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Abstract

2 2
In this paper, the closed-form expressions for the coefficients of % and x“:;,t in the
Dyson product are found by applying an extension of Good’s idea. As consequences,

we find several interesting Dyson style constant term identities.

1 Introduction

For nonnegative integers ay, as, ..., a,, define
i\
D,(x,a) := H (1 — —Z) : (Dyson product)
1<ij<n i
where x := (21,...,2,) and a := (a,...,ay,).

Dyson [2] conjectured the following constant term identity in 1962.
Theorem 1.1 (Dyson’s Conjecture).

(a1 +as+ -+ ay)!
alas! -+ a,!

CT D, (x,a) =

where CTyx f(x) means to take the constant term in the x’s of the series f(x).
Dyson’s conjecture was first proved independently by Gunson [5] and by Wilson [10].
Later an elegant recursive proof was published by Good [4], and a combinatorial proof was

given by Zeilberger [11]. Andrews [1] conjectured the g-analog of the Dyson conjecture
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which was first proved, combinatorially, by Zeilberger and Bressoud [12] in 1985. Recently,
Gessel and Xin [3] gave a very different proof by using properties of formal Laurent series
and of polynomials.

Good’s idea has been extended by several authors. The current interest is to evaluate
the coefficients of monomials M: = [, #%, where 37  b; = 0, in the Dyson product.
Kadell [6] outlined the use of Good’s idea for M to be 7+, -2 and #32. Along this line,

n’) Tn—1Tn

Zeilberger and Sills [9] presented a case study in experimental yet rlgorous mathematics
by describing an algorithm that automatically conjectures and proves closed-form. Using
this algorithm, Sills [8] guessed and proved closed-form expressions for M to be Ead ””;gt
and 722« These results and their g-analogs were recently generalized for M with a square
free numerator by Lv, Xin and Zhou [7] by extending Gessel-Xin’s Laurent series method
3] for proving the ¢g-Dyson Theorem.

The cases for M having a square in the numerator are much more complicated. By
2
extending Good’s idea, we obtain closed forms for the simplest cases M = %% and M =

s

- In doing so, we guess these two formulas simultaneously, written as a sum instead
of a single product. Our main results are stated as follows.

Theorem 1.2. Let r and s be distinct integers with 1 < r,s <n. Then

D ] LG

2

CXT P D, (x,a) =

Qp

a+amx2+wﬂim

i=1

1#£r,S

where a = ay + ay + - - - + an, a¥) :=a — a; and C,(a) = w.
; g arlag! - an!

Theorem 1.3. Let r,s and t be distinct integers with 1 < r,s,t <n. Then

Tt Ay a1(1 + CL)

Dy (x,a) = T a™) @ T a®) [(a—f—ar)— ; m](}'n(a), (1.2)

1#£r,8,t

CT

x a2

where a,a™ and C,(a) are defined as Theorem 1.2.

The proofs will be given in Section 2. In Section 3, we construct several interesting
Dyson style constant term identities.

2 Proof of Theorem 1.2 and Theorem 1.3

Good’s proof [4] of the Dyson conjecture uses the recurrence

a)= ZDn(X a
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where e, := (0,...,0,1,0,...,0) is the kth unit coordinate n-vector. It follows that the
following recurrence holds for any monomial M of degree 0.

n

1 1
CXT MDH(X, a) = ;_:1 CXT MDH(X, a—ep).

Thus if we can guess a formula, then we can prove it by checking the initial condition,
the recurrence and the boundary conditions. This is the so called Good-style proof.

Our basic tool for guessing is Zeilberger and Sills’” Maple package GoodDyson. For the
cases M = z?/2% and M = z?/(z,x;), the package can guess the formulas for n = 2,3, 4,
but not for n > 5. However, the results seem chaotic. Surprisingly, the formulas become
nice when converted into partial fractions (by Maple). This leads us to come up with
Theorems 1.2 and 1.3.

