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Abstract

Let G be an edge-colored graph. A heterochromatic (rainbow, or multicolored)
path of G is such a path in which no two edges have the same color. Let CN(v)
denote the color neighborhood of a vertex v of G. In a previous paper, we showed
that if |[CN(u) UCN (v)| > s (color neighborhood union condition) for every pair of
vertices u and v of G, then G has a heterochromatic path of length at least L%J
In the present paper, we prove that G has a heterochromatic path of length at least
(%11, and give examples to show that the lower bound is best possible in some
sense.

Keywords: edge-colored graph, color neighborhood, heterochromatic (rainbow, or
multicolored) path.

1. Introduction

We use Bondy and Murty [3] for terminology and notations not defined here and consider
simple graphs only.

Let G = (V, E) be a graph. By an edge-coloring of G we will mean a function C': £ —
N, the set of natural numbers. If G is assigned such a coloring, then we say that G is an
edge-colored graph. Denote the edge-colored graph by (G, (), and call C(e) the color of
the edge e € E. We say that C(uv) = 0 if uv ¢ E(G) for u,v € V(G). For a subgraph
H of G, we denote C(H) = {C(e) | e € E(H)} and ¢(H) = |C(H)|. For a vertex v of
G, the color neighborhood C'N(v) of v is defined as the set {C(e) | e is incident with v}
and the color degree is d°(v) = |C'N(v)|. A path is called heterochromatic (rainbow, or
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multicolored) if any two edges of it have different colors. If v and v are two vertices on
a path P, uPv denotes the segment of P from u to v, whereas vP~'u denotes the same
segment but from v to w.

There are many existing literature dealing with the existence of paths and cycles with
special properties in edge-colored graphs. In [6], the authors showed that for a 2-edge-
colored graph GG and three specified vertices x,y and z, to decide whether there exists a
color-alternating path from x to y passing through z is NP-complete. The heterochromatic
Hamiltonian cycle or path problem was studied by Hahn and Thomassen [10], Rodl and
Winkler (see [9]), Frieze and Reed [9], and Albert, Frieze and Reed [1]. For more references,
see [2, 7, 8, 11, 12]. Many results in these papers were proved by using probabilistic
methods.

Suppose |C'N(u) UCN (v)| > s (color neighborhood union condition) for every pair of
vertices v and v of G. In [4], the authors showed that G has a heterochromatic path of
length at least [$]+ 1. In [5], we proved that G has a heterochromatic path of length at
least L%J In the present paper, we prove that G has a heterochromatic path of length
at least [%11, and give examples to show that the lower bound is best possible in some
sense.

2. Long heterochromatic paths for s <7

First, we consider the case when 1 < s < 7, which will serve as the induction initial for
our main result Theorem 3.6 in next section.

Lemma 2.1 Let G be an edge-colored graph and 1 < s < 7 an integer. Suppose that
|CN(u) UCN(v)| > s for every pair of vertices u and v of G. Then G has a heterochro-
matic path of length at least [
Proof. (1) s = 1.

Then any edge in G is a heterochromatic path of length 1 = [££].

(2) s = 2.

Let e = uv be an arbitrary edge in G.

Since |[CN(u)UCN (v)| > s = 2, there exists av’ € V(G)—{u, v} such that v'u € E(G)
and C'(v'u) # C(uv), or v'v € E(G) and C(v'v) # C(uv).

If v'u € E(G) and C(v'u) # C(uwv), then v'uv is a heterochromatic path of length
2 =[],

If 1)2’1) € E(G) and C(v'v) # C(uv), then v'vu is a heterochromatic path of length
2= [=£1].

(3) s = 3.

Since |[CN(u) UCN (v)| > s =3 > 2 for every pair of vertices v and v of G, there is a
heterochromatic path of length 2 = [#£] in G.

(4) s = 4.

Since |[CN(u) UCN (v)| > s =4 > 2 for every pair of vertices v and v of G, there is a
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heterochromatic path of length 2, let ugujus be such a path.

Since |CN(ug) U CN(ug)| > 4, there exists a v € V(G) — {ug,us,us} such that
C(vug) ¢ {C(upuq), C(ujuz)} or Cl(vus) & {C(uguy), C(uiusg)}.

If C(vug) ¢ {C(upur), C(usug)}, then vuguiug is a heterochromatic path of length
3=[2H].

If Cz’(qu) ¢ {C(upuy), C(ujusz)}, then uguiusv is a heterochromatic path of length
3= =211,

(5) s = 5.

