On Subsequence Sums of a Zero-sum Free Sequence 11

Weidong Gao!, Yuanlin Li2, Jiangtao Peng3 and Fang Sun#

1.3:4Center for Combinatorics, LPMC Nankai University,
Tianjin, P.R. China

2Department of Mathematics Brock University,
St. Catharines, Ontario Canada L2S 3A1

1gao@cfc .nankai.edu.cn, 2yli@brocku. ca,

3pjt821111@cfc.nankai.edu.cn, 4sunfang20050163.com

Submitted: Apr 29, 2008; Accepted: Sep 2, 2008; Published: Sep 15, 2008
Mathematics Subject Classification: 11B

Abstract

Let G be an additive finite abelian group with exponent exp(G) = n. For a
sequence S over G, let f(.S) denote the number of non-zero group elements which
can be expressed as a sum of a nontrivial subsequence of S. We show that for every
zero-sum free sequence S over G of length |S| = n + 1 we have f(S) > 3n — 1.

1 Introduction and Main results

Let G be an additive finite abelian group with exponent exp(G) = n and let S be a
sequence over G (we follow the conventions of [5] concerning sequences over abelian groups;
details are recalled in Section 2). We denote by ¥(S) the set of all subsums of S, and by
f(G,S) = f(S) the number of nonzero group elements which can be expressed as a sum
of a nontrivial subsequence of S (thus f(S5) = |X(S) \ {0}]).

In 1972, R.B. Eggleton and P. Erdds (see [2]) first tackled the problem of determining
the minimal cardinality of ¥(S) for squarefree zero-sum free sequences (that is for zero-
sum free subsets of G), see [7] for recent progress. For general sequences the problem was
first studied by J.E. Olson and E.T. White in 1977 (see Lemma 2.5). In a recent new
approach [16], the fourth author of this paper proved that every zero-sum free sequence
S over G of length |S| = n satisfies f(S) > 2n — 1. A main result of the present paper
runs as follows.

Theorem 1.1. Let G = C,,, @ ... D C,, be a finite abelian group with 1 <nq | ... |n,. If

r > 2 and n._y > 3, then every zero-sum free sequence S over G of length |S| = n, + 1
satisfies f(S) > 3n, — 1.
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This partly confirms a former conjecture of B. Bollobas and I. Leader, which is outlined
in Section 6. All information on the minimal cardinality of 3(.S) can successfully applied
to the investigation of a great variety of problems in combinatorial and additive number
theory. In the final section of this paper we will discuss applications to the study of
Yic|(S), a topic which has been studied by many authors (see [14], [3], [13], [12], [10],
[11] and the surveys [5, 8]). In particular, Theorem 1.1 and a result of B. Bollobas and I.
Leader (see Theorem A in Section 6) has the following consequence.

Corollary 1.2. Let G be a finite abelian group with exponent exp(G) = n, and let S be a
sequence over G of length |S| = |G| +n. Then, either 0 € 3, (S) or | 3,5/(5)| = 3n—1.

This paper is organized as follows. In Section 2 we fix notation and gather the necessary
tools from additive group theory. In Section 3 we prove a crucial result (Theorem 3.2)
whose corollary answers a question of H. Snevily. In Section 4 we continue to present some
more preliminary results which will be used in the proof of the main result 1.1, which will
finally be given in Section 5. In Section 6 we briefly discuss some applications.

Throughout this paper, let G denote an additive finite abelian group.

2 Notation and some results from additive group the-
ory

Our notation and terminology are consistent with [5] and [9]. We briefly gather some
key notions and fix the notation concerning sequences over abelian groups. Let N denote
the set of positive integers and let Ny = N U {0}. For real numbers a,b € R, we set
la,b] ={z €Z|a<x<b}.

Throughout, all abelian groups will be written additively. For n € N, let C',, denote a
cyclic group with n elements.

Let A, B C G be nonempty subsets. Then A+ B ={a+b|a€ A bec B} denotes
their sumset. The stabilizer of A is defined as Stab(A) ={g € G| g+ A=A}, Ais
called periodic if Stab(A) # {0}, and we set —A = {—a | a € A}.

An s-tuple (eq,...,es) of elements of G is said to be independent if e; # 0 for all

i € [1,s] and, for every s-tuple (my,...,my) € Z°,
mier +...+mee, =0 implies mie;r = ... =mge, =0.
An s-tuple (eq,...,es) of elements of G is called a basis if it is independent and G =

(1) D ... D (es).
Let F(G) be the multiplicative, free abelian monoid with basis G. The elements of
F(G) are called sequences over G. We write sequences S € F(G) in the form

S = Hg"g(s), with v, (S) e Ny forall ¢geG.

geG

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R117 2



We call v (S) the multiplicity of g in S, and we say that S contains g if v,(S)>0. A
sequence S is called a subsequence of S if S;|S in F(G) (equivalently, v,(S1) < vy(S5)
for all g € G). Given two sequences S, T' € F(G), we denote by ged(S,T) the longest
subsequence dividing both S and T. If a sequence S € F(G) is written in the form
S=g ... g, we tacitly assume that [ € Ny and ¢;,...,g; € G.

For a sequence

S = gL ...-q = Hng(S) Ef(G),

geG
we call
S| =1= vy(S) €Ny  the length of S,
geG
h(S) =max{vy(5) [ g € G} € [0, S]]
the maximum of the multiplicities of S,
supp(S) ={g € G| v,(S) >0} C G the support of S,
!
U(S):Zgi:ng(S)geG the sum of 9,
=1 geG
S(S) :{Z g | T C[1,0] with |I] = k:}
iel
the set of k-term subsums of S, for all k € N,
S<i(S) = | Zi(9),  Du(s) = Bi(9),
JE[LK] j>k
and

X(S) =351(5) the set of (all) subsums of S.

The sequence S is called
o zero-sum free if 0 ¢ 3(S),
e a zero-sum sequence if o(S) =0,

e a minimal zero-sum sequence if 1 # 5, 0(S) =0, and every S’|S with 1 < |S’| < |S]
is zero-sum free.

We denote by A(G) C F(G) the set of all minimal zero-sum sequences over G. Every
map of abelian groups ¢: G — H extends to a homomorphism ¢: F(G) — F(H) where
o(S) =wlg1) - ... w(g). If v is a homomorphism, then ¢(S) is a zero-sum sequence if
and only if o(5) € Ker(yp).

Let D(G) denote the smallest integer | € N such that every sequence S € F(G) of
length |S| > [ has a zero-sum subsequence. Equivalently, we have D(G) = max{|S||S €
A(G)}), and D(G) is called the Davenport constant of G.