To prove our theorems, we denote by Fi(r,s,a) (resp. Gp(r,s,t,a)) the left-hand
side of (1.1) (resp. (1.2)), and by Fg(r,s,a) (resp. Gg(r,s,t,a)) the right-hand side of
(1.1) (resp. (1.2)). Without loss of generality, we may assume r = 1,s = 2 and ¢t = 3 in
Theorems 1.2 and 1.3, i.e., we need to prove that

FL(a) = FR(a), GL(a) = GR(a),

where F(a) := F(1,2,a) and we use similar notations for Fr(a), Gr(a) and Gr(a).

2.1 Initial Condition

We can easily verify that

2.2 Recurrence

We need to show that Fr(a) and Gr(a) satisfy the recurrences

Fa(a) = kfleR<a ~ex). (2.1)
Gr(a) = Zn: Grla—ey). (2.2)
In order to do so, we define -
Hifa):= 5 +a;<(1?)1(;i)a<l>)c"<a)’
Ha(a) =5 +a;<(1?)(+2a+l)a<1>)c"(a)’
Hi(a) == aai(l +a) Co(a), i=34,...,n.

(1+a®)2+aM)1+aD —a;)
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Then Fr(a) = Hi(a)+ ) ., H;(a) and Ggr(a) = Hy(a)+ >, H;(a). Therefore to prove
(2.1) and (2.2), it suffices to show the following:

Lemma 2.1. For each i =1,2,...,n, we have the recurrence H;(a) = > ;_, Hi(a — ey).
Proof. 1. For Hy(a),

- (a1 — 1)(a1 — 2)
Hi(a—eg) =
kZZI 1 K

1+a®)(2+a®)

ai(a; — 1)
a® (1 +a)

C(a—e1)~|— Cn(a—ex)

=2

(
[al a1—1 (ay —2) +k2": akal(al—lg ]Cn(a)
-

1+al 2—|—a(1)) - aaM (1 + a))

al a] — 1 2) aq (al — 1)

1+ a0 2 + a®)  a(l+aW)
CL1 a; — 1)

T 1+ a2 +aD)

et

Cp(a) = Hyi(a).

2. For Hy(a),
n _(al—l)(a+a1—2) al a+a1—1)
ZHz(a—ek)— 1+ a0)(2+ al) Chn( +§:: {1 1 a®) C’n(a—ek)
~ Jai(ar —1)(a+ a1 —2) agai(a+a; — 1)
B [ a(l+aM)(2+a®) * Z aaM (14 aM) Cn(a)
_ [al(al (a+a —2) al(a—i—al—l)]c (a)
a(l+a®)(2+a®) a(l+a®) "
al(a + (ll)
(1+a(1))(2+a(1))0 (a) 2(a)
3. For H;(a) with i = 3,...,n, without loss of generality, we may assume i = 3.
ZHg(a —ex)
k=1
B aaz(a; — 1) B aaias B
T+ a2 + a1 + a0 a3>c"<a )t T+ a®) (@ = ) 2 )
aay(az —1) aaias B
T O T a) (1§ a® —ap) ) Z (T T ) (alD — ) (2~ )
_ alag(al — 1) Cn(a) + aj1a20as3 C (a)

(1+aM)(24+a®)(1 +a®) —a3) a®W(1+a®)(a® —az) "

araz(az — 1) (a) + araz(a — a1 — az — as)

Cn Cn
a(l)(l + a(l))(l + al) — ag) a a(l)(l + a(l))(a(l) — ag) (a)
B ajas a; —1 +a3—1 N (a—ay —a3)(1 +a® —a3) a)
T+ a1 +a® —az)[2+a®D T a® aM(a® — a3) "
aras(l+ a)
1T aD)2 + a) (1 £ a0 —ag) @ = Hs(a)
This completes the proof. O
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2.3 Boundary Conditions

