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Abstract

We study the properties of a logconcavity operator on a symmetric, unimodal
subset of finite sequences. In doing so we are able to prove that there is a large
unbounded region in this subset that is co-logconcave. This problem was motivated
by the conjecture of Boros and Moll in [1] that the binomial coefficients are oo-
logconcave.

1 Introduction

In this paper we study the asymptotic behavior of the logconcavity operator on finite
sequences. Before we can state the problem we will need a few definitions.

We say that a sequence {co,cy,...c,} is 1-logconcave (or logconcave) if ¢; > 0 for
0<i<mnand ¢ —cic 1 >0for1 <i<n-—1.

We can extend this idea of logconcave as follows: Since {¢;} is a finite sequence of
length n we define ¢; = 0 for ¢+ < 0 and ¢« > n + 1, then define the operator

L{c;} ={c = ciacin} (1)

If {¢;} is logconcave then L£{¢;} is a new non-negative sequence. We now define a
sequence {c¢;} to be co-logconcave if £*{c;} is a non-negative sequence for all k > 1.

While studying a new class of integrals related to Ramanujan’s Master Theorem, Boros
and Moll proposed that a particular family of finite sequences of coefficients {d;(m)} were
oo-logconcave. Boros and Moll then point out that showing that the binomial coeffi-
cients are oo-logconcave (project 7.9.3 in [1]) would go a long way in showing the se-
quence {d;(m)} is oo-logconcave. Kauers and Paule in [3] show that the {d;(m)} are
1-logconcave. These conjectures motivated us to investigate the operator £ on the space
of finite sequences.

*The first author is partially supported by NSF grant DMS-0405724. Thanks to Cameron Morland
for making better figures and to the referee for a very close reading.
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Numerical experiments suggest that the binomial coefficients are co-logconcave. More-
over, many sequences “near” the binomial sequence also appear to be oo-logconcave.
These numerics led us to take an alternative approach. We begin to study the properties
of £ on the subset of finite sequences of the forms

{...,0,0,l,xo,xl,...,xn,...,xl,xo,l,0,0,...}

{...,O,O,1,m0,x1,...,xn,xn,...,xl,xo,l,O,O,...}

We will refer to the first sequence above as the odd case and to the second sequence
as the even case because of the repetition of the middle term in the sequence. Notice that
all the binomial coefficients belong to one of the above cases.

Our approach to the problem is the following: for a given sequence of the form above
of length 2n + 3 or 2n + 4 we analyze the dynamics of £ on the subset of Euclidean space
R™ with all non-negative coordinates. This differs from the approach of Moll in [4].

Our main result in this paper is to show that there is a large unbounded region R
in this orthant that contains only oo-logconcave sequences. Moreover R can act like a
trapping region for oco-logconcave sequences, i.e., sequences not starting in R can land in
R after a number of iterates of L.

The paper is organized as follows: In section 2 we present some of the simple cases
along with some numerical evidence. The general arguments are presented in detail for

the even case in section 3 and the odd case is briefly covered in similar fashion in section
4.

2 Low Dimensional Cases

2.1 The one dimensional cases, {1,z,1} and {1,z,z,1}

For these two cases the underlying dynamics of £ is rather easy to compute explicitly.
We first consider the sequence {1, z,1}.

Theorem 2.1. L{1,z,1} = {1,2% — 1,1}. Thus the positive fized point for this sequence
isT = # Moreover, if v > % then our sequence is co-logconcave and not otherwise.

1+V5
2

{1,z,1}. Moreover it is easy to see that if if z > HT\/E then x grows under the iterates of

L and hence is always positive. It is also easy to see that the interval [1, 1+—2\/5
over the interval [0, 1+T\/5] monotonically so that any values of z € [1, 1+2‘/5) are eventually
mapped below x = 1. Therefore our sequence is no longer unimodal and, hence, not

logconcave. O

Proof. A simple calculation shows that x = is a fixed point of L for the sequence

| is mapped

Notice that the binomial sequence {1,2,1} lies securely in this region thus we have
shown that {1,2,1} is oo-logconcave. The sequence {1,z,z,1} is handled in a similar
fashion.
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Theorem 2.2. L{1,z, 2,1} = {1,2% — x,2% — 2,1}, thus the fived point for this sequence
s x=2. If x > 2 then our sequence is oo-logconcave and not otherwise.

