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Abstract

Let G be a connected graph, and let f be a function mapping V(G) into N. We
define f(H) = >_,cv () f(v) for each subgraph H of G. The function f is called
an I1C-coloring of G if for each integer k in the set {1,2,--- | f(G)} there exists an
(induced) connected subgraph H of G such that f(H) = k, and the IC-index of G,
M(G), is the maximum value of f(G) where f is an IC-coloring of G. In this paper,
we show that M (K, ) = 3-2mT"=2 — 2m=2 4 2 for each complete bipartite graph
Kiyn, 2<m<n.

1 Introduction

Given a connected graph G. Let f be a function mapping V(G) into N. We define
f(H) = Zvev(H) f(v) for each subgraph H of G. Then, f is called an IC-coloring of
G if for each integer k in the set [1, f(G)] = {1,2,---, f(G)} there exists an (induced)
connected subgraph H of G such that f(H) = k. Clearly, the constant function f(v) =1
for each v € V(G) is an IC-coloring in which f(G) = |V(G)|. It is interesting to know
the maximum value of f(G), such that f is an IC-coloring of G. This maximum value is
defined as the IC-index of GG, denoted by M(G). We say that f is a maximal IC-coloring
of G if f is an IC-coloring of G with f(G) = M(G).
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The study of the IC-index of a graph originated from the so-called postage stamp
problem in Number Theory, which has been extensively studied in the literature [1, 69,
11, 13-16]. In 1992, G. Chappel formulated IC-colorings as “subgraph sums problem”
and he observed the IC-index of cycle C,, is bounded above by n? —n + 1, i.e., M(C,) <
n? —n + 1. Later, in 1995, Penrice [12] introduced the concept of stamp covering of G
and he showed that (1) M(K,) =2" —1 and (2) M(K;,) = 2"+ 2 for all n > 2. Then,
in 2005, Salehi et al proved that M(Ks,) = 3-2" + 1 for n > 2 [13]. In this paper, we
prove that for 2 <m <n, M(K,,,) =3-2m""2 - 2m=2 4 2,

2 Preliminaries
We start with a couple of lemmas which are basic counting tools we shall use in the

proof of our main result. For convenience, a sequence cq, ca, - - - , ¢, of integers 0 or 1 will
be referred to as a binary sequence.

Lemma 2.1. Let ay,az,- -, a, ben positive integers which have the properties that a; = 1
and a; < @iy <Y a;+1 fori=1,2,--- ,n—1. Then, for each £ € [1,}7_, aj], there
exists a binary sequence cy,Co, - -+ ,C, such that { = Zyzl cia;.

Proof. By induction on n. Clearly, it holds for n = 1. Assume that it holds for n = k > 1.
Let ¢ € [1, Z;Hll aj]. If ¢ < Z?:l a;j, then by induction hypothesis, there is a binary
sequence ¢y, ch, -, ¢, such that ¢ = Zf (caj. Let ¢; = c; for j = 1,2,--- k and
ckr1 = 0. Then ¢ = Zkfll cjaj. Otherwise, (Z?zl aj)+1 < ¢ < Zf:ll a; . Since
apr < 2521 aj +1 < ¢, there is an integer ¢ > 0 such that { = ap4q + 0. If /! =0,
then ¢ = aj,; and we are done. Otherwise, 1 < ' = /0 — a1 < Zf: .. By induction
hypothesis, there is a binary sequence ¢}, c, - -, ¢}, such that ¢/ = Zk L Chaj. Let ¢; = ¢}

for j =1,2,--- )k and ¢y1 = 1. Then £ = V' + apyq = Z§:1 c;»a] + a1 = k“ 2, ciay.

This concludes the proof. O

Lemma 2.2. Let sg, s1,- -, S, be a sequence of integers. Then for each i € [1,n|, there
i— 1

exists i such that s; = Y7\ sj+r; and the sum Y7 s; is equal to 2"so + 7, 2" Ir;

Next, we explore several necessary conditions for the existence of an IC-coloring of
a graph G. Without mention otherwise, all graphs we consider in what follows are con-
nected. For graph terms, we refer to [17].