We shall need the following results on the Davenport constant (proofs can be found
in [9, Proposition 5.1.4 and Proposition 5.5.8.2.(c)]).
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Lemma 2.1. Let S € F(G) be a zero-sum free sequence.
1. If |S| = D(G) — 1, then ¥(S) = G\ {0}, and hence f(S) = |G| — 1.

2. If G is a p-group and |S| = D(G) — 2, then there exist a subgroup H C G and an
element x € G\ H such that G\ (X(S)U{0}) Cz+ H.

Lemma 2.2. Let G = C,,, P C,, with 1 < ny|ng, and let S € F(G).
1. D(Cnl @Cn2) =n1+ng — 1.

2. If S has length |S| = 2n1 + ny — 2, then S has a zero-sum subsequence T of length
7| € [L,n2].

3. If S has length |S| = ny + 2ny — 2, then S has a zero-sum subsequence W of length
|W| c {n2,2n2}.

Proof. 1. and 2. follow from [9, Theorem 5.8.3].
3. See [5, Theorem 6.7]. O

Proofs of the two following classical addition theorems can be found in [9, Theorem
5.2.6 and Corollary 5.2.8].

Lemma 2.3. Let A, B C G be nonempty subsets.

1. (Cauchy-Davenport ) If G is cyclic of order |G| = p € P, then |A+B| > min{p, |A|+
B[ —1}.

2. (Kneser) If H = Stab(A + B) denotes the stabilizer of A+ B, then |A 4+ B| >
A+ H|+ |B+ H| - |H|.

We continue with some crucial definitions going back to R.B. Eggleton and P. Erdds.
For a sequence S € F(G) let

f(G,S)=1(9) =1|2(5) \ {0} be the number of nonzero subsums of S'.

Let £ € N. We define
F(G, k) =min{|S(S)| | S € F(G) is a zero-sum free and

squarefree sequence of length |S| =k},
and we denote by F(k) the minimum of all F(A, k) where A runs over all finite abelian

groups A having a squarefree and zero-sum free sequence of length k. Furthermore, we

set
f(G, k) = min{|X(S)| } S € F(Q) is zero-sum free of length |S| = k} .

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R117 4



By definition, we have f(G, k) < F(G, k). Since there is no zero-sum sequence S of length
|S| > D(G), we have f(G, k) = 0 for £ > D(G). The following simple example provides an
upper bound for f(G, ) which will be used frequently in the sequel (see also Conjecture
6.2).

Example 1. Let G=C,, ®...®C,, withr >2, 1 <nq|...|n, and let (e1,...,e,)
be a basis of G with ord(e;) = n; for all i € [1,r]. For k € [0,n,_1 — 2| we set

S =erleM € F(Q).

Clearly, S is zero-sum free, |S| = n,+k and f(S) = (k+2)n,—1. Thus we get f(G, n,+k) <
(k+2)n, — 1.

Lemma 2.4. [9, Theorem 5.3.1] Ift e N and S =Sy -...-S; € F(G) is zero-sum free,
then

f(S) > f(S1)+ ... +f(S).
Lemma 2.5. [15] Let S € F(G) be zero-sum free. If (supp(S)) is not cyclic, then

2(5)] = 2[S] - 1.

Lemma 2.6. [7, Lemma 2.3] Let S = 515y € F(G), H = (supp(S1)) and let ¢: G —
G/H denote the canonical epimorphism. Then we have

f(S) > (1 + f(SO(Sz)))f(S1) + f(SO(Sz)) .

Lemma 2.7.
1. F(1) =1, F(2) =3, F(3) =5 and F(4) = 8.

2. If S € F(G) is squarefree, zero-sum free of length |S| = 3 and contains no elements
of order 2, then f(S) > 6.

3. F(5) =13 and F(6) = 19.

Proof. 1. See [9, Corollary 5.3.4.1].
2. See [9, Proposition 5.3.2.2].
3. See [7]. O

The proof of the following lemma follows the lines of the proof of [7, Theorem 1.3].

Lemma 2.8. Let S € F(G) be zero-sum free of length |S| > 2. If f(S) < 3|S| — 5, then

h(S) > max{2, 252},
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Proof. Let ¢ € Ny be maximal such that S has a representation in the form S = 595 -
... Sy with Sy € F(G) and squarefree, zero-sum free sequences Si,...,S, € F(G) of
length |S,| = 6 for all v € [1,q]. Among all those representations of S choose one for
which d = |supp(Sy)| is maximal, and set Sp = g;" - ... g, where g1,...,9q4 € G are
pairwise distinct, d € Ny and r; > -+ > r; € N. Since ¢ is maximal, we have d € [0, 5].

Assume to the contrary that r; < 1. Then either d =0 or r; = ... =14 =1, and for
convenience we set F(0) = 0. By Lemmas 2.4 and 2.7, we obtain that

f(S) > f(S1)+...+f(S,) +F(d) >19¢+F(d) =3|S| —44+q+F(d) —3d+4>3|S| -4,

a contradiction.

Therefore, h(S) > 1 > 2, and we set g = g;. We assert that v,(S;) > 1foralli € [1, ¢].
Assume to the contrary that there exists some i € [1,q] with g 1 .S;. Since |S;| = 6 > d,
there is an h € supp(S;) with h{ Sy. Since S may be written in the form

S = (hg_lSo)Sl L Si_l(gh_lSi)SHl L Sq,

and | supp(hg~'Sp)| > | supp(Sp)|, we get a contradiction to the maximality of | supp(Sp)]|.
Therefore, h(S) > v,(S) =q+r; > 2.
Clearly, Sy allows a product decomposition

5
Sy = H Tiqz' ’

i=1
where, for all i € [1,5], T; = g1 -...-¢; and ¢; = 1; — 111, with 74 = 0. Thus we get
G+ ...+ g =11=vy(S0), ¢1 +2¢2 + 3q3 + 4q4 + 5g5 = |Sp| and

Q1+ 2g2 + 3q3 + 4q4 + 55 + 6 = [S].
By Lemma 2.4 and Lemma 2.7 we obtain that
@1+ 3q2 + 5q3 + 8qs + 13g5 + 19¢ < () < 3|S| - 5.

Using the last two relations we infer that

17 + 17q5 + 16q4 + 1393 + 9g2 + 5q1 =
6(q1 + 292 + 3q3 + 4qa + 5g5 + 69) — (g1 + 32 + 5g3 + 8¢s + 13¢5 + 19¢) > 3|S| + 5,

and therefore

3|5+ 5
h(S)>vy(S)=q+r=q+qa+...+¢ > |1|7+ ) O
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3 Sums and Element Orders

Theorem 3.2 in this section will be used repeatedly to deduce Theorem 1.1 and it also has
its own interest. Moreover, its corollary answers a question of H. Snevily. We first prove
a lemma.