Since |C'N(u) UCN (v)| > s =5 > 4 for every pair of vertices u and v of G, there is a
heterochromatic path of length 3 = [#£1] in G.

(6) s = 6.

Since |C'N(u) UCN (v)] > s =6 > 4 for every pair of vertices u and v of G, there is a
heterochromatic path of length 3, let P = ugujususz be such a path.

If there exists av € V(G)—{ug, u1, ug, uz} such that C(vug) ¢ C(P) or C(vus) ¢ C(P),
then vuguiuguz or uguqusuzv is a heterochromatic path of length 4 = (S“}

Otherwise, |C(ugusg, ugus, uyusz) — C(P)| = 3, since |CN(ug) U CN(u3) — C(P)|
|C'N(ug)UCN (u3)|—|C(P)| > 6—3 = 3. On the other hand, since |C'N (ug)UCN (usz)| >
there exists a v € V(G) — {ug, uy, ug,uz} such that C(vug) = C(ujus) or C(vug)
C'(uyus), then vuguiugus or vuzusuguy is a heterochromatic path of length 4 = [5 1

=1V

(7)s=T1.
Since |CN(u) UCN (v)| > s =7 > 6 for every pair of vertices u and v of GG, there is a
heterochromatic path of length 4 = [£1] in G. |

3. Long heterochromatic paths for all s > 1

In this section we will give a best possible lower bound for the length of the longest
heterochromatic path in G when s > 7. First, we will do some preparations.

Lemma 3.1 Suppose P = uguius ... u; is a heterochromatic path of length | > 4, ugu; €
E(G) and C(uou;) ¢ C(P). If there exists a v € N(ug) — V(P) such that C(ugv) =
C(ui—qu;) for some 1 < i <[ that satisfies |[{C(u;—1w) : w € V(P)} U{C(ww) : w €
V(P)} — C(P) — Clupuy)| > 1 — 1, then there is a heterochromatic path of length I + 1 in
G.

Proof. Let Cy = C(P)U C(uouy).
We distinguish the following 5 cases:

Case 1. 1 =1

Then vugu; P~'u; is a heterochromatic path of length  + 1.
Case 2. 1 =2

Let

X ={3<j<1l-1:C(unu;) ¢ Co},
Y = {83<i<l-1:C(ujm1w) ¢ CoU{C(wu;:j€ X)}}.
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Then we have

{C(uww) :w € V(P)} — Cy = U_;C(uyu;) — Cy = {C(wyuy) : j € X} U (C(uguy) — Co),

{Clyw) :we V(P)} —Cy—{C(uwu,) : j € X}
= Ué;ﬁC’(uluj_l) —Cy—{C(wu;) : j € X}
C {C(wuj—1) : j € YU (C(urw) — Cp).

So

{C(uw) :w e V(P)} U{C(ww) :w e V(P)} — Cy
C{C(uwuy) : j € X} U{C(wuj_1):j €Y} U (C(ugw) — Cp).

If C(uywy) & Coy, then vuguiuy P~ 1uy is a heterochromatic path of length [ + 1.
Otherwise, we have C'(uju;) € Cp, then

[—1< {Cuww) :w e V(P)} U{C(ww) :w e V(P)} — Cy|
< {C(uru;) - j € X} + {Clwu;) : j € VY
< [ X[+ Y.

On the other hand, X, Y C {3,...,l =1}, and |{3,...,l =1} =1 -3, s0 | X| + |Y| >
I{3,...,1 —1}| + 1. Then we can conclude that there exists a j € X NY. In this case,
vuouluquluj_lP_1u2 is a heterochromatic path of length [ + 1.

So there exists a heterochromatic path of length [ 4+ 1 if ¢ = 2.

Case 8. 1 =1
Let
X ={1<j<1-2:C(uj_1u-1) ¢ Co},
Y ={1<j<1-2:C(ujw) ¢ Co U{C(uj_1u_1) : j € X}}.
Then

{C(u—qw) :w € V(P)}U{C(ww) : w e V(P)} — Cy
C{C(wuj_y) : € X} U{C(wu;) : j € Y}.

I —1< {C(uqw) :w e V(P)}U{C(ww) : w e V(P)} — Cy|
< {O(uwimruj—1) 1 j € XPU{C(uuy) : j € Y}
< [X[+ Y],

Since X,Y C{1,2,...,0l—2} and |{1,2,...,0l =2} =1 —2, thereexistsaj € X NY. In
this case, vuoPuj_lul_lP_lujul is a heterochromatic path of length [ 4 1.

So there exists a heterochromatic path of length [ 4+ 1 if ¢ = [.

