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Let G be an additive abelian group and S C G a subset. We denote by f(G, S) = f(S) the
number of nonzero group elements which can be expressed as a sum of a nonempty subset
of S. For a positive integer k € N let F(k) denote the minimum of all f(A,T"), where the
minimum is taken over all finite abelian groups A and all zero-sum free subsets T" C A
with |T'| = k. This invariant F(k) was first studied by R.B. Eggleton and P. Erdés in 1972
(see [4]). For every k € N they obtained a subset S in a cyclic group G with |S| = k such
that

(a detailed proof may be found in [8, Section 5.3]), and J.E. Olson ([10]) proved that

a cyclic group G of length |S| >

least
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Abstract

Let G be an additive finite abelian group and S C G a subset. Let f(.S) denote the
number of nonzero group elements which can be expressed as a sum of a nonempty
subset of S. It is proved that if |S| = 6 and there are no subsets of S with sum
zero, then f(S) > 19. Obviously, this lower bound is best possible, and thus this
result gives a positive answer to an open problem proposed by R.B. Eggleton and P.
Erdés in 1972. As a consequence, we prove that any zero-sum free sequence S over
contains some element with multiplicity at

6|G|+28
19
6|S|—|G|+1
7

Introduction and Main Results

F(k) < (G, S) = Elﬂ 41

1
F(k) > k2.
(k) > 5
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Moreover, Eggleton and Erdés determined F(k) for all £ < 5, and they stated the following
conjecture (which holds true for k£ < 5):

Conjecture 1.1. For every k € N there is a cyclic group G and a zero-sum free subset
S C G with |S| = k such that F(k) = f(G,S).

Eggleton and Erdés conjectured that F(6) = 19, and it will be a main aim of the
present paper to verify this equality. Recently G. Bhowmik et. al. gave an example
showing that F(7) < 24 (see [1]).

Apart from being of interest in their own rights, the invariants F(k), & € N, are useful
tools in the investigation of various other problems in combinatorial and additive number
theory. At the end of Section 8 we outline the connection to Olson’s constant Ol(G). A
further application deals with the study of the structure of long zero-sum free sequences.
This is a topic going back to J.D. Bovey, P. Erdés and I. Niven ([2]) which found a lot
of interest in recent years (see contributions by Gao, Geroldinger, Hamidoune, Savchev,
Chen and others [5, 9, 11, 12], and [7, Section 7] for a recent survey). We will use the
crucial new result, that F(6) = 19, for further progress on this topic. For convenience we
now state our main results (the necessary terminology will be fixed in Section 2).

Theorem 1.2. F(6) = 19.

Theorem 1.3. Let G be a cyclic group of ordern > 3. If S is a zero-sum free sequence
over GG of length

- 19 )
then S contains an element g € G with multiplicity

6|S| —n+1
Vg(S)ZH1—7-

In Section 2 we fix our notation and gather the tools needed in the sequel. In Section
3 we present the main idea for the proof of Theorem 1.2, formulate some auxiliary results
(Theorem 3.2, Lemmas 3.3 and Lemma 3.4) and show that they easily imply Theorem
1.2. The Sections 4 to 7 are devoted to the proofs of these auxiliary results. In Section 8
we prove Theorem 1.3

Throughout this paper, let G denote an additive finite abelian group.

2 Preliminaries

We denote by N the set of positive integers, and we put Ng = NU {0}. For real numbers

a,b € R we set [a,b] ={z € Z | a <z < b}, and we define sup ) = max ) = min ) = 0.
We follow the conventions of [6] for the notation concerning sequences over an abelian

group. Let F(G) denote the multiplicative, free abelian monoid with basis G. The
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elements of F(G) are called sequences over G. An element S € F(G) will be written in

the form
S:gl.....gl:Hgvg(S)
geG

where all v, (S) € Ny are uniquely determined and called the multiplicity of g in S. We say
that S contains g if v,(S) > 0. A sequence T' € F(G) is called a subsequence of S if T'| S
in F(G) (equivalently, v,(T") < v,(S) for all g € G). Given any group homomorphism
¢: G — G, we extend ¢ to a homomorphism of sequences, ¢: F(G) — F(G'), by letting
©(S) =w(g1) - ... p(g). For a sequence S as above we call

S| =1= v,(S) €Ny  the length of S,
geG
h(S) = max{v,(S) | g € G} € [0,]5]] the mazimum of the multiplicities of S,
supp(S) ={g € G| v,(S) >0} C G the support of S,

I
o(S) = Zgi = ng(S)g € G the sum of S,
i=1

geG
%(S) = {Z gi‘(b #1C (1,1} the set of subsums of S,
iel
and
f(G,S)=1(9) =1|2(5) \ {0}| the number of nonzero subsums of S'.

We say that S is
o zero-sum free if 0 ¢ 3(S),
e a zero-sum sequence if o(S) =0,
o squarefree if vy(S) <1 forall g € G.

The unit element 1 € F(G) is called the trivial sequence, and every other sequence is
called nontrivial. Clearly, S is trivial if and only if S has length |S| = 0. In this paper
we will deal with subsets of G and with sequences over . For simplicity and consistency
of notation, we will address sets as squarefree sequences throughout this manuscript. For
k € N we define

F(G, k) = min{|2(9)| ‘ S € F(G) is a zero-sum free and

squarefree sequence of length |S| =k},

and we denote by F(k) the minimum of all F(A, k) where A runs over all finite abelian
groups A having a squarefree and zero-sum free sequence of length k. We gather some
results on these invariants, which will be needed in the sequel.
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Lemma 2.1. /8, Theorem 5.3.1] Itt € N and S = Sy -...-S; € F(G) is zero-sum free,
then
f(S) > f(S1)+ ... +1(Sy).

Lemma 2.2.

1. F(1) =1, F(2) =3, F(3) =5 and F(4) = 8.

2. If S € F(G) is squarefree, zero-sum free of length |S| = 3 and contains no elements

of order 2, then f(S) > 6.
3. F(k) > §k* for all k € N.

Proof. 1. See [8, Corollary 5.3.4.1].
2. See [8, Proposition 5.3.2.2].
3. See [10]. |

Lemma 2.3. Let S = 515, € F(G), H = (supp(S1)) and let ¢: G — G/H denote the

canonical eptmorphism. Then we have
f(S) > (1 +f((82)))f(S1) + f((S2)) -
Proof. W set A= 3(5;) U {0} and h = |p(5(S2) U{0}) |. Then
|A|=1+f(S1)) and h=1+f(p(52)).
Suppose that

e (101U Y2(82) = {elao) pla), - elan-)}

where ap = 0 and a; € > (S2) for all i € [1,h — 1]. Since A C H = (supp(.S;)), it follows
that

A\N{0}, a1 +A,...,ap1 + A
are pairwise disjoint subsets of > (), and therefore
f(S) > |A\{O} +|a1 + Al + ...+ |ap_1 + 4]
=h(f(S1)+1) —1.

Lemma 2.4. Let S € F(G) be zero-sum free.
1. If T € F(supp(S)) and U € F(G) such that U |T and TU™*| S, then o(U) # o(T).

2. If T, Ty, € F(GQ) are squarefree with |T1| = |Ts| and |ged(T1, Ty)| = |T1| — 1, then
o(Th) # o(T3).
Proof. 1. Since S is zero-sum free and TU ' | S, we have o(TU™') # 0. Since T =
(TU MU, we get o(T) = o(TU ') + o(U) and hence o(U) # o(T).
2. Obvious. ]
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3 Proof of Theorem 1.2

Let S = x1-...-x, € F(G) be a squarefree, zero-sum free sequence of length |S| =k € N,
and let A be the set of all nontrivial subsequences of S. We partition A as

A=A0.. WA,

where two subsequences T,T" of S are in the same class A,, for some v € [1,r], if
o(T) = o(T"). Thus we have r = f(S) = |2(S5)|. For a subset B C A we set

B={ST'|T¢eB}.

Then, for every v € [1,7], we clearly have A, € {A;,...,A.}, and A, will be called the
dual class of A,. For a nontrivial subsequence T" of S we denote by [T] the class of T
The following easy observation will be useful.

Lemma 3.1. Let all notations be as above, and let i € [1,r]. Then the following state-
ments hold:

1. For a subset B C A, we have B € {Ay, ..., A} if and only if Be {A,..., A},
and |B| = |B|.

2. A; is the dual class of itself if and only if o(T) = o(ST™1) for some T € A;.

3. If A; contains subsequences T and T" with |T'| =1 and |T'| =k — 1, then S =TT’
and AZ = {T, T/}

4. If A; is the dual class of itself and A; contains a subsequence of length 1, then
A = 2.

5. If A; is the dual class of itself, then |A;| is even.

6. [S]={S}.
In order to prove Theorem 1.2, we need the following three results.

Theorem 3.2. Let S € F(G) be a squarefree, zero-sum free sequence of length |S| =k €
[4,7]. If S contains some element of order 2, then

2 [E] 1
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Lemma 3.3. Let S € F(G) be a squarefree, zero-sum free sequence of length |S| = 6
which contains no elements of order 2. Then |[zi]| < 4 for all k € [1,6]. Moreover, if
\[zi]| = |[z;]| =4 for some i,j € [1,6] with i < j, then

£(S) > 19.

Lemma 3.4. Let S € F(G) be a squarefree, zero-sum free sequence of length |S| = 6
which contains no elements of order 2, and let Ay,..., A, be defined as above. Then
| Al <5 foralli € [1,7], and if |A;| =5 for some i € [1,7], then

f(S)>19.
Proof of Theorem 1.2, based on 3.2, 3.3 and 3.4

By [8, Corollary 5.3.4.2] it follows that F(6) < 19, and hence it suffices to verify the
reverse inequality. Let S = x; -... 24 € F(G) be a squarefree zero-sum free sequence.
We need to show

£(S) > 19.

If S contains an element of order 2, then Theorem 3.2 implies that f(S) > 19. So we may
assume that S contains no elements of order 2. By Lemma 3.3 and Lemma 3.4, we may
assume there exists at most one i € [1,r]| such that |[x;]|] = 4 and that |A;| < 4 for all
Jjell,r].

We set

L=) |A|=2°-1=63.
i=1
Assume that S € A,. Then A, = {S} and thus A, contributes 1 to the sum L. Next
let ¢t be the number of those i € [1,6] with [z;] = [z;], say z1,...,2; have this property.
If i € [1,t], then Lemma 3.1 implies that [x;] = {z;,z; 'S} and hence |[z;]| = 2. Thus
we get |[x1]] + ...+ |[z¢]] = 2t. Since S is squarefree, i, j € [1,6] with ¢ # j implies that
[z;] # [xj]. Excluding the above self-dual classes, the remaining [z;] and [z;] contribute
at most 4 x 2+ 3 x 2(6 —t — 1) = 38 — 6t to the sum L, that is

6

S (| + [[i]]) < 38 — 6t

i=t+1

Finally, by excluding A,, all [x;] and their dual class [z;], we have r —1—t—2(6 —1t) classes
left. These remaining classes contribute at most 4 x (r — 1 —¢ —2(6 —t)) = 4r — 52 + 4¢
to L. Adding up these numbers, we obtain

1+ 2t + (38 — 6t) + (4r — 52+ 4t) > L = 63.

This gives that 4r > 76 and therefore f(S) = r > 19 as desired. |
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The proofs of Theorem 3.2 and of the Lemmas 3.3 and 3.4 will be given in Sections 4
to 7. Throughout these sections, let

S=ux1-...- 1 € F(G)

be a squarefree, zero-sum free sequence of length |S| = k € N, and let Aq,..., A, be as
introduced in the beginning of this section.

4 Proof of Theorem 3.2

Without loss of generality we may assume that ord(z;) = 2. We set S = 5155, where
S1=uzyand Sy =z ... - x. Then f(S;) =1. Let H = (z1) = {0,21} and ¢: G — G/H
the canonical epimorphism. Then ¢(S2) = p(xa) - ... - p(zk).

First, we assert that ¢(S3) is zero-sum free. Assume to the contrary that there is a
nontrivial subsequence U of S5 such that o(o(U)) = ¢(o(U)) = 0. Then o(U) € H. Since
S is zero-sum free, o(U) # 0, so 0(U) = x1. Then o(S1U) = o(S1) +0o(U) = z1 + 2, =0,
a contradiction. Thus ¢(Ss) is zero-sum free.

Next, we show that h(p(S;)) < 2. Assume to the contrary that p(x;,) = o(zs,) =
o(x;,) for some pairwise distinct 1,149,735 € [1,k]. Then p(z;, — x;,) = @(zi, — xi) = 0,
SO T, — Xy, Ty — Ty € H. Since S is squarefree, it follows that z;, — x;, # 0 and
xy — vy # 0. Thus z;, — 2, = v, — x;, = 71, and so x;, = x;,, a contradiction. This
proves that h(p(S2)) < 2.