Lemma 2.3. Let f be an IC-coloring of a graph G such that f(u;) < f(uiq1) for
i =1,2,---,n—1, where V(G) = {ui,ug, -~ ,un}. Then f(u;) = 1 and f(uis1) <
> flug) +1 fori=1,2,--- n—1.

Proof. Clearly, f(u;) = 1. Suppose that f(u;1) > Z§':1 f(uj) + 1 for some i € [1,n — 1]
and H is a subgraph of G with f(H) = 23:1 f(u;)+1. By the assumption, f(u;) > f(H)
for each j € [i + 1,n|. This implis that V(H) C {uy,us,--- ,u;} and we have f(H) <
Zézl f(u;). Hence, we have a contradiction and the proof is complete. O

[\
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Lemma 2.4. Let f be an IC-coloring of a graph G such that f(u;) < f(uzq) fori =
1,2,---,n—1, where V(G) = {u1,ug,--- ,un}. For each pair iy, iz, 1 < iy < iy < n, if
flui) = 3205 f(u) +1 and wi,ui, € E(G), then either f(ui,) < 32750 f(uy) = f(ui,) or
fwiye1) < fluiy) + flug,) when is +1 < n.

Proof. Suppose, to the contrary, f(u;,) > 232:_11 f(uj) — f(uy,) and f(wiy1) > flugy) +
f(ui,) when io +1 < n. Let k = f(u;,) + f(u;,) and let H be an induced connected
subgraph of G such that f(H) = k. By the assumption, f(u;) > f(us41) > k for each
i € [ia + 1,n]|. This implies that V/(H) C {uy, ug,- - ,u;,}. Also by the assumption, it is
easy to see u;,, € V(H). Since f(H) = f(u;, )+ f(ui,) and {w;,, u;, } is an independent set,
u;, ¢ V(H). If u; ¢ V(H) for each j € [i; + 1,4 — 1], then by the hypothesis, we have
FOH) < fu2) 4+ fuy) < f(ug,)+ f(us,) = k, a contradiction. Otherwise, u; € V(H)

7=1
for some j € [iy + 1,iy — 1]. This implies f(H) > f(ui,) + f(u;) > f(ui,) + f(uy) =k, a
contradiction. Therefore, we have the proof. O

The following facts are useful in proving our main result.

Lemma 2.5. Let rq,79, -+ ,1r, be n numbers. If there are two integers ¢ and k such that
L<i<k<nandr; <rg, then D" 2" Ir; < 370 2% Ty — (2% Pr 20 Frp ) + (2" Fri +-
Qn_i’l“k).

Lemma 2.6. Let f be an IC-coloring of a graph G, and let G has ¢ induced connected
subgraphs. If there are 2k distinct induced connected subgraphs Hy, Gy, Hy, Go,-- -, Hy,
Gy of G such that f(H;) = f(G;) fori=1,2,--- k, then f(G) < {—k.

Now, we are ready for the main result.

3 Main Result

First, we establish the lower bound of M (K, ).
Proposition 3.1. M(K,,,) > 3-2m2 —2m=2 4 9 for 2 <m < n.

Proof. Let G = (A, B) = K, 2 < m < n, with vertex sets A = {ay,a,---,a,} and
B = {by, by, -+ ,b,}, and let f: V(G) — N be defined by (see Figure 1 for an example):

(i) flar) =1, fas) = 2 and f(b) = 3;

(i) f(b) = flar) + flas) + 2503 f(b) for i = 2,3, ,n—1;

(ifi) £(bn) = [f(ar) + fas) + 32720 f(b)] + 1; and

(iv) flai) = flar) + flas) + 5y f(by) + 3525 fay) — 2 for i = 3,4, m.
First, we evaluate f(G). Let 59,51, - -, Smyn_2 be a sequence defined by
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1 2 191 382 764