Case 4. 1=1—1

Let
X ={1<j5<1-3:C(uj_1u_2) ¢ Co},

Y ={1<j<1-3:C(ujw) ¢ CoU{C(ui—2uj_1):j € X}}.
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Then we have
{C(u—qw) : w € V(P)} — Cy = U‘l]-_:?ic(Uj_1Ul_2) U C(u_ouy) — Cy
= {C(Uj_lul_g) . ] € X} U (C(Ul_gul) — C()),

{Clyw) :w e V(P)} = Co— {C(uj_1w—2) : j € X}
= Ué-;%C’(uluj) — Co — {C(uj_1ui—2) : j € X'}
C{C(wu;j) : j € YU (C(u—au) — Cp).
So

{C(u_qw) : w € V(P)} U{C(ww) : w e V(P)} — Cy
C{C(uj_1u—2) : j € X} U{C(wuy) : j € Y} U (Clu—ou;) — Cp).

If C(u_ouy) ¢ Co, vugPuj_sujuy_q is a heterochromatic path of length [ 4 1.
Otherwise, we have C(u;_su;) € Cp, then

I —1< {C(u—ow) :w € V(P)} U{C(ww) : w e V(P)} — Cy|
< ‘{C(’U,j_lul_g) j € X} U {C(ulu]) j € Y}|
< | X+ Y]

Now we can conclude that there exists a 7 € X NY, since | X|+ Y| > 1 -1 >
{1,...,1=3}+1and X,Y C{1,2,...,01—3}. In this case, vugPu;_1u—2 P ujupu;_; is
a heterochromatic path of length [ + 1.

So there exists a heterochromatic path of length [ + 1 if ¢ =1— 1.

Case 5. 3<i<[—-2

Then we have [ > 5.

Let
X1 = {1 Sj S 1—2: C’(ui_luj_l) §é C()},
X2:{z+1§j§l—1C(u,_lu])géC’o},
C, = {C’(ui_luj_l) 1] € Xl} U {C’(ui_luj) 1] € XQ}}
Yi :{1§]§z—20(uluj)§éC’OU01},
}/2 :{i+1§j§l—1IC(UIUj_1)¢C()U01}.
Then

{C(ujw) :w e V(P)} —Cy
= (UZ1C(ti1uj-1)) U (Uj_iyy Cuimawy)) — Co
C {C(ujmruj—1) : j € Xa} U{C(uj—quy) : j € Xo} U (Cluimiwy) — Co)
= C1 U (C(uj—1u) — Cp),

{C(UIU)) W e V(P)} — Co — Cl
= (U230 (ujm)) U Cui—yuy) U (U, Cujqwy)) — Cop — G

C{C(wuy) : j € Y1} U{C(wuj—1) : j € Yo} U (Clu—1w) — Cp).
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So

{C(uj—w) :w e V(P)}U{C(yw) : w e V(P)} — Cy
CCLU{C(wuy) - j € Y1} U{C(wu;—1) : j € Yo} U (C(uim1w) — Cp)
= {C(ui—1uj—1) 1 j € Xa b U{C(uimuj) 1 j € Xo}
U{C(wu,) : j € Y1} U{C(wu;_1) : j € Yo} U (C(ui—qu;) — Cp).

If C(u—1u) ¢ Co, then vugPu;_1u; P~ u; is a heterochromatic path of length [ + 1.
Otherwise, we have C'(u;_1u;) € Cy, then

[ —1< {C(ujmqw) :w € V(P)}U{C(uw) : w € V(P)} — Cy
S |{C’(ui_1uj_1) j € Xl} U {C’(ui_luj) j € Xg}
U{C(wuy) : j € Y1} U{C(wuj-1) : j € Ya}|
< X+ [ Xo| + Ya] + [Yal.

Since X1,Y; C{l,...,i—2}, X0, Vo C {i+1,...;0—1},and I —1 > [{1,...,i —2} U
{i+1,...,1— 1} + 1, we can conclude that there exists a j € (X; NY]) U (XyNYs). If
J € X1 NYy, then vugPuj_yu;—1 P~ uju, P~ u; is a heterochromatic path of length [ + 1.
If j € X5 NYs, then vugPu;_yu; Puju;_1 P~ u; is a heterochromatic path of length [ + 1.
So there exists a heterochromatic path of length [ +1if 3 <7 <[ — 2.
From all the cases above, we can conclude that if all the conditions in the lemma are
satisfied, there exists a heterochromatic path of length [ + 1 in G. |

Lemma 3.2 Suppose P = wuguy...u; is a heterochromatic path of length | (I > 4),
C(upwy) € C(P), 2 < iy <1 —1 and {C(upusy), C(ujg—1w)} — C(P)| = 2. If there
exists a v € N(ug) — V(P) such that C(ugv) = C(u;—1u;) for some 1 < i < iy —1 and
H{C(ui—qw) : w € V(P)}U{C(ww) : w € V(P)} —C(P) — C(upusy,) — C(uiy—1w)| > 1—2,
then there is a heterochromatic path of length I + 1 in G.