Lemma 3.1. Let A C G be a finite nonempty subset.

1. If x + A= A for some x € G, then |A|lx = 0.

2. Letr € N, y1,...,y. € G and k = min{ord(y;) | i € [1,7]}. Then |> (Oyy-... y,) +
Al > min{k,r + |A|}.

Proof. 1. Since x + A = A, we have that

|A|x+Za=Z(m+a) :Za.

acA a€A a€A

Therefore, |A|z = 0.

2. We proceed by induction on 7. Let r = 1. If | >_(0y;) + A| > 1 + | A| then we are
done. Otherwise, > (0y;)+ A = (y1 + A)UA = A. This forces that y; + A = A. By 1., we
have |Aly; = 0. Therefore, k < ord(y;) < |A|, and thus | > (0y;)+A| = |A] > ord(y1) > k.
So, | >°(0y1) + Al > min{k, 1 + |A[}.

Suppose that r > 2 and that the assertion is true for r — 1. Let B = > (0y; - ... -

Y1) + A | (0yr - ... - y) + Al > 1+ |B|, then by induction hypothesis, we have
that | SO0y - ... - y) + A > 14 |B| > 1+ min{k,r — 1 + |A|} > min{k,r + |A]}
and we are done. So, we may assume that |> (0y; - ...-vy,) + A| < |B|. Note that

>0y oy )+ A = (yr+ O (0yr-. . o yr1)FANUO - (0ys - . Y1) +A) = (y.+B)UB. We
must have y, + B = B. By 1., we have |Bly, = 0, and thus k£ < ord(y,) < |B|. Therefore,
1> (0yy - ... y,) + Al > |B| > k. This completes the proof. O

Theorem 3.2. Let S =ay-...-ar € F(G\{0}) be a sequence of length |S| =k > 2, and
set ¢ = [{0} U X2(9)]
1. If T is a proper subsequence of S such that |[{0} U > (U)| = [{0} U D (T)| for every
subsequence U of S with T|U and |U| = |T|+ 1, then {0} U > (T) = {0} U > (S).

2. For any nontrivial subsequence Vi of S, there is a subsequence V' of S with Vy|V,
such that [{0} U (V)| = V| = {0} U3 2(Vo)| — Vol and {0}UZ (V) = {0} U S(S).
3. Suppose that ¢ < |S|. Then there is a proper subsequence W of S such that {0} U
S(W) ={0}U>(S) and |W| < g—1. Moreover, gz = 0 for every term z € SW 1.

4. If ¢ < |S| and a; & {a1,—a1} for some i € [2,k], then we can find a W with all
properties stated in (3) such that |[W| < q — 2.

5. Suppose that ¢ < |S|. There is a subsequence T' of S with |T'| > |S| — q + 2 such
that |(supp(T))] | ¢.
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Proof. 1. Let ST~! = g, - ... g;. By the assumption,

{0} U (9T) ={0yu D> (1)

holds for every ¢ € [1,1], or equivalently,

{0y U{g} +{0yu ) (1) ={0}yu) (T)

for every ¢ € [1,t]. Therefore,

(03U (8) = {0} U{gu} + {0} U{go} +...+ {0} U{g} + {0} U (T) = {0}U Y (7).

2. Let V be a subsequence of S with maximal length such that Vp|V and [{0} U
V) —=1|V] = {0} ud (Vo) — |Vol. If V =S, then clearly the result holds. Next, we
may assume that V' is a proper subsequence. It is not hard to show that V satisfies the
assumption in 1.. By 1. we conclude that {0} U > (V) = {0} U > (S).

3. Let W be a subsequence of S with maximal length such that [{0}UD (W)| > |[W|+1.
Then |[W| < {0}U> (W) —1 < {0} U (S)—1=qg—1 < |S|. Therefore, W is a
proper subsequence of S.

Using the maximality of W, we can easily verify that W satisfies the assumption in
1.. Tt follows from 1. that {0} U > (W) = {0} U >2(S). Since for each z € SW!,

[z + {0} U 2(S) = {0} UD(S)| and & +{0} U (S) = z+ {0} U (W) C {0} U3 (),
we obtain that x4+ {0}U> (S) = {0} U>(S). It now follows from Lemma 3.1 that gz = 0
holds for every x € SW 1.

4. Let Vo = aya;. Then [{0} U D> (Vo)| — |Vo| = 4 — 2 = 2. By 2., there exists a
subsequence W such that [{0}U> (W) — |W| > 2 and {0}U> (W) = {0}U> (S). Thus
[W| < q—2<|S|—2, and therefore, clearly W is a proper subsequence of S. As in 3.,
we can prove that gz = 0 holds for every x € SW 1,

5. If a; € {a1,—a,} holds for every ¢ € [2,k], then by 3. we have that ga; = 0 for
some 4. Since a; = +aj, we have ga; = 0 and ord(ay) divides q. Let 7' = S. Then
|(supp(T"))| = |[{a1)| = ord(ay) divides q. Next we assume that a; € {a;, —a;} for some
i € [2,k], by 4. there is a proper subsequence W of S with {0} U > (W) = {0} U > (S5)
and |[W| < q—2. Let T = SW~!. Then,

T| =15 = [W[=[S|—q+2.
For every term y in T', as shown in 3. we have that
y+{0yu) (U)={0}ud (V).
Therefore,
(supp(T)) + {0} U D (W) ={0}u > (W).

Since the left hand side is a union of some cosets of (supp(7’)), we conclude that |(supp(7))|
divides [{0} U > (U)| = ¢ as desired. O

The following result answers a question of H. Snevily, formulated in a private commu-
nication to the first author.
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Corollary 3.3. Let S =ay-...-a, € F(G), and suppose that ord(a;) > r holds for every
€ [1,7]. Then, |{a;} U (a; + > (Sa;"))| > r holds for every i € [1,7].

Proof. Let ¢ = [0U Y (Sa;')|. If ¢ < r — 1, then by Theorem 3.2.3, qa; = 0 for some
j # i. Thus ¢ > ord(a;) > r, giving a contradiction. Therefore, ¢ > r and thus
H{ai} U (a; + >2(Sa; 1) = [0U > (Sa; )| > r as desired. O

4 Zero-sum free sequences over groups of rank two

Lemma 4.1. Let G = C,, & C, with 1 < m|n. Suppose that f(C,, ® Cp,,m + k) =
(k+2)m —1 for every positive integer k € [1,m —2] and n > m(1 + f(N,m+kf717;ﬁ—(k+2)m)'
Then f(G,n+ k) = (k+2)n — 1.