Figure 1: An IC-coloring of K5 ¢

(a) so = fla1) + flaz) = 3;
(b) s; = f(b;) fori=1,2,--- n; and

(€) Sp+i = flaip2) fori=1,2,--+ m—2.
Then, we have s; = Z;;st +0fori=12,---,n—1, s, = Z;‘z_olsijl, and s; =
Z;;st—2fori:n+1,n+2,--- ,m-+n — 2. By Lemma 2.2, we have

F(G) =225 flag) + 305, f(by)

= Z;’:B"‘Q sj = gmn=2g | Z;:;:jr—f 2(m+n—2)—j(_2) + 1. 9(mtn=2)-n

=3. 2m+n—2 _ 2(2m—2 _ 1) + 2m—2 =3. 2m+n—2 _ 2m—2 + 2.

It is left to show that f is an IC-coloring of G. For convenience, we rename the
vertices of G' to be uy, ug, -+, Upqyn such that f(u) < f(uz) < -+ < f(Umgn). By the
definition of f, we have f(u1) = f(a1) = 1 and f(w;) < f(uiyr) < Y25, f(uy) + 1 for
i=1,2,---,m+n—1. Then, by Lemma 2.1, for each k € [1, Z;r:rl" fu))] =11, (@),
there is a binary sequence ¢y, cg, - - - , Ciyn sSuch that k = Z;”:Jrl" c; f(uy).

Now, we will prove that there is an induced connected subgraph H of G such that
f(H) =k = Z;r:rl" cjf(uj). Let S = {ujle; =1 and j € [1,m + n]}. Clearly, we have
f(< S >g) = k where < S >¢ is the induced subgraph of G induced by S. Since k > 0,
S is nonempty. If < S >¢ is connected, then H = < S > is desired. Otherwise, < S >¢
is disconnected and thus S is an independent set of size at least two. Since G = (A, B)
is a complete bipartite graph, we also have S C A or S C B but not both. Note that
A ={ur,ua} U{y;lj € [n+3,m+n]} and B = {u;|j € [3,n + 2]} by the definition of f.
To complete the proof, we consider the following four cases.

Case 1. {ug,us} C S C A.
Let S1 = (S\{u1,u2}) U{us} and let H = < S; >g. Then, H is connected and
f(H) =k — f(u1) — f(uz) + flus) = k.
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Case 2. u; € S,us ¢ Sand S C A

Let ¢ = min{j|c; = 1 and j > n + 3}. Then by the definition of f, we have f(u,) =
Zf;i f(u;) —2. This implies that f(ue) + f(u1) = Zﬁ;; fluj)+2f(ur)—2= Zﬁ;; f(uy).
Let S1 = (S\{u1,w}) U{u;|j € [2,¢ — 1]}, and let H = < S >¢. Then, H is connected
and f(H) =k — (f(u) + f(ue)) + 32575 Fu;) = k.

Case 3. u; ¢ S and S C A.

Let £ =min{jlc; = 1 and j > n+3}. Then f(us) = 30 f(u;) —2 = 30"} flu;) —
fuz) = f(U1)+Z§;}g f(uy). Let Sy = (S\{ue})U{ur, uz, ug, -+ ;up}, and H = < S; >¢.
Then, H is connected and f(H) =k — f(ug) + f(uq1) + Zf;; f(u;) =k.

Case 4. S C B.

Let ¢ = min{jlc; = 1 and j > 3}. Since |S| > 2, we have 3 < ¢ < n — 1. By the
definition of f, f(ug) = 32071 f(u;). Let Sy = (S\{ue}) U {us,ua, -+ ,up—s}. Then, H =
< S; >¢ is connected and f(H) = k — f(u,) + Zﬁ;i f(uj) = k. This concludes the
proof. O

We remark here that we intend to prove that M(K,,,) is equal to the lower bound
obtained in Proposition 3.1. Therefore, we shall prove that the lower bound is also the
upper bound. First, we estimate the number of induced connected subgraphs of K,, ,,.

