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We have found several errors in the paper [1] and the goal here is to present corrections
to all of them. Equational references with square brackets [..] are with respect to the
published version. Those with round brackets (..) are with respect to this comment.

The notation is from [1].

There was a substantial error in the proof of [15] (in Section 11.4.1 of [1]) and a trivial
error in the calculation to the proof of [8] (in Section 9 of [1]). These are corrected in

Sections 1 and 2, respectively of the current note.

1 Correction to the proof of [15]

Observe that
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We will bound each term separately.
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Recall that

=> Z ()P, (e)luerr.
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For each color ¢, let D, be the event that v,(c) = 1 for at most Ap vertices v € N(u).
Since P[v,(c) = 1] < pé,

P[D ] < (ﬁp) (ﬁQ)Aﬁ < (%)Aﬁ(ﬁ@)Aﬁ _ (GQ)Aﬁ < e_AI/Q.

Let D denote the event that D, holds for all ¢. By the union bound,

P[D] < ge2"".

By (1) below,
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Therefore,

E[$|D] = (E[S1] — E[$|DIP[D])/P[D]

< E[$)]/P[D]
= full = 01— 66)/(1 — ge™>"")
< full = 6(1 7).

For a vertex subset X, let N(X) = {v:3dzr € X and w with zvw € H}. Let T, denote
the set of color trials for color ¢ at all vertices in {u} UN(u) UN(N(u)). Then the trials
Ti,...,T, determine the variable S;. Observe that 7. affects every term of the form
Pl (c)pl,(c)lyerr. For d # ¢, T, affects pl,(d)p!,(d)1l,ep only if v,(c) = 1; this is because
if v,(c) = 0, the trials for color ¢ have no impact on whether or not v € U’. Thus,
given that v,(c) = 1 for at most Ap of the variables in T, changing the values in T, can
change S; by at most d(u, ¢)p? + 2(Ap)p?

Let 7(t;) = P(T; =t; | D) for i =1,2,...,q and let

p(ti7ti+1, e ,tq> = W(ti)ﬂ(tz‘+1) . ’7T(tq> = P(CTJ = tj,j = l,Z + 1, o q | D)



Here we use the fact that conditioning on D still leaves the choices t1, 1o, ..., %, for the

distinct sets of colors 17,75, ..., T, independent of each other. Thus,

|E[Si|D, Ty =t1,....,T.=t]—E[S{|D, Ty =t1,...,Te_y =t.1,T. =1]|

C

=1 D[St temt te tests oo tg) = Silt, ottt et o t)]p(tests - - tg)

< d(u, )p” + 2Ap°
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Since

Z(3t09Aﬁ3)2 _ gthQQAQﬁG < 9t892A2+1/2—66/24 < A_5/247
the Azuma-Hoeffding inequality implies
PIS1 > fu(l = (1 = 7€) + A™/2|D] < P[S; > E[S|D] + A™/*| D]
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Thus

P[Sy > fu(1 —6(1 — 7€) + A~V < P[S; > f,(1 —6(1 — 7€) + A~Y2|DIP[D] + P[D]

< €7A1/24(1 . qeiAl/Z) + qeiAl/Q
< 67A1/25.
1.1.1 Proof of (1)
We prove that if x(uv) = ¢,
Elp,(e)p,(c)lverr] < pu(e)ps(c)(1 — O(1 — 6e)). (1)

We first establish the following claim.
Claim. P[v ¢ U'|c ¢ L(v)] > Plv ¢ U'] > 0(1 — 5¢).

Proof of claim. The vertex v is colored (i.e., not in U’) if and only if for some color
d ¢ B(v), 7,(d) = 1 and d ¢ L(v). Let Ry denote the event that 7,(d) = 1 and
d ¢ L(v). If ¢ € B(v), then

Plo ¢ U'le ¢ L(v)] = Plv ¢ U'].
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Otherwise, since 7,(c) = 1 is independent of ¢ ¢ L(v) and Ry is independent of ¢ ¢ L(v)
for ¢ # d,

