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Abstract

We study new statistics on permutations that are variations on the descent and
the inversion statistics. In particular, we consider the alternating descent set of a
permutation o = o109 - - - 0, defined as the set of indices 7 such that either ¢ is odd
and o; > 0,41, or ¢ is even and 0; < 0;4+1. We show that this statistic is equidis-
tributed with the odd 3-factor set statistic on permutations & = 109 - - - 041 With
01 = 1, defined to be the set of indices ¢ such that the triple ;0,410,412 forms an
odd permutation of size 3. We then introduce Mahonian inversion statistics corre-
sponding to the two new variations of descents and show that the joint distributions
of the resulting descent-inversion pairs are the same, establishing a connection to
two classical Mahonian statistics, MAJ and STAT, along the way. We examine the
generating functions involving alternating Fulerian polynomials, defined by analogy
with the classical Eulerian polynomials > oeS, tdes(@)+1 yging alternating descents.
For the alternating descent set statistic, we define the generating polynomial in two
non-commutative variables by analogy with the ab-index of the Boolean algebra
B, providing a link to permutations without consecutive descents. By looking at
the number of alternating inversions, which we define in the paper, in alternating
(down-up) permutations, we obtain a new g-analog of the Euler number E, and
show how it emerges in a g-analog of an identity expressing F,, as a weighted sum
of Dyck paths.

1 Introduction

Specifying the descent set of a permutation can be thought of as giving information on
how the elements are ordered locally, namely, which pairs of consecutive elements are
ordered properly and which are not, the latter constituting the descents. The original
idea that became the starting point of this research was to generalize descent sets to
indicators of relative orders of k-tuples of consecutive elements, the next simplest case
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being k = 3. In this case there are 6 possible relative orders, and thus the analog of the
descent set enumerator ¥, (a,b), also known as the ab-index of the Boolean algebra B,,
would involve 6 non-commuting variables. In order to defer overcomplication, to keep
the number of variables at 2, and to stay close to classical permutation statistics, we
can divide triples of consecutive elements into merely “proper” or “improper”, defined as
having the relative order of an even or an odd permutation of size 3, respectively. We call
the improper triples odd 3-factors, and denote the set of positions at which odd 3-factors
occur in a permutation o by Ds(c). Thus we obtain a concept generalizing classical
permutation descents, which could by analogy be called odd 2-factors. It would certainly
be very interesting to develop a general theory around the odd k-factor statistic, but in
this paper we only focus on the k = 3 case.

Computing the number of permutations with a given odd 3-factor set S yields a few
immediate observations. For example, the number of permutations ¢ € &,, with D3(0)
equal to a fixed subset S C [n — 2] is divisible by n. This fact becomes clear upon the
realization that Ds(o) is preserved when the elements of o are cyclically shifted, so that
1 becomes 2, 2 becomes 3, and so on. As a result, it makes sense to focus on the set S,
of permutations of [n] with the first element equal to 1. A second, less trivial observation
arising from early calculations is that the number of permutations in &,, whose odd 3-
factor set is empty is the Euler number E,,_;.

This second observation follows from the equidistribution of the statistic D3 on the
set én—l—l with another variation on the descent set statistic, this time on &,,, which we
call the alternating descent set (Theorem 2.3). It is defined as the set of positions i at
which the permutation has an alternating descent, which is a regular descent if 7 is odd
or an ascent if 7 is even. Thus the alternating descent set ﬁ(a) of a permutation o is the
set of places where o deviates from the alternating pattern.

Many of the results in this paper that were originally motivated by the odd 3-factor
statistic d3(o) = |Ds(o)| are actually given in terms of the alternating descent statistic
d(o) = |D(c)|. We show that the alternating Eulerian polynomials, defined as A, (t) :=
> s, t4@)+1 by analogy with the classical Eulerian polynomials, have the generating
function

nl h(u(t—1)) —t

S AL u"  t(L—h(u(t-1)))

where h(x) = tanz + secx, so that the difference with the classical formula (2) below
(specialized at ¢ = 1) is only in that the exponential function is replaced by tangent plus
secant (Theorem 4.2).

A similar parallel becomes apparent in our consideration of the analog of the well

known identity
An(t> nygm
(1— )it - Z m't (1)
m>1

for A, (t). Given a formal power series f(z) = 1+ > n>1 o™ /0!, we define the symmetric
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function

n
gim = Z (7) “lyy Gy oo My,

vEn
where v runs over all compositions of n, and

E x“fl “/2._,

1 <ig<-+

Then (1) can be written as

m>1

and we have

1—tn+1 than+secn )'tma

m>1

where 1" denotes setting the variables z1, xs, ..., x,, to 1 and the remaining variables
to 0 (Proposition 5.2).

In Section 7 we discuss the generating function ¥(a, b) for the number of permutations
in &, with a given alternating descent set S C [n— 1], denoted 3, (S), which is analogous
to the generating polynomial ¥, (a, b) for the regular descent set statistic mentioned ear-
lier. The polynomial ¥, (a, b) can be expressed as the cd-index ®,(c,d) of the Boolean
algebra B,,, where c =a+b and d = ab+ba. We show that \i/n can also be written in
terms of ¢ and d as ®,(c,d) = ®,(c, ¢ —d) (Proposition 7.2), and that the sum of ab-
solute values of the coefficients of this (c, d)-polynomial, which is the evaluation ®,(1,2),
is the n-th term of a notable combinatorial sequence counting permutations in &,, with
no consecutive descents and no descent at the end (Theorem 7.6). This sequence has
properties relevant to this work; in particular, the logarithm of the corresponding expo-
nential generating function is an odd function, which is a crucial property of both e* and
tan x 4 sec z that emerges repeatedly in the derivations of the results mentioned above.
We discuss the similarities with Euler numbers and alternating permutations in Section 8.

It is natural to wonder if the variations of descents introduced thus far can be ac-
companied by corresponding variations of inversions. For alternating descents it seems
reasonable to consider alternating inversions defined in a similar manner as pairs of in-
dices ¢ < j such that either ¢ is odd and the elements in positions ¢ and j form a regular
inversion, or else 7 is even and these two elements do not form a regular inversion. As
for odd 3-factors, we define the accompanying 3-inversion statistic, where a 3-inversion
is defined as the number of pairs of indices (i, j) such that i + 1 < j and the elements in
positions ¢, 7 + 1, and 7, taken in this order, constitute an odd permutation of size 3. Let
i(0) and i3(o) be the number of alternating inversions and 3-inversions of a permutation
o, respectively. We find that the joint distribution of the pair (cz, 7) of statistics on the
set G, is identical to the distribution of the pair (ds,i3) of statistics on the set &,
(Theorem 3.7).
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It is important to note that odd 3-factors and 3-inversions can each be defined as
occurrences of a set of generalized permutation patterns: an odd 3-factor is an occurrence
of one of the generalized patterns {132,213,321}, and a 3-inversion is an occurrence of one
of the generalized patterns {13-2, 21-3, 32-1}. Connections with results in permutation
pattern theory are briefly discussed at the end of Sections 2 and 3.

Stanley [10] derived a generating function for the joint distribution of the classical
descent and inversion statistics on &,,:

d(o) inv(o) | U _ 1t
L+ Z Z e [n]y! Exp,(u(t—1)) —¢t’ @)

n>1 ceS,

where Exp,(z) = >, q(g)zn/[n]q!, and d(o) and inv(o) denote the number of descents
and inversions of o, respectively. (Another good reference on the subject is a recent pa-
per [9] of Shareshian and Wachs.) It would be nice to produce an analog of the generating
function (2) for these descent-inversion pairs, but this task appears to be challenging, and
it is not even clear what form such a generating function should have, as the g-factorials
in the denominators of (2) are strongly connected to g-binomial coefficients, which have
a combinatorial interpretation of the number of inversions in a permutation obtained by
concatenating two increasing runs of fixed size. Nevertheless the bivariate polynomial
An(t, q) = pce, t49) " 9) seems to be of interest, and in Section 9 we direct our atten-
tion to the g-polynomials that result if we set ¢ = 0. This special case concerns up-down
permutations and, more precisely, their distribution according to the number of alternat-
ing inversions. For down-up permutations this distribution is essentially the same, the
only difference being the order of the coefficients in the g-polynomial, and for our pur-
poses it turns out to be more convenient to work with down-up permutations, so we use
the distribution of 7 on them to define a g-analog E,(¢) of Euler numbers. The formal

definition we give is
; —|n? (o
Eu(q) :=q ™M > ¢,
ocAlty,

where Alt,, is the set of down-up permutations of [n]. The polynomial E,(q) is monic
with constant term equal to the Catalan number ¢, /o) (Proposition 9.2), which hints at
the possibility to express En(q) as the sum of c¢|,/o) “nice” polynomials with constant
term 1. We discover such an expression in the form of a ¢g-analog of a beautiful identity
that represents F, as the sum of weighted Dyck paths of length 2|n/2]. In this identity
we imagine Dyck paths as starting at (0,0) and ending at (2|n/2],0). We set the weight
of an up-step to be the level at which that step is situated (the steps that touch the
“ground” are at level 1, the steps above them are at level 2, and so on) and the weight
of a down-step to be either the level of the step (for even n) or one plus the level of the
step (for odd n). We set the weight of the path to be the product of the weights of all
its steps. The sum of the weights taken over all ¢, /2] paths then equals E,, and if we
replace the weight of a step with the g-analog of the respective integer, we obtain En(q)
(Theorem 9.5).
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The original ¢ = 1 version of the above identity provides a curious connection be-
tween Catalan and Euler numbers. A notable difference between these numbers is in
the generating functions: one traditionally considers the ordinary generating function for
the former and the exponential one for the latter. An interesting and hopefully solvable
problem is the following:

