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Abstract

Quasi-random graphs have the property that the densities of almost all pairs of
large subsets of vertices are similar, and therefore we cannot expect too large empty
or complete bipartite induced subgraphs in these graphs. In this paper we answer
the question what is the largest possible size of such subgraphs. As an application,
a degree condition that guarantees the connection by short paths in quasi-random
pairs is stated.

1 Introduction

Szemerédi’s Regularity Lemma for graphs [6] has become one of the most important tools
in the modern graph theory. When solving certain problems, this Lemma allows us to
concentrate on quasi-random subgraphs (called also e-regular pairs) instead of considering
the whole graph. Notable examples of this method can be found in [2, 3]. This approach
is very convenient since such regular pairs have a lot of nice properties. In particular,
in quasi-random graphs the densities of almost all pairs of large subsets of vertices are
similar, and therefore we cannot expect too large empty induced subgraphs (holes) in
these graphs.

The problem of holes in e-regular pairs was already studied in [4]. Let h(e,d,n)
be defined as the largest integer h such that every balanced bipartite graph G' with 2n
vertices and density at least d, contains a subgraph H on h + h vertices and with no
hole with at least en vertices on each side of the bipartition. The authors, having given
0 < e,d < 1 and a positive integer n, estimate the number h(e,d,n). In this paper we
study a similar problem. With given d and ¢ we determine the maximal size of a hole
that can be contained in some, sufficiently large, (d; ¢)-regular graph. As a corollary, the
size of a largest complete bipartite graph that can be contained in a (d;¢)-regular pair is
also given.
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We start with some preliminary facts and definitions. Let G = (V| E) be a graph with
a vertex set V = V(@) and an edge set £ = F(G) C [V]?. For U,WW C V define

ea(U,W) = [{(z,y) : 2 € Uy € WA{z,y} € E}|.

Moreover, for nonempty and disjoint U and W let

eg(U, W)

da(U, W) = GG

be the density of the graph G between U and W, or simply, the density of the pair (U, W).
In the rest of this paper we assume that G is a bipartite graph with bipartition
V =Vi UV, A standard averaging argument yields the following fact.

Fact 1.1 If dg(V1, Vo) < d [> d], then for all natural numbers {1 < |Vi| and by < |V3|
there exist subsets U C Vi, |U| =€y and W C Vo, |W| =l with dg(U,W) <d [>d]. W&

Definition 1.2 Given e1,e5 > 0, a bipartite graph G with bipartition (V;,V3), where
|[Vi| = n and |V3| = m, is called (g1, es)-regular if for each pair of subsets U C Vi and
W CVy, |U| > en, |W| > eym, the inequalities

d—€2<d(;(U,W)<d+€2 (1)

hold for some real number d > 0. We may then also say that G, or the pair (V,V3),
is (d;e1,e9)-regular. Moreover, if €1 = g9 = €, we will use the names (d; €)-regular and
e-regular.

For example, according to the above definition, a complete bipartite graph has its density
equal to 1. Therefore it is e-regular for all € > 0.

Remark 1.3 Each (g1, e5)-regular graph is e-regular for all ¢ > max{e,e2}. Note also
that checking if the given graph is (d;e1, ey)-regular we need to consider only sets of the
size e1|V;|, i = 1,2.

In the following section we state our main results proved in Sections 3. In Section 4,
as an applications, we present a degree condition that guarantees the connection by short
paths in quasi-random pairs.

2 Main results

From the definition of a (d;e)-regular pair it follows that the densities of most pairs of
subsets of vertices are close to d. However, it turns out that even in such highly regular
graphs, some pairs of small subsets may have their densities far from d. In particular,
there exist (d; €)-regular graphs which contain relatively large empty bipartite subgraphs
(holes). Clearly these holes cannot be too large. The goal of this section is to find the
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maximal size of them. As a corollary, the size of a largest complete bipartite graph that
can be contained in a (d; €)-regular pair is also given.

Let us begin with some definitions for a bipartite graph G = (V,;UV4, E). Set K(U, W)
for the complete bipartite graph with vertex sets U and W and define the bipartite com-
plement G = (VU Vy, K(Vi, Vo) \ E(G)) of G. The largest integer r such that K, C G is
the bipartite clique number wy,(G) of G, and the largest integer r such that K., C G is

the bipartite independence number aun,(G) of G. Clearly, amni,(G) = wpip(G). We also set
apip(n; d,e) = max {opip(G) : G = (ViU Vi, E) is (d; e)-regular with |Vi| = |Va] = n},
Whip(1; d, €) = max {wpip(G) : G = (V1 U Vo, E) is (d;€)-regular with V| = |V, = n}.