Proof. Nearly identical to the one above. O

Notice that the key to the easy theorems above is finding the fixed points of £ in our
underlying Euclidean space and then monotonicity leads us to the rest. Fixed “points”
will no longer remain the key in the general argument but as we will see in the 2-D cases
below we will have hypersurfaces that bound open regions of co-logconcavity.

2.2 The 2-D cases, {1,z,y,z,1} and {1,z,y,y,z,1}

The 2-D cases are more complicated than the 1-D cases but they give better insight
into how we might hope to find “regions” of oo-logconcavity. To better see the general
techniques to finding such regions, we first focus on the even case.

If one is to investigate this question numerically one can compute the following picture.

1xyyx1Case
20

Figure 1: The filled region is the numerical region of oco-logconcavity for the 2-D even
case. The X indicates the position of the binomial coefficient.

The first thing to notice is that the binomial coefficient x = 5, y = 10 is in the numerical
region of oo-logconcavity. This picture also suggests that there is an co-logconcave region
bounded away from the origin, below by some line and above by some curve. This picture
is remarkably stable. The boundary points in the 1-D cases have now been replaced by
curves.

For the case {1,z,y,x,1} the results are similar. The numerical picture looks as
follows.

Again, we notice that the binomial coefficient x = 4,y = 6 is in the numerical region
of co-logconcavity, which is quite encouraging. This picture also suggests that there is a
region of co-logconcavity bounded away from the origin. It is important to point out that
the regions in both cases are different with the odd case containing a wider region.
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Figure 2: The filled region is the numerical region of co-logconcavity for the 2-D odd case.
The X indicates the position of the binomial coefficient.

2.3 Note on a 3-D case

If one is to investigate the even 3-D case {1,z,y,z,2,y,z,1}, we would arrive at the
following boundary hypersurfaces.

In this case the binomial coefficient sequence x = 7,y = 21, z = 35 is not in the region.
However its first iterate x = 28,y = 196, z = 490 is in the region of interest.

It is the observation of these hypersurfaces as boundaries of the oo-logconcave region
that is important. As it turns out, we can construct these boundaries for arbitrarily long
finite sequences as will be shown in section 3 for the even cases and section 4 for the odd
cases. While the 1-D and 2-D cases seem to have an “exclusive” region of co-logconcavity,
this is not true in general as we saw in the 3-D case.

3 The General Case for Even Length

In this section we will prove the existence of an unbounded region of infinite logconcavity
for even length symmetric sequences. Before beginning in earnest, let us mention the main
steps. By looking at the leading order behavior we find hypersurfaces bounding the region
of infinite logconcavity. We proceed to show the region is nonempty and unbounded by an
explicit example, which we can control by matching all but one of the coordinates of the
example with each hypersurface in turn. Then we show that sequences within the region
are indeed oco-logconcave by again matching with the hypersurfaces in turn and iterating.
The technical key to controlling the iteration is understanding the effect of increasing one
coordinate while decreasing all the others.
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Figure 3: The region of oo-logconcavity for the 3-D even case. From the picture above
the region of interest is bounded on the left by the “vertical” plane (Hy), below by the
“horizontal” plane (H,), and above by the curved surface (H;).

3.1 Leading order behavior
Consider the sequence of length 2n + 4:

1+d1’ 2:L.l-i—d1-i-d2’ ] x1+d1+“‘+dn x1+d1+"'+dn’

s =A{1,apx,a1x a o,y , Gy, .., apx, 1}

For the moment we are interested in the leading terms of elements of L(s) viewed as
polynomials in . We will restrict ourselves to values of the d; for which q2g?(1+di++di)
contributes to the leading term of the corresponding element in the first iteration

{1, z(a2r — ayx™), 27 (a22h — agaga™), 2?2112 (g20% — qa320®), .. ., @
gP 2t dndn (2 gdn g g ) g2 2l (2 pdn g gy 1)

and restrict ourselves to values of a; > 0 which give that the leading terms of L£(s) have
the same form as s itself for some new x.
Using (2), the leading term condition is equivalent to

which we can view as defining a simplex. The values of a; may then be determined for
each face by solving the systems of equations arising from matching the coefficients of the
leading terms in £(s) with the coefficients of s.