Problem 1.1. Find a generating function interpolating between the classical generating
functions for Catalan and Euler numbers using the above q-analog E,(q) of Euler numbers.
More specifically, is there a nice expression for the power series

H(g,x) =Y Eu(q)-

n>0 [n q

’Z.’I’L
Jo"

so that H(1,z) = tanx + secx and

H(0,2) =) clupa” = S (12_:62 -4

n>0

2 Variations on the descent statistic

Let &,, be the set of permutations of [n] = {1,...,n}, and let S,, be the set of permu-
tations o109 - - - 0, of [n] such that o0y = 1. For a permutation o = oy - - -0, define the
descent set D(o) of o by D(0) ={i | 0; > 0;} C [n— 1], and set d(o) = |D(0)|.

We say that a permutation ¢ has an odd 3-factor at position ¢ if the permutation
0011012, viewed as an element of &3, is odd, namely, is either 132, 213, or 321. Let
Ds(0) be the set of positions at which a permutation ¢ has an odd 3-factor, and set
ds(0) = |D3(0)|. An important property of the odd 3-factor statistic is the following.

Lemma 2.1. Let w’ be the cyclic permutation (2 3 ... n 1), and let 0 € &,,. Then
Ds(0) = D3(ows).

Proof. Multiplying o on the right by w? replaces each o; < n by o; + 1, and the element
of o equal to n by 1. Thus the elements of the triples 0;0;110,12 that do not include n
maintain their relative order under this operation, and in the triples that include n, the
relative order of exactly two pairs of elements is altered. Thus the odd 3-factor set of o
is preserved. O

Corollary 2.2. Foralli,j, k,l € [n] and B C [n—2], the number of permutations o € &,
with D3(0) = B and o; = j is the same as the number of permutations with D3(o0) = B
and o, = {.

Proof. The set &,, splits into orbits of the form {o, ows, o(ws)?, ..., o(ws)" '}, and each
such subset contains exactly one permutation with a j in the i-th position for all 7,7 €
[n]. O
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Next, we define another variation on the descent statistic. We say that a permutation
o = o01---0, has an alternating descent at position ¢ if either o; > 0,11 and ¢ is odd,
or else if 0; < 0,11 and 7 is even. Let 15(0) be the set of positions at which o has an
alternating descent, and set d(o) = |D(o)].

Our first result relates the last two statistics by asserting that the odd 3-factor sets
of permutations in &,,,, are equidistributed with the alternating descent sets of permu-
tations in G,,.

Theorem 2.3. Let B C [n— 1]. The number of permutations o € én-l—l with D3(0) = B
is equal to the number of permutations w € &,, with D(w) = B.

Proof (by Pavlo Pylyavskyy, private communication). We construct a bijection between
S,.+1 and &, mapping permutations with odd 3-factor set B to permutations with alter-
nating descent set B.

Start with a permutation in o € &,,. We construct the corresponding permutation w
in G,, by the following procedure. Consider n + 1 points on a circle, and label them with
numbers from 1 to n + 1 in the clockwise direction. For convenience, we refer to these
points by their labels. For 1 < ¢ < n, draw a line segment connecting o; and o;,1. The
segment 0;0;,1 divides the circle into two arcs. Define the sequence C, ..., C,, where
C; is one of the two arcs between o; and 0,1, according to the following rule. Choose C}
to be the arc between o; and oy corresponding to going from oy to o in the clockwise
direction. For ¢ > 1, given the choice of C;_1, let C; be the arc between ¢; and o, that
either contains or is contained in C;_1. The choice of such an arc is always possible and
unique. Let ¢(i) denote how many of the i points o1, ..., 0;, including o;, are contained
in C;.

Now, construct the sequence of permutations w® = wy) .. .wi(i) € 6,1 <1 < n,
as follows. Let w® = £(1). Given w1 set w!” = £(i), and let w\” .. W, be the
permutation obtained from w1 by adding 1 to all elements which are greater than or

equal to ¢;. Finally, set w = w(™.

Next, we argue that the map ¢ — w is a bijection. Indeed, from the subword w; ... w;
of w one can recover /(i) since w; is the £(i)-th smallest element of the set {wy,...,w;}.
Then one can reconstruct one by one the arcs C; and the segments connecting o; and
oiy1 as follows. If ¢(i) > £(i — 1) then C; contains C;_y, and if ¢(i) < £(i — 1) then C;
is contained in C;_;. Using this observation and the number ¢(7) of the points oy, ..., 0;
contained in Cj, one can determine the position of the point o;., relative to the points
O1y...,0;.

It remains to check that Ds(0) = D(w). Observe that o has a odd 3-factor in position
1 if and only if the triple of points 0;, 0,11, 012 on the circle is oriented counterclockwise.
Also, observe that w; > w;_; if and only if C;_; C C}. Finally, note that C;_; C C; D Ciyq
or C;_1 D C; C Cjyq if and only if triples o;_1, 0y, 0,41 and oy, 0,41, 0512 have the same
orientation. We now show by induction on i that i € Dy(o) if and only if i € D(w). From
the choice of C and Cj, it follows that C; C (s if and only if 03 > 05, and hence w has an
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(alternating) descent at position 1 if and only if 010903 = 1oy03 is an odd permutation.
Suppose the claim holds for ¢ — 1. By the above observations, we have w; 1 < w; > w;11
or w;_1 > w; < wiyq if and only if the permutations o;_10;0;,11 and 0;0;,10;12 have the
same sign. In other words, ¢ — 1 and ¢ are either both contained or both not contained
in D(w) if and only if they are either both contained or both not contained in Ds(o). It
follows that ¢ € Ds(0) if and only if i € D(w). O

An important special case of Theorem 2.3 is B = @. A permutation o € &,, has
15(0) = o if and only if it is an alternating (up-down) permutation, i.e. o7 < g9 > 03 <
-+ +. The number of such permutations of size n is the Fuler number E,. Thus we get the
following corollary:

Corollary 2.4. (a) The number of permutations in én—i—l with no odd 3-factors is E,,.

(b) The number of permutations in &,.11 with no odd 3-factors is (n+ 1)E,.

Proof. Part (b) follows from Corollary 2.2: for each j € [n+1], there are E,, permutations
in &,,41 beginning with j. O

Permutations with no odd 3-factors can be equivalently described as simultaneously
avoiding generalized patterns 132, 213, and 321 (meaning, in this case, triples of consecu-
tive elements with one of these relative orders). Corollary 2.4(b) appears in the paper [5]
of Kitaev and Mansour on simultaneous avoidance of generalized patterns. Thus the
above construction yields a bijective proof of their result.

3 Variations on the inversion statistic

In this section we introduce analogs of the inversion statistic on permutations correspond-
ing to the odd 3-factor and the alternating descent statistics introduced in Section 2. First,
let us recall the standard inversion statistic. For ¢ € G,,, let a; be the number of indices

J > i such that o; > 0, and set code(o) = (a1, ...,a,—1) and inv(o) = a3 + - -+ ap_1.
For a permutation 0 € &,, and i € [n — 2], let ¢(0) be the number of indices j > i+ 1
such that 0;0,,10; is an odd permutation, and set codes(o) = (¢i(0),c3(0), ..., _o(0)).

Let Cy be the set of k-tuples (aq, ..., ax) of non-negative integers such that a; < k+1—1.
Clearly, codes(o) € C,,_s.

Lemma 3.1. Let w’ be the cyclic permutation (2 3 ... n 1), and let 0 € &,,. Then
codeg(o) = codes(ow?).

