendix A.2.1 it is proved that g(n,2b) = O(n""/?log(n)). Moreover,
the arguments in appendix A.2.1 show that we have (in addition to (20)) for all m > 0:

g(n,4) = Bl—ﬁx/ﬁlog(n) + (1 + gfy - §log(2)) n’vrn+0(n™"),

2 16 8
g(n,6) = 1223\/ﬁ10g(n) + <§ - §—27 — 1—2 log(2)) n’vrn+0(n™),
g(n,8) = 10654n4\/ﬁ10g(n) + (% - 36%457 — 13%5 log(2)) n*vrn+0(n™"),
g(n,10) = gilggs\/ﬁlog(n) + (% + %7 — % log(Q)) n’Van+0(n™").

Inserting this information in (24) we immediately obtain the first part of the desired
result:

(n+ 1)§ _ 11ymn —1/2+4€
m81(n)— G —1+0(n ). (25)
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3.2.2 The asymptotics of S(n,a,b) for a, b fixed, n — oo

Basically, we mimic the computations from section 3.1.1. In doing so, we are led to
consider the following function

g(n.a,0) =33 k1 d(ged(k, 1) e (),

k>1 1>1

Observe again that the terms for k,1 > n'/?*¢ are negligible in this sum. For obtaining

the following formula, we made use of the fact that g(n,2a,2b) = O(n*™*!) (which is
shown in appendix A.2.2):

1 192 1632 8736 768 8928 61744
1 1152 18432 161488 576 10336 99336 4
5 + g T 6 + n’ - nd g(”? 70)
384 10784 138128 1 /512 7872 58368
( 5 ) g9(n,4,2) 5 (— 9 T W) g(n,4,4)

128 4192 300624 256 6848 1517888
( R ) (,6,0) <_F+ T )9<”=6’2>

2432 62368 1 / 256 416 544 225488
+ <3n10 - 5n11_> g(n,6,4)+ 2 <w - W) g(n,6,6)+ <F — W) g(n,8,0)

398012 960 31736 256 1328¢(n,8,6)  64g(n, 8,8

15011 plo 15012 3pll 4513 9nld
8672 64 128 47504 78569(n,10,4)  32¢(n, 10,6)
(5n11 N 3n10) (n,10,0) (3n11 N 15n12) 9 10.2) -~ gum
_ 456g(n,12,0)  2576g(n,12,2)  64g(n,12,4)  16g(n,14,0)
5nl2 15n13 Onld Onls
32¢(n, 14,2)

ot T O(n™*g(n,0,0)). (26)

From the results obtained in appendix A.2.2 and A.3.1, we easily derive the following
asymptotic expansions (using the “implicit” definition of the numbers ¢, given in (21)):

3
g(n,0,0) = 7;; + \/Z_n (260,0 —log(n) — 7,0(%) - 27) — % +0(n™™),

g(n,2a,0) = 2 3511(2&)! (W;n—l—\/ﬂ_n (46(1,0— log(n)— (a + %) — 27))+O(n_m) ,

for all m > 0. Inserting the information from (27) in (26) shows that all the log(n)-terms
cancel, as well as all evaluations of the digamma function ¢ (see appendix A.2.1). So we
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obtain the second part of the desired result:

Ll)f (n + 1)§S (n) = \/7m(—E — 2¢00 +8c10—9¢11 — 9c
220+ 1) 2(n) = G 0,0 1,0 1,1 2,0
1
+ 150271 + 350272 + 503’0 — 3503,1) + 5 + O(n_1/2+6) . (28)
Inserting the expressions (25) and (28) in (12) finally gives (22). O

A Background information and relevant results

A.1 Stirling’s approximation applied to quotients of binomial
coefficients

We have the following asymptotic series for log(I'(z2)), valid for |argz| <7 —9,0 < § < T,
|z| — oo (see [5, equation (3.10.7)]):
1 10g(27) = |9 By,
log(T'(z %(z——)logz—z—l—iJr AT = 29
where B; denotes the j-th Bernoulli number.
Setting = £=2 we thus obtain

n

[Cvi) e on (£ + - + o + - + + - + - + o + - +
) p 2 712730 " 56 2 "4 6 8

1(2+4+6+8+ )+1 x2+x4+7x6+x8+
— — |\ T xr T — —_— — —_— —
6n n3\30 12 45 ' 4
1 x2+x4+x6+11x8+ N 1 x2+x4+11$6+143x8
ns\42 " 9 3 14 7\3 "4 ' 10 40
1 /522 bHz* 9125 6528
S O(z*n™ 1) |. 30
n9<66+6+18+3+ )+ (z®n™ ) (30)

2n

Note that W is zero for |x| > 1. The approximation given by (30) is very good if,

)

say, |z] < 3.

