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Abstract

Let G(*) be an infinite graph with the vertex set corresponding to the set of
positive integers N. Denote by G() a subgraph of G(>) which is spanned by the
vertices {1,...,l}. As a possible extension of Turén’s theorem to infinite graphs,

. . . . .. (O] . .
in this paper we will examine how large liminf; \E(g I can be for an infinite

graph G(®), which does not contain an increasing path I with k& 4+ 1 vertices.

We will show that for sufficiently large k there are [p—free infinite graphs with

® . . . . Y
|E(?72)|. This disproves a conjecture of J. Czipszer, P. Erdés

and A. Hajnal. On the other hand, we will show that liminf;_, . ‘E(gm)‘ < % for

any k and such G(°°).

1 1 . .
7+ 900 < liminf;

1 Introduction

1.1 Preliminaries

Let G = (V(G)), E(G®))) be an infinite graph with the vertex set corresponding
to the set of natural numbers, i.e., V(G*)) = N, and the set of edges E(G)). Denote

by G® the subgraph of G(>) induced on the set {1,...,1}. Let G(>) be a K, free

graph. Then, by Turdn’s theorem for finite graphs we get that liminf; M <

lim sup;_, ‘E(ZC;( )l <3 (1 ) On the other hand, a K}, free graph G() Wlth edges
{i,j} € E(G™) if j —i # 0 mod k, achieves this bound. Hence, the Turdn density for
finite and infinite Kj,—free graphs is the same.

In this paper we study the edge density of graphs without an increasing path of
length k. We say that I, = 4115 .. .14 is an increasing path of G ifi <ig<--- < Tpa1
and {i;,i;11} € E(G®)). One can easily see that for any fixed [ there exists a graph G*)
not containing I such that |E(G®)| equals to the Turdn number for Kj,,—free graphs.
Hence, for finite graphs forbidding I leads to the same restriction on number of edges
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as forbidding Kjy;. While the maximum value limsup,_, |E(g(l))| can achieve over all

I)-free infinite graphs G is %(1 — %), the corresponding value for the limit inferior is harder
to find. Set

@
p(G) = liminf w

l—o0 2

Furthermore, let the path Turdn number be defined as
p(k) = sup{p(G) | G is Ij-free}.

J. Czipszer, P. Erdos and A. Hajnal were the first ones who examined these numbers.
In [1], they showed that p(2) = 1 and p(3) = §. The following was stated in [1] as a
question and in [2, 3] as a conjecture.

Conjecture 1.1 ([1, 2, 3]) For any k > 2 the following holds

=1 (1-7)- 0

In this paper we will show that in general this fails to be true. In fact, for sufficiently
large k the value of p(k) exceeds 1.

Theorem 1.2 For any k > 162 the path Turdn number satisfies
1 1
k) > -4+ —.
PR) > 1 500

We were unable to decide if (1) holds for £ = 4. Here we will show that (1) fails for
k = 16.

Theorem 1.3 The path Turdn number p(16) satisfies

p(16) > % (1—11_6).

Moreover, complementing Theorems 1.2 and 1.3 we will show the following upper
bound, confirming that the Turan number for [;—free infinite graphs differs significantly
from those for finite graphs.

Theorem 1.4 For any k > 2 the path Turdn number satisfies

Wl =

p(k) <

1.2 Reformulation

In order to prove Theorems 1.2, 1.3 and 1.4 we will work with infinite sequences of k
symbols rather than with infinite graphs. Let C = {¢, }5°, be a sequence of integers with
cn €4{1,2,...,k}, and

Se(k, 1) = [{(i,j) | 1 <i<j<land ¢ < ¢}
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Furthermore, let
|Se(k, )]

sc(k) = liminf R

l—o0
and
s(k) = sup sc (k).
c

The following statement shows the equivalence between path Turdn numbers and the
numbers s(k) for a fixed k.

Lemma 1.5 Let k > 2. Then, p(k) = s(k).