Proof. The proof is analogous to that of Lemma 2.1. O

Proposition 3.2. The restriction codes : én — C,_o 1S a bijection.
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Proof. Since 1G,| = |C_s| = (n — 1)), it suffices to show that the restriction of codes to
S, is surjective. We proceed by induction on n. The claim is trivial for n = 3. Suppose it
is true for n — 1, and let (ay,...,a,_2) € C,_5. Let T be the unique permutation in &,,_;
such that codes(7) = (ag,...,a,_2). For 1 < ¢ < n, let £ %7 be the permutation in &,
beginning with ¢ such that the relative order of last n — 1 elements of ¢ * 7 is the same as
that of the elements of 7. Setting ¢ = n — a; we obtain codes(¢* 1) = (aq, ..., a,_2) since
¢ 1 m is an odd permutation if and only if £ < m, and there are exactly a; elements of £*T
that are greater than /. Finally, by Lemma 3.1, the permutation o = (¢x7)(wS)!™ € G,
satisfies codes(o) = (a1, ..., an_2). O

Let is(0) = c3(0) + c3(0) + -+ & _,(0). An immediate consequence of Proposition
3.2 is that i3(1 % o) is a Mahonian statistic on permutations o € S,;:

Corollary 3.3. We have

Zqig(l*o):(1+q)(1+q+q2)...(1+q+q2+..._|_qn—1)'
ceS,

For a permutation o € &,, and i € [n — 1], define ¢;(0) to be the number of indices
J >t such that o; > o if ¢ is odd, or the number of indices j > ¢ such that o; < o; if 7 is

even. Set code(0) = (61(0), ..., én1(0)) € Cp_y and i(0) = é1(0) + -+ - + én_1(0).

Proposition 3.4. The map code : S, — C,_1 is a bijection.

Proof. The proposition follows easily from the fact that if code(o) = (ai, ..., a,-1) is the
standard inversion code of o, then code(c) = (a1, n —2 —as, az,n —4 —ay,...). Since the
standard inversion code is a bijection between &,, and C),_1, so is code. I

Corollary 3.5. We have

Y@ =0+ +q+¢) - (I+ag+a +--+q").

UEG'!L

Another way to deduce Corollary 3.5 is via the bijection ¢ « ¢V, where
0V = 010305 - - 040409.
Proposition 3.6. We have i(c) = inv(c").

Proof. 1t is easy to verify that a pair (o;,0;), ¢ < j, contributes to i(o) if and only if it
contributes to inv(c"). O

Next, we prove a fundamental relation between the variants of the descent and the
inversion statistics introduced thus far.
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Theorem 3.7. We have

Z tds(o)qis(U) _ Z tfi(w)qi(w)‘

O’Eén+1 weGy

Proof. The theorem is a direct consequence of the following proposition.

Proposition 3.8. If codez(0) = code(w) for some o € &,4q and w € S,, then Ds(0) =
D(w).

Proof. The alternating descent set of w can be obtained from code(w) as follows:

Lemma 3.9. Forw € G, write (a1, ..., an_1) = code(w), and set a, = 0. Then D(w) =
{’L S [n—l] | a; + a1 Zn—z}

Proof. Suppose ¢ is odd; then if w; > w;yq, ie. @ € ﬁ(w), then for each 5 > ¢ we have
w; > wj or w41 < wj; or both, so a; + a;41 is not smaller than n — ¢, which is the number
of elements of w to the right of w;; if on the other hand w; < w;;1, i.e. i ¢ ﬁ(w), then
for each j > 4, at most one of the inequalities w; > w; and w; 41 < w; holds, and neither
inequality holds for j =441, so a; + a;+1 < n — ¢ — 1, which is the number of elements

of w to the right of w;.1. The case of even i is analogous. O
We now show that the odd 3-factor set of o can be obtained from (aq,...,a,_1) in the

same way.

Lemma 3.10. For o € én+1, write (aq,...,a,—1) = codeg(o), and set a, = 0. Then

Diy(o)={ien—-1]|a;+a1 >n—i}.

Proof. Let B = D3(0), and let o' = o(w’. ;)" € G,41. Then o] = 1, and by Lemmas
2.1 and 3.1, we have D3(0’) = D3(0) = B and codes(c’) = codes (o).

Suppose that 1 = 0] < 0., < 0j,,. Then i ¢ B, and for each j > i+ 2, at most one of
: ! ! /I __ / / / / ! / ! :
the permutations o;0;,,0; = lo;,0; and 0,10}, 507 is odd, because 1o}, 07 is odd if and
: / / / / A : 3 / / /
only if 0,y > 0%, and 0} ,0;,,07 is odd if and only if 0, < 0} < 0;,,. Hence a; + a;+1

is at most n — 1 — 4, which is the number of indices j € [n + 1] such that j > i + 2.

Now suppose that 1 = 0] < 0j,; > 0;,,. Then ¢ € B, and for each j > i + 2, at least
one of the permutations oj0}, 0} = loj 0} and o0}, ,0;,,0% is odd, because o}, ; > 0]
makes 107,07 odd, and o7,; < 0; makes 0},,0;,,0; odd. Thus each index j > i + 1
contributes to at least one of a; and a;.1, so a; + a;.1 > n — 4, which is the number of
indices j € [n + 1] such that j > i+ 1. O

Proposition 3.8 follows from Lemmas 3.9 and 3.10. O
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Combining the results of the above discussion, we conclude that both polynomials of
Theorem 3.7 are equal to

D Qa1,...,0n— ai1+-+an—
E $P( 1)] q L

(alv--,anfl)ecnfl

where D(ay,...,an1) ={i € [n — 1] | a; + a1 >n —i}. O

Note that the bijective correspondence

code

d —1
ceS, X, e, 00

S én—i—l
satisfying D(0) = Ds(w) yields another bijective proof of Theorem 2.3.

Besides the inversion statistic, the most famous Mahonian statistic on permutations
is the major index. For o € G,,, define the major index of o by

maj(o) = Z i
i€D(o)

Our next result reveals a close relation between the major index and the 3-inversion
statistic 5.

Proposition 3.11. For o € &,,, write 0™ = o], - - - 00}, where o, =n+1—0;. Then

i3(1 % o) = maj(o™).

Proof. Let 0 = 1xw € &,41. Let D(0) = {by < --- < bg}. Write ¢ = 773 ... 7d+1),
where 78 = Oby_+10b,_+2 - - 0p, and by = 0 and bg41 = n. In other words, we split o
into ascending runs between consecutive descents. Fix an element o; of o, and suppose
oj € 7). We claim that there are exactly k — 1 indices i < j — 1 such that 0;0i+107; 1S
an odd permutation. For each ascending run 7(), ¢ < k, there is at most one element
o; € 7 such that o; < 0j < 0441, in which case 0;0,410; is odd. There is no such element
in 79 if and only if the first element o3, 4y of 7 is greater than o}, or the last element
oy, of 7 is smaller than ¢;. In the former case we have oy, | > 0y, > 0, S0 0p,_103,0;
is odd, and in the latter case, o; > 04, > 04,41, S0 04,0,410; is odd. Thus we obtain a
one-to-one correspondence between the k — 1 ascending runs 7™, ..., 7¢*~1 and elements
o; such that ;0,410 is an odd permutation.

We conclude that for each 7*), there are (k—1)- (by — by_1) odd triples 00110 with

oj € 7®) and hence
d+1

is(0) = S (k= 1) (b — i)
k=1

= (ba41 — ba) + (bag1 — ba + bg — bg—1) + (bag1 — bg + bg — bg—1 + ba_1 — bg—2) + - - -

=Y (n—bn).
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We have D(w) = {by — 1,bp — 1,...,by — 1}, from where it is not hard to see that
D(w™) ={n—bg,n —bg_1,...,n — by }. The proposition follows. O

Observe that for a permutation 7 with 7#"¢ = 7/ -- -7, the triple m;m; 1742 is odd if
and only if the triple 7, 9m;17; is even, which in turn is the case if and only if the triple
;oM 7 of consecutive elements of 77¢ is odd. Thus d3(7) = d3(7"), and we obtain the
following corollary.

Corollary 3.12. We have

Z tdg(cr)qig(o) _ Z tdg(wo(n—l—l))qmaj(w),

oc én+1 weG,

where w o (n+ 1) is the permutation obtained by appending (n + 1) to the right of w.

