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Abstract

To a finite metric space (X, d) one can associate the so called tight-span T'(d) of
d, that is, a canonical metric space (T'(d),d~) into which (X, d) isometrically em-
beds and which may be thought of as the abstract convex hull of (X, d). Amongst
other applications, the tight-span of a finite metric space has been used to decom-
pose and classify finite metrics, to solve instances of the server and multicommodity
flow problems, and to perform evolutionary analyses of molecular data. To better
understand the structure of (7'(d),ds) the concept of a cell-decomposable metric
was recently introduced, a metric whose associated tight-span can be decomposed
into simpler tight-spans. Here we show that cell-decomposable metrics and totally
split-decomposable metrics — a class of metrics commonly applied within phylo-
genetic analysis — are one and the same thing, and also provide some additional
characterizations of such metrics.

1 Introduction

In this note (X,d) denotes a finite metric space, that is, a finite set X together with
a metric or function d : X x X — Ry such that d(z,z) = 0, d(x,y) = d(y,z) and
d(z,z) < d(z,y) + d(y,z) hold for all z,y,z € X. The tight-span T'(d) of d [6] is the
polytopal complex consisting of the bounded faces or cells of the polyhedron

P(d):={f e R* : f(x)+ f(y) > d(z,y) for all z,y € X}
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(see Section 2 for the definition of a polyhedral complex and related concepts). The pair
(T'(d),dw), where dy, : T(d) x T(d) — R is defined, for each f,g € T'(d), by

do(f, 9) = max|f(z) — g(=)],

is a metric space into which (X, d) embeds isometrically via the map, that for each z € X,
takes x to the function
v, = V) X — Rsg:y—d(z,y).

The tight-span was introduced by J.Isbell [18] in the 1960’s, and was subsequently
rediscovered in [3, 6]. More recently, it has also been shown to arise in the context of
tropical geometry [4, 5]. Amongst other applications, the tight-span has been used to
decompose and classify metrics [8, 22], solve instances of the server [21] and multicom-
modity flow [2, 19] problems, understand optimal realizations of metrics [6, 10], and also
as a tool within phylogenetic analysis [13]. Most of these applications heavily rely on the
application of structural properties of the tight-span.

To better understand the combinatorial and geometrical structure of the tight-span, in
[15] the concept of a cell-decomposable metric was introduced which is defined as follows.
Given a cell C of T'(d) and some = € X, we call a (necessarily unique) element v* € C' a
gate in C for x if, for all h € C,

doo(ku h) = dw(vm77m> + dw(7w7 h)

We say that C'is X -gated if there is a gate in C for each € X. In case every cell in T'(d)
is X-gated, d is called cell-decomposable. Cell-decomposable metrics are so called because
their tight-spans can be decomposed into simpler tight-spans [15].

In [15] it was conjectured that a metric d is cell-decomposable if and only if it is totally
split-decomposable, that is, defining for any four elements x, y,u,v € X, the quantity

a(zy|uv) = max { max{d(x,u) + d(y,v),d(z,v) + d(y,u)} — d(z,y) — d(u,v),0},

d satisfies
a(zyluv) < alzt|uv) + alzy|ut)

for all t,x,y,u,v € X. Totally split-decomposable metrics were introduced by Bandelt
and Dress in [1], and are extensively applied within the area of phylogenetic analysis [17].

In [16] it is shown that if a metric is totally split-decomposable then it is cell-decom-
posable. As a consequence it is also shown that the cells in the tight-span associated
to a totally split-decomposable metric are zonotopes that are polytope isomorphic to
either hypercubes or rhombic dodecahedra. In this note we prove the following (note that
some alternative characterizations of totally split-decomposable metrics are presented
in [1, 11, 12]):

Theorem 1.1 If d is a metric on X, then the following assertions are equivalent:

(i) d is totally split-decomposable.
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(ii) d is cell-decomposable.
(iii) every l-cell of T'(d) is X-gated.
(iv) every 2-cell of T'(d) is X-gated.