We distinguish four cases as follows.

Case 1: k = 4. Since h(p(S2)) < 2, p(S2) allows a product decomposition ¢(S5) =
U U, into squarefree sequences Uy, Uy € F(G/H) with |Uy| = 2 and |Us| = 1. It follows
from Lemma 2.2 and Lemma 2.1 that

f((S2)) > f(UL) +f(Us) >3+ 1=14.
By Lemma 2.3, we have
f(S) = (14 f(p(52)))f(51) +f(p(52)) =2 (1 +4) x 1 +4 =9,

and we are done.

Case 2: k = 5. Since h(p(S2)) < 2, p(S2) allows a product decomposition ¢(S55) =
U U, into squarefree sequences Uy, Uy € F(G/H) with |U| = |Uy| = 2. By Lemma 2.2
and Lemma 2.1, we have

f(p(Sy)) > f(U) +f(Uy) >3+ 3 =6.
By Lemma 2.3, we have
f(S) = (1 +f(p(52)))f(S1) + f(p(S52)) = (146) x 146 = 13,

and we are done.
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Case 3: k = 6. By Lemma 2.3, we have f(S) > (1 + f(p(52)))f(S1) + f(o(Ss)). If
we can show that f(¢(S5s)) > 9, then f(S) > 19 as desired. Since h(p(S53)) < 2, we have
|supp(p(52))[ = 3.

If |[supp(p(S2))| > 4, ¢(S2) allows a product decomposition ¢(S3) = U;Us into square-
free sequences Uy, Uy € F(G/H) with |U;| =4 and |Uy| = 1. By Lemma 2.2 and Lemma
21,

f(@(S2)) > f(U1) +f(Uz) >8+1=9

and we are done.

Next, suppose |supp(¢(S2))] = 3 and ¢(S2) = a*b*c. Since ¢(S;) is zero-sum free,
we must have ord(a) # 2 and ord(b) # 2. If ord(c) # 2, then we set Uy = a - b- ¢ and
Uy =a-b. By Lemma 2.1 and Lemma 2.2,

f(p(S2)) = f(U1) +£(Uz2) 2 6 +3 =9,
and we are done. So we may assume that ord(c) = 2. Then
a,a+b,2a+b,2a 4+ 2b,c,a+c,a+b+c,2a+b+c,2a+2b+ ¢

are pairwise distinct, whence f(¢(S2)) > 9 and we are done.

Case 4: k= 7. If f(¢(S2)) > 12, then by Lemma 2.3, f(.S) > (1 + f((S2)))f(S1) +
f(p(S2)) > (1 +12) x 1 4+ 12 = 25 as desired. It suffices to show f(p(S3)) > 12. Since
h(p(S2)) < 2, we have [supp(¢(S2))| > 3.

If ©(S2) contains no elements of order 2, ¢(.S2) allows a product decomposition ¢(S3) =
U,U; into squarefree sequences Uy, Uy € F(G/H) with |Uy| = |Uz| = 3. By Lemma 2.1
and Lemma 2.2,

f(o(S2)) > f(Uy) +f(Uz) > 6+ 6 =12

and we are done.

If ©(S2) contains an element of order 2. Then |supp(p(S2))| > 4. Since h(p(S52)) < 2,
©(S2) allows a product decomposition ¢(S;) = U U, into squarefree sequences Uy, Uy €
F(G/H) such that |Uy| = 4, |Us| = 2, and U; contains some element of order 2. It follows
from Case 1 that f(U;) > 9 . By Lemma 2.2 and Lemma 2.1,

F(p(Ss)) > F(UL) + F(Us) > 9+ 3 =12

and we are done. (]

5 On The Maximal Size of Classes

The following result provides an upper bound for |A44],...,|A,|, under the assumption
that S contains no elements of order 2.

Lemma 5.1. Suppose that S contains no elements of order 2. Then the following hold.
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1. If k <4, then |A;| <2 for everyi € [1,7].

2. If k =5, then |A;| < 3 for every i € [1,7].

3. If k =6, then |[z;]| = |[zi]| < 4 for every i € [1,6], and |A;| <5 for every i € [1,r].
Proof. Take an arbitrary i € [1,7], and let
Ai = {Sl,...,Sl}

where Si, ..., 5, are subsequences of S and 1 < |S;| < |Sy| < --- < |5|. Then |A;| = 1.
Case 1: k < 4. The result follows from Lemma 2.4.
Case 2: k =5.
If A; = [zj] for some j € [1,5], then we may assume that S; = z;. By Lemma 2.4, we
have

Sy | :Ej_lxl co..-xy forevery wvel21].
Let B = {S,,...,5}. Then by Case 1 we have |B| < 2 and thus [ < 3. Therefore,
|[z;]] = |[x;]| <3 for every j € [1,5].

Next we assume that A; contains neither a sequence of length 1 nor a sequence of
length 4. So 2 < |S;] < --- < |S;] < 3. Assume to the contrary that [ > 4. If |S}| =
|So| = |S5| = 2, then there exist m,n € [1, 3] such that | gcd(S,,, S»)| = 1, a contradiction.
So |S3| = 3. If |Si_o| = [Si—1| = |Si| = 3, then there exist m,n € {l — 2,1 — 1,1} such
that | gcd(S,,, Sn)| = 2, a contradiction again. So |S;_o| = 2. This forces that [ = 4 and
|S1] = |S2| = 2,]55] = |S4| = 3. Now, let Sy = xy - 29, S2 = x3 - x4. By Lemma 2.4, z5| S5
and z5|S;. Without loss of generality, we may assume that x; - x3|Ss, so xg - 24| Sy.
Thus A; = {1 - x93, x3 - T4, T1 T3+ T5, To- Ty Ts}, and then (x; + z2) + (z3 + x4) =
(x1 4+ 23+ x5) + (2 + x4 + x5). Therefore, 0 = 2x5, a contradiction.

Case 3: k = 6. Assume that A; = [z;] for some j € [1,6] and S; = z;. As before, we
have

Syla;lwy - .. -ag forevery vel2,].
Consider B = {S,,...,5;}. By Case 2 we have [B] < 3 and thus [ < 4. Therefore,
|[z;]] = [[z;]| < 4 for every j € [1,6].

Next assume that A; contains neither a sequence of length 1 nor of length 5, so
2 < |5y < |8y < - < |S] < 4. We have to show that [ < 5. Assume to the contrary
that [ > 6. Define "= 57 -...- 5.

For every al|S, we have that |{i | a|S;}| +|{i | a 1 Si}| =1 > 6. By Case 2,
{i | at S} <3and [{i]|a|S;}| <3. These force that |{i | a|S;}|=|{i | at S} =3
and [ = 6. Thus,

vo(T) =3

for every a € S. Hence, |T| = 18.

Let ry = [{i | |S;| = t}| for every t € [2,4]. Then 2ry+3r3+4ry = |T| = 18. Therefore,
r3 is even and hence r3 € {0,2,4,6}. We distinguish two subcases according to whether
r3 > 4 or not.
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Subcase 3.1: r3 > 4. We may assume that |Sy| = |S3| = [Ss| = |S5| = 3. From
|T| = 18 we infer that |S;| + |Ss| = 6. If | gcd(S1, S6)| = 0, then S; = SS;'. By Lemma
3.1.2, A; = A;. So, we may assume that Sy = SS;*. By Lemma 2.4.2, |gcd(5’3, S9)| <1
and \gcd(53,55)| < 1. Thus |S3] = | gcd(S3,5)| = | ged(Ss, Se)| + |gcd(53,S5)\ <2 a
contradiction. Therefore, | ged(S1, Se)| > 0. Let a| ged(Si, Sg). Since v,(T') = 3 we may
assume that a {1 S; for every i € [2,4]. Therefore, Sy, S3 and Sy divide a='S and we must
have | ged(Sy, Sm)| = 2 for some distinct m,n € [2,4], a contradiction to Lemma 2.4.2.

Subcase 3.2: r3 < 4. Then, r3 € {0,2}. From |T| = 18 we know that r, > 2 and
ry > 2. We may assume that |Si| = |S3] = 2 and |S5| = |S¢| = 4. Furthermore, we
may assume that S = x; - 9, 9 = x3 - 4. By Lemma 2.4 we infer that =5 - 24 | S5 and
x5+ xg | S¢. So we may assume that Sy = 1 - 23 5 6 and Sg = 9 - 24 - T5 - 6. Again, by
Lemma 2.4 we know that |S3| # 2. It follows from |T| = 18 that |S5| = |S4| = 3. Since
vo(T) = 3 for every a|S, we have S35, = S, implying 0(S3) = 0(SS;'). By Lemma
3.1.2, A, = A;. But SSl_l =x3- x4 T5 - xg € A;, a contradiction. This proves [ < 5. 1

6 Proof of F(5) =13

R.B. Eggleton and Erdds stated in [4] that they gave a proof of F(5) = 13 in [3] as an
appendix. Since we could not find this note, we include a proof of F(5) = 13 here for
completeness. Moreover, the ideas and methods in our proof will be used frequently in
the sequel.

We denote by P, the symmetric group on [1,n]. Note that it follows from [8, Corollary
5.3.4.2] that F(5) < 13

Lemma 6.1. Let T = (—2x) -z - (3x) - (4x) - (bz) € F(G) be a squarefree, zero-sum free
sequence. Then f(T) > 13.

Proof. Obviously, kx € ¥(T) for all k£ € [1,13]. Since T is zero-sum free, kz # 0 holds
for every k € [1,13], and thus iz # jx for any i # j € [1,13]. Therefore, f(T") > 13. |

Lemma 6.2. Let S =x1-...-xp € F(G) be as fived at the end of Section 3, and suppose
that k = 5. If |[x;]| = 3 for some i € [1 5], then [z;] is of one of the following forms:
(1) {xT Vs Tr(2) * Tr(3); Tr(4) " }
(2) {zr), Tr@) - To), Tr) - (4) Tr(5)}
for some T € Ps.

Proof. Without loss of generality, we may assume that ¢ = 1 and [z;] = {21, S2, S3} with
2 < |Sy| < |95]. By Lemma 3.1, we know that |S3| < 3. Note that

SQ|ZI§'2'...'ZIZ'5 and 53|£1§'2'...'l’5.

By Lemma 2.4.2, we infer that |Ss| = 2. So, we may assume that Sy = xg-x3. If |S5] = 2
then S5 = x4 - x5. Therefore, [x1] is of form (1) and we are done. Otherwise, |S3| = 3, by
Lemma 2.4, we know that S3 = x9 - x4 - x5 or S3 = x3 - x4 - x5. Therefore, [x;] is of form
(2). |
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The following easy observation will also be useful.

Lemma 6.3. Let S =z -... -z € F(G) be as fized at the end of Section 3, and suppose
that k > 3. Let a,b, c be distinct in [1, k] such that x, = x, + x.. Suppose that S contains
no element of order 2. Then, x, — x, & supp(S5).

Proof. Assume to the contrary that x, — z, = x4 for some d € [1, k]. This together with
Ty = Xp + x. gives that z. + x4 = 0, a contradiction. |

Proof of F(5) = 13.

Let S = x1-... 2, € F(G) be as fixed at the end of Section 3, and suppose that
k = 5. We have to show
f(S)>13.

Assume to the contrary that f(S) < 13 for some S. By Theorem 3.2, S contains no
elements of order 2, and thus it follows from Lemma 5.1 that |A;] < 3 for all i € [1,7].

Recall that A, = [S] = {S}. We may assume that [A;] <2,...,|A <2and |Ay4]| =
coo=|A 1| =3. If t > 4, since 2t + 3(r — 1 —t) + 1 > 31, then r > (33 +1)/3 > 37/3.
Therefore » > 13, a contradiction. Therefore, ¢ < 3.

Now |[z;]| = |[z;]| = 3 for some 7,5 € [1,5] with ¢ # j. Without loss of generality, we
may assume that ¢ = 1. We distinguish two cases.