Proof. Clearly, we have n > 2m. Let k € [1,m — 2] and let S € F(G) be zero-sum free of
length

S| =n+k= (= —3)m+(3m—2)+2+Fk. (+)

By Example 1, we obtain that f(G,n+ k) < (k+2)n — 1, and so we need only show that
f(S)=1>2(9) = (k+2)n— 1. Let ¢: G — N be an epimorphism with N = C,, ® C,,
and Ker(p) = Cn.

By (*) and Lemma 2.2.1 (for details see [9, Lemma 5.7.10]), S allows a product
decomposition S = Sy - ... Sym_oT, where Si,...,S,/m—2,T € F(G) and, for every
i € [1,n/m — 2], p(S;) has sum zero and length |S;| € [1,m]. Note that |T'| > 2m + k.
We distinguish two cases.

Case 1: |T| >3m — 2.
Applying Lemma 2.2.1 to ¢(T'), we can find a subsequence of T, say S = _y, such that

1< Sz 4| <m  and o(Sz_4) € Ker(p).

We claim that ¢(7'S%" ) is zero-sum free. Otherwise, if ¢(T'S=" ) is not zero-sum
free, or equivalently, if 75%' | has a nontrivial subsequence S = (say) such that o(S») €
Ker(y), then the sequence Hi‘l o(S;) of = elements in Ker(y) is not zero-sum free.
Therefore, S is not zero-sum free, giving a contradiction. Hence, ¢(7T'S ;1_1) is zero-sum

free as claimed. Note that |g0(TS%1_1)| > 2m +k —m = m+ k. By the hypothesis of the

lemma,
f(p(TS2)) > f(N,m+k) > (k+2)m — 1.

Let Ry = Hizl o(S;). Then |Ri| = * — 1 and R; is zero-sum free. Therefore,
|(supp(R1))| > f(R1) +1 > |Ry| +1 = = |Ker(p)| and then (supp(R;)) = Ker(yp). Let
Ry = TS;I_I. Now applying Lemma 2.6 to the sequence R; Ry, we obtain that

f(S) = f(RiRs) = (1 + f((R2)))f(Ry) + fp(R2))
> (L4 f(e(TS 3L ) = 1) + (TS, ) > (k+2)n —1.
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Case 2: |T| € 2m+ k,3m — 3].
If o(7T) has a nontrivial zero-sum subsequence of length not exceeding m, then by repeating
the argument used in the above case we can prove the result, i.e. f(S) > (k+2)n—1. So,
we may assume that ¢(7") has no nontrivial zero-sum subsequence of length not exceeding
m.

Next, consider the sequence 70327171 of 3m—2 elements in G. Then ¢(70*"2=IT1) ig
a sequence of length 3m—2in N = C,, ®C,,. By applying Lemma 2.2.2 to (703™~2~IT1),
we obtain that 70> 2~Tl has a subsequence W such that o(¢o(W)) = 0 and |W| €
{m,2m}. If |W| = m, then ¢(T) has a nontrivial zero-sum subsequence (W NT) of
length not exceeding m, a contradiction. Therefore, |W| = 2m and

o(W) € Ker(p) .

Let Wy = ged(W,T). Then |Wy| > |[W| —Bm —2—|T|) > m+ k+ 2, and o(W)) is
a minimal zero-sum sequence. Since ¢(7') has no nontrivial zero-sum subsequences of
length not exceeding m, we can choose a subsequence Wy of Wi with |[Wy| =m+k+ 1
such that the subgroup generated by o(TW, ') is not cyclic. Let Ty = TW, ' Clearly,
71| > m — 1 and f(e(W2)) > f(N,m + k + 1). It follows from Lemma 2.4 , Lemma 2.5
and Lemma 2.6 that

n_y n_y

£(S) = f([] o(S)w=Tn) > f(J] o(Si)Wa) + £(T3)

= (1+ (W) (- = 2) + f(o(W2) + £(T1)
> (1+f(N,m+k:+1))(%—2)—|—f(N,m+k‘+1)~l—(2m—3)
(k+2)n—1.

v

O

Let G=C,®C, with n > 2. We say that G has Property B if every minimal
zero-sum sequence S € F(G) of length |S| = D(G) = 2n — 1 contains some element
with multiplicity n— 1. This property was first addressed in [4], and it is conjectured that
every group (of the above form) satisfies Property B. The present state of knowledge on
Property B is discussed in [8, Section 7]). In particular, if n € [4, 7], then G has Property
B. Here we need the following characterization (for a proof see [9, Theorem 5.8.7]).

Lemma 4.2. Let G = C,®C,, with n > 2. Then the following statements are equivalent:

1. If Se€ F(G), |S| =3n—3 and S has no zero-sum subsequence T of length |T'| > n,
then there exists some a € G such that 0" 'a"?]|S.

2. If S € F(Q) is zero-sum free and |S|=2n — 2, then a" 2|8 for some a € G.
3. If Se A(G) and |S|=2n—1, then a" 1| S for some a € G.
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4. If S € A(G) and |S| =2n—1, then there exists a basis (e1,es) of G and integers
T1y..y Ty € 10,n — 1] with xy + ...+ 2, =1 mod n such that

n
H xyel + 62

Lemma 4.3. Let G = C, ® C,, with n > 2 and suppose that G satisfies Property B. Let
S € A(G) with length |S| = 2n — 1. If T is a subsequence of S such that |T| = n + k,
where 1 < k <n — 2, then

f(T)> (k+2)n—1.
Furthermore, if W is a zero-sum free sequence over G with |W| = 2n — 3, then

f(W) >n*—n—1.

Proof. Let S € A(G) be of length |S| = 2n — 1. Then by Lemma 4.2, there is a basis
(e1,€2) of G such that S = e;" '], (e1 + azes) with Y7 a; = 1 mod n. Without
loss of generality, let S = e" ' [],(e1 + ase2) and let V' = [ (e1 + aies). Then
T = eI (e1 + azey), where [ € [k +1,n]. Let ¢: G — (e5) be the canonical
epimorphism.

Case 1: [ =n.

Then T = ex" [[1_,(e1 + aiea) = ex*V. Since Y7 a; =1 mod n, we have o(V) = e,.
Therefore, |(e2) NE(T)] > k+ 1. Since Y., a; =1 mod n we infer that a4,...,a, are
not all equal to the same number modulo n. Without loss of generality, we may assume
that a,-1 # a, mod n. So, for every i € [1,n — 1] we have |(ie; + (e2)) N (V)| >
{ier + (a1 + ...+ a;1 +a,_1)es,ier + (a1 + ...+ a;_1 + a,)es}| = 2. By Lemma 3.1.2, we
have |(ie; + {e2)) N S(T)| > |(ie; + (ea)) N X(V) + B(0ex*)| > k + 2. Therefore,

1Z(T)| =[(e2) NE(T)] + [(e1 4 (e2)) NE(T)| + ... + [((n — 1)ex + (e2)) N E(T)|
>k+14+(k+2)x(n—1)=(k+2)n—1.
Case 2: [ <n-—1.