Proof. For a given sequence C = {c, }°°, of k symbols, let G(>) be the infinite graph which
corresponds to this sequence, i.e., V(G®)) = N and E(G®™)) = {{i,j} | i < j and ¢; <
c;}. Note, G is an [}—free. Hence, |[E(GW)| = Sc(k, 1), and consequently p(k) > s(k).
Conversely, let G be an I, free infinite graph. Then, G(>) defines a partition of N

j=1
where
Ny(G)) = {a eN|V3eN:{a, 3} E(G™)=ac< 6},
and

Ni(G™®)) = {a eN\ L_J N;(G®) | V3 eN: {a,3} € E(G™) =

j=1
i—1
a< for e U Nj(G(OO))}u
j=1
for i € {2,...,k}. Let C = {¢,}>2, be the sequence which corresponds to the above

partition, i.e., ¢, = i if n € N;(G™)). Note, |E(GY)| < Se(k,1), and consequently,
p(k) < s(k). O

2 Auxiliary sequences

2.1 Sequence A ={a,}>°,

The sequence A = {a, }>°, on the symbols {1, ..., k}, which we define below, will consists
of infinitely many blocks. For j € N, the j-th block is a subsequence of k27 consecutive
symbols, which consists of 27 one’s followed by 27 two’s, etc. We abbreviate such block of
length k27 by 29 ® {1,2,...,k}. Below are the first three blocks of the sequence A:

1112121 [kl 1111121212021 . k|11 [1[1L]L]L]1[2]2]2]2]2]2]212]. . [k]k]k]k]k]k |k |k
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Formally, for a given k, A = {a,}52, is a sequence of integers with a,, € {1, ..., k} defined
as follows:

(i) for any n < 2k, a, =1 if and only if 2( — 1) < n < 2i, otherwise

(ii) for any n > 2k, a,, = i if and only if there exists an integer number m € N U {0}
such that

E2+22 4+ 42"+ (i — 12" <n < k(2+22+ -+ +2™) 442"

Fori € {0,1,...,k}, we identify the indices n;(m) for which value of the sequence changes
from i to i+ 1, i.e., ny(m) = k(24 2%+ - - -+ 2™) + 2™, Note, ng(m) = ng(m + 1) and

n;(m) = (2k + 2i)2™ + o(2™). (2)
Proposition 2.1 For any i € {0,1,...,k — 1} we have

Sa(k, mi(m)) = (gk(kz S 1) 4 4ifi - 1)) 4™ 4 o(4™).

Proof. First, we will find a formula for s4(k,no(m)). Note that setting S4(k, no(0)) =0
we obtain that for m > 1,

k—
Sk, no(m)) = Sa(k, ng(m — 1)) Z (24224 4 2m)27
]:

= SA(kv nO(m )) k( - 1)2m(2m - 1)7

and hence by induction,

Sk, mo(m)) = k(k — 1) S 29(29 — 1) = %k(k — )™ 4 o(4™),
j=1
Similarly, for ¢ > 1,
-1
Sk, ni(m)) = Sa(k,no(m Z (2422 4. 4 2mtlhyomtl

a(k,no(m)) +i(i — 1)2m (2™ — 1)

S
- (%k( — 1) 4 4i(i — 1)) 4™+ o(4™).

By Proposition 2.1 and equation (2) we obtain the following.
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Corollary 2.2 For any i €{0,1,...,k — 1} we have

i Salkni(m)) sk(k —1) +i(i — 1)
m—=oo  p,;(m)? (k+14)? :

Denote the above limit by t4(7).

Remark 2.3 Note that the existence of the limit ¢ 4(7) means that the behavior of w,
as a function of x with domain equal to the sequence ni(1) < -+ < mng(l) <ny(2) <--- <
ng(2) < --- < ny(m) < ---, becomes close to periodic (with period k) for m large. In

particular, t 4(0) = t4(k).