Proof. To deduce the identity from Proposition 3.11, write 0 = 1 % 7 and set w = 7", so
that wo (n+1) = o™, 0O

In the language of permutation patterns, the statistic i3(o) can be defined as the total
number of occurrences of generalized patterns 13-2, 21-3, and 32-1 in ¢. (An occurrence
of a generalized pattern 13-2 in a permutation o0 = 109 - - - is a pair of indices (i, j) such
that ¢« +1 < j and 0y, 0,41, and o; have the same relative order as 1, 3, and 2, that is,
0; < 0j < 0,41, and the other two patterns are defined analogously.) In [1] Babson and
Steingrimsson mention the Mahonian statistic STAT(¢), which is defined as i3(o) (treated
in terms of the aforementioned patterns) plus d(o). In the permutation oo (n+ 1), where
o € G, the descents of ¢ and the last element n + 1 constitute all occurrences of the
pattern 21-3 involving n + 1, and hence i5(o o (n + 1)) = STAT(0).

4 Variations on Eulerian polynomials

Having introduced two new descent statistics, it is natural to look at the analog of the
Eulerian polynomials representing their common distribution on &,,. First, recall the
definition of the classical n-th Eulerian polynomial:

An(t) = >t =N " An, k) -t
oe6y k=1

where A(n, k) is the number of permutations in &,, with & — 1 descents. There is a
well-known formula for the exponential generating function for Eulerian polynomials:

u® t(l - eu(t—l))

E(tu) =Y Aut)-— = S (3)

nl
n>1
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In this section we consider analogs of Eulerian numbers and polynomials for our vari-
ations of the descent statistic. Define the alternating Eulerian polynomials A, (t) by

An(t) = 3" 41O =N A(n, k) - ¢,
k=1

UEG'!L

where A(n, k) is the number of permutations in &, with k — 1 alternating descents. Our
next goal is to find an expression for the exponential generating function

F(tu) =Y Ay(t)- Z—T

n>1

We begin by deducing a formula for the number of permutations in &,, with a given
alternating descent set. For S C [n—1], let (3,(S) be the number of permutations o € &,,
with D(0) = S, and let 6,(S) = Y rcs B,(T) be the number of permutations ¢ € &,
with D(0) € S. For § = {s; < --- < s} C [n — 1], let co(S) be the composition
(81,89 — 81,83 — So,..., 8k — Sp_1,n — Sx) of n, and for a composition v = (y1,...,7¢) of
n, let S, be the subset {v1,71 +72,...,71 + -+ Y1} of [n — 1]. Also, define

(n) . ( n ) B n!
v) \ea) ol
n n

= B, ---E.,.
(V)E (717"'775) o b

and

Lemma 4.1. We have

and

TCS

Proof. Let S ={s;1 <--- < s} C[n—1]. Set sp =0 and sg41 = n for convenience. The
alternating descent set of a permutation o0 € &,, is contained in S if and only if for all
1 <i<k+1, the subword 7; = 05, 1105, ,+2- - 05, forms either an up-down (if s;_; is
even) or a down-up (if s;,_; is odd) permutation. Thus to construct a permutation o with
D(J) C S, one must choose one of the (sl—50,52—53...,%“—%) = (CO?S)) ways to distribute
the elements of [n] among the subwords 7y, ..., 741, and then for each i € [k + 1],
choose one of the E,,_;, |, ways of ordering the elements within the subword 7,. The first
equation of the lemma follows. The second equation is obtained from the first via the

inclusion-exclusion principle. O
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Now consider the sum

E (i) Eee R T

SCln— SCn—1] 0€6n TDD(0)

(a permutation o contributes to d,(T) whenever T D D(c)). The right hand side of (4)
is equal to

n—1—d(o)

Z Z xd(o)HT_[)(a)\ _ Z xd(o) Z <n —1 — d(a)) 2
7€6n TDD(0) = i=0 L
_ Z :L,J(U)(l _‘_x)n—l—cZ(a)’ (5)

UEG'!L

n—1—d(

as there are ( C’)) subsets of [n— 1] containing D(c). Continuing with the right hand

side of (5), we gezt

BT Gs) e

UGGTL

Combining equations (4)—(6), we obtain

] o A e € R

n>1 \ SCln—1] n>1

Since S +— co(.S) is a bijection between [n — 1] and the set of compositions of n, the left
hand side of (7) is

Ew"'Ew -1 n 1 ¢ Eii é

!

where the inside summation in the left hand side is over all compositions v = (71, ..., %)
of n. Applying the well-known formula > >0 E;y7/j! = tany + secy, the right hand side
of (8) becomes

1 , , 1 1
- t —1)f= —1). 9
x ;x(any—l—secy ) x (1—x(tany+secy—l) ) )
Now set t = 7= and u = y(1+x). Equating the right hand sides of (7) and (9), we obtain
p u” 1
=S A1) — = —1). 10
; ®) n! (1—x(tany—|—secy—1) ) (10)
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Finally, applying the inverse substitution 2 = ;= and y = u(1 —t) and simplifying yields
an expression for F'(t,u):

z(tany +secy — 1)

F(t =
(t,u) 1 —z(tany +secy — 1)

B t tany +secy — 1

T o1t 1— 15 (tany +secy — 1)
t- (tan(u(l — t)) +sec(u(l —¢)) — 1)
1—t- (tan(u(l —t)) +sec(u(l —t)))

(11)

Using the property (tan z + sec z)(tan(—z) + sec(—z)) = 1, we can rewrite the above
expression for F(t,u) as follows:

Theorem 4.2. We have
t- (1 —tan(u(t — 1)) — sec(u(t — 1)))
tan(u(t — 1)) +sec(u(t — 1)) — ¢

F(t,u) =

Thus F(t,u) can be expressed by replacing the exponential function in the formula (3)
for E(t,u) by tangent plus secant. In fact, omitting the Euler numbers and working with
standard multinomial coefficients gives a proof of (3).

A basic result on Eulerian polynomials is the identity
A”(t) nygm
Tt~ > m. (12)
m>1

Our next result is a similar identity involving alternating Eulerian polynomials. For a
partition \ of n with r; parts equal to ¢, define

Z)\ ::1T1.7’1!.2T2.7‘2!....

Theorem 4.3. Let

~ n' E>\1—1E>\2—1 e ‘o)
n\m) = - -m )
R =2 T = 0 — T
where the sum is over all partitions X = (A1, Ao, ..., An)) of n into odd parts. Then

At N
# = Z:lfn(m)t :

Proof. Let us consider the generating function

At u"
G(t,u) = Zﬁ gy

n>1
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Then, by (11), we have

1 u o\ t-(tanu+secu — 1)
G(t’u)_l——t F<t’ 1—t) (1 —t)(1—t- (tanu +secu))’ (13)
Define ) o
H(m,u) = fu(m)- -

This series can be rewritten as follows:
B fn(m) E2 T it!
H(m,u)—z T ——1+HZ Qi ) (14)
n>1 >0 j>0

Indeed, for each 7, the index j in the summation is the number of parts equal to 2¢ + 1 in
a partition of n into odd parts, and it is not hard to check that the contribution of j parts
equal to 2¢ + 1 to the appropriate terms of fn(m)/ n! is given by the expression inside the
summation on the right. We subtract 1 to cancel out the empty partition of 0 counted
by the product on the right but not by H(m,u). Continuing with the right hand side of
(14), we get

Ezmu2z+l
H(m,u)+1 = He p(
P 24 1)!

B!
= 15
oo (X (£4555)) w
The sum in the right hand side of (15) is the antiderivative of . Eyu®/(2i)! = secu
that vanishes at u = 0; this antiderivative is In(tanu + sec u). Therefore
H(m,u) 4+ 1= (tanu + secu)™

Hence we have

t -t 1
ZH(m,u)-tm: (tanu + secu) B ‘ (16)
1—(tanu+secu)-t 1—t

It is straightforward to verify that the right hand sides of (13) and (16) agree, and thus
Ap(t)  u”

>y = Gl = D Hmt = 37 fumyem e (17)

n>1 m>1 m,n>1

Equating the coefficients of 4™ /n! on both sides of (17) completes the proof of the theorem.
O

In the terminology of [12, Sec. 4.5], Theorem 4.3 states that the polynomials fln(t) are
the f,-FEulerian polynomials.
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5 Eulerian polynomials and symmetric functions

The results of the previous section can be tied to the theory of symmetric functions. Let us
recall some basics. For a composition v = (71,72, - . ., V), the monomial quasisymmetric
function M, (x1,24,...) is defined by

M, = E xlal? o alk

i1 Vi ik
1<iy < <ip,

Let 7(vy) denote the partition obtained by rearranging the parts of v in non-increasing
order. Then for a partition A, the monomial symmetric function my(xq, s, ...) is defined

as
my = Z Mpy.
y & m(y)=A

Let f(z) be a function given by the formal power series

fla) =1+ =

n!
n>1

n

Define the symmetric function gy, (1, x2,...) by

n n
gfn = Z (7) C ey Gyttt M'Y = Z <)\) TAx Ay, MY,

vEn AFn

where by v = n and A F n we mean that v and A are a composition and a partition of
n, respectively. This function can be thought of as the generating function for numbers
like 0, (S) or é,(S) (the number of permutations o € &, with D(6) € S or D(0) C S,
respectively). Our first step is to express gy, in terms of the power sum symmetric
functions p(z1,32,...) = > k.