Our main results determine these parameters asymptotically when n goes to infinity.
With given real numbers d and € we set ag = 2e(vVed—e)/(d—e) and wy = 2e(/e(1 — d)—

e)/(1—d—e).
Theorem 2.1 For all real numbers 0 < d < 1 there exists g > 0 such that for all € < g

lim w = ap.
n—oo n

Corollary 2.2 For all real numbers 0 < d < 1 there exists eg > 0 such that for all € < ¢

] M = wp.
n—o00 n

Proof To prove Corollary 2.2 it is enough to observe that a graph G is (d; )-regular if
and only if its bipartite complement G is (1 — d, €)-regular. [ |

Remark 2.3 With ¢ — 0 we have ag ~ 2¢%2?/vd and wy ~ 2¢%?/y/1—d.

In fact, one can prove a stronger result than Theorem 2.1. We no longer assume that

the bipartition is balanced. Before we make this precise, let us state the formal definition
of an («, #)-hole.

Definition 2.4 Let G = (V3 U V5, E) be a bipartite graph and 0 < o, 8 < 1. An (a, 3)-
hole is an induced subgraph (A U B,) of G with A C Vi, B C V4, |A| > «|V;] and
|B| > B|Va]. If @ = [ then we are simply talking about an a-hole.

Note that with given d and e, the size of one set of the bipartition of a largest hole
that can be contained in a (d; ¢)-regular pair depends on the size of the other one. Hence,
our task is to find the value of the function fGy(«a;d, ) defined as follows:

Definition 2.5 Let 5y = fo(«; d, €) be a real number satisfying the property that for all
d > 0 there exists ng = no(d, &, v, d) such that:

(a) no (d;e)-regular graph G with |Vi|, |Va| > ng contains an (o, By + d)-hole,

(b) for all n > ny there exists a (d;e)-regular graph with |V;| = |V5| = n containing an
(o, By — 0)-hole.
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It is easy to see that if the number [Gy(cv; d, €) exists then it is unique. Note that for € > d,
the empty graph (a (1,1)-hole) is (d;¢e)-regular. One can also show that for ¢ = d, a
(d; e)-regular graph may contain any («, 3)-hole with a@ < € or § < e. Therefore for the
rest of the paper we will be assuming that 0 < e < d < 1.

To prove that a given 3y is the value of Gy(«; d, ) at first we show that for all 8 > [
there exists ng such that no (d;e)-regular graph with at least ny vertices on each side of
the bipartition contains an («, #)-hole. Then, for any given 5 < [y we construct a (d;e)-
regular graph containing an («, (3)-hole. In these constructions the densities of some pairs
of small subsets can exceed d + ¢, but surely can not be larger than one. Therefore for
large d and e these constructions, and hence the formula of the function (Gy(«;d, ), are
different than for small ones.

It turns out that in most cases the value of Gy(«; d, ) is given by one of the following
functions:

2e%(2e — a) 2¢3 2¢3

a(d—e) + 2%’ g(a):?+g(1—d—5), h(a):a—a(l—d—a)'

fla) =
All these functions are decreasing. Note that for e < d the equation 5 = f(«) is equivalent

to
5 2¢? ot 2\ 4e%d
d—ce d—¢e) (d—e)*

Hence the function f is symmetric with respect to the line @ = 3, which means that
f = f~%. Note also, that equations 3 = g(a) and 8 = h(a) are equivalent to

a(f—e(l—d—¢))=2* and (a—e(l—d—¢))p =23,

respectively, and therefore g = h1.

Now let us state without the proof results giving the values of the function Gy(«; d, €).
Unfortunately, we do not know this value for a = 2¢?/(d + ¢). We set ¢ = c(d,e) =
(£/2)(1 = (d+¢)+ V14 d?+ &2 + 2ed — 2d + Ge) for the positive solution of the equation

g(a) = h(a) = a.