Intriguingly, if d is a metric for which every i-cell of T'(d) is X-gated, ¢ > 3, it does
not follow that d is totally split-decomposable (see e.g. Figure 1). It would be interesting
to characterize those metrics for which every 3-cell is X-gated. More generally, it would
be of interest to understand metrics d for which every maximal cell in T'(d) (under cell
inclusion) is X-gated.

b 10

Figure 1: The metric d induced on the vertex set {1, s, ..., 10} of the graph in this figure
(as usual, by taking shortest paths between vertices) is not totally split-decomposable even
though the unique 3-cell in T'(d) is X-gated.

The rest of this note is organized as follows. In Section 2 we present some preliminaries
concerning tight-spans, and in Section 3 we show that X-gated cells must satisfy two key
combinatorial properties (Propositions 3.1 and 3.3). These are then used in Section 4 to
prove Theorem 1.1.

2 Preliminaries

In this section, we present some useful results on the tight-span of a finite metric space.

We first recall some definitions concerning polyhedral complexes from [20]. For n > 1
an integer, a polyhedron in R™ is the intersection of a finite collection of halfspaces in R"”
and a polytope is a bounded polyhedron. A face of a polyhedron P is the empty-set, P
itself, or the intersection of P with a supporting hyperplane and, if P is i-dimensional,
i > 1, then its 0-, 1- and (i — 1)-dimensional faces are called its vertices, edges and facets,
respectively. The collection of all faces of a polytope forms a lattice with respect to the
ordering given by set inclusion. We say that two polytopes are polytope isomorphic if
their face-lattices are isomorphic. A polytopal complex C is a finite collection of polytopes
such that each face of a member of C is itself a member of C, and the intersection of two
members of C is a face of each. We call the members of C cells and an i-dimensional cell
an i-cell, for short.

Now, for f a function in P(d), we define the tight-equality graph of f, K(f) =
(X, E(f)), to be the graph with vertex set X and edge set E(f) consisting of those
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{z,y} C X with f(x) + f(y) = d(z,y). Note that E(f) might contain loops. By [f] we
denote the minimal face C' in P(d) that contains f. If C'is a cell in T'(d) and f € C with
C = [f], we call f a generator of C. Since the graph K (f) is the same for every generator
f of C we denote this graph also by K(C).

Using these definitions, we now present some useful properties of T'(d), proofs for
which can be found in [6, 7, 14]:

(TO) doo(vg, f) = f(z) for every z € X and every f € T'(d).

(T1) [fl=4{9€T(d) : E(f) C E(g)} for every f € T(d).

(T2) K(C) is a proper subgraph of K(C") if and only if C" C C, for all cells C,C" in
T(d).

(T3) The number of connected components of K(C') that are bipartite equals dim(C'),
the dimension of the cell C, for every cell C in T'(d).

We conclude this section with two observations concerning 7'(d). The first observation
concerns a property of tight-equality graphs.

Lemma 2.1 Suppose d is a metric on X, f € T(d) such that dim[f] > 1, and Y is the
vertex set of a non-bipartite connected component of K(f). Then for all z € Y and all

h € [f], we have h(z) = f(x).

Proof: Suppose f € T(d) with dim[f] > 1 and Y is the vertex set of a non-bipartite
connected component of K(f). Then, by the definition of the tight-equality graph, every
edge e = {z,y} C Y of K(f) corresponds to an equation E., namely f(z)+ f(y) = d(z,y).
Suppose h € [f]. By (T1), K(f) is a subgraph of K (h). Thus, we also have h(z)+ h(y) =
d(x,y). Hence, the set of equations {E.le C Y an edge of K(f)} holds for any h € [f].
But since the connected component on Y is not bipartite it must contain an odd cycle
and, so, the solution to this set of equations must be unique. Thus, h(z) = f(x) holds for
every h € [f] and every z € Y. [ |

In our second observation we present a simple but useful relationship between the
structure of the tight-equality graph K(C) for a cell C' of T'(d) and the values of f for
fed.