PTOOf. Let CO = C(P) U C(Uouio) U C(uio_lul).
We distinguish the following three cases:
Case 1. i=1
Then vugu;, Puju;,—1 P~ u; is a heterochromatic path of length [ + 1.
Case 2. i=2
Let

- 17] # i07C(u1uj) ¢ C0}7
— 1,] 7é iO,C’(uj_lul) ¢ CO U {C(ulu]) ] € X}}

=
Il
——
<
w W
o~ T~

Then

{C’(ulw) W e V(P)} — C(] = U§:3C(U1Uj) — Co
= {C’(ulu]) 1] € X} U (C(ulum) — CO) U (C’(ulul) — CQ),
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{Clyw) :we V(P)} —Cy—{C(uu,) : j € X}
= Ué;llC(uj_lul) —Cy —{C(uwu;) : j € X}
={C(uj_1w) : 5 € Y} U (Cluouy) — Cp) U (Cluguy) — Cp)
={C(uj_1w) : j € Y} U (Cuuy) — Cp).

So

{C(ugw) : w € V(P)} U{C(ww) : w € V(P)} — Cy
= {C(wu;) : 7€ X} U{C(uj1w) : j € Y} U (Clugu,,) — Co) U (C(uguy) — Cp).

If C(ujuyy) ¢ Co, then vuguiu;, Pujuy,—1 P~ uy is a heterochromatic path of length
[+ 1.

If C(uiw) ¢ Co, then vuguiuy P~ uy is a heterochromatic path of length [ + 1.

Otherwise, we consider the case when {C(uju;,), C(uiu;)} € Co, then

X[+ Y] = {C(uruy) - j € X} U{C(uj1w) - j € Y}
> {C(ugw) :w € V(P)} U{C(uyw) : w € V(P)} — Cy
>1—2>1-3=|{3,... 00— Lig+1,...,0 — 1} + 1.

Since X, Y C {3,...,ip—1,ip+1,...,l—1}, there exists a j € XNY, then vuguyu; Puju;_y
P~lu, is a heterochromatic path of length [ + 1.
Case 3. 3<i1<i45—1

Let
X1 ={j:1<j<i—2,C(um1uj-1) ¢ Co},
X2 = {jZ+1§]Sl—l,j?élo,C(ul_luj)¢Co},
C, = {C’(ui_luj_l) 1] € Xl} U {C’(ui_luj) 1] € Xg},
Yi = {j o1 S]SZ—Q,C(U]’U[) ¢COUC:[},
Yo = {ji+1<j<1-1,j#1,Cluj_1w) & CoUCh}.
Then

{Clu;w) :w e V(P)} — Cy = (U§-;21C(Uj—1ui—1)) U (U3:¢+1C(Ui—luj)) —Co
= C1 U (C(ui—1uiy) — Co) U (Cluimy) — Co),

{Cluyw) :w e V(P)} —Cy—Cy

= (UZ4C(ujw)) U (Ui Cluj—1w)) — Co — C4

C {Clusm) : § € o} U{Cluy ) : j € Y3}
U ({C(uow), Clui—quy), Cujy—1u) } — Cop)

={C(ujuy) : j € i} U{C(uj_1wy) : j € Yo} U (C(uim1wy) — Cp).

So
{C(ujmw) w e V(P)}U{C(ww) :w e V(P)} — Cy
C{C(ujmruj—1) 1 j € Xa} U{C(ujmruy) : j € Xo} U{C(ujuy) : j € Y1}
U{C(uj—1w) : j € Yo} U (Clui—ruiy) — Co) U (Cluj—iuy) — Cp).
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If C'(u;i_quiy) ¢ Co, then vugPu;_u;, Pujui,—1 P~ u; is a heterochromatic path of length
[+ 1. If C(uj_1w;) & Co, then vugPu;_u; P~ u; is a heterochromatic path of length [+ 1.
Otherwise, we have {C(u;—1u;,), C(ui—1u;)} € Cp, then

| X1] + | Xo| + V2] + Y7
> {C(ui—uj—r) 1 j € X1} U{C(uim1yy) = j € Xo}
U{C(ujw) : j € Y1} U{C(uj1w) : j € Ya}]
> {C(umqw) :w e V(P)} U{C(ww) : w e V(P)} — Cy|
>1-2>1-3=|{1,....i—2 U{i+1,. .. dg—1ig+1,...1—1}+1.