Proposition 3.2. K,,,, has 2™*" — (2™ +2") + (m+n+1) induced connected subgraphs.

Proof. Let G = (A, B) = K, . For any induced connected subgraph H, either |V (H)| =
lor V(H)NA # ¢ and V(H) N B # ¢. Therefore, the number of induced connected
subgraphs of K, , is equal to (m +n) + (2™ — 1)(2" — 1). O

Note that the number of distinct induced connected subgraphs of G' does provide a
natural upper bound for M(G). But, after an IC-coloring is given, we may have distinct
induced connected subgraphs which receive common values and thus the upper bound
will be smaller. In what follows, we obtain several properties of a maximal IC-coloring f
of Ky .

Proposition 3.3. If f is a maximal I1C-coloring of G = (A, B) = K, then all the
colorings of vertices of G are distinct.

Proof. Suppose, to the contrary, there exist two distinct vertices u and v such that f(u) =
f(v). Now, depending on the distribution of v and v in A U B, we have three cases to
consider: (1) u € Aand v € B, (2) u,v € A and (3) u,v € B. Observe that if there exists
aset S C (AUB)\{u, v} such that H; = (SU{u})¢ and Hy = (SU{v})¢ are two induced
connected subgraphs of G, then f(H;) = f(Hs). Therefore, the number « of such subsets
S gives the number of graph pairs which have the same function value. Then, by Lemma
2.6 and Proposition 3.2, we conclude that f(G) < 2™t — (2™ +2")+ (m+n+1) — a.
So, a determines the upper bound of f(G).
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By direct counting, it is not difficult to see that there are (2™~! — 1)(2"7! — 1) + 1,
2m=2(2" — 1) + 1 and (2™ — 1)2"72 + 1 subsets S for the above three cases respectively to
produce graph pairs with the same function value. Thus,

f(G) <2mFm — (2™ +2") + (m+n+ 1)
—min{(2" = 12" = 1)+ 1,2m72(20 — 1) + 1, (2" — 1)2" % 4+ 1}
=M (2™ £ 2" (m A+ 1) — <2m+n—2 —om=1_gn-1 2)
< 3.omin=2 _9m=2 4 9

Hence, by Proposition 3.1, f is not a maximal IC-coloring, a contradiction. This concludes
the proof. O

Now, we let G = (A, B) = K, 2 < m < n, and let f be a maximal IC-coloring
of G. By Proposition 3.3, we may let f(u;) < f(ujy1) for i = 1,2,--- , m +n — L
where V(G) = {uy,uz, -+, Umyn}. For convenience, we also define f; = »7°_, f(u;) for
1=1,2,--- ,m+n. The following proposition is essential to the proof of the main theorem.

Proposition 3.4. Let f be a maximal IC-coloring of G = K,,,,. Then, we have
(1) f(ur) =1, f(uz) =2 and f(uz) =3 or 4, moreover, f(us) =3 if uius & E(G).
(2) fi <13 and equality holds only if < {uy, us, us, us} >c = Kas.
(3) If j € [5,m+n| and ujuy & E(G) wheret =1 or 2, then f(u;) < fj_1 —t.
(4) f;>3-272 = 21=*D 1 for each j € [1,m + n].

Proof. The conclusion of (1) and f; < 13 are easy to see, we assume that f; = 13. We
claim that H = ({uy, us, us,us})e = Kyo. First, we need an inequality.

For each i € [I,m +n] and each j € [i,m+n], f; <277(fi+1). ..., (%)

By Lemma 2.3, we have f(ujix) < fioxg1 +1 = fi + Z?z_ll f(uizre) + 1 for each
k € [1,m+n —i]. Then considering the sequence f;, f(u;+1)---, f(u;) in Lemma 2.2, we
obtain

fi= S0 Fug) = fi+ 070 Fluir) < 270+ (270 = 1) < 27 fi + 1),

Therefore, we have (x). Now, we are ready for the proof of (2).
Note that f(u;,) = 231:_11 f(u;) + 1 for iy = 1 or 2. Suppose that f; = 13 and H is
not isomorphic to Ky,. Since G is a complete bipartite graph, H is ismorphic to either

K 5 or I, (an independent set of size 4).
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Case 1. ujus ¢ E(G).