Of greatest interest are the (n—1)-faces of the simplex since they define the boundaries
of what will be our open region of convergence. The (n — 1)-faces are defined by d; = 1,
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d;j = djyy for 0 < j <n, and d,, = 0; in all cases the unspecified d; are distinct and strictly
between 0 and 1.
For d; = 1 the leading terms of L(s) are

2/ 2 4.2 4+42dy 2 A4 2dotot2dp 2 A42dot-42dn 2
{1,2%(aj — a1),2"ay, x""" a3, ... "% S "ar, ..., 1}

so we are led to the system

We are interested in positive solutions so a; = 1 for 0 < i < n and ag = (1 ++/5)/2.
For d; = d;;; the leading terms of L(s) are

2.2 242d; 2 242d1 +--+2d; (2 2+42dy+-+4d; 2
{1, z%ag, x**%ai, ...,z Haf — aj1a4q), 07" T s
A2 2 242t 2dn 2 Y
so we are led to the system
2 _
aj_l a;]_l
2 — .
CLj — Q;-10541 = Q5
2

Ajy1 = Aj+1

a2 = ay,

which has unique positive solution a; = 1 for i # j and a; = (1 +v/5)/2.
Finally for d,, = 0 the leading terms of L(s) are

242d1 a%7 L ’:L,Q—i-2d1—‘,—vvv—i—2dn,1a2_17

2
n

{1,2%a3, x

2+42d1++2dn -1 ( 2 2+42dy++2dn—1 (

x a, — GpQn_1),T a, — aplp_1),...,1}

so we are led to the system

n—1 —

2
a, — QpQp—1 = Ay

which has unique positive solution a; =1 for 0 < i <n and a, = 2.
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3.2 Interior

In the region of R™*! where the coordinates are all positive and increasing, consider the
following parametrically defined hypersurfaces:

1 )
HO = {( +2\/_$,x2>z2+d2> N ’x2+d2+“~+dn) : ]- S xa 1 > d2 > > dn > O}

x1+d1+-~+2dj+-~+dn)

1++/5 , ,
H,; = { (x, gt —5 gltdittdy plfdit-+2d; -

:13:(:,1>d1>~->dj>dj+2>~-~>dn>0}

H, = { (w, 2t gttty gpltditetdio) 1 < 1> dy > e > dyy > 0}

for 0 < j < n. These are precisely the results of the leading order analysis of the previous
subsection.

Let R be the region with positive increasing coordinates defined as greater in the ith
coordinate than H;. For example in the 3-D case handled in section 2.3, figure 3, the
region in question is above Hsy, below H; and to the right of H,.

We say a sequence {1, zg,...,Tn, Tpn,..., T, 1} is in R if (zg,...,2,) € R.

Before we discuss R further we must first recall that the n'* triangular number,
T(n), is defined as

T(n)=T(n—1)+n,

with 7°(0) = 0. The first few elements of the sequence are 0,1, 3,6, 10, 15, 21, 28, 36,45, . . .
We will need the following lemma about triangular numbers.