2.2 Sequence B = {b,}>°,

Now, we define the second auxiliary sequence. For an even number k, let B = {b,}5°, be
a sequence of integers with b, € {1,...,k} such that

b a,ﬁ—% mod £, ifan+§7€0 mod £,

" k, otherwise.
Proposition 2.4 For anyi € {0,1,...,k — 1} we have

, ~f (K* =3k +2i(k 4 2i — 2)) 4™ + o(4™), if0<i<k
Sk, ni(m)) = { (3k2 — Wk 4+ (20 — k — 2)(2i — k)) 4™ + 0(4™), otherwise.
Proof. First, we will find a formula for Sg(k,ng(m)). Recall that the m-th block is now
of the form 2™ ® {g +1,...,k1,..., g} The number of pairs b, < bg, where b, belongs
to the first m — 1 blocks and bg = j+1, for 5 = 1,...,k—1, and belongs to the last block,
is equal to
j2+ 22+ 4 2m o™,

Setting Sg(k,no(0)) = 0 yields for m > 1,

DN nol

Sg(k,no(m)) = Sg(k, no(m — 1)) + ij(Q + 224 4 2m 2™ 4 2(

j=1

)

Sp(k,no(m)) = Sp(k,nog(m — 1)) + k(k — 1)2™(2™ 1 — 1) + g <§ — 1) 4",

where the last quantity counts the pairs b, < bg of the last block. Hence,

and by induction

- <k2 — %k) 4™ 4+ o(4™).
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Now suppose that i € {0,...,%}. Then,

Sp(k,ni;(m)) = Sp(k,no(m)) + G242% 4 4 2m2mt 4 (;) (212
= Sp(k,no(m)) +i (k2 127+ (2™ = 1) + 2i(i — 1)4™
= Sg(k,no(m)) + 2i(k + 2i — 2)4™ + o(4™)

4
= (k2 -3k 2i(k + 2i — 2)) 4™ 4 o(4™).

Similarly, for i € {£ +1,...,k — 1}, we get

Sp(k,ni(m)) = Sp(k,nx(m)) + 22: G(242% 4 22l
= Sg(k, n%(m)) + (20 — k —2)(2i — k)4™ + o(4™)

= (314;2 - 1_;k; + (2 =k —2)(20 - kr)) 4™ 4 o(4™).

By Proposition 2.4 and equation (2) we get the following.
Corollary 2.5 For anyi€{0,1,...,k— 1} we have

k+2i—2 . .
=2 ifo<i<k

m=oc  p;(m)?

1 T

. 4 2
(i) = tim 2B M) ) ;221 R
ik —gk ?k oy , otherwise.

The meaning of the existence of ¢5(4) is similar as in Remark 2.3.

3 Proof of Theorem 1.2

We start with an outline of the proof. First, we redefine the sequence B by adding k
to all its terms, i.e., b, := b, + k. For an even integer k we construct a new sequence
C = {cn}22, setting co—1 = a; and ¢y = by, for [ € N. Note, C is a sequence defined on
symbols {1,2,...,2k}. It is easy to see that, if ¢; < ¢;, then ¢;,¢; € A, or ¢;,¢; € B, or
¢, € A and ¢; € B. Hence,

Se(2k, 21) = Sa(k, 1) + Su(k, 1) + [{(ai b)) | ai € {anthoy, by € {ba}ooy, 1< i <j <1}

Consequently,

Se(2k,20) _ 1 (Salksl)  Se(kD)\ 1
c(zz)z ZZ<AZ2 0 )*é' )
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Figure 1: Density functions of sequences A, B and C.

Figure 1 describes the behavior of the density function for the sequences A, B and C on
one block for £ = 1000 and a large value of m. More precisely, it gives the graphs of
t4(1000), t5(1000) and t:(2000) as a function of ¢ = 1,...,1000. Based on this, one can
anticipate that s¢(2000) > 0.255. Indeed, we will show that for k large enough (k > 162)
the sequence {c,} implies the statement of Theorem 1.2.