By (1), f(us) =3 > fo — f(uy). If {uy,us,u3} is an independent set, then f(uy) <
f(us) + f(u1) = 4 by Lemma 2.4. This contradicts to the assumption that f, = 13.
Hence, usu; € E(G) and uguy € E(G). By the assumption, f(uy) =7 > f3 — f(u;) and
{u1,u9,us} is an independent set. If m + n = 4, then we have a contradiction to that
f is an IC-coloring of G by Lemma 2.4. Otherwise, m +n > 5 and hence n > 3. By
Lemma 2.4, f(us) < f(u1)+ f(us) = 8. This implies that f5 < 21. Hence, by (x), we have

f(G) < 2m+n—5(f5 + 1) — 2m+n—5 2922 <« 24. 2m+n—5 _ 2m+n—5
S 3 . 2m+n—2 _ 2m—2 ‘l‘ 2
By Proposition 3.1, it contradicts to that f is a maximal IC-coloring of G.
Case 2. ujus € E(G).

Since G is a complete bipartitle graph, either usu; ¢ E(G) or usus ¢ E(G). If
wug ¢ E(G), we have f(us4) < f(uy) + f(us) <5 by (1) and Lemma 2.4. This implies
that f; < 12. This is a contradiction to our assumption. Hence, usus ¢ FE(G) and so
flug) < fug) + f(ug) < 6 by (1) and Lemma 2.4. Also, by our assumption, it is easy
to see that f(ug) =4, f(us) =6 > f3 — f(u2) and {us, us, us} is an independent set. By
Lemma 2.4, f(us) < f(uz) + f(us) = 8. This implies that f; < 21. Then by (x) in Case
1, we have f(G) < 3-2mt=2 —2m=2 4 9 4 contradiction. Hence, (2) is proved. Next, we
prove (3). Since t = 2 is a similar case, we prove the case t = 1.

Suppose, to the contrary, that f(u;) > f;_1 —1 = f;_1 — f(u;) for some j € [5,m+n].
Then by Lemma 2.4, if 7 = m + n, then f is not an IC-coloring of G and we are done.
Otherwise, f(uj1) < f(u;) + f(u1) = f(u;) + 1. By (%), we have

[i <2 Mfu+1)—1=14-2"*—Tand f;_1 <27°(fy+1)—1<14-2775 - 1.
This implies that

fivi =1+ flujm) < fi+ flu;) + 1< f+ fim+2

<(14-21— 1)+ (14- 275 — 1) +2 =21 - 24,
Since 7 > 5 and n > 2, we have

f(G) < 2m+n—(j+1)(fj+1 4 1) < 2m+n—(j+1)(22 . 2]‘—4)

=3. 2m+n—2 _ 2m+n—4 < 3. 2m+n—2 _ 2m—2 + 2.
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By Proposition 3.1, it contradicts to the assumption that f is a maximal IC-coloring of
G and we have the proof of (3). Finally, we prove (4).
Suppose that f; < 32972 —2/=("+2) _1 for some j € [1,m +n]. Then by (%), we have

f(G> = fm—l-n < 2m+n_j(fj + 1) < gmtn=i (3 - 2072 — 2j_(n+2))
< 3.omtn=2 _ogm=2_ 9

This is a contradiction and we have the proof of (4). O
Theorem 3.5. M(K,,,)=3-2mt""2_-2m"242 for2<m < n.