Since X1,Y; C{1,2,...,i—2}, Xo, Yo C{i+1,...,50—1,ip+1,...,l—1}, we can conclude
that there exists a j € (X1NY7)U(X2NY2). If j € X1NY5, then vugPuj_qu;— 1 P~ uju P~ u;
is a heterochromatic path of length [ + 1, otherwise j € X, NY,, and in that case
vuoPui_luquluj_lP_lui is a heterochromatic path of length [ + 1.

From all the cases above, we can conclude that if all the conditions in this lemma are
satisfied, there is a heterochromatic path of length [ + 1 in G. |

Lemma 3.3 Suppose P = wuguy...u; is a heterochromatic path of length | (I > 4),
C(upwy) € C(P), 2 < iy <1 —1 and {C(upusy), C(ujg—1w)} — C(P)| = 2. If there
exists a v € N(ug) — V(P) such that C(ugv) = C(u;—1u;) for some i+ 1 < i <1, and
H{C(ui—qw) : w € V(P)}U{C(ww) : w € V(P)} —C(P) — C(uous,) — C(uig—1w)| > 1—2,
then there is a heterochromatic path of length I + 1 in G.

Proof. Let Cy = C(P) U C(upuy) U Cujy—1uy).
We distinguish the following three cases:

Case 1. 1 =1
Let
X = {j:1Sj§l—2,j7éi0—1,C(uj_1ul_1)§ZC’0},
Y = {j 01 Sj Sl—Q,j?éio— 1,C’(ujul) ¢ C(]U{C(Uj_lul_l) j € X}}
Then

{C(uj_qw) :w e V(P)} — Cy
= Ug;%c(uj—lul—l) - C)
= {C’(uj_lul_l) : j c X} U (C(Uio_gul_l) — C(]),

{C(uw) : w € V(P)} — Cy — {C(uj_1u_y) : j € X}
= U3 C (uju) — Co — {Cuju—y) 1 j € X}
={C(ujw) : j € YU ({C(uow), C(uiy—1w)} — Co — {C(uj—1w—1) : j € X})
={C(uju):jeY}.
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So

{Clujw) - w e V(P)}U{C(ww) :w e V(P)} —Cy
={C(uj_1u—1) 1 j € X}U{C(ujw) : j € Y} U (C(ujy—2uj—1) — Cp).
If C(ujy_oui—1) ¢ Co, then vugPu;,_ou;_1 P u;,_1u; is a heterochromatic path of

length [ + 1.
Otherwise, we have C(u;,_ou;_1) € Cp, then

X[+ Y[ = {C(ujmw) - j € X} U{C(uju) - j € Y
> HC(w—qw) :w € V(P)}U{C(ww) : w e V(P)} — Cy|
> 1—2={1,....i0— 2,ig,...,1 — 2}| + 1.

Since X,Y C{1,...,ip — 2,ip,...,l — 2}, X NY # 0, i.e., there exists a j € X NY, then
vuoPuj_lul_lP_lujul is a heterochromatic path of length [ + 1.

Case 2. i =1—1

Let

X = {] 01 SJ Sl_37.] %ZO - 170(uj—1ul—2) ¢ CO}?
Y = {] 1<5<1-3,35 7&20 — 1,C(ujul) ¢ CQU{C(Uj_lul_Q) 1] € X}}
Then

{C(u—qw) : w e V(P)} — Cy
= (Ué»_:?iC’(uj_lul_g) U C(ul_gul) — CO)
= {C(U,j_lul_g) . j € X} U (C(U,io_gul_g) — CO) U (C(Ul_gul) — CQ),

{C’(ulw) W E V(P)} — C(] — {C(Uj_lul_g) . j - X}
= Uz-;%C(ujul) — Co — {C(uj_1u—2) : j € X}
C{C(ujw) : j € Y} U (C(upw) — Cp) U (C(uj—2w) — Co) U (Clujy—1u;) — Cp)
= {C’(u]ul) : j € Y} U (C(Ul_gul) — Co)
So