Consider the generating function

uTL
Gy(z1,22,.. . 5u) ::ngv"'ﬁ' (18)

n>0

Gf:ZZMQ:H~M7u":Hf(xiu). (19)

Then we have

Ll bl 11
Now let us write _—
T
In(f(x)) = 3022 (20)
n>1
Then from (19) we have
un
Gy =3 In(f(m) =D bupa(tr, 22, ) — (21)
i>1 n>1 ’
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Since the power sum symmetric functions py = py,pa, - -+, With A ranging over all parti-
tions of positive integers, form a basis for the ring of symmetric functions, the transforma-
tion p, — b,p,u”/(n — 1)!, where u is regarded as a scalar, extends to a homomorphism
of this ring. Applying this homomorphism to the well-known identity

eXpZ —pp = Z ENSY

n>l

where A ranges over all partitions of positive integers, we obtain from (21) that

Gy = expz (;]ill )

_ ba, by, - -
_ 1 1922 . (Al
2 e 22

Comparing the coefficients of v" in (18) and (22), we conclude the following:

Proposition 5.1. For a function f(z) with f(0) =1 and In(f(z)) = >, <, bpa™/n! we
have -

. n' b)\lb)\Q"'
9f’"_§@ n— Dl — Dl P>

Two special cases related to earlier discussion are f(x) = e® and f(z) = tanxz + sec x.
For f(xz) = e, we have by = 1, by = b3 = --- = 0, and hence gy, = p}. In the case of
f(z) = tanx + sec x, we have

b, — { Ei—l if 4 is Odd,

0 if 7 is even,

thus the coefficient at p, in the expression of Proposition 5.1 coincides with the coefficient
in the term for A in the definition of the polynomial f,(m) of Theorem 4.3. These obser-
vations lead to the following restatements of the classical identity (12) and Theorem 4.3.

Proposition 5.2. Let g(1™) denote the evaluation of g(x1,22,...) at x1 = x9 = -+ =
Tm =1, Typi1 = Tyao =---=0. Then

i = 2 g1

m>1
and

W n;gmnHm )t
Proof. We have p;(1™) = m, and hence py(1™) = m‘®). -
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We conclude the section with a pair of problems.

Problem 5.3. Prove Proposition 5.2 without referring to the results of Section /.

Observe that for v = (v1,72,...,7%) = n, we have M,(1™) = (ZL), the number of

monomials x/' 27 ---x7* where 1 < i; < -+ <, < m, which are the monomials in the

definition of M, that evaluate to 1.

It would also be of interest to relate the observations of this section to Schur functions.
One possibility is to consider the following generalization of the complete homogeneous
symmetric function. Let ¢; be the homomorphism of the ring of symmetric functions
defined by p, +— b,p,/(n — 1)!, where the b;’s are as in equation (20). Let

hin =2 "¢s(pa).
AFn

For f(z) = (1 —z)~!, the homomorphism ¢ is identity, and h, is the standard complete
homogeneous symmetric function h,, defined to be the sum of all monomials in xq, xo,
..., of degree n. Then (22) becomes

G f= Z h f,nu"
n>1
(we do not really need u here because of homegeneity). We can define the generalized

Schur function sy, where A = (A1, A, ...) k- n, by the Jacobi- Trudi identity

SEA = det[ B, x—it ]

1<ij<n
where hyg =1 and hyy =0 for k <0 (see [13, Sec. 7.16]).
Problem 5.4. What can be said about sg for f(x) = €* and f(x) = tanz +secx?

6 The alternating Eulerian numbers

In this section we give a recurrence relation that allows to construct a triangle of alter-
nating Eulerian numbers A(n, k) introduced in Section 4. (Recall that A(n, k) denotes
the number of permutations in &,, with k£ — 1 alternating descents.) The first few rows of
this triangle are given in Table 2.1.

The following lemma provides a way to compute alternating Eulerian numbers given
the initial condition A(n,1) = E,,.

Lemma 6.1. Forn > k > 0 we have

S5 ;) s d- i

i=0 j=0

=(n+1-k)A(n,k+1)+ (k+1)A(n, k +2). (23)
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1 1
2 2 2
5 7 7 5
16 26 36 26 16
61 117 182 182 117 61
272 994 1056 1196 1056 594 272

Table 1: Triangle of alternating Eulerian numbers

Proof. First, suppose that k is even. The left hand side of the equation counts the number
of ways to split the elements of [n] into two groups of sizes i and n — i, arrange the
elements in the first and the second group so that the resulting permutations have j and
k — j alternating descents, respectively, and writing down the second permutation after
the first to form a permtutation of [n]. This permutation has either k or k + 1 alternating
descents, depending on whether an alternating descent is produced at position i. For a
permutation o € &,, with i(c) = k, there are exactly n + 1 — k ways to produce o by
means of the above procedure, one for every choice of i € ﬁ(a) U {0,n}. Similarly, for
o € 6, such that i(c) = k + 1, there are exactly k + 1 ways to produce o, one for every
choice of i € D(o). The identity follows.

As for odd k, the same argument is valid, except that the quantity fl(n —i,k—j+1)
in the left hand side should be interpreted as the number of ways to arrange the elements
of the second group to form a permutation with k — j alternating ascents, which become
alternating descents when the two permutations are concatenated. O

Recall the generating function

introduced in Section 4. An alternative way to express F(¢,u) and obtain the result of
Theorem 4.2 is by solving a partial differential equation arising from the recurrence of
Lemma 6.1.

Proposition 6.2. The function F(t,u) is the solution of the partial differential equation

OF OF
2 p— f— « — J— Py
PP—F=u oot (1=t)

7 (24)

with the initial condition F(0,u) = tanu + sec u.
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Proof. Since A(n,0) = 0 for all n, the left hand side of (23) is n! times the coefficient of
thu™ in (F(t, u))2, which we denote by [t*u"]F?. The right hand side of (23) is

o (Ank ) Amk ) kA(n,k+1)+(k+1)A(n,k+z))

(n—1)! n! n! n!
—nl. ([tkun]Fu + [t F — [t F, + [tkunm)
=n!- [thu"] (uF, + F —tF, + F),

where F; and F, denote partial derivatives of F' with respect to ¢t and u. Equating the
above with n! - [tfu™] F? proves (24). O

7 The generating function for the alternating descent
set statistic

Besides the generating polynomials for the alternating descent statistic, another natural
generating function to consider is one counting permutations by their alternating descent
set. We begin by stating some well-known facts about the analogous generating function
for the classical descent set statistic.

Fix a positive integer n. For a subset S C [n — 1], define the monomial ug in two
non-commuting variables a and b by ug = ujus - - - u,_1, where

_Ja ifigs,
Y=Y p ifies.

Consider the generating function

U,(a,b) = > Bu(S)us,

SCn—1]

where [3,(S) is the number of permutations in &, with descent set S. The polyno-
mial ¥, (a, b) is known as the ab-index of the Boolean algebra B,,. A remarkable property
of ¥,,(a,b) (and also of ab-indices of a wide class of posets, including face lattices of poly-
topes) is that it can be expressed in terms of the variables c =a+b and d =ab+ba.
The polynomial ®,(c,d) defined by ¥,,(a,b) = ®,(a+b, ab+ba) is called the cd-index
of B,,.

The polynomial ®,,(c, d) has positive integer coefficients, for which several combinato-
rial interpretations have been found. Here we give one that will help establish a connection
with the alternating descent set statistic. We proceed with a definition.

Definition 7.1. A permutation is simsun if, for all £ > 0, removing k largest elements
from it results in a permutation with no consecutive descents.
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Let SS,, be the set of simsun permutations in &,, whose last element is n. (Thus SS,,
is essentially the set of simsun permutations of [n — 1] with an n attached at the end.) It
is known that | SS,, | = E,.

For a permutation ¢ € SS,,, define the (c,d)-monomial cd(o) as follows: write out
the descent set of o as a string of pluses and minuses denoting ascents and descents,
respectively, and then replace each occurrence of “ — + 7 by d, and each remaining plus
by c. This definition is valid because a simsun permutation has no consecutive descents.
For example, consider the permutation 423516 € SSg. Its descent set in the above notation
is “— 4+ + —+ 7, and thus cd(423516) = d cd.