Then k+2 < I+ 1 < n. Let S = e"* ! and Sy = H§:1(€1 + a;ez). Then
f(S1) =n+k —1and f(p(S2)) = [. By Lemma 2.6, we have

F(T) = (1 + f(p(52))F(S1) + f(0(52))
=n+k-01+1)+1
=n+k-1+1)(I+1)-1
> (k+2)n—1.

Next, suppose that W € F(G) is zero-sum free of length |S| = 2n — 3. If G\ {0} C
Y(W), then f(W) > n?—1>n?—n—1 and we are done. So, we may assume there exists
g € G\ {0}, such that —g & ¥X(W). Then gW is zero-sum free, and thus, gWW (—g—o(W))

is a minimal zero-sum sequence of length 2n — 1. It follows from the first part of this
lemma that f(W) > n? —n — 1 as desired. O
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Lemma 4.4. Let G be cyclic of order |G| =p € P and T € F(G\ {0}). Ifa € G\ {0},
then
X(T'a) \ {0} = min{p — 1,1+ [Z(T") \ {0}/}.

Proof. Let A = {0}U(X(T)\{0}) and B = {0,a}. By Lemma 2.3.1, |[A+B| > min{p, | 4|+
|B| — 1} = min{p, 2 + |X(T) \ {0}|}. Therefore, |X(Ta)\ {0} =|A+ B| — 1> min{p —
1,1+ |%(T) \ {0}}. O

Lemma 4.5. If G = C,, & C,, withn € [4,7], then f(G,n+2) = 4n — 1.

Proof. Let S € F(G) be zero-sum free of length |S| = n + 2 with n € [4,7]. As noted
above G satisfies Property B. By Example 1, it suffices to show that f(S) > 4n — 1. If
n=4,thenn+2=6=D(C,&C,)—1. By Lemma 2.1.1, f(5) = 16 — 1 = 15 as desired.
If n =5, then |S| = 2m — 3, and thus, the result follows immediately from Lemma 4.3.

Now suppose that n = 6, and assume to the contrary that f(S) < 22. Then, |-3(5)| =
IX(S)] =1f(S) <22 and |G\ ({0} U (=%(S5)))| > 13. Let A= {xy,...,213} C G\ ({0} U
(—=2(9))). Then z;S is zero-sum free for every i € [1,13]. If there exist i,j € [1,13]
such that z;x;S is zero-sum free, then x;z;S(—o(x;z;5)) is a minimal zero-sum sequence.
Thus, the result follows from Lemma 4.3.

Next, assume that x;z;S is not zero-sum free for any 4, j € [1,13]. Since z;S5, z;S is
zero-sum free, we must have z; + z; € —X(5). This implies A + A C —X(S). Then

A+ Al < | =2(5)] = [X(9)] = £(5) < 22.
We set H = Stab(A + A). Then, by Lemma 2.3.2, we have
|A+ Al >2|A+ H| - |H]|,

and since H is a subgroup of G, we get |H| € {36,18,12,9,6,4, 3,2, 1}.

If |H| € {18,36}, then |G/H| € {1,2}, and thus H C (A+ H) + (A + H). Hence,
0Oe HCA+H+A+H=A+AC —X(S5). Therefore, 0 € X(5), a contradiction.

We now assume that |H| € {12,9,6,4,3,2,1}. Note that

-
A+ H| > % H).

We have

|A+ Al > 2|A+ H|— |H| > (2 %—‘ — 1) |H| > 22,
giving a contradiction.

It remains to consider the case that n = 7.

Let S; be the maximal subsequence of S such that (supp(S;)) is cyclic. Then N =
(supp(S1)) = C7. Since there are exactly 8 distinct subgroups of order 7 and |S| = 9, we
must have f(S;) > [S;| > 2. Let So = SS;' =b;-... b, and let ¢: G — G/N be the
canonical epimorphism. Then none of the terms of S, is in N, and thus ¢(.S3) a sequence
of non-zero elements in G/N. Let ¢ = |[{0} J>_ »(S2)].
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If f(S1) > 3 and ¢ > 7, then by Lemma 2.6 we have that f(S) > ¢f(S;) +¢—1 > 27
and we are done. If f(S;) > 3 and ¢ < 6, then by Theorem 3.2, [Sy| +1 < ¢ < 6,
and thus 4 < |S;| < 6. Again by Lemma 2.6, we have that f(S) > ¢f(S;) +¢—1 >
(10 — |S1])(]S1] + 1) = 1 > 27 as desired.

Next we may assume that f(S5;) = 2. Choose a basis (fi, fa) of G with fy|S;. Then,
Sy = f,* and (supp(S;)) = (f2) = N. Now

k
S = L [[(aifs + bif2)
i=1

with a; # 0 for every i € [1, k], and Sy = [[_(aifi + bifa). Let 7, = [2(S) N (jfr + N)|
and s; = |X(S2) N (jfi + N)|, where j € [0,6]. Then

f(S) = Z?:(]Tj-

By Lemma 4.4, we have % (szl a;) = Cr, 50 s; = |S(S2) N (jifi + N)| > 1 for every
j €10,6]. By Lemma 3.1.2, r; > min{ord(f2),2 + s;} > 3 for every j € [0, 6].

Case 1: h (HZ:1 ai) > 3.

Without loss of generality, let @ = a; = ay = az. Since h(S) = 2, we may assume
by # by. Then }(afl +N)N 2(52)‘ > 2. By Lemma 3.1.2, r, > 4.

By Lemma 4.4, we have | (szg a;) \{O}} > 5. Assume that {xy,z9,..., 25} C
X (szg a;) \ {0}. Then |((a + z;)fi + N) NE(Ss)| > 2 for every j € [1,5]. By Lemma
812, Tara, > 4.

Note that a, a+z1, ..., a+z5 are pairwise distinct, we have f(S) = Zgzorj > 6x4+3 =
27 as desired.

Case 2: h (HZ:1 ai) < 2.

Since a; # 0 for every i € [1,7] we infer that h (HZ:1 a;) = 2. So, we may assume
ai, as, as, ay are pairwise distinct and a; +ag = 0. Therefore, (a1 f1+b1f2)+ (asfi+baf2) =
(by + by) fo € N. By Lemma 2.3.1, we have ¥ (szg ai) > 6. Let {x1,29,..., 75,26} C
X (szg a;). For every j € [1,6], by Lemma 3.1.2, 7o, > | >°(051((b1 + b2) f2)) + (25f1 +
N) N 2(52)‘ Z 3+ |(l‘jf1 + N) N Z(SQ)‘ Z 4. Therefore f(S) = 2]7-:17”]' Z 6x4+4+3=2T7.