Proof. Let G = Ky, V(G) = {ug,ug, -+ ,Umin} and f be a maximal IC-coloring of
G. Since M(K,,,) > 3-2mtn=2 — 2m=2 4 2 by Proposition 3.1, it sufficies to show
that M(K,,,) < 3-2mt=2 —2m=2 4 2  From (2) of Proposition 3.4, it is true for
m = n = 2. So, assume that n > 3. By Proposition 3.3, we may let f(u;) < f(ui1)
for i € [1,m +n — 1]. For convenience of calculation, we also let f; = S20_, f(uy) for
i €[l,m+n] and f(ujyr) = fize—1 + e for £ € [I,m +n —i]. By Lemma 2.3, we have
re < 1for £ € [1,m +n —i]. Now, by Lemma 2.2, we have

fivi = S0 flug) = fi 4+ 300 Fluape) = 2 fi+ 500 20 g (+)

This implies that (by letting i = 4)

.f(G) = fm-i—n = f4+(m+n—4) = 2m+n—4f4 + Z;n:—:n_él 2m+”_4_£7’g. ................. (*//)

First, if wyus € E(G), then either ugipuy ¢ E(G) or ugious ¢ E(G) (but not both)
for each ¢ € [1,m + n — 4]. Since f is a maximal coloring, by (3) of Proposition 3.4.
we have f(u;) < fj_1 —t provided j € [5,m + n] and w;u; ¢ E(G) where t = 1 or
2. This implies 7, < —1 or —2 depending on t = 1 or 2. Thus, by (*”), we have
f(G) < omin—t. g 4 Smdn—dgmin—d-t (1) Now, in case that f, < 12, f(G) <
3.omin=2 _ (gmin=4 _ 1) < 3.2mtn=2 _9m=2 4 9 On the other hand, f; = 13 and the
graph H induced by ({ui,us, us, us})e is isomorphic to Ky by (2) of Proposition 3.4.
Clearly, there are m — 2 vertices in one partite set of G — H and n — 2 vertices in the
other partite set. Therefore, since n —2 > m — 2,
F(G) S 2mbn=t fy 4 3000 2min Tt (1) 4 YT 20T (—2) (by (+7))

j=n—1
=13 . 2m=d 4 (—1)[2m Tt — 1]+ (—1)[2m 2 — 1]
— 3 . 2m+n—2 _ 2m—2 + 2

Hence, we have the proof. In what follows, we assume that ujus ¢ E(G). By (1) and
(2) of Proposition 3.4, we have f(u3) = 3 and 4 < f(uq) < 7. If f(uy) = 4, then since
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n > 3, we have f; = 10 < 3- 242 — 24=(n+2) _ 1 This is a contradiction to that fis
a maximal IC-coloring of G by (4) of Proposition 3.4. Hence, 5 < f(uy) < 7. First, we
claim that H is isomorphic to Ky5. Suppose not. If {uy,us, us} is an independent set,
then by Lemma 2.4 and f(us) = 3 > fo — f(u1), we have f(us) < f(ur) + f(us) = 4, a
contradiction. Hence, ug is adjacent to u; and uy. Thus, {us, ug, us} must be an indepen-
dent set. Since f(ug) >5 >4 = f3— f(uz), we have f(us) < f(uz)+ f(ug) <9 by Lemma
2.4. This implies f5 < 22 < 3-2572 — 25-(+2) _ 1 and we have a contradiction by (4)
of proposition 3.4. So, H = Ky = (A, B) where A = {uy,us} and B = {us,us}. Now,
let Vi ={v e V(G\V(H)|vug ¢ E(G)} and V, = {v € V(G)\V(H)|vus ¢ E(G)}. Then
{V1, Va} is a partition of V/(G)\V (H) such that |Vi| =n—2, |[Vo| =m—2or |V}| =m—2,
|Va] = n—2. Then by (3) of Proposition 3.4, r, < —2 in (%”) if usy, € V4. Now, the proof
follows by considering the following two cases.

Case 1. 5 < f(uy) < 6.