Proof of Theorem 1.2. In view of Lemma 1.5 we need to show that sc¢(2k) > 0.255. To
this end, we will verify that the limit inferior of the right side of (3) is larger than 0.255,
as [ goes to infinity. For any [, there are integers m and i such that n;(m) <1 < n;1(m).
Since S4(k, 1) is increasing in [, we thus have

Salh,1)  Salk,ni(m))

2?7 (niga(m))?

(4)

and similarly,

S(k,0) SB(k:,ni(mg)‘ (5)

2o (niga(m))

In view of Propositions 2.1 and 2.4 and equation (2), for any ¢ € {0,...,k — 1}, we have,

o Sa(kng(m))  BED 1)
hrn = . )
m—co (niy1(m))? (k+i+1)?

and

k2 — S k+2i(k+2i—2) o N
lim M _ , 3211(36—&—2'4-1‘)2 - if1€{0,..., 5 — 1},
m—oo  (n;41(m))? 3k —71?(;(?:;11)—22)(21—@’ ifi e {g, o k—=1}
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Consequently,

lim inf (SA(?Z) + SB(?Z)) > min{ lim Salk, ni(m)) + lim SB(kani(mg) }

l—o0 ) l i m—oo  (n;11(m))? m—oo (nip1(m))

Hence, it suffices to verify that for any i € {0,..., g -1}

MED L —1) k2 — Sk 2i(k + 20— 2)

(k+i+1)2 Ak 4 i+ 1)2

> 0.52, (6)

and for any i € {&,... k—1}

B (i —1) 3K — Wk 4 (20 — k —2)(20 — k)

.02
(i) NEENEYE > 0.52, (M)

for k large enough. Multiplying both sides of (6) and (7) by (k + i + 1)? one can verify
that inequality (6) holds for k£ > 162 and inequality (7) for k£ > 35. O

4 Proof of Theorem 1.3

To prove Theorem 1.3 we need to refine some of the estimates made above. Observe that
our main “tool” was the fact that for any [ there are integers m € Nand i € {0,...,k—1}
such that n;(m) < I < n;11(m), and consequently that (4) and (5) hold. In order to
strengthen inequalities (4) and (5) we choose an integer r, which is a power of 2, and
further subdivide the interval {n;(m),...,n;1(m) — 1} into r disjoint intervals of the
same length, i.e.,

r—1

41
{ni(m), ..., nipa(m) — 1} = {ni(m) FLomtt () L gmh 1} .
r T
j=0

Let n!(m) = n;(m) + Igm+1 for j € {0,1,...,r}. Note, nf(m) =n?,,(m) and
ni(m) = (% +2i+ 21) 2™ 4 o(2™). (8)
r
Then, the following two statements hold.

Proposition 4.1 Let r be a power of 2. Then, for any i € {0,1,...,k — 1} and j €
{0,1,...,7 — 1} we have

Sa(k,nl(m)) = (%k‘(k‘ —1)+4i(i — 1)+ 82’2) 4™ + o(4™),
T
for m sufficiently large.
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Proof. Note that

Salk,ni(m)) = Salk, ni(m)) +i(2 +2° 4 - 4 27Tt

= Su(k,n;(m)) + 82‘%4’” + o(4™),

which in view of Proposition 2.1 yields the required statement. O
Proposition 4.2 Let r be a power of 2. Then, for any i € {0,1,...,k — 1} and j €
{0,1,...,7 — 1} we have
Salond () — { gkz — A4 20k + 2 — 2) + (2K +8?)> 4 4 o(4m), f0<i<k_1,
i 32 — 0k 4 (20 — k — 2)(2i — k) + £(8i — 4k)) 4™ 1 o(4™), otherwise.

for m sufficiently large.
Proof. For i € {0,...,% — 1} we get

Sp(k,nf(m)) = Sp(k, ni(m)) + (g + z) (24274272 4 igr g
= Sp(k,ni(m)) + %(2/% + 80)4™ + o(4™).
Similarly, for i € {g, ...,k —1}, we have

Su(k,nl(m)) = Sp(k,n;(m)) + (z — g) (2+2°+--+ 2“@“)%2“”1

= S, mm)) + (85 — 4R)A" 4 o(a™).