Case 1. [z1] is of form (1) in Lemma 6.2. We may assume that [z1] = {x1, xo- 23, 24"
x5}. Without loss of generality, we may assume that j = 2. Let [z2] = {x2, 52, S5} with
2 < |Sy| < |Ss3|. Since x; = x5 + x3, by Lemma 6.3 we know that zo — z7 + S. Thus
[22] is not of form (1). Therefore, by Lemma 6.2, [x5] is of form (2) and |Ss| = 2. Again
by Lemma 6.3 we know that x; 1 S;. It follows from Lemma 2.4 that z5 t Ss. Since
r1 = x4 + x5 we have Sy # x4 - x5. Therefore, Sy = x3- x4 or So = x3 - x5. So, we
may assume that Sy = x3 - x4. Now by Lemma 6.2 we obtain that S5 = x3- 21 - x5 or
S3 = x4 - 1 - x5. Therefore, v3 + 4 = 3+ 11 + x5 or 3 + 14 = x4 + 1 + 5. Thus
Ty — Ty = x5 Or ¥3 —x1 = x5. [Lhis together with 1 = 29 + x3 = x4 + 75 gives a
contradiction to Lemma 6.3.

Case 2. [z;] is of form (2) in Lemma 6.2. We may assume that [z1] = {21, 22 - 23, 22 -
x4 - 25}. Now we have x5 = x4 + x5. If [2;] is of form (1), then this reduces to Case 1. So
we may assume that [x;] is of form (2). Let [x;] = {z;, S, S5} with || = 2 and |S5| = 3.
We distinguish subcases.

Subcase 2.1 j = 2. [z3] = {x9, 5, S3}. Note that x3 = 24 + 25. By Lemma 6.3 and
Lemma 2.4, we obtain that Sy = z3-x4 or Sy = z3-z5. Without loss of generality, we may
assume that Sy = x3 - 4. Now by Lemma 6.2, we get S3 = x3-x1 - x5 or S3 = x4 11 - T5.
If S = x4 2125, then 23 + 24 = x4 + 1 + x5. Thus 24 + 25 = 23 = 21 + 75, a
contradiction. Therefore, S3 = x3-x1 - x5. Now we have x1 = x5 + 13 = 29 + 4 + x5 and
To = T3+ Ty = X1 + T3 + Ts. Thus T = 51’3,1’2 = 4])3,1’4 = 35(73,1’5 = —21’3. It follows
from Lemma 6.1 that f(.S) > 13, a contradiction. Therefore, |[z2]| < 2.

Subcase 2.2. j = 4. Now [z4] = {x4,S59,55}. Since 3 = x4 + x5, by Lemma
6.3 we have w3 1 Sy. Therefore, Sy|xy - x5 - x5. Hence, Sy = x1 - x5 or Sy = w9 - 5

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R116 11



or S = x1-x5. If S = x1 - 29, by Lemma 2.4 we obtain that S3 = x; - 23 - x5 or
S3 = 9 - x3-x5. Since xy + x3+ x5 = 11 + T5 # 11 + T2 We get S5 = x1 - w3+ x5. Now
we have x1 = 49,13 = 322,14 = Dx9, x5 = —2x5 and thus it follows from Lemma 6.1
that f(.S) > 13, a contradiction. Therefore, Sy # x - z5. If Sy = x5 - x5, then by Lemma
2.4, we obtain that S3 = x5 - x1 - 23 or S3 = x5 - 11 - v3. Thus xo + x5 = 29 + 1 + 23 Or
To 4+ T5 = T5 + T1 + T3. S0, Ty — T3 = T1 OF Ty — 1 = w3, contradicting x3 = x4 + x5
or r1 = oy + 3 (in view of Lemma 6.3). Hence, Sy = 77 - 5. As above, we obtain that
S3 = xy-x9-x3 Or S3 =I5 Xy x3. Since x1 + x5 # 1 + 9 + 3 = 221, we obtain that
S3 = x5 - 9 - x3. Therefore,

[1’4] = {ZL’4, Ty, Ts, Ty T 1’3}.

We assert that |[x5]| < 2 in this subcase. Assume to the contrary that |[z5]] = 3. As
above, we may assume that [z5] = {x5, 21 24, 422 23} Now we have x5 = 1 + 24, a
contradiction to x4 = x1 + x5 (in view of Lemma 6.3). This proves the assertion.

Next, we show that |[z3]| < 2 in this subcase. Assume to the contrary that |[z3]| = 3.
Then [I‘g] = {ZL’g, Ty " Ty, Tg} with ‘Tg‘ = 3.

By Lemma 2.4, T3 = x4-x1-75 or T3 = x5-21-x9. Since x5+x1+To # o1+2x5 = T4+T5,
we have Ty # x5-x1 7. Therefore, T3 = x4-71-25. Now we have 3 = r4+x5 = v4+11+23.
In view of [x;] and [z4], we derive that xy = 3z5, 29 = —2x5, x5 = bz, 24 = 4x5 and thus
f(S) > 13 by Lemma 6.1, a contradiction. Therefore, we must have |[z3]| < 2.

Since x3 = x4 + x5, we have [z3] # [23]. Now [x9], [z3], [r3] and [z5] are distinct and
all have length not exceeding two, contradicting ¢ < 3. Therefore, j # 4, or equivalently,
led)l < 2

Similarly, we conclude that |[z5]]| < 2.

Subcase 2.3. j = 3. Since x3 = x4 + x5, we have [z3] = {x3, x4 25, S3}. By Lemma
2.4, S3 = 142123 Or S3 = T5- 11 - 2. We may assume that S3 = x4 - 21 - 2. Then
Ty + x5 = T4 + 1 + 22, and thus x5 = x; + 2. Therefore, [x5], [z5], [22] and [z4] are
distinct, contradicting ¢ < 3.

This completes the proof. |

7 On the number of maximal classes

Let S =1 ... 2, € F(G) be as fixed at the end of Section 3, and suppose that k = 6.
We shall prove Lemma 3.3 and Lemma 3.4 through a series of lemmas.

Lemma 7.1. If S is of one of the following forms:
(=7z) - (=62) - (=5z) - (—22) - = - (32);
(—2z) -2 - (3z) - (4z) - (5z) -

= (—22) -z (37) - (42) - (52) -
(—62) - (=52) - (—4z) - (—32

)
(7x);
(62);

)< (=22) -
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(v) §=x-(2x)- (3x)- (4) - (52) - (62),
then f(S) > 19.

Proof. We give only the proof for the case when S is of form (i). The proofs for other
cases are similar and are omitted.

Suppose that S = (=7z) - (—6x) - (=5x) - (=2z) - x - (3z). Clearly, kzx € %(S) for any
k € [-19,—1]. Since S is zero-sum free, kx # 0 for any k € [—19, —1]. Then iz # jz for
any 4,7 € [—19,—1], and therefore, f(S) > 19 as desired. |

7.1. Classes of size 4 containing sequences of length 1

This subsection deals with classes of size 4 having a sequence of length 1, and it
provides a proof for Lemma 3.3.

Lemma 7.2. If |[z;]| = 4 for some i € [1,6], then there exists T € Py such that [z;] is of
one of the following forms:

(1) {71y, Tr(2) " Tr(3) * Tr(a) * Tr(5)s Tr(2) " Tr(6)s Tr(3) " Tr(4) - Tr(6) }:
(62) {1'7(1)7 Lr2) " Tr(3) * Lr4) " L7(5), Lr(2) " Tr(3) " Lr(6), Lr(4) * Lr(5) 'xT(G)};
(b3) {xr)s Tr) - Tr3), Tr(a)  Tr(s)s Tr(2) * Tr(4) * Tr(6) };

(b4) {mT(1)7 1’7(2) : xT(3) ' 213'7—(4), xT(Z) ' xT(S) ' x‘l‘(ﬁ)v xT(3) ' x‘l‘(5)}'

Proof. Let [z;] = {51, 52, 53,54} where Sy, S3,S3, Sy are subsequences of S and |S;| <
|Sa| < |S3] < |S4|. Without loss of generality, we may assume that S; = x;. By Lemma
2.4, we have
S,|x7'S =a9-... 26 forevery ve|[2,4]
We first show that 3 < |Sy| < 4. If |Sy| = 5, then Sy = 9. ..-xg. But Sy |zg-... 26 =
Sy, a contradiction. If |9, = 2, then |S;| = |S3| = 2. By Lemma 2.4.2, S5, S5 and 5, are
pairwise disjoint. But

Sy|xy-...-xg forevery ve|24],

a contradiction. Therefore, 3 < |Sy| < 4.
We distinguish two cases.
Case 1: |Sy| = 4. Without loss of generality, we may assume that Sy = x- 2324 5.
Since
SQ|ZL’2'...'ZL’6 and 53|£L'2-...-l’6,

by Lemma 2.4, x| Sy and zg | Ss.
We claim that |Ss3| = 3. If |S5] = 4, since

53|£L'2'...'£L'6 and S4|£L’2-...-l’6,
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then |ged(Ss,S4)| > 3, a contradiction. If |S3| = 2, then |Sy| = 2. Since x| S3 and
xg | S, then | ged(Ss, S3)| = 1, a contradiction again. So |S3| = 3.
If |S5] = 2, without loss of generality, we may assume that Sy = x5 - xg. Since g | S5,
we have x5 1 S5. So
$6|S3‘$3'$4'$5'36’6-

Without loss of generality, we may assume that S3 = 3 - x4 - 6. Then A; is of form (b1).

If |S3| = 3, without loss of generality, we may assume that Sy = x5 - x3 - 6. Since
x6 | S3 and |S3| = 3, by Lemma 2.4.2 we have o, x3 1 S3. Then S3 = x4 - x5 - 74, and A; is
of form (b2).

Case 2: |S4| = 3. Then |Sy| < |55] < 3.

If |Se| = 3, then |S3] = 3. Since

S,|xg-... xg forevery ve|2,4],

there exist m,n € [2,4] such that | ged(S,,, Sn)| > 2, a contradiction. So |Ss| = 2.

If |S3| = 2, then |Sy| = 2 and | ged(S3,.52)] = 0. Without loss of generality, we may
assume that Sy = z5 - x3 and S3 = x4 - x5. Since Sy|xy - ... xg, by Lemma 2.4, we have
| gcd(S4, S2)| = | ged(S4, S3)| = 1. So x| Sy. Without loss of generality, let Sy = xg-24- 7.
Then A; is of form (b3).

If |S3] = 3, without loss of generality, let S3 = x5 - x3 - x4. Since Sy|zy - ... x¢ and
|S4| = 3, we have |ged(Sy,S3)| = 1. Without loss of generality, let Sy = xo - x5 - x6.
By Lemma 2.4, we have x5 1 Sy and |ged(Ss, S3)| = | ged(Ss, Sp)| = 1. Without loss of
generality let Sy = x5 - x5. Then A; is of form (b4).

This completes the proof. |

Lemma 7.3. If v1 = xo + 23 + 24 + x5 = X2 + X3 + 6 = x4 + =5 + g, then f(S) > 19.

Proof. Let
Ay =] =T9 +ZT3+ x4+ x5 =22+ X3+ Tg =24 + 5+ Tg,
gy = T2,
az = Ty,

ay = Tg = Tg + T3 = T4 + T5,

as = X1+ Tog = To + T4 + T5 + T,

g = T1 + Ty = T + X3 + x4 + Tg,

a7 = Tg + Ty,

ag = To + Tg = Tg + T4 + T,

g = Ty + Tg = Tog + T3 + X4,

a0 =1+ To + Ty = To + T3+ Tg + To + 24,

a1 =1+ X2+ xg = X1+ To+ Ta+Ts = T+ Te + Ta+ X5 + T,
a12:ZE1+$4+$6:$1+ZE2+$3+ZE4:ZE2+$3+ZE6+$4+ZE6,
aj3 = To + T4 + Zg,

a4y = 1+ T2 + T4 + Tg,

15 = T1+To+T3+Ta+T5 = T1+To+T3+Te = T1+Ta+T5+Te = Ta+T3+Te+Ta+T5+Ts,
a16:x1+x2—|—x3+x4—|—x6,
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a7 :ZE1+I’2+I4+ZE5+I’6,

a8 = T2+ 23 +Ta+ x5+ 26 =21 +Te =21+ T2+ T3 =21 +Ts+ s,
19 = X1 + To9 + T3 + x4 + 5 + Tg.

A straightforward computation shows that

ap, as, as, a4, ads, ag, a7, ds, g, 19, A11, A12, A13, A14, A15, A16, @17, A18, A19

are pairwise distinct, and we are done. |

Lemma 7.4. If x1 = 2o + 23 = x4 + x5 = X9 + T4 + xg, then f(S) > 19.