Plv ¢ U'lec ¢ L(v)] = P[(Uag Bwyuey Ra) U (Re)|c ¢ L(v)]
= P[(UagpwuiaRa) U (1o(c) = 1Nc & L(v))|e ¢ L(v)]
= P{(Uagnwyuiey Ra) U (1(c) = 1)]
> P[(Uag Bv)ufey Ra) U R
=Plv ¢ U'].
In either case,
Plo ¢ U'lc ¢ L(v)] > Plv ¢ U']
= PlUa¢B(v) Rl
> Y P[RJ - Z P[R4|P[Ra]
d¢B(v) d,d'¢B(v
= ) Opu(d)gu(d Z 921% )po(d)qo(d)gu(d)
d¢B(v) dd'¢B(v
>0 po(d)gu(d) =0 Y pu(d)gu(d) —6° D pu(d)py(d)
deC deB(v) d.d'¢B(v)
>0 pu(d)gu(d) = 0|B)|H— 6" > pu(d)pu(d).
deC d,d' ¢ B(v)

Using the inequality [] (1 —2) > 1—>__ x (for z € [0, 1]), we obtain

QU(d) = H (1 - 92pu(d)pw(d)) H (1 - qu(d))
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Since e po(c) = 14 0(1),

S p @)= 3003 3 pldpld) < (S puld))? < 6

d,d'¢B(v) deC d'eC:d'#d deC

By [22], |B(v)| < €¢/p. By [8], f» < 3w, so 0f, < 3e. By [7] and [10] (see [19]),
e, < w+AT10 50 6%, < €/3. Using these three inequalities and Y, po(c) > (1—¢/3),



we finally obtain
Plo ¢ U] > 03" pu(d)(1 — 6e,(d) — 0£,(d)) — 0] B(v) [ — 0°
d

>0 pol(d) —6° Y pu(dey(d) — 67 pu(d) fu(d) — e — 6
:9va(d) — 0%c, — 0> f, — Oc — 02

9(1 —€/3) — 0e/3 — 30 — e — O¢/3
= 0(1 — 5e).
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We now bound E[p! (¢)p (¢)1,cu]. First assume that p,(c¢) and p/,(c) are determined
by Case A (see [3]). Since r(uv) = ¢, the edge containing u and v no longer exists in
the hypergraph. By triangle-freeness, there are no vertices w which share an edge with
both w and v. Therefore the events ¢ ¢ L(u) and ¢ ¢ L(v) are independent. Also, if
¢ ¢ L(u), then ~,(c) =0 for all w € Ng(u), so in particular, v,(c) = 0. Consequently,

P[R.|c & L(u) U L(v)] = P[R¢|c ¢ L(u)] = P[y,(c) =0Uc € L(v)|c & L(u)] = 1.
Therefore, by the independence of colors,

Plv e U'lc ¢ L(u) U L(v)] = P[Nagn( U)Rd\c ¢ L(u) U L(v)]

Pl

= P[NagB(uicy RalP[Re|c ¢ L(u) U L(v)]
= P[NugB()u{e Rd)

[NagBw)ute) RalP[R:]/P[R.]
[

[

[

—p

= P[Nagp()Ral/P[R]
< PlveU']/(1-6p)
< Plv e U'](1+ 26p).

Note that this also implies Plv € U'|c ¢ L(u)] < Plv € U'|(1 + 20p). If ¢ € L(v) U L(u),



then p! (¢)p)(c) = 0, so by the claim,

E[p, (0)p,(c)lverr] = Elp,(c)p,(0)lv € U'|Plv € U]

< 2lIPD o Ly U D)o € UP € U]

Plv € U'|c ¢ L(u) U L(v)]P[c ¢ L(u) U L(v)]

= P29 Pr by e U|e ¢ L(u) U L()]Plc ¢ L(w)|Plc ¢ L(v)]

veU'|lcé L(u) U L(v)]
v e U'(1+260p)
w(€)py(e) (1 — (1 — 6e)).
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Suppose !, (c) is determined by Case A, and p!(c) is determined by Case B. Recall
that the previous case showed that Plv € U'|c ¢ L(u)] < Plv € U'|(1+26p). If ¢ € L(u),

then p! (c)pl (c) =0, so
E[p,,(c)p,(0)lver] = pu(c) Elp,(c)|v € U'IP[v € U]
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< pu(c )qu(
pale) 22l

= Du (C)
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Suppose p.,(c) is determined by Case B, and p/, (¢) is determined by Case A. If ¢ € L(v),
then pl,(c)pl (c) =0, so by the claim,

E[p,,(c)p,(0)Lverr] = pu(c) Elp,(c)|v € U'IP[v € U]

po(c

< pu(e)2 (c
w(c
()qvc)

(
pu(c)pu(c)Plv € U'le ¢ L(v)]
Pu(c)pu(c)(1 = 6(1 — Ge)).