{C(u—qw) : w € V(P)} U{C(ww) : w e V(P)} — Cy
= {C’(uj_lul_2) : j - X} U {C(ujul) : j - Y} U ({C(uio_gul_g), C’(ul_2ul)} — Co)
If C(ui_owy) ¢ Co, vugPuj_suju;_q1 is a heterochromatic path of length [ + 1. If
C(uiy_oup_o) ¢ Co, then vugPus, _ou;_o P~ ui,_quju;_ is a heterochromatic path of length
[+ 1.
Otherwise, we have {C(u;_ou;), C(u;y—2ui—2)} € Cp, then
X[+ Y] = {C(ujru—2) : j € X}U{C(ujw) : j € Y}
> {C(u_ow) :w e V(P)} U{C(uyw) : w € V(P)} — Cy
>1—2>1-3={1,... io—2d0,..., — 3} + 1.
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Since X,Y C{1,...,ig—2,ip,...,0 —3}, X NY #0, i.e., there exists a j € X NY, then
vugPuj_1u—o P~ ujujuy_y is a heterochromatic path of length [ + 1.
Case 8. ig+1<1<[—2

Let
X1 = {j o1 S j S 17— 2,] # ?:0 - 1,C’(uj_1ui_1) §é C()},
X2 = {jl—|—1 S] gl—l,O(ujui_l) éC()},
C, = {C’(uj_lui_l) 1] € Xl} U {C’(ujui_l) 1] € XQ},
Vi ={j:1<j<i—=2,j5#i0—1,Cluw) ¢ CoUCi},
}/2 = {j:i+1§j§l—1,0(uj_1ul)§ZC’0UC’1}.
Then

{C(uj—qw) :w e V(P)} — Cy
= (U3 C(uimruj_)) U (Simi1 C(uimruy)) = Co
= Cl U (C(Ui—luio—Q) - CO) U (C(ui—lul) - 00)7

{Cyw) :we V(P)} —Cy— C4
= (U230 (wuy)) U (Cluuir)) U (U2, Cluyaw)) — Co — G
C{C(ujw) : j € Y1} U{C(uj_1w) : j € Yo} U ({Cuig—1u) U C(ui—1uy) } — Co)
={C(ujw) : j € Y1} U{C(uj—1w) : j € Yo} U (C(ui—1wy) — Cp).

So

{C(uj—w) :w e V(P)}U{C(ww) : w e V(P)} — Cp
Q {C(uj_lui_l) j € Xl} U {C’(ujui_l) j € Xg} U {C’(ujul) j S }/1}
U {C’(uj_lul) : j € }/2} U (C(ui_lui0_2) — C()) U (C’(ui_lul) — C())
If C(u;_quiy_2) ¢ Co, then vugPui,_ou; P~ u;y_ju;P~lu; is a heterochromatic path
of length [ + 1. If C(u;_1u;) ¢ Cy, then vugPu;_1u; P~ u; is a heterochromatic path of

length [ + 1.
Otherwise, we have {C(u;—1u;i,—2), C(wu;—1)} C Cy, then

| X1 ]+ | Xa| + |Y1| + Y2
> {C(ujrui1) 1 j € Xa} U{C(uim1yy) : j € Xo}
U{C(ujw) : j € Y1} U{C(ujm1w) : j € Ya}
> H{C(uj—qw) :w € V(P)}U{C(uww) : w € V(P)} — Cy
S 1251 —3={1,..  io—2i0y. i —2YULit1,...,0— 1} +1.

Since Xl,Yi Q {1,...,i0 - 2,i0,...,i - 2}, XQ,YYQ Q {Z + 1,...,[ - 1}, (Xl N Yi) U
(XoNYs) # () ie., there exists a j € (X;NY) U (XoNYs). If j € X3 NYy, then
vugPuj_qu;—1 P~ uju P~ u; is a heterochromatic path of length [+ 1. If j € X5NY5, then
vuoPui_luquluj_lP_lui is a heterochromatic path of length [ + 1.

From all the cases above, we can conclude that if all the conditions in the lemma are
satisfied, there exists a heterochromatic path of length [ + 1 in G. 1
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Theorem 3.4 Let G be an edge-colored graph and |CN(u)UCN (v)| > s > 1 for any two
vertices u and v in G. Then there exists a heterochromatic path of length [%1 in G.

Proof. We will prove the theorem by induction.

If 1 <s <7, our Theorem 2.1 shows that G has a heterochromatic path of length at
least [*31].

Now we shall only consider the case when s > 8. Assume that if |CN(u) UCN (v)|
s — 1 for any u,v € V(G), G has a heterochromatic path of length at least [(S_E)HW
[Z1] = 4. Then we need only to show that if [CN(u) UCN (v)| > s for any u,v € V(G),
G has a heterochromatic path of length [#£]. Since if s is odd then [$] = [#], we
need only to show that if s is even, G has a heterochromatic path of length at least [31].