Proof. Let
A1 = T1 = Tg + T3 = Tg4 + T5 = T + Tg + T,
a2 = T2,
as = T3 = T4 + Tg,
ay = Ty,

a5 = T5 = T2 + T,

a6:l’1+$6:ZL'2+I3+ZL'6:ZL'4+I’5+ZL'6:I’3+ZL'5,

Q7 =Tog+ T3+ Ty =X, +Ts = T2+ Ty + T+ Xg =T+ T2+ T,

a8:I3+$4+I5:l’1+l'3:$2+l’3+l‘4+1’6:$1+1’4+$6,

a9:$1+$2+$4+$6:SL’1+.T2—|—SL’3:SL’1+.T4—|—.T5:.T2+SL’3+.T4+SL’5,

alo:SL’1+.T2+.T3—|—SL’4+.T6:.T1—|—SL’3+.T4—|—SL’5,

a1 =21+ 22+ T4+ x5+ 26 =21 + T2+ T3+ Ts,

A2 =T+ 23+ T4+ 2T5+x6 =21 +x3+Ts =21 +2To2+ T3+ Tg =21+ Tg+ X5+ T,

a13:x1+:£2+133+x4—|—:£5+x6,

a14:x1+x2:x2+x4+x5:2x2+x3,

a15:x1+x4:x2+x3+x4:2m4+x5,

(16 = T2 + Ty,

a17:x1—|—:£2—|—:£3+x4—|—1‘5,

a18:x1+:£2—|—554,

a19 = X1 + To + T3 + Ty,

a9y = X1 + X9 + T4 + T3,

agy = X1 + X3 + T4 + T5 + Zg,

Q9o = T3 + Ty,

A9z = 1 + X3 + T4 + Tg,

a9y = 1 + X9 + T3 + T5 + Tg,

Q95 = L1 + X2 + Ty + Xg.

By Lemma 5.1, we have a; & {ay, a2} for every i € [1,25]\ {1,12}. Since S contains
no elements of order 2, by Lemma 2.4 we infer that aq,as,...,a;; are pairwise distinct.
Let

A= {a1> a2, as, a4, as, 4g, vz, ag, ag, dip, A11, 412, @13, @14, A15, A16, CL17}-

By Lemma 2.4 and noting that S contains no elements of order 2, we obtain
aig & A\ {as,as, a6},
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ayg € A \ {a5, 06},

ap € A \ {a3> 06},

as € A \ {a2> Q14, a16}7

asn ¢ A \ {(Iz, as, ar, aii, a14},

and

azs & A \ {a2> as, ar, aii, a4, 016}-

We distinguish four cases.

Case 1: a;g3 = a3. That is x1 + 2o + v4 = 3 = x4 + v¢. Then x4 = 1 + 29. By
Lemma 2.4, we infer that aj9 & A\ {as}.

If a9 = a5, that is 1 + 1o+ 23+ 14 = T5 = x9 + X6 = T9 + 21 + X9, then 19 = 23+ 24.
Thus z1 = 4y, x3 = 329, 14 = —2x9, T5 = 6x9, T = bxy. By Lemma 7.1, f(S) > 19.

Next, we may assume that a;9 € A. By Lemma 2.4 and in view of x4 = 1+, we infer
that as) € (A\{a2})U{aig}. If asy # ag, then AU{aq;, ajo} is a set of 19 distinct elements
and we are done. So, we may assume that as; = ag, that is x1 + x3 + x4 + x5 + 16 = 2.
Now, by Lemma 2.4, we obtain that ass ¢ AU {a19}. Hence, AU {ass,a19} is a set of 19
distinct elements.

Case 2: a;g3 = as. Then z¢ = x; + x4. By interchanging s, x3, as; and as3 with
T4, X5, aoq and aqy respectively, we can reduce this case to Case 1.

Case 3: a1y = Ug- Then T1+To+Ty =T1+Tg =T +T3+Tg =Ty +Ts+Tg = T3+ Ts.
Thus xg = x2 + x4. By Lemma 2.4 and noting that S contains no elements of order 2, we
obtain that AU {a1g, ag} is a set of 19 distinct elements.

Case 4: aig # as, as, ag, that is a1z € A and xg # 11 + T2, 1 + T4, T2 + 4. Let

B=AU {alg}.

Since xg # x1 + x4 we infer that a9 # ag. Note that a9 # ajs we have a9 & B\ {as}. If
a9 # as, then BU{a9} is a set of 19 distinct elements and we are done. Since x4 # x1+x2
we infer that, agy # ag and agy € B\ {as}. If ay # as, then B U {ag} is a set of 19
distinct elements and we are done. So, we may assume that a;9 = a5 and asg = a3. Then,
T =1+ 3 + x4 = 21 + T2 + x5. Therefore, x5 + x4 # 29, i.€. ass # as. By Lemma 2.4,
and noting that ¢ = 1 +x3+24 = ¥1+ 22+ 25, we obtain that as & {as, ar, a1, a14, a1s}.
Therefore, B U {ag} is a set of 19 distinct elements. This completes the proof. 1

Lemma 7.5. If 11 = 29+ 23+ x4+ T5 = To + g = 23 + T4 + Tg and To = T3 + T4 =
Ty + x5 + T = T1 + T3 + 25 + x6, then £(5) > 19.

Proof. Let
] =1 =X9g+ X3+ 2Ty +T5 =22+ Tg = T3+ Ty + Tg,
Qg = X9 = T3+ T4 = X4+ 25+ Tg = X1 + T3+ Ty + T,
a3 =Ty =T + T3 =Ty + 23+ Tg = 21 + T5 + T,
Ay =21+ Te=21+T2o+2x5 =21 +23+ x4+ T5 = X2+ T3+ T4+ x5+ T,
s =T+ Ty =1+ 2o +23 =21 +2T2+ s+ Tg =T+ T3+ Tyg+ T+ T,
Qg =01+ T4+ X5 =T+ X3+ T4 =22 +2Ty+ 25+ 2Tg =21+ X2+ T3+ X5+ Tg,
a7 = X1 + Lo + T3 + T4+ T5 + T,
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ag = T3 = T5 + T,

ag = Ts,

a0 = T = To +T5 = T3 + T4 + T5,

1] =1+ =21 +2T3+Ty =21 +T4 +T5+ Tg =T+ T3+ Tq4+ T,
A0 =21 +T5 =T+ T3 =To + T+ Tg = T3z + Tg+ Ts + Tg,

13 =Ty +xg =21+ 23+ X =To+ Xy + 25 =21+ 22+ T3+ Ts5,
A1y =1 +T2+2Tg =21 +T3+ 24+ Tg =21+ X2+ T3+ Tg+ Ts,
A5 =1 +To2 + T3 +Tyg =21+ Xo+ Ty + X5+ Tg,

a1 =T4+2T5 =21 + 23+ 2T5 = T2+ X3+ T5 + s,

a7 =1 +%4y =22+ 24+ 2Tg =21+ X2+ T3+ s,
a18:SL’1+.T4+.T6:.T1—|—SL’2+.T4—|—SL’5:SL’1+.T2—|—SL’3+2$C6,

a19 = T3 + Tg = Tog + X3 + T5.

By using Lemma 2.4, we can check that ay,as, ..., a1 are pairwise distinct. Also, we
have
a7 ;é ai,...,as,ao,. .., a6,
a8 7& ar,...,ar,0a9,...,a17,
aig # a1, .. ., A14, 16, A17, Q18-

Ifa17 = Qy, then Ty =1 +2Ty =21 +21 + X5 + Tg, SO 0:2$1—|—SL’6 =T+ T2+ T3+
x4 + x5 + x6, a contradiction. Thus x5 # x1 + x4. Therefore, x5 + x¢ # 1 + 14 + 26 and
To + w3+ x5 # 1 + T3 + 3 + x4. This implies that

ayy 7& g, A18 7& ag, a9 7é ais.

Therefore,
ay,ag,...,019

are pairwise distinct, giving f(.S) > 19. |

Lemma 7.6. Ifxl = X9+ XT3+ Ty +T5 = Tg+ Tg = T3+ Tg+ Tg (l’ndl’3 =25+ X6 =
1+ x4+ 6 = 11 + X9 + x4 + x5, then f(S) > 19.

Proof. Let
a1 =21 =2+ 23+ Ty + x5 =22+ Tg = T3+ Tq4+ T,
Qg =1 +Tg =21+ T2 +T5 =1 +T3+2Ty+Ts =T+ T3+ Ty + T+ T,
A3 = T3 = X5 +Tg =21+ T4 +Tg =21+ T2+ Ty + Ts,
Ay = Tg = T2 +Ts = X3+ T4+ X5 =21 + To+ 2y,
s =1 +ZTo+2Tg =21 +T3+ T4 +2g =23+ T5+Tg =21+ T2+ T3+ T4+ T5,
g = T3+ Teg =22+ T3+ x5 =21 +2To+ X3+ Ty =21+ T2+ T4+ x5+ T,
A7 =1+ Ty =21+ T3 +T4 =22+ T3+ Ty +Tg =21+ 2g+ T5+ Tg= T3+ Ts,
ag =1 +T5 =g+ T3 =To+T5+Tg =21 +To+ Ty + Tg =Tz + Tg+ Ts+ Tg,
g = 1 + T2 + T3 + T4 + T5 + T,
a0 = To = T3+ Ty = Ty + 5 + Tg,
a1 = T5 =1+ Ty = To + T4 + Tg,
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Q12 = T1+T3 = Tog+T3+Tg = T1+T5+Tg = l’1+2l‘2+l’4+l’5 +xg = $1+ZL‘3+ZL‘4+2$5,

A3 =1 +T2+T3 =21 +T2+T5+Tg =21 +2T3+Tg+T5+2Tg = 21‘1+ZL‘2+ZL‘4+1’6 =
T1 + 229 + 3 + 224 + x5 + 266,

A1y =1 +2x3+ Ty =To+T3+T5+2Tg =1+ To+ T3z + Ty + Ty :$1+2$5+l’6 =
25(71+.T4—|—SL’5+.T6:$1+$2+$3+2$4+2$5+5L’6,

A5 =1 +Tg4+T5 = Tog+ T3+ Ty = X+ Ty + T5+ Tg,

a16 = T2 + T4,

17 = T4 + Ts,

ajg = T4+ Tg = o + T4 + Ts,

a9 = 1 +T3+Tg = T1+Tog+T3+T5 = T +SL’3+SL’4+2$€5+JJ6 =T +2$2+.T3+$L’4+.T6 =
IL’1+SL’2+.T3+2Z’4+SL’5+2$CG.

By Lemma 5.1, we know that |A;] <5 for all ¢ € [1,7]. Thus a; # a; for every i € [1,9]
and every j € [1,19] \ {i}. Also, by Lemma 2.4, we have

@10, A11, - - -, A19

are pairwise distinct. Therefore, ay, as, ..., a9 are distinct, giving f(S5) > 19. |

Lemma 7.7. Ifxl =T+ T3+ Ty +Ty = To+ Tg = T3+ Ty + Tg andaz5 =T+ 22 =
Ty 4 X3+ T4 = To + T3 + T4 + 76, then £(S) > 19.

Proof. Note that either x4 # x1 + x5 + xg or x3 # =1 + T5 + x4. By the symmetry of x3
and x4 in [x;] and [z5], we may assume that x4 # x; + x5 + 26. Let
a1 = X1 =2+ X3+ Ty +Ts =Ty + Tg = T3+ Ta+ T,
Ay =21+ Tg =21+ T2+ x5 =21 +23+ X4+ T5 =22+ T3+ T4+ x5+ T,
A3 = T5 = X1 +T9g =21+ T3+ Ty = To + T3+ Ty + Tg,
Ay =1 +T5 =g +2T5+Tg =3+ Ty +Ts+Tg =21+ To+ T3+ Ty + T,
a5 = Te = XTo + L5 = X3+ X4+ T5 = X1 + T2 + T3 + Ty,
Qg = T5 +2Tg =1 +T2 +Tg =201 +T3+ Ty +Tg =21+ To+ X3+ Tg+ Ts,
a7 = X1 + Lo + T3 + T4+ T5 + X,
ag = Ty = T3 + Ty,
ag = 1 + T3 = T9 + T3 + Xg,
ajp = 3+ x5 =1 + T9 + T3,
aj1 = T3+ Tg = Tog + T3 + Ts,
a9 ZL'1+1‘3—|—1‘5:l‘2+$3+$5+l‘6:$1+$2+2$3+ZL‘4+$6,
a13:x1+x3+x6:x1+x2+x3+x5:x2+2x3+x4+x5+x6,
a14:x3+x5+x6:a:1+x2+x3+x6:x1+x2+2m3+x4+x5,
a15:x1+x3+x5+x6:2m1+x2+x3+x6:x1+2x2+2m3+x4+x5+x6,
Qe = L1+ T2 + T3+ T5 + T,
a17 = T + T3,
aig = T3
a19 = To + T3 + T4,
As before, by Lemma 5.1 we know that a; # a; for every i € [1,7] and every j €

[1,19]\ {i}.