Theorem 2.6 Ford < 1/2 we have

1 for 0 < a<2e?/(d+¢),
Bolasd,e) = fla) for2e?/(d+¢) < a<e,
2e2/(d+¢) fore <a<l,

ford>1/2 ande < (1 —d)?/d <1 —d we have

1 for 0 < a < 2e%/(d+¢),
g(a) for2e?/(d+¢e) <a<2e?/(1—d+e),
Bola;d,e) =< fla) for2e?/(1—d+e¢) <a<2(1-d),
h(«) for2e(l1—d) <a<e,
2¢%/(d+¢e) fore<a<l,
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ford>1/2 and (1 —d)?/d < e <1—d we have

1 for 0 < a < 2e%/(d+¢),
. ) g(a) for2e?/(d+¢) < a<c,
fol d,e) = h(c) fore<a<e,

2¢%/(d+¢e) fore<a<l,
and for d > 1/2 and € > 1 — d we have

1 forO0<a<e(l—d+e),
Bola;d,e) =< (e2/a)(1—d+e) fore(l—d+e)<a<e,
5

(1-—d+e¢) fore <a<1.
[ |

Bog

1__.._..
£ |
2e2
Cll—l—€ ] ] ] ] ] ] ] ] ] ] ] a
' 22 .~ 0T

+ 5 € 1

Figure 1: A sketch of the graph of 5y = (o(a;d, ) as a function of « for d = 0.5 and
e=0.2

Note that since a bipartite graph is (d; €)-regular if and only if its bipartite complement
is (1 — d; e)-regular, we can simply replace d by 1 — d in the above results to get the size
of a largest complete bipartite subgraph that can be contained in a (d; e)-regular graph.

3 The Proof of Theorem 2.1

Before we prove Theorem 2.1, we state a result showing how, by using random graphs,
one can find a (d;e)-regular bipartite graph for any given real numbers d,e € (0,1). For
a later application, we give it here in a more general form.

Fact 3.1 For all real numbers d,e € (0,1) and v > 0, there exists ng = ngo(d, e,7y) such

that for all n > ng, there exists a (d;e)-regular bipartite graph G = (V3 U Vo, E) with
Vil =n and [Vo| = [yn].
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Proof Without loss of generality we may assume that yn is integer. Let G = G(n,yn, d)
= (V1UV4, E) be a random bipartite graph with |V;| = n, |V5] = yn, and edge probability
d. Moreover, for each pair of subsets U, W, U C Vi, W C Va, |U| = en, |W| = eyn, let

XU,W = eg(U, W)

denote a random variable counting edges between sets U and W. Note, that each of these
random variables has the same binomial distribution with expected value p = |U||W|d =
e2yn%d. Applying Chernoff’s inequality (see inequality (2.9) in [1]) with € = n~3 we get

PEUW : [Xuw —pl > n73p) < 2°2"P(|1X — p| > n73p)
< (2M)"2 exp {_n33 ,u} = (272 exp {—6 7;13 } =o(1),

where X has the same distribution as all random variables X 7. Therefore there exists
a graph G with vertex set V; U V5 such that for each pair of subsets U, W like above we
have

d
| dg(U, W) —d| < —1 = €0,

mns3
thus G is (d; e, g9)-regular. u

Now we are ready to prove Theorem 2.1.

Proof of Theorem 2.1
To prove Theorem 2.1 we have to show that

v 3 v v 3 \4
0<d<l €0>0 €e<eg 6>0 NelN n>N
the following to statements are true:
(i) There exists a (d; €)-regular bipartite graph G = (V, U Vs, E), |Vi| = |Va| = n, contain-
ing a (2e(ved — €)/(d — €) — 6) -hole.
(ii) No (d; e)-regular graph G = (V;U V3, E), |V4| = |Va| = n, contains a (2e(vVed—¢)/(d—
) 4 ) -hole.

We start with the proof of the part (i). For any 0 < d < 1 let

)2
50:min{¥,l—d,d}.

Further for any € < ¢g and 6 > 0 let N € IN be as large as needed. Now for any n > N
we will construct a (d;e)-regular graph G = (V; U Va, E), |Vi| = |Va] = n, containing a

(2e(ved —€)/(d —€) — 6) - hole.
Le
t 2¢(Ved — ) . 2e(Ved —¢)

a:d——g_5 and o = d— =
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Next we define

- (-5 <2>
£ = gele— o)k, 3

2
dy=d—c+2 and dzzdgzd—em%—g.