Clearly, we have fy < 12. If for each uy, € Vs, f(ux) < fr_1, then r, < 0 provided that
Ugre € Vo in (¥”). By Lemma 2.5 and (x”), we have

f(G) < gmn— 4f _'_Zn 22m+n 4—j . 0_|_Zm+” 42m+n 4-35 | ( 2)

j=n—1

= omtn=d. 12 4 (2m2 — 1) (=2) < 3. 2™ gme2 49

Otherwise, there exists a ux € V5 such that f(ug) = fr—1+1. Let i be the smallest integer
such that f(u;) = fi-1 + 1 and u; € Va. Then for each k € [5,i — 1], 74—4 < 0 in (¥).
This implies that fi_1 = firg-5 < 2°7°f; < 3 x 2773, Again, by (4) of Proposition 3.4,
we have f;_; > 3-2073 — 21~ ("+3) 1. This implies that

32073 270 H3) <« f) KB X 2T AL ()

Moreover, let |V5| = t. We claim that i = max{k|v, € V2}. Suppose not. Let j be the
smallest positive integer such u;y; € V5. Then ¢ +j < m +n and by Lemma 2.4, either
fuirg) < fivjo1r — flwi) or f(uirjen) < f(wi) + fuiyy) wheni+j+1 <m+n.

First, if f(ui;) < fiyjo1 — f(ug), then, for j = 1, f(uiy1) < fi = f(uwg) = fin <
f(u;). This contradicts to the definition of f. Hence j > 2. This implies that for
keli+1,i4+j—1],ux € Vi and rp_; < —2in () by (3) of Proposition 3.4. Therefore,
by Lemma 2.5, (%) and (),

frrjor S PV fi ST 2070 (<2) = 27 fiy o+ f(ug)] - 2(27 = 1)
<2732 ) 22 - 1) =327 2 o (")

Again, by (xx), (x*’) and the fact i > 5, we also have
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fivi = fivio + f(uig) < figa + firg — fw)
< (3. 213 _ 9i-1 4 9) _ (3.92i3 _ 9i~(nt3))
_3.9i+-2 _9j _3.9i-3 4 9i~(n+3) 4 4
<3.91H2 _9i _9i=8 _ ]
= 3.920+=2 _ 9(i+j)—i _ 9(i+5)=(+3) _ 1,
Since i + (j +3) <m+n+3 < 2n+ 3, either i <n+2or j+3 < n+ 2. This implies

fir; < 3-20%)=2 _2(+)=("+2) _ 1 and we have a contradiction by (4) of Proposition 3.4.
On the other hand, if f(u;+j41) < f(u;)+ f(uis;), then by (sx), (++') and Lemma 2.3,

fivja1r = firjor + f(wiry) + f(uigjzr) < figjo1 + f(igs) + [f (ws) + fuig)]
< firg + 2(firg 1) + fug) = 3fiyj1 + fwi) + 2.
<3(3-2073 — 20714 2) +3.2073 43
=9.2MH73 _3.2/71 1 3.273 19,
Since i > 5 and j > 2, we have 207773 > —3.2/71 110 and 2¢7/73 > 3.2/=3. This implies
firin < 11-2078 1 < 3. 20H+)=2 _ o(i+1)=("+2) _ 1 Again, this is not possible.
Hence, we have the claim i = max{k|v; € V5}.
Now, since i = max{k|uy, € Vo}, we have i —4 > ¢ <n—2 and r,_4 < 0 provided that
ug € Vo and £ # i in (x”). By Lemma 2.5 and (x”), we have
f(G) < 2m+n—4f4 + Zz;ll gmtn—4—j () + gmtn—d—t  q + 2;12-1;114 gmtn—d—j (_2)
— 2m+n—4 .12 + 2m+n—4—t _ 2(2m+n—4—t _ 1) =3. 2m+n—2 _ 2m+n—4—t + 2
<3. om+n—2 _ 2m+n—4—(n—2) +92=3. om+n—2 _ 9m—2 +92.
Case 2. f(uy) =T7.
Review that V) = {v € V(G)\V(H)|vuy ¢ E(G)} and Vo = {v € V(G)\V(H)|vu, ¢
E(G)}. Clearly, fy = 13. Now, if V5 = ), then r, < —2 for each ¢ € [1,m+n — 4] in (x”).
By Lemma 2.5 and (x”), we have

f(G) < 2m+n—4f4 + Z;n:ln—4 2m+n—4—j(_2> — 13 .9mt+n—4 _ 2(2m+n—4 _ 1)