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R116 18



Since x4 # x1 + x5 + xg, using Lemma 2.4 we can verify that
asg,...,a9

are pairwise distinct. Therefore aq, as, ..., a9 are pairwise distinct and we are done. 1

Lemma 7.8. Ifxl = X9+ XT3+ Ty +T5 = Tg+ Tg = T3+ Tg+ Tg (l’ﬂd])(g =29+ x5 =
T3+ x4+ T5 = 11 + 9 + T3, then f(S) > 19.

Proof. Let
al:.Tl:.T2+$3+.T4+SL’5:SL’2+.T6:$L’3+.T4+SL’6,
Ao = Ty,

a3 = Te = To + Ty = T3 + T4 + T5 = X1 + T2 + T3,

Ay =21+ T2 =21 +T3+T4 = T2+ T3+ 2Tg+ Tg= Ty + Ts,

as =1 + Ty = Tg + T4 + Xg,

g =1 +T5 = Tog+ X5 +Tg =3+ Ty + 5+ Tg =T+ T2+ T3+ Tg,

Ay =1 +Tg =21+ T2 +T5 =1 +T3+Ty+Ts =T+ T3+ Ty + T+ T,
ag = T4+ Tg = To2 + T4 + T5 = T1 + o + T3 + Ty,

Qg =T1+ Ty +Tg =4+ T5+ 25 =T1 + T3+ Tg+ Tg =21+ T2+ T3+ 2Ty + Ts,
A1) =1 +Tg4+ 25 =Tag+ Ty + 25+ Tg =21+ X2+ T3+ Tg+ Tg,

a1 =1 +24 +Tg =21 + 2T+ Tg4 + Ts,

a1 = 1 + X9 + T4 + Tg,

13 =1 +T2 +T5 +Tg =21 + X3+ Ty + 25+ Tg,

a1y = 1 + 24 + 25 + g,

15 = T1 + Ty + X4 + T5 + T,

a1 = L1 + To + T3 + T4 + T5 + T,

Q17 = Tg = T3 + Ty,

18 = Tg + T3 + Ty,

A19g = T5 = 1 + T3 = To + T3 + Tg.

Using Lemma 2.4, we can verify that

ai,ag,...,016
are pairwise distinct, and we also have

ay # ai, ..., a3, as, die;
aig ;é ay,...,05,07,...,0a10,Q16, A17-
Ifa17:a14, then ZL‘3+ZL‘4 :$1+$4+$5+$6 :ZL'1+ZL'4+ZL‘1+ZL'3+ZL'6, so 0 =

Ty + 11+ x5 = 11 + X9 + 23 + x4 + T5 + X6, a contradiction. Thus a7 # aq4.
Since

x3+x4+x5—|—x6:m3+x4+m5+x2+m5%m2+x3+x4,
x1+m2+x4—|—m5:x1+x2+x4+x1+m3;éx2+x3+m4,
1’1—|-$2—|—ZL'4—|-$6:$2+$3+$4+ZL‘5+$2+ZL‘4+$67£$2+ZL‘3+$4,
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X1+ Xo+ x5+ g =Ty + T3+ Ty + Ts + To + T + T3 + Tg # o + X3 + Xy,
X1+ Ty + x5+ T =2To+ T3+ x4+ Ts + 24+ 21 + 23+ T F o+ T3 + 24,
T+ X2+ 24+ T5+ x5 =

To+ X3+ x4+ x5+ 22+ 24 + 21 + 23+ T F To + T3+ T4,

we have aig # ag, a11, @12, @13, a14, a15. Therefore
ay,ag,...,018

are pairwise distinct.

By Lemma 2.4, we have a9 # aq,...,a11,013, ..., a13. If ajg # a1z, then ay, ..., as, a9
are distinct and we are done. So we may assume ajg = aip. Thus x5 = x; + 23 =
To + 3+ x6g = X1 + o + x4 + x¢. This implies that

Try = —51’2,.1’3 = —2$2,LE4 = 31’2,5(75 = —7$2,LE6 = —61’2.

By Lemma 7.1, we have f(S) > 19. |

We are now ready to provide a proof of Lemma 3.3.
Proof of Lemma 3.3.

For every k € [1,6], |[x)]| < 4 follows from Lemma 5.1.

If [x;] or [x;] has form (b2) or (b3) described in Lemma 7.2, then by Lemma 7.3 or
Lemma 7.4, f(S) > 19. So we may assume that [z;] and [z;] have forms (b1) or (b4).
Without loss of generality, we assume that ¢ = 1. Let [z;] = {51,52, 55,54} where
S1, 5,53, 54 are subsequences of S and 1 = |S1] < |Sy| < |S3] < [Sy|. We distinguish
cases.

Case 1: both [z;] and [z;] are of form (b1). Then

|S1| =1,]S:] = 2,93 =3, |54 =4.

and

[z1] = {x1, o 234 x5, To- X6, T3 Ty Te).
Thus,
ZL’l:ZL'2+I’3+ZL'4—|—I’5:I2+ZL'6:ZL'3+I4+ZL'6;

To = I3 + Xy,
Tg = To + Ty = T3+ T4 + T5.
Subcase 1.1: j = 2. Then S; = x5 and Sy = x3-x4. By Lemma 7.2, Sy = x1-23-25- 76

or Sy = x1 - Ty - x5 - xg. Without loss of generality, let Sy = x1 - x3 - x5 - 4. Also, by
Lemma 72, Sg = X1 + X4 " Ty, OT Sg = X1 - X4 Tg, OT Sg = T4+ Ty Tg- Ing = X1 T4 T5,
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then x9 = 1 + x4 + x5 = 29 + x4 + 5 + T, a contradiction. If S3 = x1 - x4 - x¢, then

To =1 + T4 + xg = T1 + X2 + T4 + x5, a contradiction again. So, S3 = x4 - x5 - 6. Then

To = T3+ T4 = x4 + x5 + T = x1 + 3 + T5 + 6. Therefore, f(S) > 19 by Lemma 7.5.
Subcase 1.2: j = 3. By Lemma 7.2, we have

S,y a9 242576 for every v e [2,4].

Since x1 + x9 + x5 + x6 = 1 + 3 + x4 + T5 + T # T3, We have Sy # x1 - 1o - x5 vg. Thus,
5421’1'1’2'1’4'25'5 or 5421’1'1’2'1’4'25'6 or 5421’1'1’4'255'25'6 or 5421’2'1’4'25'5'256.
(i) Sy =1 - T2 - x4 - 5. By Lemma 7.2, xg| ged(Ss, S3). Since

ZL’1+ZE6:ZE2+I’3+ZE4+I5+ZE67§£E3,
Ty + Tg = Ty # T3,

ZL’4+ZE6:ZE2+I’4+ZE57é$1+l’2+$4+a?5,

we have Sy # x1-Xg, Ta-Tg OF T4-Tg. SO Sy = x5-7¢. Note that z1+xo+14+15 = 21+24+76.
We conclude that S3 = x1-24-x¢. Therefore, x5 = x5+1¢ = r1+x4+16 = T1+22+ 14+ T5.
Now, f(S) > 19 by Lemma 7.6.

(i) Sy = x1 - x9 - ¥4 - xg. Then x5 | ged(S2, S;). Since

SL’1+.T5:.T3—|—SL’4+.T5+SL’6#SC3,

SL’2+.T5:.T3—|—SL’4+.T57A.T3,

we have Sy # w1 - x5 or Sg # xo - x5. If So = x4 - x5, then x4+ x5 = 11 + 19 + 14 + x5 =
14+ To+ x4 + 2o+ 25, 50 0 = 21 + 2o + Ty = 1 + X2 + T3 + 24, a contradiction. Thus
Sy # x4 - x5, and then Sy = x5 - 4. By Lemma 7.2, 24 1 S3 and

ZL’5|53‘I1'I2'I4'SL’5.

Therefore, Sg =T1 T2 Ty, 1 Ty4*Ts O Tg Ty -+ Ts. But

X1+ Xy +2Ts =21+ T3+ T4+ 25 7é$3,

X1+ T4+ X5 =Ty + Ty + T+ Tg 7’é$1+l‘2+$4+l‘6,

and

To + T4 + T5 #x2+x3+x4+x5+x2+x4+x6 =21 + X9 + x4 + X,

a contradiction. Therefore, Sy # x1 - T2 - x4 - T§.

(iii) Sy = 1 - x4 - o5 - k6. Then x| ged(Ss, S3). Since S contains no elements of order
2, we have x3 # w9 + x4, S0 So # x5 - T4. Since

l’1+l‘2:$1+l‘3+$47é$3,
x2+x5:x3+x4+x57éx3,

x2+x6:x3+x4+x67éx3,

we have Sy # 11 - o, Oor Sy # Ty - x5 or Sy # X9 - T, a contradiction. Therefore Sy #
T1 Ty Ty Tg-
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(iv) Sy = x9 - w4 - x5 - 1. Then x| ged(Ss, S3). Since

1’1+l’2:l’1+l’3+$47&$3,
$1+.T5:.T3+.T4+SII5+.T6#.T3,

$1+I6:I2+I3+ZE4+I5+ZE67AZE3,

we have Sy # 1 - X9, or Sy # 1 - x5 or So # w1 - 6. Then Sy = x - x4, and thus x4 1 Ss.

So

x| S3 |21 - 29 - 5 - 5.
Since
T+ T+ T5 = 21 + T3 + T4 + T5 F X3,

LL’1—|—$(72+.T6:.T1+5L’3+.T4+5L’6#5L’3,
T1+ T5+ g = To + T3+ Ty + X5+ T5 + X6 £ To + x4 + T5 + T,

we have S3 # x1 - x9 - x5, S3 # T - Ty - xg Or S3 # T1 - x5 - g, a contradiction. Therefore,

547&1'2'1'4'1’5'1'6.

Subcase 1.3: j = 4. By the symmetry of x3 and z4 in [z], This reduces to subcase

1.2.
Subcase 1.4: 5 = 5. Then

S|y a9 232476 for every v e [2,4].

Since x1 + x3 + x4 + rg = 1 + 9 + T3 + 14 + x5 # x5, We have Sy # x1 - 13- x4 - vg. Thus,
Si =21 Ty T3 -XsaOr Sy =21 Tg T3 Tg O Sy =21 Ty Ty T O Sy = Ty T3+ Xa- Tg.

(i) Sy = o1 - x9 - x5 - 4. Then 4| ged(Ss, S3). Since

ZL’1—|—$6:I2+$3+ZL‘4+I5+ZL‘67§ZL‘5,
ZL’2+$6:$2+$2+ZL‘57AZL‘5,
$3+$6:$2+$3+5L’57A5L’5,

ZL’4—|—$6:$2+$4+ZL‘57AZL‘5,

we have Sy # x1 - xg, Or Sy # T - Tg Or Sg # X3+ Xg, T4 - Tg, a contradiction.

547&1'2'1'4'1’5'1'6.
(i) Sy = x1 - 9 - x3 - k6. Then x4 | ged(Ss, S;). Since

T3+ Ty = Ty F T,

l’4+l‘6:$2+l‘4+$57é$5,

we have Sy # w3 - x4 or Sy # x4 - k5. Then Sy = x1 - x4 or S = x5 - 4.
If Sy = x5 - x4, then x5 1 S5. So

ZIZ4|S4‘I1'I3'I4'SL’6.
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Since

ZL’1+ZE3+I’4ZI’1+ZE27’£ZB2+$4,
l’1+$4+l’6:l’1+$2+1’4+$57é$2+a?4,

LL’3—|—SL’4+.T6:.T2+SL’3+.T4+SC5#1’24‘1’4,

we have S3 # x1 - x3 - x4, S3 # T1 - x4 - xg Or S3 # T3 - x4 - Tg, a contradiction. Therefore,
So = x1-x4. Note that 1 +x4 = o+ x4+ 1. We have S35 = 29 2416, S0 5 = 11+ 24 =

To + T4 + xg = 1 + 9 + 23 + x6. This implies that

Iy = —51’2,.1’3 = 3I2,LE4 = —21’2,.1’5 = —7$2,LE6 = —61’2.

By Lemma 7.1, we have f(S) > 19.

(iii) Sy = @1 - @2 - x4 - k6. By the symmetry of x3 and x4 in [21], This reduces to the

case when Sy = x1 - 1o - T3 - Tg.

(iv) Sy = x9 - x3 - 4 - vg. Note that xe + x5 + x4 + 6 = 1 + 22 = x1 + T3 + T4, SO
52:x1~x2,53:x1-x3~x4. Then Ts =21 +X2 =21 +T3+2T4 =22+ X3+ Tg+ T By

Lemma 7.7, we have f(S) > 19.