The simsun permutations provide a combinatorial expression for the cd-index of B,,:

Ou(c,d) = ) cd(o) (25)

o€SSy,

(see for example [11, Prop. 2.2]).

Now let us define the analog of ¥, (a,b) for the alternating descent set statistic:

\Pn(a,b) = Z BH(S)uS.

SCln—1]

Proposition 7.2. There exists a polynomial @n(c, d) such that

A A

®,(a+b, ab+ba)=V,(a,b),
namely, ®,(c,d) = &, (c, c2—d).

Proof. Note that W, (a, b) is the polynomial obtained from W(a, b) by switching the let-
ters at even positions in all the (a,b)-monomials. For example, we have W3(a,b) =
aa+2ab+2ba+bb, so Us(a,b) =ab+2aa+2bb+ba. In terms of the variables ¢
and d, this operation corresponds to replacing d = ab+ba withaa+bb =c%—d, and
c = a+ b with either a4+ b or b+ a, which in any case is still equal to c. O

The polynomial <i>n(c, d) has both positive and negative coefficients, but the polyno-
mial ®,(c, —d) = ®,(c, c®+d) has only positive coefficients. It would be nice to give
a combinatorial interpretation for these coefficients similar to that of the coefficients of
®,,(c,d), so that the coefficients of (i)n(c, —d) enumerate permutations of a certain kind
according to some statistic. In what follows we show that the sum of the coefficients of
én(c, —d) is equal to the number of permutations containing no consecutive descents
and not ending with a descent. Let R,, denote the set of such permutations of [n].

In working with the different kinds of permutations that have emerged thus far we use
the approach of min-tree representation of permutations introduced by Hetyei and Reiner
[4]. To a word w whose letters are distinct elements of [n], associate a labeled rooted
planar binary tree according to the following recursive rule. Let m be the smallest letter
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Figure 1: The tree T'(423516)

of w, and write w = w; omow,, where o denotes concatenation. Then form the tree T'(w)
by labeling the root with m and setting the left and the right subtrees of the root to be
T(wy) and T'(ws), respectively. To the empty word we associate the empty tree. Thus
T'(w) is an increasing rooted planar binary tree, i.e. the distinction between left and right
children is being made. For example, T'(423516) is the tree shown in Figure 1.

To get the word w back from the tree T'(w), simply read the labels of the nodes of
T'(w) in topological order.

Next, we formulate some of the permutation properties from the above discussion in
terms of the min-tree representation.

Lemma 7.3. A permutation o has no consecutive descents if and only if the tree T'(o) has
no node whose only child is a left child, except maybe for the rightmost node in topological
order.

Proof. Write 0 = s185---8, and T'= T (o). For convenience, we refer to the nodes of T
by their labels. We have s; > s;,1 if and only if s;,; is an ancestor of s; in T'. Since s;
and s;,1 are consecutive nodes in the topological reading of 7', it follows that s;,; is an
ancestor of s; if and only if s; has no right child. Thus we have s; > s;.1 > s;.0 if and
only if s;11 has no right child and s; is a descendant of s;.1, i.e. s;11 has a lone left child.
The proposition follows. O

Proposition 7.4. A permutation o is in R, if and only if the tree T'(o) has no node
whose only child is a left child.

Proof. We have s,,_1 > s, if and only if the rightmost node s,, has a (lone) left child. The
proposition now follows from Lemma 7.3. O

Proposition 7.5. A permutation o is in SS,, if and only if the rightmost node of T'(o)
is labeled n, no node has a lone left child, and for every node s not on the rightmost path
(the path from the root to the rightmost node) that has both a left child t and a right child
u, the inequality t > u holds.
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Figure 2: The tree F»(7'(423516))

Proof. 1f T'(0) has a node s not on the rightmost path whose left child ¢ is smaller than its
right child u, then removing the elements of ¢ that are greater than or equal to u results
in a permutation ¢’ such that in 7'(¢’), the node s has a lone left child ¢ and is not the
rightmost node, meaning that ¢’ contains a pair of consecutve descents, by Lemma 7.3.
If on the other hand T'(¢) has no such node s, the removing k largest elements of o does
not create any nodes with a lone left child except maybe for the rightmost node. O

One can see that for o = 423516, the tree T'(c) shown in Figure 1 satisfies all conditions
of Proposition 7.5, and hence 423516 € SS¢. Next, we consider the sum of coefficients of
o, (c, —d).

Theorem 7.6. The sum of coefficients of ®,(c, —d) is |R,|.

A

Proof. The sum of coefficients of ®,(c, —d) is @, (1, —1) = ®,(1,2), which equals

Z 2d(0)’

oeSS,

where d(o) is the number of d’s in cd(o), or, equivalently, the number of descents of o.
Since the descents of o correspond to nodes of T'(¢) that have no right child (except for the
rightmost node, which corresponds to the last element of o), it follows from Proposition
7.4 that the descents of a permutation o € R,, correspond to the leaves of T'(¢) minus
the rightmost node. Thus for ¢ € R,, we have that 24(°) is the number of leaves in T'(c)
minus one, which equals the number of of nodes of T'(¢) with two children. (The latter
can be proved easily by induction.)

For a min-tree 7" and a node s of T" with two children, let F(7T) be the tree obtained
by switching the left and the right subtrees of T'. (This operation is called the Foata-Strehl
action on the permutation encoded by T'; see [4].) For example, if T" is the tree 7'(423516)
shown above, then F,(T') is the tree shown in Figure 2.

Note that the action of F preserves the set of nodes with two children and does
not create any nodes with a lone left child if the original tree contained no such nodes.
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Hence the set T'(R,) is invariant under this action. Observe also that the operators Fj
commute and satisfy F?2 = 1. Thus these operators, viewed as operators on permutations
corresponding to trees, split the set R,, into orbits of size 2%°), where ¢ is any member
of the orbit. It remains to show that each orbit contains exactly one permutation in SS,,.

Given o € R, there is a unique, up to order, sequence of operators Fy, where s is
on the rightmost path, that, when applied to T'(¢), makes n the rightmost node of the
resulting tree. An example is shown in Figure 3. (One needs to find the closest ancestor

1 1 1

6 6 3
T Fy(T) Fy(F1(T))

Figure 3: The action of F} and F, on a min-tree

of n on the rightmost path and then apply the corresponding operator to bring the node n
closer to the rightmost path.) Once n is the rightmost node, apply the operator Fy to all
nodes s with two children for which the condition of Proposition 7.5 is violated. We obtain
a tree corresponding to a permutation in SS,, in the orbit of o. To see that each orbit
contains only one member of SS,,, observe that the action of Fy preserves the sequence of
elements on the path from 1 to k for each k, and given the sequence of ancestors for each
k € [n], there is a unique way of arranging the elements of [n] to form a min-tree satisfying
the conditions of Proposition 7.5: first, set the path from 1 to n to be the rightmost path,
and then set all lone children to be right children, and for all nodes with two children, set
the greater element to be the left child.

The proof is now complete. O

Table 2 lists the polynomials ®,(c,d) for n < 6.

8 Shapiro-Woan-Getu permutations

In this section we take a closer look at the class of permutations which we denoted
by R, in Section 7. Recall that R, is the set of permutations with no consecutive
(double) descents and no descent at the end. They appear in the paper [8] by Shapiro,
Woan, and Getu, hence the section title, who call them reduced permutations. The paper
studies enumeration of permutations by the number of runs or slides, and in [7, Sec. 11.1]
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®,(c,d)
1
C
2¢2-d

5¢3—2(cd+dc)
16¢c* —7(c?d+dc?) —5cdc+4d?
61c®—26(c*d+dc?®) —21(cdc?+c?dc) + 10dcd +12(cd*+d*c)

= S B YU NC Ry )

Table 2: The polynomials (fn(c, d)

Postnikov, Reiner, and Williams put these results in the context of structural properties
of permutohedra: for instance, the polynomial encoding the distribution of permutations
in R,, by the number of descents is the vy-polynomial of the classical permutohedron.

