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Abstract

Using WZ-pairs we present simpler proofs of Koecher, Leshchiner and Bailey-
Borwein-Bradley’s identities for generating functions of the sequences {{(2n+2)},>0
and {((2n + 3)},>0. By the same method, we give several new representations for
these generating functions yielding faster convergent series for values of the Riemann
zeta function.

1 Introduction

The Riemann zeta function is defined by the series

¢(s) = %, for Re(s)>1

n=1

Apéry’s irrationality proof of ((3) and series acceleration formulae for the first values of
the Riemann zeta function going back to Markov’s work [§]
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stimulated intensive search of similar formulas for other values ((n),n > 5. Many Apéry-
like formulae have been proved with the help of generating function identities (see [6, 1,
5, 11, 4]). M. Koecher [6] (and independently Leshchiner [7]) proved that

- - 1 LR (-1 BR? — a? i a?
;C2k+3 Zn(n2_a2)_§; k3(2kk) k2 — g2 1__‘[1(1—@)> (1)

n=1 1 m=

for any a € C, with |a| < 1. For even zeta values, Leshchiner [7] (in an expanded form)
showed that (see [4, (31)])

> 1 v (=D 1S 1 3k +a? Yo a2
Z<1—2k+1)C(2k+2)a :Zn2_a2 :izkz(zk) 2 _ g2 H 1_ﬁ ’
k=0 n=1 k=1 (2>

for any complex a, with |a| < 1. Recently, D. Bailey, J. Borwein and D. Bradley [4] proved
another formula

o0 [oe) 1 o0 — 2
kzzogzmz ;7n2_a2:3;(k H(m2—a2)’ (3)

for any a € C, |a| < 1.

In this paper, we present simpler proofs of identities (1)—(3) using WZ-pairs. By the
same method, we give some new representations for the generating functions (1), (3)
yielding faster convergent series for values of the Riemann zeta function.

We recall [12] that a discrete function A(n, k) is called hypergeometric or closed form
(CF) if the quotients

A(n+1,k) A(n,k+1)
A(n, k) o A(n, k)
are both rational functions of n and k. A pair of CF functions F(n,k) and G(n,k) is
called a WZ-pair if

Fin+1,k)— F(n,k) =Gn,k+1) —G(n, k). (4)

First application of the WZ-pairs to obtain convergence acceleration formulae for certain
slowly convergent numerical series of hypergeometric type (in particular, for {(3)) refers
to Markov’s work [8] in 1890. Markov starts with a proper hypergeometric kernel H (n, k)
and then tries to determine two functions P(n, k), and Q(n, k), which are polynomials
in k£ with coefficients depending on n, in such a way that F(n,k) = H(n,k)P(n, k) and
G(n,k) = H(n,k)Q(n, k) form a WZ-pair.

Recently, M. Mohammed and D. Zeilberger [10] turned out that Markov’s method can
be combined with the parametric Gosper algorithm to produce an algorithm which, for a
given H(n, k), outputs the desired P(n, k) = Z?:o a;(n)k" and Q(n, k), where Q(n, k) is
a rational function of k£ and the sequences a;(n) satisfy the initial conditions

ap(0) =1, a;(0) =0, 1<¢<d.
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Paper [10] is accompanied by the Maple package MarkovWZ together with examples
of accelerating formulae available from the second author’s website. Many other new
representations for log 2, ((2),((3) were found in [9].

In all the proofs considered below, we start with a simple kernel H(n, k), apply the
Maple package MarkovWZ and find that d = 0 implying

F(n,k) = H(n, k)ag(n), G(n,k) = H(n, k)Q(n, k), F(0,k) = H(0,k).

We need the following summation formulas.
Proposition 1. ([3, Formula 2|) For any WZ-pair (F,G)

00 00 k
ZFOI{: — lim ZFnk G(n,0) — lim G(n, k),
k=0 =

k—oo

n=0

whenever both sides converge.
Proposition 2. ([3, Formula 3]) For any WZ-pair (F,G) we have

n—1
ZGnO Z (F(n+1,n)4+ G(n,n)) — lim ZF(n,k),
n=0 k=0

whenever both sides converge.
As usual, let (), be the Pochhammer symbol (or the shifted factorial) defined by

) (A +v) 1, v =0;
(A = ') MM+ ...(A+v—1), veN

2 Proof of Koecher’s identity
Consider
k!

Hin, k) = Cn+k+D((n+k+1)2—a2)

Then we have
Fn+1,k)— F(n, k) =G(n,k+1) — G(n, k)

with
(=D)"k!/(1+a),(1 —a),

(2n+k+ 1)(((n+k:—|— 1)2 —a?)’
(=D)"k!(1+a)n(1 — a),(5(n+1)? — a® + k* + 4k(n + 1))
Cn+k+2)!((n+k+1)%2—a?)(2n+2)

Hence (F,G) is a WZ-pair and by Proposition 1, we get

> H(0,k) =) F(0,k)=> G(n,0),

k=0 k=0 n=0

F(n,k) =

G(n, k) =
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or

1 & (DM +a)a(l - a)u(5(n+ 1) - a?)
2 =2 (2n+2)!(2n +2)((n + 1)2 — a?)