Now we consider the boundary conditions. For any k£ with 1 < k < n,

Dn(x, (al,...,ak_l,(),ak+1,...,an)) = Dn_l(x<k>,a<k>) X H <1 - ﬂ) ,

i=1 Tk
itk
where x*) .= (21,..., 241, Zp11, ..., 2,). Thus we have
2
x
CT —gDn (x,(a1,...,ak-1,0,ak41,...,a,)) = CT Py - D1 (x%) alkhy, (2.3)
x a2 x(k)

where P is given by

z3 - T \W
P:=CT2][(1--+
z;ék
0, k=1,
— ((121)—1_&127, 3a2w1 +ZZ 3(al)x + Z aiaj%? k:2,
1 3<i<j<n 1
2
%, otherwise.
3
Taking the constant term in the 2’s of (2.3), we obtain
FL(CLl, e ,ak_1,07 Af41y- - - ,an)
0, k=1,
(@ alantE@E+ L aq%)Daa®a®), k-2
X 1=3 =3 3<i<j<n
2
<;I>‘ x—gDn_l(x<k>,a<k>), otherwise.
x(k) 1
By Theorem 1.1 and [8, Theorem 1.1], we have
or (b, (x@,a@) @ =D o ey
<2> 2 n— I 2 n— I
2 (g —
<@ gy = @@’ —a) )
CTalzal Dy, ( ,av) 17a —ay Ch-1(a').
So we obtain the following boundary conditions (also recurrences)
FL((Il, s 7ak—1703 Af+1y--- 7an)
0, k=1;

ai(a1— a2 oD
(a0 500,
+z (a2i)FL(177;7a<2>)+ Z aiajGL(l,i7j;a<2>)a k=2;
=3 3<i<j<n
Fr(a®), otherwise.
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We need to show that Fg(ai,...,ax_1,0,a541,...,a,) satisfies the same boundary
conditions, i.e., the boundary conditions by replacing all F';, by Fr and all G by Gg:

FR(al, ey A1, O, A1y -y an)
(0, k=1,
ai(a1— a? o™
(2= - ) Comaa®)
= N . - (2.4)
+3 (5)Fr(li,a%) + 3 a0;GR(1,1,5,a®), k=2;
i=3 3<i<j<n
| Fr(a®)), otherwise.
For Gp(ay,...,a,-1,0,a541,...,a,), similar computation for ﬁ = m;—? yields the
boundary conditions:
GL(al, ey g1, 0, At1y - - - ,CLn)
0, k=1,
[12 n .
_ 1+au> (a< ) —azFr(1,3,a®) = Y0, a,Gr(1,3,i,a), k=2
e C 1(@®) —axFr(1,2,a®) =30 L a,Gr(1,2,4,a®), k=3;
Gp(a®), otherwise,
so we need to prove that Gg(aq,...,ax_1,0,axs1, ..., a,) satisfies the following boundary
conditions:
GR(al, ey Qp_q, O, A1y -+ -y an)
O, k=1,
— 1+a(1) ( ) - a3FR(1= 37 a<2>> - Z?:4 aiGR(17 37 iv a<2>>’ k= 2; (2 5)

C
A Cna(a®) — agFr(1,2,a®) = 377 a,GR(1,2,4,a%), k= 3;
Gr(a), otherwise.

These are summarized by the following lemma.

Lemma 2.2. Ifa, =0 withk =1,2,...,n, then Fr(ay,...,a,_1,0,ax1,...,a,) satisfies
the boundary conditions (2.4) and Gg(as, ... ,ax_1,0, a1, ..., a,) satisfies the boundary
conditions (2.5).

Proof. We only prove the first part for brevity and similarity.

Since the cases k = 1,3, ..., n are straightforward, we only prove the case k = 2. Note
that during the proof of this lemma, we have a®V) = ay + a3+ ---+a, = as + --- + a,
because ay = 0.
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Since

n az n a;
1—|—a(1)—a Z Z(l—l—a(l)—a 1—|—a(1)—ai)

n
Qa;
; 2
=3 j=3 i=3 j=3

(i((ﬂ_a,)i a; _i ai —a? )
£ i Y Lia 1 +a) — a4 i—31+a(1)_ai
Zn: Z“ —a”Z —Zn: 4 o) (2.6)
— 1 4 1)—a 1+a1)_a i:31+a(1)—ai ) .