In Section 7, we found the number R, of SWG permutations of size n to be the sum
of absolute values of coefficients of a (c,d)-polynomial that, when expanded in terms of
a and b, gave the generating function for the alternating descent set statistic. Shapiro,
Woan, and Getu provide a generating function for R,,:

B o 2tan(r+/3/2)
R(z) := ;Rn A B tan(av3)2)

(we put Ry = 1). Observe that R(z)R(—z) = 1, a property that R(z) shares with e® and
tan x + sec x, which are the two fundamental generating functions in the analisys done in
previous sections. There is a further resemblance with the Euler numbers F,, if one looks
at the logarithm of R(z):

In(R(z)) = -2 +2) R o (26)
B o @2n+ 1)
n>0
Comparing with
2n+1
In(tanz + secx) = Z Es, - m, (27)

n>0

we see that taking the logarithm has a similar effect on both R(z) and tanz + secz of

taking the even part and integrating, except that for R(x) all coefficients excluding that
of x are doubled.
The fact that

/sec z dr = In(tan x + sec x) (28)

(omitting the arbitrary constant of integration) has been used in the proof of Theorem 4.3.
This textbook integral formula can be proved combinatorially using the exponential for-
mula for generating functions (see [13, Sec. 5.1]). Given an up-down permutation o, divide

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R132 25



o into blocks by the following procedure. Put the subword of ¢ starting at the beginning
of o and ending at the element equal to 1 in the first block, and remove this block from
0. In the resulting word, find the maximum element my and put the subword consisting
of initial elements of the word up to, and including, ms in the second block, and remove
the second block. In the remaining word, find the minimum element mgs, and repeat until
there is nothing left, alternating between cutting at the minimum and at the maximum
element of the current word. For example, for o = 593418672, the blocks would be 59341,
8, and 672. Note that given the blocks one can uniquely recover the order in which they
must be concatenated to form the original permutation o. Indeed, the first block is the
one containing 1, the second block contains the largest element not in the the first block,
the third block contains the smallest element not in the first two blocks, and so on. Thus
to construct an up-down permutation of size n we need to divide the elements of [n] into
blocks of odd size, then determine the order of concatenation using the above principle,
and then arrange the elements of odd numbered blocks in up-down order and those of
even numbered blocks in down-up order. There are F;_; ways to arrange the elements in
a block of size k for odd k, and 0 ways for even k since we do not allow blocks of even
size. Thus (27), which is equivalent to (28), follows from the exponential formula. This
argument “combinatorializes” the proof of Theorem 4.3. It would be nice to give a similar
argument for reduced permutations R,,.

Problem 8.1. Find a combinatorial proof of formula (26) for In(R(x)).

Another problem emerging from the results of Section 7 is the following.

Problem 8.2. Give a combinatorial interpretation of the coefficients of the polynomial
®,(c, —d) by partitioning the set R,, into classes corresponding to the F,_1 monomials.

It is worth pointing out here that even though one can split R, into F),,_; classes
corresponding to (c, d)-monomials by descent set, like it was done for simsun permutations
in Section 7, the resulting polynomial is different from o, (c, —d). There are a few hints
on what the correct way to refine permutations in R,, could be. The coefficient of ¢**
in ®,(c, —d) is the Euler number E,, and the set R, includes at least three kinds of
permutations mentioned in this paper that are counted by F,: alternating permutations
ending with an ascent, simsun permutations, and permutations o € &,, such that oo(n+1)
has no odd 3-factors. Values of ®,, for small n, including those listed in Table 2, present
evidence that the common coefficient of ¢"3d and d¢"? is A(n — 1,2) (the number of
permutations of size n — 1 with exactly one alternating descent).

9 A ¢g-analog of Euler numbers

Let A, (t,q) denote the bivariate polynomial of Theorem 3.7:

Ant q) =Y 170

0’6677,
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Then the alternating Eulerian polynomial A, () is just the specialization tA,(t,1). We
also noted earlier (Corollary 3.5) that

~

An(1,q) = [n]g),

the classical g-analog of the factorial defined by [n],! := [1],[2], - - [n]s, Where [i], =
14+q+q¢*+---+¢ 1. One can ask about other specializations of A, (t,q), such as the ones
with t or ¢ set to 0. Clearly, we have fln(t, 0) = 1 because the only permutation o € &,
for which (o) = 0 also satisfies d(0) = 0. The case of £ = 0 is more curious and is the
subject of this section.

We have d(c) = 0 if and only if o is an up-down permutation. Thus A,(0,1) = E,,
and the specialization fln(O, q) gives a g-analog of the Euler number F,, with coefficients
encoding the distribution of the number of alternating inversions among up-down permu-
tations. The following lemma is key in understanding this g-analog.

Lemma 9.1. For a permutation o € &,,, let coAde(a) = (¢1,¢2,...,Cn1). Then o is
up-down (resp., down-up) if and only if ¢; + ¢;1 <n—1—1i (resp., ¢;+ ;1 > n—1) for
all 7.

Proof. This fact is just a special case of Lemma 3.9. O

For various reasons it is more convenient to study the distribution of 72 on down-
up, rather than up-down, permutations. The ¢-analog obtained this way from down-up
permutations is essentially equivalent to fln(O, q), the difference being the reverse order
of coefficients and a power of ¢ factor. It follows from Lemma 9.1 that for a down-up
permutation o € G,,, we have

a(a)z(n—1)+(n—3)+(n—5)+---=V—J. (29)

Therefore let Alt,, be the set of down-up permutations in &,,, and define

; —|n? i(o
Eu(q) :=q ™/ > ¢

oeAlty,

The values of E,(q) for small n are given in Table 3. We have the following facts about
En(q).

Proposition 9.2. (a) The polynomial E,(q) is monic and has degree L("ZI)ZJ.

(b) A, (0,9) = ¢l B, (g7).

(c) E,(0) = Cln/2), the [n/2]-th Catalan number.
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E.(q)
1

1+gq

2+ 2¢+¢°

2+ 5¢+5¢% + 3¢ + ¢*

5+ 12¢ 4 164 + 14¢° + 9¢* + 4¢° + ¢°

5+ 21q + 42¢° + 56¢> + 56¢* + 44¢° + 28¢5 + 14¢" + 5¢® + ¢°

—_
[\

g O Gl w O3

Table 3: The polynomials E,(¢) for n <7

Proof. (a) By Proposition 3.4, the unique permutation o € 6, with the maximum possible
number of alternating inversions is the one for which code(c) = (n —1,n—2,...,1). By
Lemma 9.1, or by simply realizing that c = nolo(n—1)o2o0---, one can see that
o € Alt,. We have i(0) = n(n—1)/2, and thus the degree of E,(q) is n(n—1)/2—|n?/4] =
[(n —1)2/4].

(b) This identity is an algebraic restatement of an earlier observation.

(¢) The constant term E,(0) of E,(q) is the number of permutations o € Alt,, with
exactly [n?/4] alternating inversions. By (29), these are precisely the permutations in
Alt,, satisfying ¢; + ¢;.1 = n — i for odd i. Let 0 € Alt, be a permutation with this
property.

FOI'j Z 1, we have égj Z n— 2] — 62j+1 = 62j+2 — 1. Thus 62, 64, e 762Ln/2j is a StI‘iCtly
decreasing sequence of non-negative integers satisfying ¢o; < n — 25 (for convenience, let
¢n = 0). Reversing the sequence and reducing the k-th term by k& — 1 for all &k yields a
bijective correspondence with sequences of |n/2] non-negative integers whose k-th term
does not exceed k — 1, and it is well known that there are c|, /2 such sequences. Since
Coj—1 is uniquely determined by ¢y, it follows that there are ¢, /o) permutations o € Alt,
with [n?/4] alternating inversions. O

It is curious to note that the permutations in Alt,, with [n?/4] alternating inversions
can be characterized in terms of pattern avoidance, so that Proposition 9.2(c) follows from
a result of Mansour [6] stating that the number of 312-avoiding down-up permutations of
size n is Cln/2]-

Proposition 9.3. A permutation o € Alt, has i(c) = |n?/4] if and only if o is 312-
avoiding.

The following lemma implies the above proposition and is useful in the later discussion
as well.

Lemma 9.4. For a permutation 0 = o109---0, € Alt,, the number i(c) is equal to
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|n?/4] plus the number of occurrences of the generalized pattern 31-2 (that is, the number
of pairs of indices i < j such that 0,41 < 0; < 0;).

Proof. For i € [n — 1], define

S = {7 7>iand o; >0;} ifiis odd;
‘ {j|j>iand o; <o;} ifiis even.