ESREIC-2)

m=1

3 Proof of Leshchiner’s identity

Consider
(=D k! (n+k+1)

Cn+k+ D ((n+k+1)2—a?)

H(n, k) =

Then we have
Fin+1,k)—F(n,k)=Gn,k+1)—G(n, k)

with (=DK1 + a)n(1 = a)n(n + & + 1)

Cn+k+D((n+k+1)2—a2) ’

(—DFEN 1+ a)n(1 — a)n(3(n+ 1) + a® + k* + 4k(n + 1))
22n+k+2)!((n+ k+1)? — a?) ’

F(n, k) =

G(n, k) =

and by Proposition 1, we get

> H(0,k) =Y _G(n,0),

k=0 n=0

or

i( 1)k~ 1Z(I+a) (1—a)n(3(n—|—1)2—)|—a2)

k=1 k2 — (2n+2)!((n+ 1)2 — a2

n=1 m=1

4 Proof of the Bailey-Borwein-Bradley identity

Consider
(1 + a)k(l — a)k

(I + @)nghy1(1 = @)narr1

H(n, k)=
Then we have
Fin+1,k)—F(n,k)=Gn,k+1)—G(n,k)

with
n?(1+ a)r(1 — a)r(1 + 2a),(1 — 2a),

2n)N(1 + a)pyrs1(1 = @)nyryr

F(n,k) =
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(14 a)r(1 —a)p(l+2a),(1 —2a),n!(n+ 1)!(3n + 3 + 2k)
(14 a)ntk1(1 = )ntrs1(2n + 2)!

G(n, k) =

Y

and (F,G) is a WZ-pair. Then

WK
Su

k)=>_G(n,0),

e
Il
o

and therefore,

i": i 1+2a —2a),(n+ 1)1
— (k* — a2 (14 a)ps1( 1 — a)pt1(2n 4 2)!
oo n—1
1 m? — 4a?
-3y - mom A
= <2:><n2—a2>£(m2—a2 )

as required.

5 New generating function identities for ((2n+2) and
¢(2n + 3)

Theorem 1 Let a be a complex number not equal to a non-zero integer. Then

> XL at — a?(32n2 — 10n + 1) + 2n2(56n2 — 32n + 5) "‘1( )
_ 2
kz:; k(k? — a?) nzjl 2n3 (2:)(:)((271 —1)2 —a?)(4n? — a?) nl_:[l

()

Expanding both sides of (5) in powers of a? and comparing coefficients of a® gives Apéry-
like series for ((2n + 3) for every non-negative integer n convergent at the geometric rate
with ratio 1/27. In particular, comparing constant terms recovers Amdeberhan’s formula

[2] for ¢(3)

1 0 - 5677,2 —32n+5
=3 ey

Similarly, comparing coefficients of a? gives

e e}

3 (4n —1)(16n> —8n? +4n —1) 1 & " (56m2 —32n+5 1
S 164 (—1)med(2n — 1A () +ZZ 2n—1) (> Z

n n=1 n k=1

Proof. Consider

k“(l + a)k(l - Cl)k
2n+Ek+ DM+ a)onirr (1 — @)ansnsr

H(n, k) =
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Then application of the Markov-WZ algorithm produces
(=)™ n!2n) K1 + a)r(1 — a)p(1 4+ a)n(1 — a)n(1 4+ a)2, (1 — a)a,
(3TL) (2n + k + )'(1 + a)2n+k+1(1 — a)2n+k+1

(=D)"K!n!(2n)/ (1 + a)p(1 — a)r(1 + a)n(1 — a)n(1 + a)2n(1l —a
6(37’L + 2)(27’L + k + 2)'(1 + a)2n+l€+2(1 - a)2n+k+2

F(n, k)=

Y

G(n, k) = 1, k)

satisfying (4), with

q(n, k) = 2(2n + 1)(a* — a®(32n* 4 54n + 23) + 2(n + 1)?(56n> + 80n + 29))
+ k(90 + 6) + E*(90n? + 132n + 48) + k*(348n® + 792n* — 15a°n + 594n + 147
— 9a%) + k(624n* + 1932n® + 2214n* — 84a’n* — 117a’n + 1113n + 207 — 394%).