The required statement follows now from Proposition 2.4. O
Based on the above propositions we will prove Theorem 1.3.

Proof of Theorem 1.3. In view of Lemma 1.5 we need to show that s¢(16) > (1 — 1%).
In order to prove it, we will show that the limit inferior of the right side of (3) is strictly
greater than i(l — 1—16), as [ goes to infinity. For any [ there are integers m € N, i €
{0,...,k—1}and j € {0,...,r — 1} such that n/(m) < < n/™"(m), and consequently

)

SA(kvl) > SA(kan(m )

BT (] m)

(9)
and similarly,

(10)
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Let k = 8 and r = 64. Then, one can check! that for any i € {0,. ..,g — 1} and
jef0,...,r—1}

M) (i — 1)+ 2 K2 —3k+2i(k+2—2)+ 12k +8i) _ 28

. . > =
(k4 i+ 1) Ak + i+ 1H1)° 64

(11)

andforanyie{g,...,k—l}andjE{O,...,r—l}

MED i —1) + 20 3k — Wk (2 — k —2)(2 — k) + L(8i — 4k) 2
(k4 i+ £1)? Ak + i+ 2 64

(12)

Hence, by Propositions 4.1 and 4.2, equation (8) and inequalities (9) and (10) we
obtain

lim inf (S_Agf,l) + SB(]C,Z>) Z min{ Lim w lim M} > —

l—o0 [2 i,j m—00 (n3+1<m))2 m—00 (Z m)) 64’

which in view of (3) yields the statement of Theorem 1.3, i.e.,
1 28 1 1 1

Remark 4.3 Analogously, one can show that Conjecture 1.1 fails for any k£ > 24. In
order to do it, take a sequence C of 2k symbols from the proof of Theorem 1.3, for £ > 12
and even. Then an approach similar to the one used in Theorem 1.3 yields

1 1

5 Proof of Theorem 1.4

O

For a given k, let C = {¢,}5°, be a sequence of integers with ¢, € {1,...,k}. Let t > 1
be an integer and € = % Let

N=[JN0O (13)

be a partition such that ¢, = i for every n € N®. We further subdivide each N =
{n} <nh<---},i=1,...,k, into

N@O — ON(Z'J)’

!The authors used MATLAB [4] to verify (11) and (12).
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where N0 = {ni < nf ; < ~n§t+j < ---}. Now, we construct a new sequence D =
{d,}>2, with values in {1,..., k}, for k = kt, such that

dy = (i = 1)t +j,
for n € N9 Let
Sp(l) = {(n1,n2) | 1 <y < my < 1iy < iy for ny € N0, ny € N@Y,
Note,
Se(k, 1) = [Sp(l)]- (14)
For any i € {1,..., l%}, let r; be a function defined on N such that

neN|d,=iand n <]
Ti(l):H | I }|

Consequently, for any [ € N, we have (rl(l), o ,r,;(l)) € [0,5]'~€ and Zle r;(l) = 1. Since

the set [0,]* is compact, the sequence {(ri(D),....m(1) }21 has a limit point in [0, &]*,

say (7"1, .. ,r,;). Therefore, there exists a sequence {/;}32, such that
Jim (ra(L),- o rel0) = (- 7):

Obviously, (r1,...,r;) € [0,5]’; and Zle r; = 1. Thus, the set R = {1,...,k} can be
divided into 3 disjoint sets for some i1, € {1,...,k} as follows:

Rl :{1,...,i1},
Rgz{il—l—l,...,ig},

RSZ{i2+17'-'7k}7

and

for ¢ = 1,2, 3. Consequently, there exists j, such that for all j > jy the similar inequality
holds, 1.e.,