S 3. 2m+n—2 _ 2m—2 + 2.
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Otherwise, Vo # (0. Let i = min{j|u; € Va}. Clearly ¢ > 5. Since u;, € V; for k € [5,i—1],
rr—ga < =2 for k € [5,i — 1] in (%’). By Lemma 2.5 and (*'), we have

fi—l = f4+(i—5) S 2i_5f4 + 23;51 2i—5—j(_2> =11- 2i_5 + 2. (* * *)
If m +n =5, then by Lemma 2.4, f(us) < fy — f(ug) = 13 =7 =6 < f(uyg), which is
impossible. Hence, consider m+mn > 6. Again, by Lemma 2.4, either f(u;) < fi_1 — f(u4)
or f(uir1) < f(u;) + f(ug) when ¢ +1 < m + n. First, if f(u;) < fio1 — f(uq), then
fi=fior + fu) <2fis — fua). By (x) and (x* x),

f(G) <2mn=i(fi + 1) < 2™ 2 f ) — f(ug) + 1] < 2mF=i[11 . 2074 — 9]

< 11.gmin—t < 3.gmin-2 _gm-2 9

On the other hand, if f(u;y1) < f(u;) + f(u4), then by (x * %), we have

fir1 = ficr + f(wi) + fuipa) < fioa + flug) + [f(wi) + fud)]

< ficr +2(fici + 1)+ fug) = 33275 4+ 15.
If ¢ > 6, then by (x), we have

f(G) < 2m+n—(i+1)(fi+1 + 1) < 2m+n—(i+1)(33 . 9i=5 + 16)

—33. om+n—6 116 - 2m+n—(i+1) < 33. 9m+n—6 116 - om+n—7

— 41.gmn6 < 3.gmin=2_gm=2 o
Therefore, the case left to check is that ¢ = 5. First, we evaluate f(ug) and fs. By
assumption and Lemma 2.3, f(ug) < f(us) + f(ua) < (fa +1) + f(ug) = 21, and
fo = fo+ flus) + flus) < fa+ (fa+ 1)+ f(us) < 48. Now, if there exist a k' > 7
such that uy € V5. Let £ = min{j > 7|u; € Vo}. Then for each k € [7,£ —1], uy € V4 and
hence rp_¢ < —2 in (). By Lemma 2.5 and (), we have

foor S 2T fo 4 30120 (—2) <4627 4 2,

Also, by Lemma 2.4, either f(u;) < fro1 — f(uq) or f(upr1) < flug) + f(ug) when
(+1<m+n. First, if f(us) < fo_1 — f(uy), then

fo=foor+ flug) <2fr 1 — fluy) <92-27-3

<9627 — 965 _3<3.9t-2__ol=(nt2) _ 1
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This is a contradiction. On the other hand, if f(usr1) < f(ug) + f(ug), then since £ > 7,
we have

ferr = foor + fue) + fluerr) < foor + 2f (we) + f(ug)
< foor+2(frer + 1) 4 flug) <3-(46-27742) 49
=69-20648.2-1<77-266 -1
<96-206_16.206 — 1 < 3.90+D)=2 _ o(+1)~(n+2) _

We also have a contradiction.
This implies that uy € V; for each k € [7,m + n] . Therefore, r,_¢ < —2 for each
k€ [7T,m+n] in (¥). By Lemma 2.5 and (*"), we have

f(G) — f6+(m+n—6) < 2m+n—6f6 + Z;n:—iin—(i 2m+n—6—j(_2)

S 48 . 2m+n—6 _ 2(2m+n—6 _ 1) S 3. 2m+n—2 _ 2m—2 + 2.
This concludes the proof of the theorem. O
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