Lemma 2.2 Suppose that d is a metric on X and C is a cell of T'(d). Let 7 denote the
path © = wy,wy,...,w; = y in K(C). Then there exists some real number a, such that

for every f € C holds

) = a, + f(z) if path 7 has even length
V= a, — f(z) if path m has odd length.
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Proof: Consider any f € C. By property (T1) for every k € {1,...,] — 1} the edge
{wy, wry1} is contained in E(f) and, thus, d(wy, wiy1) = f(wg) + f(wrer). Hence, de-
pending on the parity of the length of m we can express either f(y) — f(x) or f(y)+ f(z)
in terms of d(wq,ws), ..., d(w;_1,w;) only, which is independent of f. |

3 The tight-equality graph of an X-gated cell

In this section, we prove that if d is a metric on X and C' is an X-gated i-cell of T'(d),
i > 1, then K(C) is bipartite (Proposition 3.1), and, moreover, if i > 1 also holds, then
K (C") is bipartite for every (i — 1)-cell C" C C' (Proposition 3.3).

Proposition 3.1 Let d be a metric on X and suppose that C' is an X-gated ¢-cell of
T(d),i > 1. Then K(C) is bipartite.

Proof: Suppose C' is an i-cell of T(d), i > 1. We show that if K(C) is not bipartite
then C' is not X-gated. So, suppose K (C') is not bipartite. Then there is at least one
connected component of K(C') that is not bipartite. Let Y denote the vertex set of one
such component. Then, by Lemma 2.1, h(x) = f(x) holds for all x € Y and all f,h € C.
Consequently, by (T0),

oo (V2 h) = h(2) = f(2) = dos(va; f)- (1)

Now assume for contradiction that C'is X-gated and fix some arbitrary element x € Y.
Then there must exist some v € C' such that

doo(vma h,) = doo(vma ’Ym) + doo(fyxv h’) (2>

holds for every h € C. Since dim(C') > 1, we may choose some h € C distinct from 7.
Fix some generator f of C'. By Equations (1) and (2),

doo(ku f) = dw(vwa }Al) = dw(vm77m> + dw(’)/wu il)
= dOO(U:w f) + dOO('Vx> ﬁ) > dOO(Ux’ f)

follows which is impossible. |

Note that there are metrics for which the converse of Proposition 3.1 does not hold. To
prove Proposition 3.3, we shall use the following lemma concerning gates of an X-gated
cell.

Lemma 3.2 Let x € X and let C' denote an X-gated cell of T'(d). Then h € C' is the
gate of x in C' if and only if

doo(Vg, h) = min{d (v, V')|h' € C}.
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Proof: Let x € X and assume that C' is X-gated. Suppose first that h € C such that
doo(Vgy h) = min{dy (v, B')|W € C}. Since C is X-gated, there exists some map v* € C'
that is the gate for x in C'. Hence,

dOO(U:m’Vx) > dw(vmv h) = dOO(Umv”Ym) + dOO(’va h) > dOO(Uwa’Vx)

and thus h = «* must hold.

Conversely suppose 7* € C is a gate for x in C' and assume to the contrary that
oo (U, ¥®) > min{d (v, h')|R € C}. Now choose h € C with the property that
doo(Vg, h) = min{d (v, M')|W € C}. Then doo(ve, h) < doo(ve,7*) and so

oo (Vzy h) + doo (Y5, h) < doo(V2,7F) + doo (Y5, h) = doo (v, )

since v* is the gate for x in C'. But then dy (7", h) < 0 which is impossible. [

Proposition 3.3 Let d be a metric on X and let C' denote an X-gated i-cell of T'(d),
i > 2. Then for every (i — 1)-cell C" C C the graph K(C") is bipartite.

Proof: Suppose C' is some X-gated i-cell of T'(d), i > 2. By Proposition 3.1, K(C) is
bipartite and, thus, we can color the vertices of K (C') with two different colors so that no
two adjacent vertices are colored the same.