~—

Plc ¢ L(v)|v € U'IP[v € U]

’U»Q

Plo € U'le ¢ L(v)]P[c ¢ L(v)]

If both p! (¢) and p! (c) are determined by Case B, then p! (¢) and p/ (c) are independent



of each other and of v € U’. Hence
E[p,(c)p,(c)lverr] = Elp, (c)] Elp, (c)] E[Lyer]
= pu(c)pu(c)Plv € U]
< pu(e)pu(c)(1 — 6(1 — Ge)).
1.2 5,

By (2) below,

= 3 S BRLP) L 1] + BIPL P, ()1, o-1)

= ZUX%ELP (©)lw(e) = 1JP[yw(c) =1]
+i§:ﬂEPu )P (@) (c) = 1Py (c) = 1]
< cZ1%(%(0)1%(c)F’m(C) = 1] + pu(c)pu(c)Pru(c) = 1])
= Z %(pu(C)pv(C)Gpw(C) + Pu(€)pw(€)8py(c))
ot
Let
Sae = %(pL(C)pL(C)lww(c)ﬂ + PPl (0) Ly, 0=1),
and

= Z min{S, ., 2Ap°}.

Then S, is the sum of q independent random variables, each bounded by 2Ap3. By [23],

71/0

P[Sy > E[Sy] + A7) < e THaTE < ATV AN,

Observe that if Sy # gQ, then Sy, > 2Ap? for some color c. This would imply that
Yw(c) =1 for at least Ap neighbors w of u. Therefore,

P[SQ 7£ S2,c] < q(ii) (pe)Ap <gq <2p€) (p@)Aﬁ — q<2€(9)A13/24,



Since E[Sy] > E[S,], this implies

P[Sy > E[Sy] + A1) < P[S, > E[Sy] + A1

S [SQ 7é SAQ] + P[gQ > E[gg] —+ A_l/lo]
S q(269)A13/24 + 6_A1/20/4

6_A1/21
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Therefore, with probability at least 1 — e~AV _ e‘Ams,

fL< fu(1 =01 — 7€) + A2 - 20e, + AT/10
< fu(1 = 0(1 = 7€) + 20e, + A7V,

which is [15].

1.2.1 Proof of (2)
We prove that
Elp,,(c)p,(c)|rw(c) = 1] < pu(c)ps(c). (2)

We assume first that both p/ (¢) and p!(c) are determined by Case A. If ¢ € L(u) or
c € L(v), then p (c)p)(c) =0, so

u(€) po(€)

S

E[p, (0)p,(c)|7w(c) = 1] < Ple ¢ L(u) U L(v)|yw(c) = 1].

Since
Pleg¢ Lw)] = J] (1 =Pha(e) =1Ly =1) J[ (0 =Phale) =1 =aquc),
urycH K(uz)=c
we see that

Ple ¢ L(u)le ¢ L(v), yw(c) = 1]
=(1-Ph(=1) J] =Pl =17 =1) (1 = Pyz(c) =1])

uxy€H—uvw k(uz)=c
PR =1
1=Phw(e) = 1,7(c) =
el O Y

1 — 02p,(c)pwlc) ™

Similiarly,

7 qu(c)
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1-— QZpu(C>pw(C
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Ple ¢ L(v)lyw(c) = 1] )qv(C)-



Therefore, using 0p,(c) < 1,

Ple ¢ L(u) U L(v)[yw(c) = 1] = Ple € L(u)|c ¢ L(v), yw(c) = 1|P|
_ (91— 0p(0)) au()(1 = Ipu(c)
1 —0%p,(c)pw(c) 1 —0%p,(c)pw(c

< qu(0)qu(c),

¢ L(v)rw(c) =1]

)
)

and (2) follows.

If pl (¢) or pl(c) is determined by Case B, then these values are independent, and (2)

follows in a similar way.

2  Correction to the proof of property [8]

There was a trivial error in the calculation justifying [8]. We correct here for complete-
ness. Replace the last sentence with: So, using f, < 3(1 —6/4)'w

i< 3(1—0(1— 7€)1 — 0/4)w + 20w(1 — 0/3) + OAY2

= 3(1—0/4) w+w(l —0/4) (—0 (9/4 — 21€) + 20 (1 : Zﬁ)t) +OA/22

3(1 — 0/4)" w4+ w(l — 0/4)(—0(9/4 — 21€) + 20) + A~
3(1—6/4)"w — wh(1/4 — 21€)(log A)~ o) y gA~1/22
3(1 —6/4)*w.
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