Subcase 1.5: 7 = 6. Then S; = x4,5 = x5 - 15,53 = x3 - x4-5. By Lemma 7.2,

S4 = X1 Ty T3 " T4. ThUS,
T =T+ X5 =23 +Tyg+ x5 =21+ To+ T3+ 24
and
Ty =1 +To =21 +2T3+Tg =22+ T3+ Tg+ Tg.
By Lemma 7.7, we have f(S) > 19.
Case 2: [z1] is of form (b1) and [z;] is of form (b4). Then
|S1] =1, |52] = 2,|S3] = 3,|S4| = 3.
By Lemma 7.2, we have
supp(939s) = SUPP(SSfl)a
| ged(S3, Sa)| = 1,
| gcd(Sz, S3)| > 1,
‘ng(SQ, S4)| Z 1,
| ng(SQ, Sg, S4)| =0.
Now
(1] = {21, 22 W3- 24 - X5, T2 Tg, T3 Ty Te )
and

:c1:x2+x3+x4—|—x5:x2+x6:x3+x4+x6;

To = T3 +$4;
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Tg = To + Ty = T3+ T4 + T5.
Subcase 2.1: j = 2. Let S; = 25 and Sy = 3 - x4. Then
Ss|xy-x3- w4 7516 and Sy|wy-x3-T4 - T35 TG

Without loss of generality, let x3|Ss;. Then x4 1 S3, and thus x4|S; and x3 1 Sy4. So,
Ss =21 T35 O S3 =1 X3 Tg OF S3 = T3+ Ts + Tg.
Since

T+ T3+ x5 = X3 + Ty + T + 23 + T F T3 + 24,
ZL’1+I’3+ZE6:ZE2+I’3+ZE4+I’5+ZE3+I’6#I3+ZE4,

we have S5 # x1 - x3- x5 or S3 # x1 - 13- Tg. S0 S3 = x3- x5 Tg, and then Sy = x1 - 24 - x5
or Sy =x; x4 - xg. But

X1+ T4+ x5 =23+ x4+ Tg+ x4+ Ty F T3+ Ty,

SL’1+.T4—|—SL’6:$2+$3+$4+$5+5L’4+$67A.T3—|—SL’4,

a contradiction.
Subcase 2.2: j = 3. Then

Sy|xy-xe x4 75716 forevery ve|[2,4].

Since xy = x3 + x4, we have w3 # Ty + X9, To + T4, Ty + X5, Ty + Tg, 8O0 T 1 Sy. Then
Sy |y - x4 - w5 - x6. Since

£E1+l’5:l’3+l’4+l‘5+$67é$3,

$1+$6:$2+$3+5L’4+$5+5L’67A5L’3,

we have Sy # x1 - x5 or Sy # 1 - xg. Thus, So = 1 - x4 or Sy = x4 - x5 Or Sy = 14 - T OT
So = T5 - Tg.

Next, we show that if xo|Ss (resp. Sy), then z4|S; (resp. Sy). Suppose on the
contrary that x| Ss, but 24 1 S3. Then x3 = 0(S3) = o(x; 'w32453), a contradiction. So
if x5 | S3 (resp. Sy), then 4| S5 (resp. Sy).

(i) So = x1-x4. Note that z1+x4 = xo+x4+26. So we may assume S = x9-24-Tg. Then
xy 1 Sy, otherwise x5 | Sy and x4 | Sy, a contradiction. Since supp(SsS;) = supp(SS;?),
then zq | Sy and x4 1 Sy. Then Sy = x1-x5-76. S0 x3 = T1+x4 = To+T4+T6 = T1+T5+T6.
Thus

T = —71’4,.]72 = —5$4,I‘3 = —6]}4,3]5 = 3I4,I‘6 = —2]}4.

Therefore, f(S) > 19 by Lemma 7.1.

(ii) So = x4 - x5. Now, let x4 | S3. Then z51 Ss, x5|Ss and x4 t Sy. Thus x5 1.5y, and
therefore, Sy = w1 - x5 - x6. But &1 + x5 + 16 = X9 + 3+ x4 + x5 + 5 + Tg # T4 + x5, A
contradiction.
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(iii) So = w4-x6. Note that z4+x5 = xo+1x4+75, SO Wwe may assume that S = zo-x4- 5.
Then ) J[ 54, Ty )[ 54, and thus 54 = X1 Ty Tg- But T1+T5+Tg = T3+ T4+ T+ T5+ T 7é
x4 + g, a contradiction.

(IV) 52 = X5 * Tg- Let T5 | Sg. Then T f Sg, Te | S4 and T5 f S4. Thus Sg = X1 T4 Ts
or 53:372'{174'255 or 53:$1'I2'I5 . But

LL’1—|—SL’4+.T5:$2+$6+$4+$5#$5+$6,
Ty + Ty + X5 = T4 + Te # T5 + T,
l’1+$2+$5:21‘2+$6+ZE57£ZE5+$6,

a contradiction.

Subcase 2.3: j = 4. By the symmetry of z3 and x4 in [x;], this reduces to subcase
2.2.

Subcase 2.4: j = 5. Then

Sy|xy - xe-x3- 2416 forevery ve|[2,4].

Since xg = x9 + x5, we have x5 # x1 + g, T2 + T, T3 + Tg, T4 + T, SO g 1 So. Thus
So |y - xg - x3 - x4. Since x3 + x4 = 9 # 5, we have Sy # 3 - 4. Then Sy = xq1 - x5 or
ng.flfl'l’g or ngx1~x4 or SQISL’Q'I3 or SQIZL’Q'I4.

(i) So = @1 - x9. Note that z1 +x9 = 23 + 3 + x4 + 26, a contradiction. So Sy # x1 - 3.

(ii) Sy = x1 - x3. Note that x1 + 23 = x9 + 23 + x5. We may assume S3 = x5 - 3 - T¢.
Since supp(S93S,) = supp(SS; ') = {x1, 19, 13, 14, 76}, we have z; - x4 | Sy. If 23| Sy, then
Sy | Sy, a contradiction. So w3t Sy. Since z1 + X9 + x4 = X1 + T3 + T4 + T4 F# 1 + T3, We
have Sy # x1 - k9 - 4. S0 Sy = w1 - x4 - k6. However, 1 + x4 + 16 = 21 + 22 + x4 + 25, a
contradiction. So Sy # x1 - x3.

By the symmetry of 23 and z4 in [x;], we may also assume that Sy # z7 - zy4.

(iii) S9 = xo - x3. Without loss of generality, let xo|S3. Then x3 1 S3, x3|S; and
91 Sy. Thus S3 = - 29 x4 Or S3 =1 - Ty - Tg OF S3 = Tg - Ty - Tg. Since xq + To + Tg =
To+ T3+ x4+ T5 + X9 + Tg # o + T3, Wwe have S3 # 11 - X9 - X

IngII'l *Xg -+ Ty, then .173'.%'6‘54. Thus S4IZZI1'.I'3'.§(76 or 54:373'5(74'.%'6. But

x1+x3+x6:x2+x3+x4+x5+x3+x6#x2+x3,

ZL’3+$4+ZL‘6:ZE1§£ZL‘5,

a contradiction. So S3 # x1 - To - x4.
IngII2'$4‘I6, then x1~x3\54. Thus 54:.%’1‘.%'3'5(74 or 54:]}1 - X3 - Xg- But

T1+ T3+ Tg =To + T3+ Ty + T5+ T3+ Tg 751’24—5[}3,

T1+ T3+ Ty =T+ To 751’24—5[}3,
a contradiction, so S3 # w9 - x4 - xg. Thus Sy # 5 - x3. By the symmetry of x3 and x4 in
[z1], we also conclude that Sy # x5 - x4, a contradiction again.

Subcase 2.5: j = 6. Let S; = 14,52 = 22 - x5 and S35 = x3 - x4 - 5. By Lemma 7.2,
Sy =Ty Ty x30r Sy = 1 - Ty - x4. By the symmetry of z3 and x4 in [z;], we may assume
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Sy =x1-x9-2x3. Thus x4 = 29 + x5 = v3 + 24 + x5 = 1 + 2 + x3. By Lemma 7.8, we
have f(.S) > 19.
Case 3: both [z;] and [z;] are of form (b4). Then

|S1] =1, |9:] = 2,]S5] = 3,54 = 3.
As in Case 3, we have

supp(S354) = supp(SSy 1),
| ged(Ss, S4)| = 1,

| ged(S2, S3)| > 1
| ged(Ss, Sy)| > 1,
| ged(Sa, S3,54)] =0
Now,
[21] = {21, w2~ 23 24, T2 X5 T, T3~ T5}
and

1’1:I2+ZE3—|—I4:ZE2+I5+ZE6:ZE3+I’5;
1’3:I2+ZE6;

Ty = To + 4.
Subcase 3.1: j = 2. Then
S,y a3 x4 2576 foOr every v e [2,4].

Since r3 = Xo+Tg, Ty = To+T4, We have Ty # x1+x3, T34y, T3+T5, T3+Tg, T1+T5, T4+T5,
or Is +.’L‘6, SO Zlfg,flfg)JfSQ. Thus Sg — X1 - T4 O Sg = X1 - Tg O Sg = X4 " Xg- But

1+ Ty = Ty + T5 + Te + Ty F T,
T+ Tg = T2 + T3 + X4 + Tg F T,
SO0 Sy = x4+ Ts.
Without loss of generality, let x4 | S3. Then x¢ 1 S3. So S3 = x1-x3-74 Or S3 = x1-24-T5

or S3 = x3- x4 - T5. But
3 3 5

l’1+$3—|—l’4:l’2+$5+l’6+l‘3+l’47&$2,
LL’3—|—SC4+.T5:.T2+SL’6+.T4+SL’5#SL’2,
S0 S3 = @y - x4 - x5. Since supp(S3S;) = supp(SS;t) and |ged(Ss, Si)| = 1, we have
S4 = XI1 - T3 Tg OI 54 = I3 " Ty * Tg- But T3+ Ty + Tg = T3+ To + T4 + T # T2, SO

Sy = x1 - x3 - v6. That gives o = x4 + v6 = 1 + T4 + x5 = 71 + 23 + x5. Therefore,

Ty = X9 + Ty = X9+ T1 + X3 =Ty + Tg+ 11+ T3.
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This reduces to Case 2.
Subcase 3.2: j = 3. Let S; = 23 and S5 = x5 - 4. Then

Ss|wy X9 -1y 2516 and Sy|wy-x9- Ty T5- TG

If x5 1 S5 then |x5S3| = 4 and o(25S53) = x3 + x5 = x1, a contradiction. Therefore z5 | Ss.
Similarly, x5 € Sy. Let S§ = r5'S3 and S} = x5'S,. Then, S5S) = a1 - T2 - x4 - 16 and
ged(S5,5)) = 1. Since Sy = x5 - xg, we may assume that x5 | S5 and zg|S). Therefore,
S4 =11 -x9 and S§ = x4 - xg, or S = x9 - x4 and S| = x; - x6. Hence, S5 = x; - x5 - x5 and
Sy = x4 T5-Tg, Or S3 = T - Ty - x5 and Sy = 1 - x5 - k6. Thus, 2o + 16 = T4 + 5 + 24
or To + Tg = 1 + x5 + x6. But x1 + x5 + 16 = 22 + 13 + x4 + 25 + T 7’é To + xg and
T4+ 5+ x6 = 224 + T2 + Tg # T2 + X6, a contradiction.
Subcase 3.3: j = 4. Then

S|y a9 237576 for every v e [2,4].

Since x5 = x9 + x4 and x3 = X9 + xg, we have x4 # 1 + x5, T2 + X5, T3 + T5, T5 + T OF
To + Tg. SO Sy = X1 - Ty O Ty - T3 OT Ty - Tg OT Tg + T3 OF T3 - Tg. Since |S3| = |Sy| = 3 and

l’1+$3:$2+l’5+$6+l’3,

l’1+$6:$2+l’3+l‘4+l’6,

527&1'1'1'3 or Sg#l'l'l’G.