A.2 Integral representations of the exponential function and ap-
plications

A.2.1 The asymptotics of g(n,b) for b fixed, n — c©

Starting with the formula
1 c+ico
e’ =— I'(z)z7*dz for ¢ > 0,2 > 1, (31)

2mi c—ioo
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(see [1, (2.4.1)]) and using
()" =) d(k) k™, (32)

k>1

we obtain by interchanging summation and integration

g(n,b) = Z d(k) /C+100 n*T(z) k*%dz

271 :
k>1 —ioco

L[ e ces -1
= — z — yA
271 Josioo " : ’
where ¢ > 2. Denote the integrand in the above formula by G1(b; ).

For any fixed positive number ¢ and R(s) > —g, we have ((s) = O <|s|q+1/2) as s — 00.

Since n*I'(z) becomes small on vertical lines, we can shift the line of integration to the

left as far as we want to, if we take into account the residues of our integrand G(b; z).
There is a double pole at z = I’JFTl, and possibly some simple poles at z =0, —-1,—-2,....

For obtaining the residues, we use the power series expansion

) —— =+ 3 (= 1",

s—1

where ~ is Buler’s constant and v, = lim, .., (312, 17" (log)" — (n + 1)~ (log1)"™"")

(see [7, 1.12, (17)]), which gives the Laurent expansion at b+71

2— 1 f}/ PR
(22 —b) _4(2_%)2+(z—b+71)+ )

Combining this with the series expansions

n®=n*(1+log(n)(z—2)+...),
D(2) = T(zo) (1 -+ (20) (= — ) + - ..),

for zp = %1 where 9(z) is the digamma function (i.e., the logarithmic derivative of the

- T2
gamma function 1;((5)), see [7, 1.7]), we can easily express the residue of our integrand

Gi(b; 2) at z = L
b1 b+ 1 1 1 b+1
R R Y LY e .
0 ( 2 )(4 og<n>+4w( : )ﬂ) (33)

For our purposes, we need 1(z) at positive integral or half-integral values z, which can
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be derived from the following information:

P(1) = —y (see [7, section 1.7, equation (4)]),

w(%) = —7 — 2log(2) (see [17, p. 104]),
n—1

U(z+n)=1v(z)+ Z . Jlrj (see [7, section 1.7, equation (10)]).
j=0

The residue of G1(b; z) at z = —m is

(=) 2 (=" Bomivir  \’
e m b = <(2m++bb+ 1)) ’ (34)

where By denotes the k-th Bernoulli number (see [7, 1.12, (20)]). Note that this number
is non—zero only if b is odd or m = b = 0.

The sum of (33) and (34) for all m > 0 gives an asymptotic series for g(n,b).
A.2.2 The asymptotics of g(n,a,b) for a, b fixed, n — c©

In the same manner as in section A.2.1, we obtain

g(n,a,b) = Z M /c+i00 e T () ke 1P (k> + l2)—z P

2mi oo
kI>1
1 c+ioco .
=5 nT(z) Y d(ged(k, D) k*1* (K +17) " de,
™ c—ioco

ke >1
where ¢ > &2t
For k and [ fixed, set j = ged(k,l). Then we may write k = kqyj and | = [ j with

ged(kq, ;) = 1. This leads to

1 c+ioco —z
g(n,a,b) = / n*T(z) Z d(j) jr kNG (K +13) " dz

% —ico .
Jik1,l1>1
ged(ki,l1)=1
1 cHioo z 2 ajb (1.2 2\ %
c—ioco k1li>1
ged(ki,l1)=1
Now we get rid of the constraint ged(ky,{;) = 1:
Proposition 2. We have the following identity:
kel® 1 ke®