Lemma 4.6. Let G = Cy & Cs. Then f(G,9) = 23.

Proof. Assume to the contrary that f(G,9) # 23. By Example 1, there is a zero-sum free
sequence S € F(G) of length |S| = 9 such that f(S) = | > (5)| < 22. By Lemma 2.1.2,
G\ (O_(S)u{0}) C =+ H for some subgroup H C G and some z € G\ H. Therefore,

22> |3 (S)| > |G| —1— |z + H| =31—|H|,

and hence, |H| > 9. Since |H| divides |G| = 32, it follows that |H| = 16. Therefore,
G=HU(xz+ H). From G\ (>_(S)uU{0}) C x + H we infer that

H\ {0} > ().
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Hence,
1> (S)NH| = 15.

Since D(H) < 8+2 —1=9 = |5|, we infer that there is at least one term of S is not in
H. Let y € S withy € G\ H. Let T = Sy~'. Then, f(T) > f(G,8) > 2x 8 —1 = 15.
Note that G = H U (z + H). We obtain that, | Y (T)N(z+ H)| >8or | > (T)NH| > 8.
This together with S = Ty and y € G \ H implies | > (S) N (z + H)| > 8. Therefore,
IS =13(S)NH|+|>(S)N(x+ H)| > 15+ 8 = 23, a contradiction. O

5 Proof of Theorem 1.1.

Let G =C,,®...®C, withl <ny|...|n,r>2n,1 >3 and weset n = exp(G) = n,.
Let S =ay ... aps1 € F(G) be a zero-sum free sequence of length |[S| = n 4+ 1. By
Example 1, we need only prove that f(S) > 3n — 1. Assume to the contrary that

f(S) <3n—2.
By Lemma 2.8, we have

3|S|+5 3n+8

h(S) > max{2, } = max{2,

17 17 b (1)

Let S} be a subsequence of S with maximal length such that (supp(S;)) is cyclic. We
set N = (supp(S;)) and S, = SS;'. As before, we have S = S5, and all terms of S; are
in N, but none of the terms of Sy is in N. Clearly, |S1| > h(S) > 3248 Let ¢: G — G/N
denote the canonical epimorphism, and put

Sp=br-...-b, and ¢= |{O}UZ(90(52))|-

By Theorem 3.2, there is a subsequence Wy of Sy with |Wy| < g — 1 such that

{3 U D (e(Wo)) = q.

From (1) we have that |S;| > max{2, 228} > 2. By Lemma 2.6, we can prove that

q < |Ss]. Therefore, [Wy| < ¢ —1 < [Ss| — 1. It follows from Theorem 3.2 that

ged(g,n) > 1 and 2 < ¢ < min{|Sy|,n — 2}. (2)
Using Lemma 2.4 and Lemma 2.6, we obtain that

3n —2 > f(9) > f(SiWo) + f(SaWy )
> qf(S1) +q— 1+ f(SeWyh)
> qf(S1) +q— 1+ (S| — [Wo
> q|Si| +q — 1+ [Sa| — [Wo
> q|S1| + |52
=(¢g—1)|S1]| +n+1.
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This gives that |5;] < 2q"_—_13. Therefore

2n —3 3n +8
> > .
sz 2 3

Hence, ¢ < 12. Next we distinguish cases according to the value of ¢ € [1,12].
Case 1: 9<¢g<12.

We distinguish subcases according to the value taken by n.
Subcase 1.1: n > 15.

Then | Sy Wyt > n+1—%—(q—1) > % > |Sy| (since n > 15). By the maximality
of |S1|, the subgroup generated by supp(S2W; ') is not cyclic. By Lemma 2.5 we have
f(SoWyt) > 2|S,| — 2|Wo| — 1. It follows from Lemma 2.4 and Lemma 2.6 that

f(S) Z f(51W0) + f(SQWO_l) Z qf(Sl) + q— 1 + 2|SQ| - 2‘W0| —1
2 qSil+q—=1+2(n+1—-1[5])-2(q¢—-1) —1=(¢—2)(|S[—1)+2n

> 7(328 — 1) + 2n > 3n — 2(since n > 10),

a contradiction.

Subcase 1.2: n = 14.
By (3) we obtain that |S;| = 3 and ¢ = 9. In a similar way to above we derive that
(supp(SW; 1)) is not cyclic and f(SoW; ') > 2|S,| — 2|Wp| — 1, and

f(S) > f(SiWo) + F(SoaWyh) > ¢f(Sy) +q — 14 2[Ss| — 2|Wo| — 1
>qlSil+q—1+2n+1—1[51]) =2(¢—1)—1=(¢—=2)(|S1| = 1) +2n
>73—-1)+2n>3n—-1,

a contradiction.

Subcase 1.3: n € {11,12,13}.

By (3) we have that 2 > |S;| > 3, a contradiction.
Subcase 1.4: n < 10.

By (2), ¢ <n —2 <8, a contradiction.

Case 2: ¢=38.
By (2), n is even and n > 10. We distinguish subcases according to the value of n.

Subcase 2.1: n > 21.

By (3), |S1] < 22, Hence, |SeWy | > n+1— 223 — 7> 2023 > |G, (since n > 13).

By the maximality of |S;| we know that the subgroup generated by supp(SaWj ') is not
cyclic. By Lemma 2.5 we have f(SyWy ) > 2|S5| — 2|Wo| — 1. Therefore,

3n —2>f(9) > f(S;Wo) + f(SaWy )
> ¢f(S1) + g — 1+ f(SaWy )
> ¢f(S1) +q— 14 2|S;] — 2|Wy| — 1
> qSi|+q—1+2[S[—2(¢—1) -1
=qlSi+2n+1-5)-(¢-1)-1=(—=2)[%[+2n+2—¢
=6(]S1|—1)+2n > 3n—2 ( since n > 21),
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a contradiction.

Subcase 2.2: 10 <n <20 and n # 16.