(i) So = x1 - wo. Note that x; + x9 = x3 + x5 + T2, SO we may assume that S3 =
Ty - T3 - 5. Since ged(Sy, S3,.S4) = 1 and supp(SsSy) = supp(SS;H) = {x1, 2, T3, T35, 26}
and | ged(Ss3, S4)| = 1, we have Sy = 1 - x3 - xg or Sy = 1 - x5 - x6. But

$1+$3+$6:$1+$2+$6+$6#Jfl—i‘l’g,
I1—|—SL’5+$6:$1+5L’2+$4+5L’6#5L’4,

a contradiction. So Sy # x7 - Ts.
(i) S = x9-x3. Without loss of generality, let xo | S3. Then x3 1 S3. So S5 = 1 29 x5
or S3 =1x1 Ty xg 0r Sz = Xy - T5 - Tg. But

ZL’1‘|’$2+ZL'6:ZL'1+$37£$2+ZL'3,

SL’2+'T5—|—SL’6:$L’17£$C4,

S0 S3 = X1 - Ty - T5. Since xo 1 Sy and w3 | Sy, we have Sy = 1 - x3 - x5 or Sy = 1 - T3 - T
or Sy = x3 - x5 - xg. But

l’1+$3+$5:$1+ZL'3+$2+ZL'47£ZL'2+$3,

I3—|—SL’5+$6:$3+5L’2+$4+5L’67&$4,
so Sy = x1 - w3 - vg. This gives that x4 = 29 + 3 = 21 + 22 + ©5 = 21 + 3 + 5. Then

T3 =21+ Ty =21 +To+ Ty = T3+ X5+ Tg+ X4.
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This reduces to Case 2.
(iii) Sy = w3 - xg. Without loss of generality, let x3|Ss, then x| S, and x3 1 S;. So
Si4 =21 Ty Tg Or Sy = Ty Ty Tg OF Sy = Xg - T - Tg. But

l’1+$2+l’6:l’3+$5+1’2+$67é$3+a?6,
LL’1—|—SL’5+.T6:$2+$3+$4+$5+$67AJ}4,

l’2+$5+l’6:$17&l’4,

a contradiction.

Subcase 3.4: j = 5. By the symmetry of x3, 2z and x5, x4 in [x;], this reduces to
subcase 3.2.

Subcase 3.5: j = 6. By the symmetry of x3, 26 and x5, x4 in [x7], this reduces to
subcase 3.3.

This completes the proof. |

7.2. Classes of size 5

This subsection deals with classes of size 5, and it provides a proof of Lemma 3.4.

Lemma 7.9. If | A;| =5, then there exists T € Ps such that A; or the dual class of A; is
of one of the following forms:

(c1)- {2r(1) Tr(2), Tr(3)Tr)s Tr(5) Tr(6) Lr(1) Lr(3)s Lr(5) Lr(6) Lr(2) Tr(4)s Tr(5) Tr(1) Tr(a)};
(¢2) {22(1) 7)) Tr@) Tr)s Tr(s) Tr(e) Tr(1) " Lr(3)s Tr(5) Tr(6) Tr(2)s Tr(s) Tr(1) Tr(a)};
(€3) {221) 7)) Tr) L)y Tr(s) Tr(e) Tr(1) " Tr(3)s Tr(5) Tr(1) Lr(e)s Tr(6) Tr(2) Tr(a) };
(04)- {mr(l) *Tr(2)y LTr3) Tr(4), Tr(s) " Lr(6) " Lr(1)s Tr(5) * Lr(2) " Lr(3), Lr(6) * Tr(2) '%(4)};

(¢5) {2r(1) Tr(2), Tr(1) Tr(3) Tr(6) Tr(s)s Lr(1) Lr(a) Lr(3)s Lr(2) Tr(6) Tr(3)s Tr(5) Tr(a) Tr(6)};
(c6). {Tr1)Tr(2)s Tr(1) Tr(3) Tr(6) Tr(5)s Tr(1) Tr(4) Tr(3)s Tr(2) Tr(6) Tr(3), Tr(5) Tr(2) Tr(4)}s
(€T). {r(y - Tr(2y, Lr(1) Tr(z) Tr(ay, Lr(1) Lr(s) Lr(6), Lr(2)" Lr(3)" Lr(5), Lr(2)" Lr(a) Lr(6)}-

Proof. Let
.AZ' = {Sl,...,S5}

where Sy, ..., S5 are subsequences of S and 1 < |5 < ... < [S5].
Let T = 5155535455. As in the proof of Lemma 5.1, we have supp(7) = S and
2 < v, (T) <3 foreverya€S.
By Lemma 5.1 we have
2< 15 < <S5 < 4.

By Lemma 2.4, we infer that A; contains at most three sequences of length 2, and
three sequences of length 4.
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Next, we distinguish cases.

Case 1: A; contains three sequences of lengths 2. Then |S;| = |Ss| = |S5] = 2. Let
S1 =1 - X9, Sy = x3 - x4 and S5 = x5 - v6. Then by Lemma 2.4, we have |S;| = |S5] = 3.
Since v,(T) > 2 for every a | S, we have S;S5 = S. Thus o(S,) = 0(S5) = 0(S;*S). Then
A; is the dual class of itself, but |.A;| = 5, a contradiction.

Case 2: A; contains two sequences of length 2. Than |S;| = |S3] = 2. Without loss
of generality, let

Sl = I '1’2,52 = I3 - X4.

If |S;] > 3 for some j € [3,5], then ged(S;, x5 - x6) # 1. Furthermore, if |S;| = 4, then
x5 - x| Sj and | ged(St, S;)| = | ged(S2, S;)| = 1. Also, we may assume that A; contains
at most two sequences of length 4. Otherwise, we may consider A; instead and it contains
three sequences of length 2. This reduces to Case 1, and we are done.

Subcase 2.1: A; contains two sequences of lengths 4. Then |S3| = 3 and |S4| = |S5] =
4. Since x5-w6 | Sy and | ged(Sy, Sq)| = | ged(Sa, Sq)| = 1, we may assume Sy = x5-T¢- 21 T3.
Since x5 - xg | S5 and | ged(Ss, Sy)| < 2, we have S5 = x5 - 6 - 23 - 14.

Without loss of generality, let x5 | S5. Then xg 1 S5. If 21,29 1 S5, then S5 = x3- x4 - x5
and Sy | S3, a contradiction. If x; |Ss, then x5, x3 1 S3. Therefore, S3 = x5 - x1 - x4 and A;
is of form (cl). If x5 | S3, then similarly we have S35 = x5 - x5 - z3, and thus A; is of form

(cl) again.
Subcase 2.2: A; contains one sequence of length 4. Then |S5| = 4 and |S3| = [S4| = 3.
Since x5 - x¢ | S5 and | ged(S1, Ss)| = | ged(S2, S5)| = 1, we may assume S5 = 5 - Tg - 1 - T3.

Note that ged(Ss, x5 - x6) # 1 and ged(S4, x5 - x6) # 1. We may assume that | ged(Ss, x5 -
x6)| > | ged(Sy, x5 - w6)|-

If x5-x6 | Sz, then xq, z3 1 S5. Without loss of generality, let x5 | S3. Then S3 = x5-24-25.
Next, we may assume x5 | Sy. Then xo, 26t Sy. If 21 1 Sy, then Sy = x5 x3- x4 and Sy | Sy,
a contradiction. So xy|S;. By Lemma 2.4, |gced(S4, S5)| < 2, so x5 1 Sy. Therefore
Sy = x5 - 11 - x4. Then A; is of form (¢2).

Now, suppose ged(Ss, o5 - ©6) = x5, and then | ged(Sy, o5 - )| = 1. Since v (T) > 2,
then x¢| S, and thus x5 1 Sy. Hence, Sy|xy - zo - w3 - x4 - xg. If 21| S3, then zo, 23 1 Ss,
S0 S3 = x5 - 1 - x4. Since v, (T) < 3, 21 1 Sy. and thus Sy|zy - w3 - x4 - 76. Note that
|ng(SL’3 . LU4,S4)| S 1. We have S4 — Xg -T2+ T3 Or S4 = Tg " XTg * T4. If S4 = Tg " To " T3,
then S; = SS;7, so A; is the dual class of itself. Since |A;| = 5, A; is not self-dual, a
contradiction. Thus Sy = x4 - x2 - ¢4 and then A; is of form (c3).

Next, assume that z; 1 S3. By the symmetry of z; and z3 in {S], S, S5}, we may also
assume that z3 1 S3. By the symmetry of S5 and Sy, we also have x1,x31 Sy. Then,

53|Z172'2U4'LU5'ZL’6 and S4|ZL’2'.CC4'LU5'ZCG,

so | ged(Ss,S4)| > 2, a contradiction.
Subcase 2.3: A; contains no sequence of length 4. Then |S5| = S| = |S5| = 3. Since
ged(S;, x5 - we) # 1 for every j = 3,4, 5, we may assume x5 | ged(Ss, Sy). If 5| S5, then

x5S, |71 - wy - 13-4 - W for every v € [3,5].
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Since |z5'Ss| = |z5'S4| = |25'S5| = 2, there exist m,n € [3,5] such that | ged(z5 'S,
2518,)] > 1, so | ged (S, Sp)| > 2, a contradiction. Thus x5 { S5, and therefore g | Ss.
By the symmetry of S3, Sy, we may assume xg | S3 and x¢ 1 Sy. This gives that x5 - x| Ss.
By the symmetry of 1, x9, x3 and x4 in {57, So}, we may assume S5 = x5 - ¢ - 1. Since
LU5‘S4, we have xﬁ,xl)(Szl. SO 54:.]75'1172'.1’3 or 5421’5'252'254 or S4Z.I'5'LU3'LU4. But
So 1Sy, 80 Sy # 5 x3- x4. By the symmetry of x3 and z4 in {57, S2, S3}, we may assume
that Sy = x5 - x5 - x3. Since xg| S5, we have x1 1 S5, S0 S5 = xg - To - T3 Or S5 = Tg - To - Ty
or S5 = xg-x3-xy. Note that xg+ xo + 3 # x5+ 29 + 3, 6 + T3 + T4 # T3 + x4, We must
have S5 = x¢ - x2 - 4. Hence, A; is of form (c4).

Case 3: A; contains exactly one sequence of length 2. We may also assume A;
contains at most one sequence of length 4 (otherwise, we may consider A; instead and we
are back to one of the above cases). Let S| = x; - 5.

Subcase 3.1: A; contains exactly one sequence of length 4. Then |S5| = 4. If
ged(Ss, S1) = 1, then A, is the dual class of itself, giving a contradiction. So ged(Ss, S1) #
1. Without loss of generality, we may assume that S5 = 1 - x3 - T5 - xg.

If 1 1 555354, then we have

Sy|wy - xg-x4- 7576 forevery ve|[2,4].

Since |Sa| = |S3| = |S4| = 3, there exist m,n € [2,4] such that | ged(S,,, Sn)| > 2, a
contradiction. So xy | S25354. But v, (7)) < 3 for every a|S, so we have v, (525354) = 1.
Without loss of generality, let x;|S;. Then xo t Sy and zy 1 S3S4. If 24 1 Ss, then
Sy | x1 - x3 - 6 - w5 = S5, a contradiction. So x4 | Sy. By the symmetry of z3, 26 and x5 in
{S1, S5}, we may assume z3 | Sy, so S = 1 - T4 - T3.

Note that x; 1 S35, and thus we have

Sg|f172'.§(73'$4'$5'$(]6 and S4|ZL’2'.§L’3'LU4'SC5'I6.

Since v,,(T") > 2, we have v,,(S5354) > 1. Let zo|Ss. If 26, x5 1 S3, then Sz = x5 - 23 - 24,
and thus | gcd(S2, S3)| = 2, a contradiction. So x4 | S5 or x5 | S3. Without loss of generality,
let zg|Ss. If 25| S5, then Sy = x5 - 26 - 25 = SS95 %, so A; is the dual class of itself, a
contradiction. Then x5t S3. Therefore, S35 = x5 - g - 23 or S3 = x5 - T4 - T.

First assume that S3 = z9-x6-x3. If x5 1Sy, we have Sy | x3-x4-25-26. S0 Sy = T3-26- 75
or 54:373'1174'256 or S4IJI3'LU5'LU4 or 54:.774'.1’5'1176. But

LL’3—|—$(76+.T57£$(71+$3+$6+$5;
LL’3—|—SII4+Z’67£SC1+Z’4+SC3;
T3+ T5 + x4 F T+ 24 + T3,

so Sy = x4 - x5 xg. Then A; is of form (¢b). If xo | Sy, then x3, 261 Sy, s0 Sy = o - x5 - 24.
Again, A; is of form (c6).

Next, assume that S3 = xo - x4 - 2. If x9 t Sy, we have Sy|z3 - 24 - x5 - 6. SO
S4 = T3 Tg+Ts OF Ty -Xyg- T OF Tz -+ Ty - XLg OF Sy = X4 - T+ Tg. Since

1’3—|—1L'6+$57£ZL'1+$3+ZL'6+$5;
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ZL’3+ZL’4—|—I’67AZL’1+I’4+ZL’3;
LL’3—|—SL’5+.T4§'£$1+.T4+SL’3;
Ty + T5 + T6 # To + 4 + T,

none of the above cases are possible. So x5 | S;. Then x4, x¢ 1 Sy and thus Sy = x9 - x5 - x3.
By the symmetry of x¢ and x5 in {57, S, S5}, we have A; is of form (c6).