2 (R2+12)°  ((22—a—b) 4~ (B2 +12) (35)

ke l>1 kl>1
ged(k,l)=1
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Proof. By inclusion—exclusion, the left—hand side equals the sum over all pairs (k, [) minus
the sum over all pairs (k, (), where some prime number p divides ged(k, 1), plus the sum
over all pairs (k,1), where the product of two different primes pip,, divides ged(k, 1), and
o on:

kelb
Z WZZ(;g_I_p Z Z )

k,JI>1 k,JI>1 p prime k, l>1

ged (k,)=1
(k (1
+ Z Z i p1p2 ];1]92))) e
p1#p2 prime k, l>1 p1p2 p1p2

1 1 kelb
=(1= -+ - ... -
( Z p2z—a—b Z (p1p2>2z—a—b ) = (k2 + l2)z

p prime p17#£p2 prime 1>

1 )) kalb
=\ I (- 5=5) ) >
z—a—b z
(p primc< p2 k,J>1 (/{;2 - l2)

The product in the last line is the reciprocal of the Euler product for {(2z —a — b) (]9,
p. 225], which proves the assertion. O

Thus, we arrive at

1 c+ioco Lalb
c—ico EI>1

Denote the integrand in the above formula by Gs(a, b; 2).

Again, we may shift the line of integration to the left as far as we want to, if we take
into account the residues of our integrand Gs(b; z). Computing the poles and residues
clearly depends on some information about the double Dirichlet series involved. This
information will be provided in the next (and final) subsection.

k2a lQb

A.3 The Dirichlet series ), ;. DR

Note that for our purposes, we only need g(n, 2a,2b), so the series we are interested in is

k2al2b

o (k2 412)

Z(a,b;s) = (37)

Clearly, this is closely related to the following function:

k2al2b
Z.(a,b;s) = Z

21 2)°
(k,1)EZ2, (k,1)#(0,0) (k2 +1%)
=4-Z(a,b;s)+2-[b=0]C(2s —2a) +2-[a=0]((2s — 2b). (38)
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Informations on the poles and residues of Z(a,b;s) could be directly derived from
the work of Pierrette Cassou-Nogues [4, p. 41ff], but there is a simpler way by using the
reciprocity law for Jacobi’s theta function. This reasoning is a generalization of Riemann’s
representation (see [7, section 1.12, (16)]) of ((s),

S

7T_§F<2) C(s) = - i T+ /100 (tl%s +t%> t~w(t) dt, (39)

where
o0

wit) =) e =

n=1

(650, it) — 1). (40)

| —

Here, 03 denotes (one variant of) Jacobi’s theta function (see [8, section 13.19, (8)])

O3(z,t) = Y q" e (41)

n=—oo

where ¢ = e'™.

A.3.1 Jacobi’s theta function

We rewrite (41) by setting ¢t = y and z = 7z for z,y € C; i.e.

(e e}

Iay) = Y eXmilmrin’) (42)

n=—oo

This series is absolute convergent for all z and all y with (y) > 0. Therefore, for fixed
y the function f : z +— 9¥(z,y) is an entire function. We have the properties

Uz +1y) =d(z,y),
()i +y,y) = V(a,y),

which in fact determine the theta function up to a multiplicative factor c(y) (see [15,
section 2.3]). Moreover, we have the following functional equation (see [15, Theorem 2.12,

equation (2.29)]):
1 22 |1
o) =022y 1
y oy

Setting J(y) := 9(0,iy), we obtain as a special case the following reciprocity law, valid

for all y with R(y) > 0:
@(y) _ i e—nnzy — \/I . 19(1) . (43)
) )

n=—oo

J(y) is a holomorphic function in the half plane R(y) > 0, with R(y) = 0 as essential
singular line, see [15, Satz 2.13].
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Interchanging summation, differentiation and integration in the appropriate places,
we obtain

(—m)*T? %Z*(a, bs)= > T(s)

(k,l)ezZ2\{0}

(_ﬂ_)[l-l‘b k2al2b
™ (Rt 2

— Z (71' (]{52 + 12))_3/ ts—le—t (_ﬂ_)a-l-b ]{32al2bdt
0

(k,l)ezZ2\{0}

_ Z / L(=mk?)" (—ai) e (aa)

)ez>\{0}

d* 2 db 2
— s—1 —mk?u —ml?u
= Z /0 U (du“e ) <dub ) du.