By (3) we have that |S;| > 222 If (b;) € {p(b1), —¢(b1)} holds for every i € [2,w],
then ¢(b;) € (@(by)) for every i € [1,w], and by Theorem 3.2 we have 8¢(b;) = 0. This
together with np(b;) = 0 gives that ged(8,n)p(by) = 0. Therefore, 8 = ¢ = [{0} U
>_2(0(52))] < [{p(b1))] < ged(8,n) < 8, a contradiction. Thus, ¢(b;) & {@(b1), —¢(b1)}
for some i € [2,w]. By Theorem 3.2, we can take W, such that |Wy| < ¢ — 2 and
{0} U (p(Wp)) = {0} U S (¢(Ss)) . As above, we derive that (supp(SoWy')) is not
cyclic and f(SoaWyt) > 2|Ss| — 2|Wo| — 1. Then

f(S) > f(S,Wy) + f(SoWyh) > ¢f(S1) + q — 14 2[Ss| — 2|Wo| — 1
>q|Si|+qg—14+2n+1—151]) —2(¢g—2)—1=(¢—2)(|S1|—1)+2n+2

>6(3n—|—8

—1)+2n+2>3n—1,

a contradiction.

Subcase 2.3: n = 16.

By (3) we have that |S;| = 4. As above, we can take Wy such that |[Wy| < ¢ — 1,
and derive that (supp(SyW; 1)) is not cyclic and thus, f(SoW; ') > 2[Ss| — 2|Wo| — 1.
Therefore,

f(S) > f(S,Wy) + f(SoWyh) > ¢f(Sy) +q — 14 2[Ss| — 2|Wo| — 1
>q|Si|+qg—14+2(n+1—|51])—2(¢g—1)—1=(¢—2)(|S1|—1)+2n
>6(4—-1)+2n>3n—-1,

a contradiction.

Case 3: ¢ < 7.
So, we must have that for every subsequence W of S5,

{yUD e <q<T. (4)
By Theorem 3.2, there is a subsequence U of S, with |U| > |Ss| — ¢ + 1 such that
(O | ¢ (5)

Let K = (supp(S1U)). It follows from (5) that
| K| = [N[[{e(U))] [ gNI. (6)

As before, write S = T1T5 where all terms of T} are in K, but none of the terms of 15
is in K. Then (supp(71)) = (supp(S1U)) = K, and |T| > |S1U| > n + 2 — q. Therefore,

Ty >n+2-q>n-—5. (7)

Let ©: G — G /K be the canonical epimorphism and let 7o =¢; - ... ¢,.
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We distinguish two subcases.
Subcase 3.1: |T3| =0.
Then
K = (supp(5:U)) = (supp(5)).
Set { = exp(K). Then |N| | ¢ | n. Let K = C; ® R where R is a finite abelian group
with exp(R) | ¢. By (6) we have
1Rl g-

Assume to the contrary, that R is not cyclic. Since |R| | ¢ < 7, we must have R = C3 and
K =C,®Cy®Cy. From D(K) = (42 > n+1 we infer that { = n. Hence, D(K) = n+2.
By Lemma 2.1.1, f(S) = |K| — 1 =4n — 1 > 3n — 1, a contradiction.

Therefore, R is cyclic. If n = ¢, since |S;| > 2, by Lemma 2.6 we have that f(S) >
q|Si|+q—1>3¢—1=3n—1, a contradiction. Therefore, n = fq for some f > 2.

Sincen+1<D(K)—-1=(+|R|—2,|R|||ql, ¢| n and n > 2q, we infer that { =n
and |R| > 3. If |R| < ¢, then we must have |R| = 3. It follows from Lemma 2.1.1 that
f(S) = |K| =1 = 3n — 1, a contradiction. Therefore, |R| = ¢ > 4and K = C, & C,.
By Lemma 4.5 and Lemma 4.1, we have that n € {q,2¢q}, and therefore, n = 2q. We
distinguish subcases according to the value ¢ < 7.

Subcase 3.1.1: ¢ € {5,6,7}.
y (3), |S1] € {3,4}. Since |Sy| = |S| — |S1] > 2¢+1—4 > q > |S1], (supp(S2)) is not
cyclic. By Lemma 2.5, we have |X(S53)| > 2|53 — 1.

From |N||n, |K| = ng and (6), we obtain that N = C,, and K/N = C,. Let K =
(go+N)U...U(gg—1+N) be the decomposition of cosets of N, where g; € K and 9o € N.
Let 7, = |(g: + N) N 2(S,)| and s; = |(g: + N) N 2(S)|. Then |2(Ss)| = B ,7; and
12(S)| = B9, s;. Since ¥(p(S,)) = G/N = C,, we have r; > 1.

Subcase 3.1.1.1: |5;| =4.

If f(S;) > 5, then by Lemma 2.6, f(S) > 5¢g+¢q—1=6g—1=3n—1, and we
are done. So we may assume S; = h?, where ord(h) = |N| = 2¢. By Lemma 3.1.2,
s; > min{2q,r; +4} > 5 for every i € [0,q — 1]. If r; +4 > 2q for some i € [0, ¢ — 1], then

S(9)| =528 > 20 +5(q—1) =7¢—5>6¢g—1=3n—1,
a contradiction. Next, we may assume r; + 4 < 2¢ for all i € [0,¢ — 1]. We have

12(S)| = B0 s > B0 (1 +4) = |2(S2)| 4 4¢ > 2|So| — 1+ 4¢q
=22¢+1—-4)—1+4+49=8¢—T7>6q—1,

a contradiction again.

Subcase 3.1.1.2: |5;]| = 3.

Since h(S) > [22£8] > 3, we may assume that S; = h3, where ord(h) = 2¢. By
Lemma 3.1.2, s; > m1n{2q,n- + 3} >4 for every i € [0,q — 1].

If r; + 3 > 2q holds for at least two distinct indices i € [0, ¢ — 1], then

1S(S)| = 21ys > 2q+2¢ + 4(q — 2) =8¢ — 8 > 6g — 1,
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a contradiction. If r; + 3 < 2¢ for every i € [0, g — 1], we have

12(S)| = 2% s > B0 (i + 3) = |2(S2)| + 3¢ > 2|Sa| — 1+ 3¢
=22¢+1-3)—14+3¢g=T9g—5>6qg—1,

a contradiction. So we may assume that r; + 3 > 2¢ holds exactly for one i € [0,¢ — 1].