Subcase 3.2: A; contains no sequence of length 4. Then |Sa| = |S3| = |S4| = |S5| = 3.

Recall that S; = x1 - 25. Since v,(T) > 2 for every a| S, we have supp(S525354S55) =
supp(.5).

We assert that v,(52535,55) = 2 for every a € S.

If there exists a|S such that v,(52535455) = 3, we may assume a | ged(Ss, S3,.54).
Since

a”'S,|a”tS forevery v e [2,4],

there exist m,n € [2,4] such that ‘gcd(a‘lSm,a_lSn)} > 1. This implies that | ged(S,,,
Sp)| > 2, a contradiction. Thus v,(55535455) < 2 for every a € S. Since |S3535,55| = 12,
we have v,(52535455) = 2 for every a € S. This proves the assert.

Re call that T" = 515:535155. By the above assertion, we have v,, (1) = v,,(T) =
3. So we may assume x| ged(Se, S3) and xg | ged(S4,S5). Then zy 1 ged(Sy, S3) and
x1 1 ged(Sy, S5). Without loss of generality, let Sy = 1 - x3 - 1 and S3 = x1 - o5 - x4.
Since |ged(Sy, S2)| < 1 and |ged(Sy, S3)| < 1, we may assume Sy = x5 - x3 - v5. Then
Ss = x9 - x4 - kg and therefore, A; is of form (7).

Case 4: A; contains no sequence of length 2. As before, we may assume .4; contains
no sequence of length 4. Then |S;| = --- = |S5] = 3 and |T'| = 15. Since |S| = 6, we
must have v,(7') = 3 for some a|S. As in Subcase 3.2, there exist m # n such that
} ged (S, Sn)‘ > 2, giving a contradiction.

This completes the proof. |

Lemma 7.10. Ifl‘l + 2o =T3+Ty =T5+Teg+T1+2T3=2T5+Tg+To2+Ty =Ts+T1+ Xy,
then f(S) > 19.

Proof. Let
Ay = %1 = To + Tg = T4+ T5 + T,
A9 = To = Ty + T5 = T3 + T5 + T,
a3 = T3 = T1 + Ts = T9 + T5 + T,
as =Ty = T3+ Tg = T1 + T + g,
s =01+ T2 =23+ T4 =25 +%g+T1+2T3 =25+ Tg+ T2+ T4 =5+ T1+ X4,
Qg =01+ T3 =29+ 2Ty =21 +X2+T5+2Tg =23+ Ty + T5+ Tg = X2+ T3+ T,
r =21+ T+ a3 =21 +23+ 24+ T5s = X2+ T3+ x4+ X5 + T,
ag =21+ To+ x4 =21 + 22+ 23+ Tg =21+ T3+ x4+ X5 + T,
g =1+ T3+ Ty =g+ T3+ Ty +Tg =21+ T+ Tg+ X5+ Tg,
a0 =g +23+Ty =21 +2Tog+2Ty+ x5 =21+ T2+ T3+ T+ T,
an:x1+x2+x3+x4:x1+x2+2m3+x6:x1+x3+2m4+m5,
Q12 = 1+ T2 + T3+ Ty + X5 + Tg,
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a13 = T1 + T4 =1+ 23+ T = Ty + Ty + T = T2 + T3 + 26,
14 =Ty + T3 =23 +2T4+25 =21 + T2+ T3,
(15 = T1 + To + T = T3 + X4 +Xg = T1 + Ty + T5 + Tg = T1 + T3 + T5 + 26,
a1 =1+ 23 +T5 =T +Ty4+ Ty = T+ T3+ Ty + Tg,
a7 = Ts + Tg,
@18 = Ts,
19 = T,
a20:x1+552—|—a?3+x4—|—:£5,
ao1 = X1 + Tg.
By Lemma 2.4, we have
ai,ag,...,016

are pairwise distinct.

In view Ofl‘l + Xy =T3+Ty =T5+Tg+ T+ T3 =25+ Tg+ To+ Ty, WE obtain that
2(xs + x6) = 0. So ai7 # ai,...,a11,a13,a14. By Lemma 2.4, we have ay; # a2, as, aig.
Therefore,

al,...,ay7

are pairwise distinct.
By Lemma 2.4, we have

aig 7A a1,...,010,012,a14, - - -, A17;

Q19 7"é ay,...,010,A12, 013, A15, - - - , A18-

If(llg = a3, then Ty = X1 + T4 = T+ T3+ 25 = $2+$4+ZL‘6, SO g = Ty + Ty =
T3+ x5 + 1 = 1 + 3 + x4 + x6. It follows from Lemma 3.3 that f(S) > 19. So, we may
assume aig # a13. Similarly, we may assume that a9 # a4 , SO Tg # T9 + 3.

If ai1g # a1 and a9 # a1, then aq, aq, ..., a9 are pairwise distinct and we are done.
Without loss of generality, let a;g = aj;. Then a9 # aq; and thus aq,as, ..., a7, a9 are
pairwise distinct.

By Lemma 2.4, we have asg # aq, ..., a4, a16. Since xg # x9 + x3, we have x1 + xo +
T3+ Ty + T 751’1 + x4 + x5 + T, that is asp 7& als. Note that T+ T+ 23+ x4+ x5 =
T5 + o5 # x5 + x6. We have agg # ai7. If asg # aqg, then aq,...a17, a9, asy are pairwise
distinct and we are done. So, we may assume that asg = a19, SO X1+ T2+ 23+ 24+ T5 = X4.
Then we have

(Izl:ZL‘1+$6:ZL‘2+$6+ZL'6:$1+$1+l‘2+$3+l‘4+$5.

Since S has no elements of order 2, again, by Lemma 2.4, we have as; # aq, ..., a7, a1g.
Therefore

ai, @z, ..., a7, a9, d21
are pairwise distinct and we are done. 1

Lemma 7.11. If x1 4+ 2o =21+ 23+ 24 = 21 + T5 + X = To + 3 + T5 = T9 + T4 + g,
then f(S) > 19.
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Proof. Let
a, = I :I3+ZE5 :ZE4—|—J?6,
a9 = T :l’3+$4 :ZE5—|—J?6,

as = I3,
a4 = Ty,
as = Ts,
ae = Tg,

a7:I1+ZE2:ZE1+I’3+ZE4:ZE1+I’5+ZB6:l’2+$3+l’5:l’2+$4+l’6,

a8:$3+$4+$5+$6:l’2+$5—|—$€6:l’2+$3+$4:.T1—|—SL’4+.T6:.T1+SL’3+.T5,

Qg =21+ X3+ X4 +2T5+2Tg =201 +22+T5+Tg =21+ T2+ T3+ Ty,
a0 =To+23+Ty+T5+Tg =21 +2Tog+ Ty +Tg=2T1+ T2+ T3+ Ts,

a1 =1+ T2 + T3+ Ty + Ts5 + g,

Qg =1 +23 =23+ T4+ Tg = T2+ Tg,
a3 =21 +T4 =23+ T4+ T5 = T2+ Ts,
A1y =1 +2T5 =Ty +Ts + Tg = To + Ty,
a5 =1 +Tg = T3+ T5 + T = T2 + X3,

Qe =L+ 2Ty +T5+2Tg =21 +Ta+T5 =21 +T3+ Tqg+ Ts,
a17:x2—|—x3—|—x5+x6:x1—|—x2+x6:x1+x3+x4—|—$6,
aig =To+ 23+ Ty +xg =21 +22+2T3=21+ T3+ T5+ s,
19 =g+ X3 +Ty +T5 =21 +Tog+2Tg =T+ Tyg+ T5 + Tg.

Since S contains no elements of order 2, we have az # a4, a12 # a19, 13 # a1s,
ay4 # ayr, ays # aig. This together with Lemma 2.4 shows that

ap, as, as, a4, as, ag, 4y, ds, ay, 10, d11, A12, A13, A14, A15, A16, @17, A18, A19

are pairwise distinct and we are done.

We are now ready to prove Lemma 3.4.

Proof of Lemma 3.4.

By Lemma 5.1, |Ag| < 5 for all k € [1,r]. If A; has the form (cl1) or (¢7) described
in Lemma 7.9, then by Lemma 7.10 or Lemma 7.11, we have f(S) > 19. Next, we may
assume A; has one of the forms (¢2), (¢3), (c4), (¢5) and (¢6). Then we have one of the
following holds correspondingly.

Tr(2) = T7@3) T Tr(5) T Tr(6) = Tr(a) T Tr(s) = Tr(1) + Tr(3);
Tr(3) = Tr(4) T Tr(5) + Tr6) = Tr(1) + Tr(s) = T7(2) T+ Tr(6);
Tr(1) = T7©2) T Tr(5) T Tr(6) = T7(3) T Tr(s) = Tr(4) T Tr(6);
Tr(2) = T73) T Tr(5) T Tr(6) = Tr(1) + Tr(s) = T7(3) T+ Tr(4),
and

Tr2) = T7@3) T Tr(s) + Tr(6) = Tr(1) T Tr(5) = Tr(3) T Tr(4)-

It follows from Lemma 5.1, Lemma 7.2 that 4; induces a class [2,(;)] of form (b3) described
in Lemma 7.2, and therefore, the lemma follows from Lemma 7.4.
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8 Proof of Theorem 1.3

The proof of Theorem 1.3 is based on Theorem 1.2, and it uses ideas of P. Erdds, W. Gao,
A. Geroldinger, Y. ould Hamidoune et.al. (see [8, Sections 5.3 and 5.4]).
Let G be cyclic of order n > 3 and let S € F(G) be zero-sum free with

6n + 28
|S| > T

Let ¢ € Ny be maximal such that S has a representation in the form S = Sy5; ... -5,
with squarefree, zero-sum free sequences Si,...,S, € F(G) of length |S,| = 6 for all
v € [1,q]. Among all those representations of S choose one for which d = |supp(Sp)]| is
maximal, and set Sp = g¢7' - ... - g, where ¢i,...,94 € G are pairwise distinct, d € Ny
and r; > -+ > 1y € N. Since ¢ is maximal, we have d € [0, 5].

Assume to the contrary that r; < 1. Then either d =0 or r; = ... =74 =1, and for

convenience we set F(0) = 0. By Theorem 1.2, Lemmas 2.1 and 2.2, it follows that

p2 ()|>|25'o|+z:|E )| = [2(50)] + 19¢
i=1

Sl = 4 F) =

19]S| = 19d + 6F(d) _ 19]S| 28 _

>19| 5 > 6 >n,

a contradiction.

Thus it follows that m > 2, and we set g = g;. We assert that v,(S;) > 1 for all
i € [1,q]. Assume to the contrary that there exists some i € [1,¢q| with g t.S;. Then there
is an h € supp(S;) with h 1 Sy. Since S may be written in the form

S = (hg_lSo)Sl L Si_l(gh_lSi)SHl L Sq,

and | supp(hg~'Sp)| > | supp(Sp)|, we get a contradiction to the maximality of | supp(Sp)]|.
Clearly Sy allows a product decomposition of the form

H . T,

Where all TS € F(G) are squarefree with vg(T,fi)) =1,q,...,95 € Ny and |T1(i)| =...=
TS| =i for all i € [1,5]. Thus we get

S| = |So] + 6q = 1 + 2q2 + 3qs + 4qs + 5g5 + 6¢,
vg(So) =q1+...+¢5 and hence v (S)>q+q¢ +...+¢s.

Since

5
n—1>S(8) > [2(So)| + Y 18T . T

i=1

> qF(6) + Z%F( ) =19¢ + ¢1 + 3q2 + 5g5 + 8q4 + 13¢5,
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we infer that

6]S| — (n—1) <6(q1 + 2¢2 + 33 + 494 + 5g5 + 6¢) — (¢1 + 3¢2 + 5g5 + 8¢4 + 13¢5 + 19q)
= 17(] + 17Q5 —+ 16(]4 + 13(]3 -+ 9(]2 -+ 5(]1
< 17v,(S).

We close the paper with a remark on Olson’s constant. Let ol(G) denote the maximal
length of a squarefree, zero-sum free sequence over GG, and let Ol(G) be the smallest integer
l € N such that every squarefree sequence S € F(G) of length |S| > [ satisfies 0 € ().
Then 1+ ol(G) = Ol(G), and OI(G) is called Olson’s constant. If

F(G,k)>1+c2?k* for some k€ NandceRy,

then a simple argument shows that ol(G) < ¢4/|G| — 1 (see [8, Lemma 5.1.17] for details).
A survey on Olson’s constant can be found in [6, Section 10].
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