Consider the vertex set Y of any connected component of K(C). By Lemma 2.2, for
every x,y € Y there exists some a, € R such that for all ~ € C' we have

(3)

h(y) a, + h(z) if 2 and y have the same color
Y a, — h(z) if = and y have different colors.

We claim that there is no g € C, dim[g] > 1, such that there is an edge e of K (g) which
is not an edge of K (C') and both endpoints of e = {z,y} belong to the same connected
component of K (C'). Suppose for contradiction that such an element g € C exists. Fix
an arbitrary generator f of C.

Note first that x and y must share the same color. Indeed, if x and y were colored
differently then, on the one hand, d(z,y) = g(x) + g(y) = a, = f(z) + f(y), by equation
(3). But eis not an edge of K(f) and thus, on the other hand, f(x)+ f(y) > d(x,y) holds.
But this is impossible and so x and y must be colored with the same color. In consequence,
the connected component of K(g) that contains vertices x and y must contain an odd
cycle, and is, thus, not bipartite. So, by Lemma 2.1,

doo(Vz,9') = ¢'(x) = g() (4)

follows for all ¢’ € [g].
Now, to complete the proof of the claim, consider any h € C. By the definition of
T'(d) and (3), we obtain

h(z) +h(y) = d(z,y) and h(y) = a, + h(z).
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Similarly
9(x) + g(y) = d(z,y) and g(y) = a, + g(z)

follows. Combining these four equations yields 2h(z) > d(z,y) — a, = 2¢g(z) and, thus,
h(z) > g(z) must hold. Consequently,

min{h(z)|h € C} = g(x)
and thus, by (T0) and (4),
min{ds(vg, h)|h € C} = min{h(z)|h € C} = ¢'(2)

for all ¢’ € [g]. By Lemma 3.2, every map ¢’ € [g] must be a gate for x in C. But then,
by the uniqueness of a gate, [g] must be a vertex which is impossible. This establishes
the claim.

To conclude the proof assume that C’ C C is an (i — 1)-cell of T'(d). Then, since
dim(C) = 4, by (T2) the graph K(C) must be a proper subgraph of K(C'). Choose
some edge e of K(C") that is not contained in K (C'). Then, by the previous claim, the
endpoints of e must belong to different connected components of K(C). Furthermore,
since the dimension of C’ is one less than the dimension of C, (T3) implies that the
number of bipartite connected components of K (C”) must be one less than the number of
bipartite connected components of K(C'). Since, as was observed at the beginning of the
proof, K(C) is bipartite and e already connects two different connected components of
K(C), all connected components of K (C”) must be bipartite. Hence, K (C") is bipartite. H

4 Proof of Theorem 1.1

In the proof we shall use the fact that d is totally split-decomposable if and only if for
every 1-cell C of T'(d) the graph K(C') is bipartite [11, Proposition 3.2]. We refer to this
latter property as condition (v), in addition to conditions (i)—(iv) listed in the statement
of Theorem 1.1.

Now, in [16, p. 475] it was shown that (i) implies (ii). Moreover, by definition, if d
is cell-decomposable then every 1-cell and every 2-cell of T'(d) must be X-gated. Thus,
trivially, (i) implies (iii) and (iv).

We now show that (iii) implies (v). Assume that every 1-cell of T'(d) is X-gated.
Then, by Proposition 3.1, for every 1-cell C' of T'(d) the graph K(C) is bipartite, which
established (v).

To finish the proof we show that (iv) implies (v). Suppose that every 2-cell of T'(d)
is X-gated. Consider any 1-cell C" of T'(d). If C” is maximal then K(C’) is bipartite.
To see this note first that T'(d) \ {f} is disconnected for any f in the relative interior of
C". Thus, by [9, Theorem 1], the graph K(C") is connected. Hence, by (T3), K(C") is
bipartite. If C” is contained in a 2-cell C' then, by Proposition 3.3, K(C") is bipartite.
Hence, for every 1-cell C' of T'(d) the graph K(C") is bipartite. |
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