If o(b;) € {p(b1), —p(b1)} for every i € [1,2¢ — 2]. We may assume that ¢(by) = ... =
(b)) and @(bey1) = ... = @(byg—2) = —p(b1). Since v,(S2) < 3, and ¢ — 1 > 4, we may
assume b; # by. Next, we show that

|(b+ N)NX(Sy)| > 2 (8)

holds for every b € {go, 91, -, 9q-1}-

Note that ord(y¢(b1)) = ¢, we have that N,;by + N,...,(¢ — 1)by + N are pairwise
disjoint. Therefore, b+ N = jby + N = (¢ — j)(—b1) + N for some j € [1,q]. We may
assume that t > ¢—1. If 1 < j <¢—2, then {bs+...+bsrj1+b1,bs+...+bss;_1+b2} C
(jb1 + N)NX(Sy) = (b+ N)NX(Sy). Hence, [(b+N)NX(S2)| >2. If j=g—1andt >gq
then [X(S2)| = [(b+N)NX(S2)| > {bs+ ... +b,+b1,bs+...+b,+ b} =2.1f j=¢q—1
and t = ¢ — 1 then p(b,) = ... = @(by,) = —p(b1). Since ¢ — 1 > 4 we may assume that
by # bg1. We now have [(b+N)NX(S2)| > [{by, by+1}| = 2 as desired. Next, assume that
j=gq. Ift > q+1, then as above we can prove that |(b+N)NX(Sy)| > 2. Otherwise, t < ¢
and ¢(by+1) = —p(b1). Thus, we have that |(b+ N)NX(S2)| > [{bg+1+ b1, bg1 +b2}| = 2.
This proves (8). Therefore

S(5) = s = (2+3)(q = 1) +20=Tg = 5> 6g — 1,

1=

a contradiction.

Next, we may assume ¢(b;) & {¢(b1), —¢(b1)} for some j € [1,2¢ — 2]. Then we can
choose a subsequence Wy of Sy with [Wy| < g — 2 such that |[{0} U > (p(Wy))| = ¢, so
Y(Wo) N (g; + N) # O for every i € [1,q — 1]. Since |SoWy ! > ¢ = |p(G)], SaW,* has a
nontrivial subsequence Wy with o(W;) € N = Ker(y). Thus, r; > 2 for every i € [1,q¢—1],
and therefore,

()| = Sgsi 2 4+ (2+3)(q—2) +2¢="Tq — 6 > 6 — 1,

1=

a contradiction.

Subcase 3.1.2: ¢ =4.

Then S is a zero-sum free sequence of length 9 in K = Cy @ Cy, a contradiction to
Lemma 4.6.

Subcase 3.2: |Ty| > 1.

If o(b;) € {@(b1), —p(b1)} for every i € [1,w], then we can take U = S, and this
reduces to Subcase 3.1. Next, assume that ¢(b;) € {p(b1), —¢(b1)} for some i € [1,w].
By Theorem 3.2, we can choose Wy such that |Wy| < ¢—2,s0 |T1| >n+3—q.

We first assume that n > 3¢ — 9. By the maximality of S;, we know that K is not
cyclic. By Lemma 2.5, f(71) > 2|T;| — 1. It follows from Lemma 2.6 and Lemma 2.4 that
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f(S) > 2f(Ty) + 1+ |Ta| —1 > 4|T1| — 2+ |Tz| = 3|T1|+n—1>3(n+3—q¢)+n—1>3n—1
(since n > 3¢ —9), giving a contradiction.

Next, we assume that n < 3¢ — 10. It follows from (2) that
q+2<n<3q-—10. 9)
Thus, ¢ > 6. Hence, q € {6,7}. Let

A=[{0}U) ((T))]-

By Theorem 3.2, there is a subsequence X of T with |X| < A — 1 such that

{0y UD_@(x)) =
We next distinguish subcases according to the possible value of ¢ € {6, 7}.

Subcase 3.2.1: ¢ =6.

From (9), we obtain that n = 8. By Lemma 2.6, we obtain that ¢|Si| + ¢ — 1 <
3 x 8 — 2. This gives that |S;| < 2, so |S1| = 2. Again, by Lemma 2.6, we obtain that
M(T)) + A —1 <22, By Lemma 2.5, f(T}) > 2|T}| — 1. Since A > 2, 4|T}| — 1 < 22, and
thus |71| < 5. Note that |71] > n+3 — ¢ = 5. We have |T7| = 5 and A = 2. Therefore,
|X| = 1. By Lemma 2.6 and Lemma 2.4, we obtain that f(S) > 2f(Ty) + 1 + f(To X 1).
Since |[T,X | = 3 and |S;| = 2, by the maximality of S; we infer that no element could
occur more than two times in 75X ~'. It now follows from Lemma 2.7 and Lemma 2.4
that f(T,X 1) > 4. Therefore, f(S) > 2f(T}) +1+f(ToX 1) > 4|Ty| —1+4 =23 = 3n—1,
giving a contradiction.
Subcase 3.2.2: ¢=17.

From (9), we obtain that n € {9,10,11}. So, we have ged(q,n) = 1, giving a contra-
diction to (2). In all cases, we are able to find a contradiction. Therefore, we must have
f(S) >3n—1,s0 f(G,n+1) =3n—1 as desired. 0O

6 On X (S) and proof of Corollary 1.2.

We briefly point out the relationship between the invariants f(G, k) and the study of
1261(S)] for suitable S € F(G). To do so we need the following result, conjectured in [1]
and proved by W. Gao and I. Leader in [6].

Theorem A. Let S € F(G) be a sequence. If 0 ¢ 35/(5), then there is a zero-sumfree
sequence 1" € F(G) of length |T'| = |S| — |G| + 1 such that |X5/(S)| > [3(T)|.

Note that for S = 09717 where T € F(G) is zero-sum free, we have |Sg(S)| =
|X(T)|. Thus for every k € [1,D(G) — 1] we have

min{Xq(S) | S € F(G), |G|+ k—1,0 ¢ Zjg(5)} =
min{|S(T)| | T € F(G) is zero-sum free of length |T| = k} = f(G, k) .

Now we are in a position to prove Corollary 1.2.
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Proof of Proposition 1.2. Let exp(G) = n and let S € F(G) be a sequence of length
|S| = |G| +n. Suppose that 0 ¢ ¥5(S). Then [9, Theorem 5.8.3]) implies that G is
neither cyclic nor congruent to Cy @ C,,. Thus it follows that n+1 < D(G) — 1. Therefore
the above considerations (applied with & = n + 1) show that |¥¢(S5)| > f(G,n+ 1), and
by Theorem 1.1 we have f(G,n +1) > 3n — 1. O

We recall a conjecture by B. Bollobds and I. Leader, stated in [1].

Conjecture 6.1. Let G = C, & C,, with n > 2 and let (e1,e3) be a basis of G. If
ke0,n—2] and S = e} el ™ € F(Q), then f(G,n+ k) = f(S).

If S is as above, then clearly f(S) = (k+2)n — 1. Thus [16], Theorem 1.1 and Lemma
4.3 imply that conjecture for k& € {0,1,n — 2}. We generalize this conjecture as follows
(see Example 1).

Conjecture 6.2. Let G =C,,,@...®C,, withr >2and1 <ny|...|n,. Let(ey,...,e.)
be a basis of G with ord(e;) = n; for alli € [1,7], k € [0,n,—1 — 2] and

S = ekt € F(G).

Then we have f(G,n, + k) =f(S) = (k+ 2)n, — 1.
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