Thus ¢; = |S;|. Let ¢ be odd. Then o; > 0,11, so i +1 € S; and for every j > i + 1,
either 0; < 0; or 0; > 0,41, or both. Hence {i +1,i+2,....,n —1} C S; U S;4; and
i+ G =n—1—1415;NS;1]. But S;NS;4q is the set of indices j > i + 1 such that
oi+1 < 0j < 0y, i.e. the number of occurrences of the pattern 31-2 beginning at position ¢.
Therefore the total number of alternating inversions is »_. ., (n — 1 —4) = |[n?/4] plus
the total number of occurrences of 31-2. O

Proof of Proposition 9.3. Suppose that a permutation o € Alt, has exactly |n?/4]
alternating inversions but is not 312-avoiding. Choose a triple i < k < j such that
o, < 0; < o0; and the difference & — i is as small as possible. Suppose that & —i > 2.
If ox—1 < 0}, then we have 0,1 < 0; < 0y, contradicting the choice of ¢, k, and j. If
ok—1 > 0j, then we have o, < 0; < 0j_1, also contradicting the choice of ¢, k, and j.
Hence k =i + 1, and we obtain a contradiction by Lemma 9.4. O

In view of Lemma 9.4, we can write E,(¢) as

Z q31-2(0)

oeAlty,

where 31-2(0) is the number of occurrences of 31-2 in . In what follows, we use this
expression to show how a g-analog of a combinatorial identity representing the Euler
number F, as a weighted sum of Dyck paths yields a refined identity of E,(q).

First, we need to introduce Dyck paths, which are perhaps the most famous combi-
natorial objects counted by Catalan numbers. A Dyck path of length 2m is a continuous
path consisting of line segments, or steps, each of which connects an integer point (z,y)
with either (z+1,y—1) or (x+1,y+1), such that the path starts at (0,0), ends at (2m, 0),
and never goes below the z-axis, that is, contains no point with a negative y-coordinate.
The identity we are about to describe involves associating a certain weight with every step
of a Dyck path, defining the weight of the entire path to be the product of the weights
of the individual steps, and adding the weights of all Dyck paths of length 2m to obtain
Es,, or Eo,, 11, or, in the case of the refined identity, Egm( ) or E2m+1(q)

For a step in a Dyck path, define the level of that step to be the y-coordinate of the
highest point of the corresponding segment of the path. Given a Dyck path D of length
2m, let £(i) be the level of the i-th step of D. Define

wpi(q) = [£(D)]q
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14+¢ 1+4+¢

w® =1 w® = (1+¢q)?

Figure 4: Weighted Dyck paths adding up to E4(q)

and
o (7)) g, if the ¢-th step is an up-step;
( ) = q
i\d ((7) + 1|,, if the ¢-th step is a down-step
q

(the letters e and o stand for even and odd, as will become clear shortly). As mentioned
above, we set the weight of the entire path to be the product of step weights:

2m
wi(q) = []wp.(9);
i=1

whle) = [[uho.

Theorem 9.5. We have

Z wp(q) = E2m(q)

D
and

> wh(q) = Bamia (9),
D
where both sums are taken over all Dyck paths of length 2m.

For example, for m = 2 there are two Dyck paths, shown in Figures 4 and 5 with step
weights given by w,;(¢) and w$, ;(¢). From these weighted paths, we get

14+ (1+¢)? =242+ ¢ = Eyq)

and
(1+¢)2+1+9)*A+q+¢>) =2+5¢+5¢ +3¢° + ¢* = Es(q).

In the classical case ¢ = 1, the identities of Theorem 9.5 are due to Francon and
Viennot [2], and are discussed in a broader context in the book [3, Sec. 5.2] by Goulden
and Jackson. The proof of our identities is a refinement of the original argument.
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1 l+g 1+¢q

w® = (1+ ¢q)? w’ = (1+q)*(1+q+¢*)

Figure 5: Weighted Dyck paths adding up to Es(q)

Proof of Theorem 9.5. Fix a positive integer n > 1, and let m = |n/2|. Recall that in
Section 7 we associated to a permutation o € &,, an increasing planar binary tree T'(o)
with vertex set [n]. Extending the argument in the proof of Lemma 7.3, we conclude that
o is in Alt,, if and only if the tree T'(c) has no vertices with a lone child, except for the
rightmost vertex in the case of even n, which has a lone left child. For ¢ € Alt,,, define
the corresponding Dyck path D(o) of length 2m as follows: set the i-th step of the path
to be an up-step if vertex i of T'(0) has at least one child, and set the i-th step to be a
down-step if vertex ¢ is a leaf of T'(0). We leave it as an exercise for the reader to check
that D(o) is a valid Dyck path.

Fix a Dyck path D of length 2m. We claim that

31-2(0) _ { wh(q), if n is even;
o€Alt, : D(o)=D w(q), if nis odd.

To prove the claim, consider for every i the subtree T;(o) obtained from 7'(c) by removing
all vertices labeled with numbers greater than i. For the sake of clarity, one should imagine
the “incomplete” tree T;(o) together with “loose” edges indicating those edges with parent
vertices in T;(o) that appear when T;(o) is completed to T'(¢). For even n one should also
think of a loose edge directed to the right coming out of the rightmost vertex of every tree
T;(o) including T, (c) = T'(0) — this way the number of edges coming out of a vertex of
T;(o) is always 0 or 2.

Observe that for 1 < i < 2m, the number of loose edges of T;(o) is equal to yp(i) + 1,
where yp (i) is the y-coordinate of the point of D whose z-coordinate is i. Indeed, T7(0)
has two loose edges, and T;,1(0) is obtained from T;(o) by attaching a non-leaf to a loose
edge, thus increasing the number of loose edges by one, if the i-th step of D is an up-step,
or by attaching a leaf to a loose edge, thus reducing the number of loose edges by one, if
the i-th step is a down-step. Hence we can count the number of permutations o € Alt,,
with D(o) = D by multiplying together the number of possibilities to attach a vertex
labeled i + 1 to T;(o) to form Tjy1(o) for all 1 < i < n — 1. The number of valid places
to attach vertex i + 1 is equal to the number of loose edges in T;(o) unless i + 1 is a leaf
of T'(0) and n is even, in which case we have one fewer possibilities, because we are not
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Figure 6: An intermediate tree Ts(o) and its completion T'(o)

allowed to make the rightmost vertex a leaf. Note that the level £(i) of the i-th step of
D is equal to yp(1) if it is an up-step, or yp(i) + 1 if it is a down-step. Comparing with
the choice of step weights, we conclude that the number of possibilities to attach vertex
i+ 1is wh,;, (1) if nis even, or w, ;. (1) if n is odd. (For odd n and i = n — 1 the latter
assertion makes no sense as D does not have an n-th step; however, there is just one way
to attach the last vertex, so the counting argument is not affected.)

The above computation proves the ¢ = 1 case of (30). To prove the general claim,
we need to show that if there are p possibilities to attach vertex ¢ + 1 to a loose edge of
T;(0), then the number of occurrences of the 31-2 pattern “induced” by the attachment
is 0 for one of the possibilities, 1 for another possibility, 2 for another, and so on, up to
p — 1. Then choosing a place to attach vertex ¢ 4+ 1 would correspond to choosing a term
from 14+ q+¢*+ -+ ¢ = [p|,, the weight of the i-th step of D, which is a factor in
the total weight of D, and (30) would follow.

It remains to specify which occurrences of 31-2 in ¢ are induced by which vertex
of T(c). Suppose there are p possible places to attach vertex i + 1. Order these places
according to the topological order of tree traversal, and suppose we choose to put vertex
7+ 1 in the k-th place in this order. Let rq, 79, ..., r._1 be the numbers of the vertices
immediately following the first k — 1 places in the topological order, and let a; denote the
label of the rightmost vertex of the eventual subtree of T'(c) rooted at what is currently
the j-th of these k — 1 places. Although a; is not determined at the time vertex 7 + 1 is
attached, it is certain that r; < 741 < a; and that a; and r; will be consecutive elements
of o, with 7 + 1 located somewhere to the right, resulting in an occurrence of 31-2. Thus
the choice to put vertex ¢ + 1 in the k-th available place induces £ — 1 occurrences of
31-2, one for each 1 < j < k — 1. It is not hard to check that each occurrence of 31-2
is induced by some vertex of T'(c), namely, the vertex corresponding to the rightmost
element forming the pattern, in the way described above.

Let us illustrate the argument with an example. The left side of Figure 6 shows the
tree Tg(o) for some o € Altyg, with the four potential places for vertex 7 marked A, B,
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C, and D. If vertex 7 is put in position A, then it induces no occurrences of 31-2. If it is
put in position B, it induces one occurrence of 31-2 as the triple a5-7 is created, where a
stands for the number of the rightmost vertex in the subtree rooted at A in the eventual
tree. If vertex 7 is put in position C, then in addition to the triple a5-7, one obtains a
second 31-2 triple b1-7. Finally, putting vertex 7 in position D results in a third 31-2
triple ¢2-7. (Here b and ¢ are defined by analogy with a.) On the right side of Figure 6 we
have a possible completion of the tree on the left, which corresponds to the permutation
c=10581437296.

The theorem now follows by taking the sum of (30) over all Dyck paths D of length
2m. U
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