By the assumption we know that G has a heterochromatic path of length at least
[%1 = [5]. Assume that the longest heterochromatic path in G is of length | = [5]
and P = uguy ...u; is such a path.

Now we will show that N(ug) C V(P) by contradiction. Assume N(ug) — V(P) # 0
and v € N(ug) — V(P). Then C(ugv) ¢ C(P) or C(ugv) € C(P).

If C(ugv) ¢ C(P), vugPuy is a heterochromatic path of length [ + 1, a contradiction
to the assumption that the longest heterochromatic path in G is of length [.

Now we shall only consider the case when C(ugv) = C'(u;—1u;) for some 1 <1i <. We
distinguish the following cases:

Case 1. C(uou;) ¢ C(P)

If there exists a w € N(u;—1) — V(P) such that C(u;—yw) ¢ C(P) U C(upw;), then
w—1 P 'ugu; P~ u; is a heterochromatic path of length [+ 1, a contradiction. So we have
that CN(u;—1) — C(P) — C(upw) € {C(uj—yw) : w € V(P)} — C(P) — C(uow).

On the other hand, if there exists a w € N(u;) — V(P) such that C(ww) ¢ C(P),
upPujw is a heterochromatic path of length [ 4+ 1, a contradiction. So we also have that
CN(u) — C(P) C {C(yw) : w € V(P)} — C(P), then CN(u;) — C(P) — C(upu;) <
{C(ww) :w € V(P)} — C(P) — Clupw).

So CN(u;—1) UCN () € {C(u—qw) : w € V(P)} U{C(ww) : w € V(P)} UC(P)U
C'(uow;). Now we can get that

>
>

S S ‘CN(UZ_l) U CN(U[
< HC(ujmqw) :w eV

)|

(P)}U{C(yw) :w e V(P)} UC(P)UC(ugw)]
< H{C(uj—qw) :w € V(P

|

(

P UA{C(ww) :w e V(P)} — C(P) — Cluow)|
+|C(P)| + |C(uouy)
= {C(ujiw) :w e V(P)} U{C(yw) : w € V(P)} — C(P) — C(uow)| + 1 + 1.

So {C(uj—w) : w € V(P)} U{C(uyw) : w € V(P)} — C(P) — Clupw)| > s—1—-1=
2l—1—1=1—1. Then by Lemma 3.1, there is a heterochromatic path of length [+ 1 in
(G, a contradiction.

Case 2. C(ugu;) € C(P)

Since P is one of the longest heterochromatic path in G, there does not exist any
w € N(ug) U N(u;) — V(P) such that C(uow) ¢ C(P) or C(ww) ¢ C(P), otherwise
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wugPu; or ugPuyw is a heterochromatic path of length [ + 1, a contradiction.
Let
X ={2<i<l—-1:C(upw;) ¢ C(P)},
Y ={2<i<l—-1:C(ujmw) ¢ C(P)U{C(uou;) : i € X}}.

Then
CN(up) UCN(wy) — C(P) C{C(upu;) : i € X} U{C(uj_1wy) : 1 € Y},

0 I X+ Y| > {Cluu;) :i € X} U{C(uj—1w) 11 € Y}
> |C'N(up) UCN(u;) — C(P)|
> |CN(ug) UCN (w)| — |C(P)]
> s l=1>{2,3,. ... 01— 1} +1.

Now we can conclude that there exists an i (2 < i9 <[ — 1) such that i € X NY i.e,
H{C (uouiy), C(uiy—1w)} — C(P)| = 2, since X, Y C{2,...,1—1}.

Then we distinguish the following 3 subcases:

Subcase 1. 1 <1i<1ig—1

If there exists a w € N(u;—y) — V(P) such that C(u;—jw) ¢ C(P) U {C(uguy,),
Cluiy_1up) }, wu;—y P~ ugus, Pujug, 1 P, is a heterochromatic path of length [ + 1, a
contradiction. So we have that CN(u;_1) — C(P) — C(ugui,) — C(ujy—1u;) € {C(ui—qw) :
w e V(P)} — C(P) — Cluguiy) — Cuig—1w).

On the other hand, if there exists a w € N(u;) — V(P) such that C(ww) ¢ C(P),
upPujw is a heterochromatic path of length [ 4+ 1, a contradiction. So we also have that
CN(u;) — C(P) C {C(yw) : w € V(P)} — C(P), then CN(u;) — C(P) — C(uous,) —
C(uig—1u) CH{C(yw) : w e V(P)} — C(P) — Cupusy) — Clujg—1uy).