(k,l)ezZ2\{0}

For (44), we used I'(s) = [~ t*le~!dt = o* [;° u*'e *"du with o = (k* + %) m
Clearly, Z.(a,b;s) = Z.(b,a;s). So w.l.o.g. we may assume a > b. We have to
distinguish the following two cases, where we assume a > 0 and b > 0:

2 20,008 - /OOO w ™ (9(u)’ ~ 1) du, (45)

(—ﬂ)“+b%Z*(a, b s) = /0 T (( dd:aﬁ(u)) (dd—;ﬁ(u))) du. (46)

A.3.1.1 Case 1 Considering (45), we basically repeat the reasoning in [15, p. 203].
From (43) we get %ﬁ(%f = J(u)®. Assuming R(s) > 1, we compute:

/0 T () — 1) du = /0 L <%ﬁ<%)2 _ 1) du+ /1 T () — 1) du
_ /Olus—l (% <19(%)2 _ 1) oo 1) du+/loou8_1 (F(w)? = 1) du
- i - i : /100 =2 (9(t)* — 1) dt+/loo W (9(w)® — 1) du. (47)

The integrals in the last line converge for all s € C and constitute holomorphic functions,
so Z,(0,0; s) only has a simple pole for s = 1.

A.3.1.2 Case 2 Considering (46), we have to adjust the preceding method appropri-

ately. For convenience, set U,(u) := L-9(u). Then we have:

/000 T (Ja(u) dp(u)) du = /0 w T (Jq(u) Jy(u)) du + /100 T (Ja(u) 9y (u)) du.
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Now use (43) in the form

Da() Do(u) = <dd:a ( %ﬂ(i)» <£< %ﬁ(i)»

and combine this with the the formula

i (1) - o i ([ G)o)

to obtain
B = S e
Valw)Iolw) = —mgr — "+
a b 2k 27
a+b (2a)™ (20)* [ 5 1 _ s k+j—2a—2b—1
(—1) %274k+jk!j! ok =) g = ) —la=kAb=j] ) u™ .
=0 5=

Now in the same way as before, this gives

/000 w T (Vg (w) 9y(w)) du =

4a+(b;ulb)| (s £2Z)!_(25b§ n /100 w ™ (Fa() Dy(w) du + (1)

ZZ 4k+azjf>] /1 h (Voo () Doy (u) — [a =k Ab = j]) u®TP7FI 75y, (48)

Again, the integrals converge for all z € C and constitute holomorphic functions, whence
Z.(a, b; s) has only one simple pole at s =a+ b+ 1.
We summarize all this information in the following proposition.

Proposition 3. For arbitrary nonnegative integers a, b, the series Zk,lzl% 18
convergent in the half-plane R(z) > a + b+ 1 and defines a meromorphic function
Z(a,b; z) : C — C with a simple pole at z = a+ b+ 1, where the residue is %.
If a >0 and b > 0, this is the only pole.
Ifa=0 (or b =0), there is another simple pole at z = b+ % (or z = a+ 3), where
the residue is —1 (b = 0] + [a = 0)).

Moreover, we have the following information on special evaluations of Z(a,b; z):

Z(a,b;—n)=—-[la=b=n=0] forn=0,1,2,.... (49)

AN
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For the constant term c,y, in the Laurent series expansion of Z(a,b;z) at zo = a+ b+ %,
we have the following formulas:

00’0:—7—1+;/00t_%(1§()2 )dt
497 1g) ((=1)" +

Cap = —% -5+ 2] D /1 1 20,(t) O(t) dt

a

4ak1 00 ) -
+Zk' a_2k|/ 12 (Dar(t) O(t) — [a = K]) dt for a >0,

191 (a4 o)1 [ (2a)! (2D)! o [P
(2a+2b)! -2 Jatbglpl +(=1) /1 t Ua(t) Up(t) dt

Cab =

2k 2b)2j
+ZZ 4k+]k|]'

k=0 7=0

X /OO (Vaeie(t) Uy (1) — [a = k A b = j]) t“+b—’“—j—%dt> fora>b>0. (50)
1

Proof. This information is extracted straightforwardly from (38) together with (45), (47)
and (46), (48), respectively.

(The evaluation ((—2n) = 0 for nonnegative integers n, which is needed for (49), can
be found in [7, 1.13, (22)].) O
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