By Proposition 1, we have

> H(0,k) =) G(n,0)

k=0 n=0
or equivalently,

= 1
L=
i )"l(1 — a)n (1 + a)n(a* — a®(32n2 + 54n + 23) + 2(n + 1)%(56n2 + 80n + 29))
2(3n 4 3)1((2n + 1)2 — a2)((2n + 2)% — a?) ’

n=0

and the theorem follows.

Theorem 2 Let a be a complex number not equal to a non-zero integer. Then

00 1 B a n2(21n _ 8) N a2(9n . 2) n—1 2 2
; Y (*")n(n? — a?)(4n? — a?) 1;[ (m) : (6)

n=1 n

Formula (6) generates Apéry-like series for ((2n + 2) for every non-negative integer n
convergent at the geometric rate with ratio 1/64. In particular, it follows that

(=3 0 (7)

w1 N (277)3

and
=, 69n — 32 21n — 8 « 4 1
((4) = ; 4n5(2:)3 ; 3 (kz N k+n)2) :

Another proof of formula (7) can be found in [12, §12].

Proof. Consider
(1 + a)n—i-k(l B a)n—i-k

H(n, k) = '
et (14 @)2ntrr1(1 — a)antrsr
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Application of the Markov-WZ algorithm produces

n1?(1 4 2a),(1 = 2a)n (1 + a)pin(l — a)pir
)1 + a)onrk+1(1 — @)2nth41

n?(1 4 a)pix(1 — a)pin(l + 2a),(1 — 2a),
2(2TL + 1)'(1 + a)2n+k+2(1 — a)2n+k+2

F(n, k) =

G(n, k) =

satisfying (4), with
q(n, k) = (n+1)2(21n+ 13) — a*(In +7) + 2k + k*(13n + 11) + k(28n> + 48n + 20 — 2a?).

By Proposition 1,

> H(0,k) =) G(n,0),

k=0 n=0

which implies (6).

Theorem 3 Let a be a complex number not equal to a non-zero integer. Then

- 1= (T+a)?(1—a)?((n+1)%(30n + 19) — a®(12n + 7))
Zl{;( —a2 ZZ :

1 + a)onia(l — a)api2(n +1)(2n + 1)

k=1 n=0

Proof. Consider

(14 a)p(l —a)y
(I +a)onirs1(1 = @)oninpr(n+k+1)

H(n, k)=

Then application of the Markov-WZ algorithm produces

(1+a)p(l —a)p(l+a)?(l—a)?
(1 + a)ontri1(1 = a)opirpr(n+k+1)°

(1+a)p(l —a)r(1+a)*(1 —a)?q(n, k)
A1+ a)antira(l — a)opsrsa(n + b+ 1)(n+ 1)(2n + 1)

F(n, k)=

G(n, k) =

with

q(n, k) = (n+1)*(30n +19) — a*(n + 1)(12n + 7) + 2k*(n + 1) + 2k*(Tn* + 13n + 6)
+ k(34n® + 93n® + 84n — 4a’n + 25 — 3a?).

Now by Proposition 1, the theorem follows.

Theorem 4 Let a be a complex number not equal to a non-zero integer. Then

gng e —52 4n2—a21::[(1—a2/27{nj7)71)) (®)
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where
p(n,a) = a* — a®(62n* — 40n + 8) + n*(205n? — 160n + 32).

Formula (8) generates Apéry-like series for ((2n + 3), n > 0, convergent at the geometric
rate with ratio 27!° In particular, if @ = 0 we get the formula of Amdeberhan and
Zeilberger [3]

N | —

(@) = Z(—1)71— (20502 — 160n + 32)

ns (%)’

Comparing coefficients of a? leads to

i "(31n% — 20n + 4)
5
n=1 (n)
> "(205n2 — 160n + 32) [ e 1 n 1
+; (n) (;W_mozmﬂl)?)'

Proof. Consider

(=1)*(1+a)u(1 = a)i(1 + @) (1 — a)3(2n — k= Dlkint

Fn k) = 2n 4k + 1220 (1 + a)an(l — a)am
Then
Gl k) = ZDF O+ (1= (1 + @2 (1 — ) (2n = B)linP(n, )
42n+ Dln+k+ D21+ a)oni2(l — a)onio
with

q(n, k) = (n+1)*(30n+19) — a*(n+1)(12n 4+ 7) + k(210> + 550 + 47n + 13 — 3a*n — a?),

is a WZ mate such that

- (1+a)2(1—a)?((n+1)%Bmn+19) —a?(12n+ 7)) 1
2 Gln.0) = ; 4(n+ 120+ D)1+ Qonra(l — a)omra 2

by Theorem 3. Now by Proposition 2, the theorem follows.
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