Lemma 3.1. Define T(n) = 2T(n) for n > 0. Then T(n) satisfies the following:
1. 70) -1 =
2. Tn+1)=2T(n) —T(n—1)+2
Proof. (1) is trivial. (2) follows since T'(n) = n(n + 1). O
We also need another straightforward result.
Lemma 3.2. Suppose x > 0 and
I+dy ) 1+di+ds plHdibetdn dtdi+etdy

S:{l,l’,l' y & y Ty ’ 7"'7:1:71}'

Then s is 1-logconcave iff 1 > dy > - -+ > d,, > 0 with strict inequalities in the logconcavity
condition iff 1 >dy > --->d, > 0.
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Proof. Compute 22 > 27" o 1 > d; and 22 > 27" < 1 > d;. If 0 < j < n then
pFF2dite 2y > 222t o pdi > pditt & d; > djy g and likewise with strict
inequalities. Finally z2t2di++2dn > g2+2di4+2dn-1+dn o gdn > 1 & ¢, > 0 and likewise
with strict inequalities. O

We are now ready to prove some important properties of R.

Lemma 3.3. R is nonempty and unbounded.

Proof. Let {1,z0,...,%p, Tp,..., 29,1} be any 1-logconcave sequence with zo, > 0, for
instance the binomial sequence of appropriate length. Also, choose C such that 0 < C' <

1+2 7 and consider the following sequence:

5= {1, CTOazy, "Wz, CTPade,, . .., CTMW gy, CTM g g, 1}

for a > 2CT(=1)-TM)
Notice that a is dependent on n which is not a problem since n is fixed.
It is clear that s is 1-logconcave and, moreover, the inequalities are strict since

CTO202 = o222 > aPxy > CTWa2zy,

for0<j<n

C2T0) 42542, 2 > C2T0) g 27+2 CT(]-‘rl a2y

TG-1gdp
Tj—1ZTj+1 > C a Tjt1

by (2) of Lemma 3.1 and the fact that C' < 2/(1 ++/5) < 1, and

CT(n)an+ll, > CT(n)CI,n+1!E’ 1 > CT(n_l)CLnZIZ'n_l.

Define & = axg > 0, define d, so that Fid = T2 x1, and continue recursively
so that, for 0 < j < n, d; is defined so that #'*4++d = 0TWgi*1z; By Lemma 3.2,
1>dy>--->d, >0.
Let us next consider each H; in turn. For 0 < j < n choose xz = 7, d; = d; for i < 7,
d; = (d; +d;41)/2, and d; = d; for i >j+ 1. Consequently 1 >dy > -+ >d; > djio >
- > d, > 0 and these choices match all the coordinates of s with the corresponding
coordinates of H; except possibly for the jth. But gltdt-+2dj /pltdittdir — 42d; o4

1+di+-+d; Tddy 4 tds pltdi++2d;
Cx ™ Ottt BT
pldi+td; 1

— OV pltdit+dj 1 pl+dit+2d;

Comparing with s we have that
CT(j)ajJrlxj > CT0) i+t T
_ \/czTu)—T(jH)—T(j—l)cT(j—1)aj$j_lcT(j+1>aj+2xj+1
— O~ W plHdittdj1 gpltdi+-+2d;

- L+ \/5$1+d1+~~+dj
2
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where the fourth line follows from (2) of Lemma 3.1, thus s is on the correct side of H;.
For H choose z = 1/CTWa2x, = §0+41)/2 > ( and, for 2 < j <n, d; = 2d; /(1 + d,).
Consequently 1 > dy > --- > d, > 0 and
CT(j)aj—l-lxj _ j1+d~1+~v+dj _ p2tdatotd;

hence matching all the coordinates of s other than the Oth with H,. So we check,

Wz, 2 70 = CTOC g = oty LY,

Thus s is on the correct side of H,. .
For 'H,, simply choose x = T and d; = d; for © < n, which gives1 >dy > --->d,_1 >0
and matches all the coordinates of s other than the nth. Then z2 > z,_;, giving
CT(n)an-l—ll,n > CT(n)an-‘rlxn_l
— acT(n)—T(n—l)l,1+d1+---+dn71

> Qpltditetdn_

So s is also on the correct side of H,. Consequently s is in R. So we see that R is
nonempty, and, by the freedom to increase a, is unbounded. O

Definition 3.1. Let H be a hypersurface in R**1. We say we view H as a function
f:R™ — R with the jth variable as the dependent variable if for (zy,...,z,) a point on
‘H we have Ty = f(xo, s Lj—1, Lj41y - - - ,In>.