‘ Zrl(l])_% <g, (15)

for ¢ = 1,2,3. Let Sp(l) denote the set of pairs (ny,ns) € Sp(l) for which d,,,d,, € R,
for some ¢ € {1,2,3}. Similarly, let S5(I) denote the set of pairs (ni,ny) € Sp(l) for
which d,, € R,, and d,,, € R,, for some ¢, # ¢» € {1,2,3}. Hence,

[Sp(1)] = 1Sp ()] + ISp (D). (16)
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Furthermore, since
3
;S o rilly)
L7y < i 2uier, Tilly
spin < 3 (U0,
q=1
and (15) we infer that

CShl 1 ISk _ 1 |
lliijpT:?llrjing§§-§-3+O(a):6+0(6). (17)
On the other hand, due to the result of J. Czipszer, P. Erdés and A. Hajnal (see Theorem 2
in [1]), which states that Conjecture 1.1 is true for k = 3, we obtain that

o Sp)] 1 1y _1
1 f <-|1-=)=-=. 1
ime 2 T4 3) 6 (18)
Consequently, by (14), (16), (17) and (18) we get
lim inf M = lim inf M < lim inf M
|—00 l2 |—o00 l2 j—00 j2
1 2
: : 1
< lim sup M + lim inf M < -=+0(e).
j—oo j j—00 j 3
Since this is true with e arbitrarily small, we infer that
1
SC(]C) S g
This completes the proof of Theorem 1.4. O

Remark 5.1 Slightly modifying the above proof, one can show that for given k and m
we have

1
k) < —. 19
p() < plm) + 5 (19)
Indeed, note that the set {1,..., l;:} can be partitioned into m pairwise disjoint sets
{1> ) ]%} = U qu
q=1
which satisfy
1
‘ Z ’l"i(lj) — E} <eg,

i€Rq
for every g € {1,...,m} and every j > jp, for some fixed j,. Consequently, the left sides
of (17) and (18) can be bounded by 5= + O(g) and p(m), respectively. Hence,
1
se(k) < p(m) + o,

i.e., (19) holds.
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Note that if Conjecture 1.1 would be true, say for p(4), one could combine it with (19)
to improve Theorem 1.4. More precisely, we would have

1 1\ 1 5
<-(1-—)+-=2
p()—4< 16)+8 16’

for every k > 2.

6 Concluding remarks

One can extend the definition of p(k) by allowing k to be also infinity, with the corre-
sponding parameter
E(GWOD
p(o0) = sup (lim inf M) ,
G(0) I—00 !

where the supremum is taken over all graphs G(*) without infinite increasing paths.
J. Czipszer, P. Erd6s and A. Hajnal showed in [1] that

In this paper we showed that for k£ large enough the path Turdn number satisfies
1 1 1 1
-+ —<pk) < -+ —.
1t g0 SPW S 1t

Determining the precise values of p(k) and p(co) does not seem to be an easy problem.
However, it is easy to see that for any fixed k

p(k) < p(o0). (20)

Indeed, let C = {c,}22, be a sequence of k symbols. Furthermore, let D = {d,,}>°, be a
sequence from the proof of Theorem 1.4 for some integer t. Then, D is a sequence of kt
symbols. Recalling the definition of N® (¢f. (13)), for i = 1,..., k, set

L) = |[{ae N | a <1},

and

E(l) = |{(a,3) e N9 x N | d, <dgand 1< a < B <}
Since N induces a subsequence of the form 1]2|...[t|1|2]...]t|1]2]...|t|... we infer that
E(l)=1(1- l)li(l)2 + o(li(l)2) and Y% 1;(1) = I. Consequently,

t

S0 =4 (1-3) S et ot 23 (1- 1)k (1) o

i=1

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R47 13



and

Hence,

and finally by Lemma 1.5 we obtain (20), i.e.,
p(k) = s(k) < s(kt) = p(kt) < p(co).

Letting t — oo, we have just showed that
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