M:

we have

Zn:(zi>FR(17i7a<2>)

i=3
" (a " a;(1+a)
Q _ 1 _ J C’n,— <2>
T (I+al 1> 2+a<1> ; (2) [ (a1 1) 7:23 1+a<1>_aj] @)
#z‘
a1 1 +a n W
2(1—|—CL(1) 2+a(1) |:7_231 1)—(1 Za a Zl+a(1)—a
. ai —a? ay(a; — 1)
_ K3 3 <2> 1 1 _ 1) <2>
;714_&(1)_%]071—1(& )+2(1+a(1) 2+a(1) (Za a ) —1(a'*’) by (2.6)
W (g — n
ara'‘t(ay — 1) )
= — ' — _ 1
S0+ e T amy @) A0 0D Z
" a? —a?+aja) n
—J — 2
1+ Z 1+a (1) —a; (a’l 1)Zaz:|; (27)
Jj=3 i=3
- 2
where \ := mcn_l(a< >)
Observe that
1 n
1)\2 2
Y. aay = 3 [(a( ))? - ak:| (2.8)
3<i<j<n k=3
and
a; a’j
a;a; = a;a ( _ )
3<ZJ:<” J k;gz_: e 1) o 3§Z;<n JZ l+ta 1)_ak 1+a® —a; 1+al) —ay
i,
Z Z Z CLZZCLJ' Z aia?
a;a; N — — —
3<i<j<n 1+ a( ) @k 3<ici<n 1+al) —a 3<i<j<n 1+alh) —aq,
71 . ak (1)\2 = 2 & a?aj
_Ezua(l‘)_ak{(“ ) ‘Zai ‘ZZm by (2.8)
k=3 =3 =3 j=3
J#i
15 ar M2 N~ 2] - apla) —ap)
32 Tty ) - et - 29
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Thus we obtain that
Z aiajGR(laiaj7 a<2>)

3<i<j<n

7 a1 . —~  ax(1+a)
T A rad™(2+aD) 2. ‘”“ﬂ{(”‘“) Zl—i—a(l)—ak

3<i<j<n
k;éz 7

_ ar(a+ar) )
T (I+aM)(2+aD) > iCoa(a®)

3<i<j<n

}Onl(am)

al(l + a) (2)
— (1+a(1))(2+a(1)) Z aZCLJ Z 1+a(1) _ak n 1(a )

3<i<j<n
k;é’L i

_ (a+a1) - a1(1+a)
~ 201+ aM) (2 + o) { =Dk ] ) AT a2+ a™)

k=3
(a(l) — a;)

<[ g (- ) )”Z;m](’n—l<a“>> by (29)

~ai(a+ar)(a)? (2) -
_2(1+a(1))(2+a(1))cn 1( )+)\ 1+a kzgl—i—al)—akza
" a — 2aj, 201 4 2a
_(a—|—a1)z (1+a Z k(e 1—|—a(1)—a } (2.10)
k=3 =3 k
Observe that
" a? —a? +aja) "
J J J _ 2
(1+a), o + (a1 1)2&2
7j=3 =3
ap(aM)? — 2a2aM + 243
~(ata) Zak 1+ak23 1+ a®) —qay
—CL3 — a + a; a(l) — a.(a(l)) _|_ 2a?a(1) n 2
1—}—(1; a0 —a —(1+a)2az’
B (14 aV) — a;)(a? + 2a; — a;aV) — 2a; =
_(1—|—a)iz:; T —— —(1+a)Zai
_ - aay — e
=(1+a) ;(Zal a;a"’) — (1 +a) ZZ:; 7ol —a
- 2a;
—aM —aMy — o
aM(1+a)2—aY) (1+a);1+a(l)_ai (2.11)
and
araM(1+a)(2 —aM) 3 araM(ay — 1) ai(a + ap)(aW)? ap(ar —1) aja™
2(1 +aM)24+a®) 21 +a®)2+aD)  2(1+aD)(24al)) 2 1+a®
- al(al — 1)
=TT T eT] (2.12)
8
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Therefore by (2.7), (2.10), (2.11) and (2.12), we have

ar(a; —1)  a} oV ) o,
7 1+am]° +Z Fr(1,i,a®) + Z a;0;Gr(1,4,j,a'*)
3<i<i<n
= Fg(a1,0,as,...,a,).
That is to say Fr(a1,0,as,...,a,) satisfies boundary conditions (2.4). O