Definition 3.2. Let H be a hypersurface in R"*!. Call it j-monotone if when H is
viewed as a function f : R” — R with the jth variable as the dependent variable then

fWis oo yn) 2 fl21,. 005 20) if gy > 2 for all 4.

Lemma 3.4. Let H be a j-monotone hypersurface in R"™. Let (zo,x1,...,1,) be a point
on H. Then fore; >0, n >0,

(SL’O — €0y, Tj—1 —€j—1,T5 + €, Lj+1 — €j41y -+, T — En)

and
(x0> sy Lj—1, Ly + N, Tj—1,--- axn)

lie on the same side of 'H.

Proof. View H as f : R" — R with z; as the dependent variable. Then

flxo—€0yev oy @jm1 — €21, Tj41 — €j1, - -y Ty — €p)
< f(ll,’(],...,l’j_l,xj_l,...,.ilfn) =25 <Tj+€
So both points lie on the side of ‘H which is greater in the jth coordinate. O
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Lemma 3.5. Each of the H; is j-monotone.

Proof. For Hy, ¢ is determined by x; and increases when x; increases, so Hgy is O-

monotone. For ‘H,,, x, is determined by x,,_; and increases when x,,_; increases, so H, is
n-monotone. For H;, 0 < j <n, x; is (1 4+ v/5)\/Z;_17;11/2 which increases when either

Zj_1 or xj4 increase so H; is j-monotone.

Theorem 3.3.

Proof. Suppose s = {1,Yo, .-, Yn,Yn,---, Yo, 1} is in R. Then for any 0 < j < n, by the
definition of R,

145 | |
s = {1,$,...,l’1+d1+ +d]71’7x1+d1+ +d; +€,S[Z1+d1+ +2d]7”'

Iterate to get

L(s) =

Any sequence in R is co-logconcave.

we can choose z, € > 0, and the d;, i # j + 1, such that

2

glrdite 2yt tdn g lbdibet 2y betdn 1}.

{1’ 172 _ $1+d1, o ’l,2+2d1+~~~+2dj,1

1+ \/gx2+2d1+~~~+2dj,2+dj,1+dj _

5 plrditotdia

€

2

2
((1 + \/5) B 1) P2 (] )iy 2

T
2
P22 A4 2dn ) 242d1 o FAdj+otdn
)
2241 Ad b 2dn 24 2d1 o Ad ey 1}
e

242y +-4ad, L+ \/5x2+2d1+---+3dj+dj+1 _ egttht 2

O

Since (1++/5)/2)? — 1 = (14 +/5)/2 by using 22 in place of = in the definition of H,
and applying Lemma 3.4, which is valid in view of Lemma 3.5, we can conclude that £(s)
is on the side of H; which is larger in the jth coordinate. This is the same side which s

1S on.

Similarly for Hy we can choose x, € > 0, and the d;, such that

1+5
s = {1, T+ex?, ... g2t tdn plbdetetdn

2
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Iterate to get

1++5)° 1++/5
5(5):{17<< +\/7> —1) x2+6(1+\/5)x—|—e2,:)34—+7\/_z3+d2—ex2+d2,...,

2

gt 2datet2dn 4 2dotetdn A2yt 2dn A 2dptetdn 1}

which, by Lemmas 3.4 and 3.5 shows that £(s) is on the same side of H as s is, as above.
Finally for ‘H,, choose x, € > 0, and the d;, such that

5= {1, x,. .. pitdtotdey gglidittdoy 4 o gplidittdiy 4 o0 1}.

