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Abstract

It is conjectured by Erdés, Graham and Spencer that if 1 < a1 < a9 <--- < ay
with Y7, 1/a; < n —1/30, then this sum can be decomposed into n parts so that
all partial sums are < 1. In this note we propose a counterexample which gives a
negative answer to this conjecture.
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1 Introduction

Erdés ([2], p. 41) asked the following question: is it true that if a;’s are positive integers

with 1 < a1 < a9 < -+ < ag and Zle 1/a; < 2, then there exists a subset A of
{1,2,...,s} such that
1 1
— <1 — <17
Zai ’ ) Z a; =
1€A ie{l,....,s}\A

Sandor [3] gave a simple construction to show that the answer is negative: let {a;} =
{ divisors of 120 with the exception of 1 and 120 }. Furthermore, Sandor[3] proved the
following results:

Theorem 1. For every n > 2, there exist integers 1 < a1 < as < --- < ag with
So_1/a; < n and this sum cannot be split into n parts so that all partial sums are
<1.
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Theorem 2. Letn > 2. If1 < ay <ay <--- <as with ), 1/a; <n — 4, then this
sum can be decomposed into n parts so that all partial sums are < 1.

If we allow repetition of integers, it is conjectured by Erddés, Graham and Spencer
([2l,p. 41) that if 1 < a1 < ag < --- < ay with > 1/a; < n —1/30, then this sum
can be decomposed into n parts so that all partial sums are < 1. This is not true for
Yor i 1/a; <n—1/30 as shown by a1 = 2,as = a3 = 3,a4 = ... = a5,—3 = 5. Sandor[3]
proved a weaker assertion when the n — 1/30 was replaced by n — 1/2.

Let a(n) denote the least real number such that: for any integers 1 < a; <aps < -+ <
as withn > 2and Y, 1/a; < n—a(n), this sum can be decomposed into n parts so that
all partial sums are < 1. Erdds-Graham-Spencer conjecture hoped that a(n) < 1/30 and
Sandor’s result stated that a(n) < 1/2. In [1] Yong-Gao Chen proved that a(n) < 1/3
and in [4] Jin-Hui Fang and Yong-Gao Chen proved that a(n) < 2/7.

The purpose of this article is to give a counterexample to Erdés-Graham-Spencer
conjecture:

a; = 2,&2 = a3 = 3,(14 :4,(15 == A11p—12 = 11,

which stats that
Theorem 3. a(n) > 5/132.

2 Proof of Theorem 3

Clearly,

11n—12 1 5

i Y " 132°
For any partition {1,...,11n — 12} = U’_1Aj, we will prove that there exists 1 < j <n
such that } ;. 1/ax > 1. Without loss of generality, we let 1 € A;. Let | = |A1 N
{2, 3, 4}‘ Below we distinguish four cases.

Case 1. 1 > 2.

In this case we must have

1
— >
et

[\3|P—‘
w
q>|}~
—
[\

and we are done.
Case 2. | =1and 4 &€ A;.
Assume that ¢ € N and

Zl_1+1+t
Sa 273011

1 1 2 134
DEELEHEE
@k 2 11 132

If t > 2, we have
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If 0 <t <1, we must have
- 1 5 1 1 1 5
Y>> —>n-—-(GHst+—)=n-l+—>n-1
pafveyd aj 132 2 3 11 132

Thus there exists 2 < j < n such that }-, ., 1/a, > 1 and we are done.
Case 3. l=1and 4 € A,.
Assume that

One can see that

when ¢t > 3 and

z":z1> 5 (1+1+2) 1+4> .
—2>n———=—(z+-+-—-)=n-— — >n—1,
o 132 ‘2 4 11 132

hence there exists 2 < j < n such that ZkeAj 1/ay > 1 when t < 2. So we prove it.
Case 4. 1 =0.
Assume that

and hence there exists 2 < j < n with ZkeAJ_ 1/ayx > 1. Now we complete the proof. O
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