2.4 The Proof

Now we can prove Theorems 1.2 and 1.3. Without loss of generality, we may assume
r=1,s=2and t =3 in Theorems 1.2 and 1.3.

Proof of Theorems 1.2 and 1.3. We prove by induction on n for the two theorems simul-
taneously. Clearly, (1.1) and (1.2) hold when n = 2,3. Assume they hold if n is replaced
by n — 1. Then for k =1,2,...,n, (1.1) and (1.2) give
Fi(r,s,a) = Fr(r,s,a™),
Gr(r,s,t,a®) = Gp(r,s,t,a®).
That is to say Fp(ay,...,a,x-1,0,ak1,...,a,) and Fr(aq,...,ax_1,0,a541,-..,a,) ( resp.
Gr(ay,...,a5-1,0,a541,...,a,) and Ggr(ay,...,a5_1,0,a541,...,a,) ) satisfy the same
boundary conditions. Additionally F(a) and Fg(a) ( resp. Gr(a) and Gg(a) ) have the
same initial condition and recurrence. It follows that Fj(a) = Fgr(a) ( resp. Gp(a) =

Gg(a) ). N

3 Several Dyson Style Constant Term Identities

By linearly combining Theorems 1.2 and 1.3, we obtain simple formulas.

Proposition 3.1. Let r,s,t,u, and v be distinct integers in {1,2,...,n}. Then

T (xs - xt)l’gxu — xU)Dn(Xv a) = 07 (31)
(s — w) (25 — 20) B a-(1+a)

CT 22 Dy(x,a) = BT a1t a0 = as)C"(a)’ (3.2)
(25 = 2)° _ a(l+4a) 1

Cr = —Duxa) =~ ; e Ol (3.3)

It is worth mentioning that (3.3) follows from (3.1) and (3.2), since
(25— 1) (Ts — ) + (2 — 1) (T — ) = (25— 3)? + (25 — ) (T — ) + (25 — ) (T — 7).

A consequence of Proposition 3.1 is the following:
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Corollary 3.2. Let I:={iy, i3, ... 19, } be a 2m-element subset of {1,2,...,n} and let
r < mn be a positive integer with r ¢ I. Then we have

, 2
(Z?Z(—l)jxij) a,(1+a) 1
CXT 11772« Dn(X, a) = — 2+ o Ze; 1+a® — a; Cn(a).
J

Proof. Observe that

<2Zm(—1)jxij)2 = [(% — i) + (T — i) + -+ T4y, — Tigy, ) i

j=1

NE

= (xiz - xi1)2 +oF (xi2m - xizmq)z + Z (xi% - xi%ﬂ)('xim - Jj2'2171)'

m
k=1

~—
Ll
T

The corollary then follows by (3.1) and (3.3). O

Discussions: As we have seen in the proof, we need to guess the formulas of Fr and Gy
simultaneously. This is unlike the coefficients for M = z,x;/2? and M = z.2:/(7,1,),
which have reasonable product formulas and are equal!

The cubic cases are M with x%z, or 3 in the numerator. In both cases, we have three
sub-cases for the denominator, and need to guess three coefficients simultaneously. The
current difficulty is that we can not obtain enough data: the GoodDyson package is no
longer effective for n > 5.

Our next project, suggested by the referee, will be to find Zeilberger-style combinato-
rial proofs as in [11], at least of formula (3.1), and hope such proofs may lead the way for
the cubic cases.

The study of the g-analogs of these formulas will follow a completely different route
and will not be discussed in this paper.
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