So

CN(ui—1) UCN(uy) € {C(uimqw) :w € V(P)}U{C(ww) : w € V(P)} UC(P)
U{C(Uouio), C(uio_lul)}.

Now we can get that

s < |CN(u;j—1) UCN (w)]
< HC(ujmqw) :w € V(P)}U{C(ww) : w € V(P)}UC(P) U{C(uguy,), C(tiy—1u)}|
< HC(ujmqw) :w € V(P)}U{C(ww) : w € V(P)} — C(P) — C(uouy,)
~Cluigv)| + [C(P)| + 1€ (wouiy)| + 1C iy 11|
= |{lC(u22_1w) cw € V(P)}U{C(yw) :w e V(P)} — C(P) — C(uguiy) — Cluiy_1u)|
+{+ 2.

So {C(uj—yw) : w € V(P)} U{C(uww) : w € V(P)} — C(P) — C(uguiy) — C(uiy—1up)| >
s—1—2=2l—-1—-2=1—2. Then by Lemma 3.2, there is a heterochromatic path of
length [ 4+ 1 in GG, a contradiction.

Subcase 2. 1 = ig

Then vugu;, Puju;,—1 P~ u; is a heterochromatic path of length [ + 1, a contradiction.
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Subcase 3. 1o +1<i<]

If there exists a w € N(u;—1) — V(P) such that C(u;—yw) ¢ C(P) U {C(ugu;,),
Cluiy_1up) }, wu;— P~ ujyug Pug, 1w P~ u; is a heterochromatic path of length [ + 1, a
contradiction. So we have that CN(u;—1) — C(P) — C(ugus,) — Cluijg—1w) € {C(ui—qw) :
w e V(P)} — C(P) — Cluguyy) — C(wig—1w).

On the other hand, if there exists a w € N(u;) — V(P) such that C(ww) ¢ C(P),
ugPuyw is a heterochromatic path of length [ + 1, a contradiction. So we also have that
CN(w) — C(P) C {C(yw) : w € V(P)} — C(P), then CN(u;) — C(P) — C(upus,) —
Cujy—1u) C{C(wyw) : w e V(P)} — C(P) — Cluguiy) — C(ig—1u1)-

So

CN(uj—1) UCN(wy) € {C(uj—qw) :w € V(P)} U{C(ww) : w € V(P)} UC(P)
U{C(uouio)v C(uio—lul)}

Now we can get that

s < |CN(uj—1) UCN (u)]
< {C(ujmw) :w € V(P)}U{C(ww) : w € V(P)} UC(P)U{C(upus,), Cluz—1ur) }
< {C(ujmw) :w € V(P)}U{C(ww) : w € V(P)} — C(P) — C(uguy,)
= Clung )| + IC(P)|+ Cutoui)] + €ty )
= |{lC’(u21_1w) cw e V(P)}U{C(yw) : w e V(P)} — C(P) — C(uguiy) — Cuig—1w))]
+i+ 2.

So {C(u—w) : w € V(P)} U {C(ww) : w € V(P)} — C(P) — C(upusy) — C(tig—1w)| >
s—1—2=2l—-1—-2=1-—2. Then by Lemma 3.3, there is a heterochromatic path of
length [ + 1 in G, a contradiction.

From all the cases above, we can conclude that if C'(ugv) = C(u;_qu;) for some 1 <
1 < [, we will get a contradiction.

So we can conclude that N(ug) C V(P).

In the same way, we can also get that N(u;) C V(P).

Now we have

CN(ug) UCN () = {C(uou;) : 1 <i <l —1}U{C(uwy) : 1 <i<Il—1}UC(upw).
Then

|CN(ug) UCN (wy)| = [{C(uwow;) : 1 <i <1l —=1} U{C(ujy) : 1 <i <1 —1}UC(upw)|
<2{1,2,...,l—1}|+1=20—-1=s—-1<s,

a contradiction to the assumption that |[C'N(u) U CN(v)| > s for any u,v € V(G).

So the longest heterochromatic path is of length greater than [, then there must exist
a heterochromatic path of length [ + 1 =[] in G.

The proof is now complete. 1

Finally, we give examples to show that our lower bound is best possible. Let s be
a positive integer. If s is even, let Gy be the graph obtained from the complete graph
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K st4 by deleting an edge; if s is odd, let G, be the complete graph K SER Then, color
the edges of G4 by different colors for any two different edges. So, for any s > 1 we
have that |CN(u) U CN(v)| > s for any pair of vertices v and v in G, and any longest

heterochromatic path in G is of length |

s+1‘|
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