Iterate to get

E(S) — {1’ 12 o l‘1+d1, o ’x2+2d1+"'+2dn71 o 2x2+2d1+‘“+dn71’

(4 _ 2>I2+2d1+m+2dn71 4 4€x1+d1+-~+dn71 + 62,

(4 — 2)p? T2t 2ot g geglrditotdny 4 2 1}

which again by Lemmas 3.4 and 3.5 shows that £(s) is on the same side of H,, as s is.
Consequently £(s) is in R. Since R is a subregion of the region of R"*! with positive
coordinates, this implies that any sequence in R is co-logconcave. O

4 The General Case for Odd Length

4.1 Leading order behavior
Consider the sequence of length 2n + 3

s = {1, apr, a TN apxt T g gttt 1)

Again we are interested in the leading terms of elements of L(s) viewed as polynomials
in #. We will restrict ourselves to values of the d; for which a?22(+%+++%) contributes
to the leading term of the corresponding element in the first iteration:

{1, 2(a2z — aya™), 2> (a2 — ayapr™), 2212 (20" — ayaza®), ...,

3
gt g g2 gy )

and to values of a; > 0 which give that the leading terms of £(s) have the same form as
s itself for some new x.
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Using (3), the leading term condition is equivalent to

which we can again view as defining a simplex. The (n — 1)-faces are defined by d; = 1,
dj = dj41 for 0 < j < n, and d, = 0; in all cases with the unspecified d; distinct and
strictly between 0 and 1.

For d,, = 0 the leading terms of L(s) are

2 2 2+42d; 2 242d1+-+2dp_1 2 242dy +++2dp 1 (2 2
{1,2%ag, x aj,...,x "lar g, ay —ai_q),...,1}
so we are led to the system

which has unique positive solution a; = 1 for 0 <4 < n and a, = (1 +/5)/2.
For dy =1 and d; = d;4; the systems are identical to the even case.

4.2 Interior
The hypersurfaces H;, 0 < j < n are the same.

14++/5
Hn — { (ZL’, ZL’l+d1, o ,l’1+d1+ +dn71’ 5 :L'l+d1+ +dn—1

:1§x,1>d1>--->dn_1>0}

Let R be the region with positive increasing coordinates defined as greater in the ith
coordinate than H,.
As in the even case

Lemma 4.1. Suppose x > 0 and

s = {1’ z, $1+d1,l’1+d1+d2, .. x1+d1+“‘+dn’ x1+d1+"'+dn71’ o, 1}.

Y

Then s is 1-logconcave iff 1 > dy > --- > d,, > 0 with strict inequalities in the logconcavity
condition iff 1 >dy > --->d, > 0.

Proof. The only case which differs from the proof of Lemma 3.2 is the nth. x2+2d++2dn >

g2 T2t A2t o 420 > 1 &, > 0 and likewise with strict inequalities. O
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Lemma 4.2. R is nonempty and unbounded.

Proof. The proof begins as before, but with a > (1 4+ v/5)CT=D=T() /2 We only need
consider ‘H,,. For H,, choose x and d; as before to match all the coordinates of s other
than the nth. Then 22 > 22 | giving

CT(n)an—Hxn > CT(n) an—i—lxn_1 — acT(n)—T(n—l)xl—Hh +oddn1 > 1 +2\/3x1+d1 +oddn—1

So s is also on the correct side of H,,. Consequently s is in R. So we see that R is
nonempty, and, by the freedom to increase a, is unbounded. O

Lemma 4.3. Each of the H; is j-monotone.

Proof. We only need to consider H,,, in which z, is determined by z,_; and increases
when x,,_; increases, so H,, is n-monotone. O

Theorem 4.1. Any sequence in R is co-logconcave.

Proof. Again, in view of the even case, we only need to check H,,. Using notation from
the even case choose x, ¢ > 0, and the d;, such that

1+V5
S = {1, ZTy... ,Jf1+d1+ ”+d"71, Tl’l+d1+"'+dn71 +e€ ..., 15.

[terate to get

€,

2
((1 +2\/5) _ 1) g2 P2hE 2o (] p /B)egt Tt (2 1}

L(s) = {1,x2 gl 222 (1 _+2\/3) p2F2dny g lddidetdn

which by Lemmas 3.4 and 4.3 shows that £(s) is on the same side of H,, as s is.
Consequently £(s) is in R. Since R is a subregion of the region of R"*! with positive
coordinates, this implies that any sequence in R is co-logconcave. O
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