Note that o/ > 2¢2/(1 — d + €) and therefore dy = d3 < 1 — . We construct the desired
graph as follows. We take four disjoint sets of vertices A, B, |A| = |B| = [an], V; and
Vo, [Vi| = |Va| = n — [an| and three graphs

Glz(‘/lu‘/%E(‘/lavé))v GQZ(BU‘/laE(Ba‘/l))v G3:(AU‘/27E(A7VY2))7
where G; is (d;; &', €)-regular, 1 = 1,2, 3, guaranteed by Fact 3.1. We set
G=G UG UG = ((AUV)U(BUV), E(V1,Va) UE(B, V1) U E(A, V).

By the construction, G contains a (2e(ved — €)/(d — €) — §)-hole, to complete the proof
it remains to show that G is (d;¢e)-regular. To prove this, let U C AUV, W C BU Vs,
be any subsets of the set of vertices, |U| = |W| = [en]. Weset A= ANU, B'=BNW,
U=U0UnV, W =Wn, and let |A'| =an < [an]| < a'n, |B'| = bn < [an] < a'n
(see Figure 2).

Figure 2: The construction of the graph G and the sets U and W

Then we get
—b ble —
de(U, W) = a(; ) day (A4, W) + (552 Y 4o, (B, )
(5 — a) (5 — b) / / l
+ > de, (U, W)+ 0O ~ - (4)
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Note that for any choice of U and W, by (3), we have |U'| > {'n, [W'| > ¢'n, and thus
we may use the (dy; &', €)-regularity of G; to bound the density dg, (U’, W’) as follows:

d—e+&<dg, (U, W) <d—e+ 3¢ (5)

Unfortunately, both sets, A" and B’, can be smaller then {'n. In these cases we will be
assuming that 0 < dg, (A", W') <1 and 0 < dg,(B’,U’) < 1 respectively. Otherwise, we
will use the (d;; &', €)-regularity of the graphs G;, i = 2,3, to get

g2 g2
d—€+2a—2€<dG2(B/,U/)<d—5+2&, (6)
52 , , 52

Therefore, in order to prove that d — e < dg(U,W) < d + ¢, by (4), (5), (6) and (7), we
have to show the validity of the following inequalities:

a(g;b)+b(6;a)+(5—a)§€—b)(d_€+3§)+o<l) <d+e,
€ € € "
e-a)le—b)
-2

(d—s—l—ﬁ)—i—O(%) >d—c¢,

where |A'| < ¢'n and |B'| < {'n. This follows from (2) and (3).
In the case, when |A’| < 'n, |B'| > {'n (or similarly, when |A’'| > {'n, |B'| < {'n) we
get

a(a—b)+b(5—a) (d—5+22—2,) +W(d_g+3§)+o<l) <d+e,

g2 g2 g2 n

b(e — a) (d_g+2z_2/_25)+w(d_g+g)+o<%) >d—c.

g2 g2

Here, to prove the last inequality, apart from (2) and (3), we use also the fact that e < 1/2.
Finally, if |A'| > ¢'n and |B'| > &'n, by (2), we have

e R (AT

g2 o
- —b 1
(e agga )(d—8+3§)+0<5) <
d—e+2¢ (ﬁl—Qa—Z+£,)+3§<d+s,
a a a
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folab) = =Y (d—e+2z—2,—2g)+b(€_“> (d—e+2§_2g)+

W(ds+§)+o<i) 8

b _ab 2 3cq — 3¢b+ 5ab |
d—a+2s(—/—2“—,2+3)+55 sea — 3<b 4 ba +O(—)>d—s.
(6% Q n

o g2

Since both, fi(a,b) and fs(a,b), are double linear functions, they achieve their extreme
values in the corners of the rectangle, on which they are defined. Therefore, to finish the
proof of the part (i) of Theorem 2.1, we need to check the validity of the last inequality
only at points (a, b) equal to (0,0), (0,a+1/n), (a +1/n,0) and (o + 1/n,a +1/n).

Now we can move to part (ii). For any real number d € (0, 1) we set ¢g = min{d, 1 —d}.
Now, for any € < g9 and § > 0 we define

| 2(Ved—¢)
N‘{W]

Take any n > N and let G = (V4 U Vi, E), |Vi| = |Va| = n, be a (d; )-regular bipartite
graph. Suppose, for a contradiction, that G' contains a (2¢(ved — €)/(d — ) + §) -hole
between sets A C V; and B C V5.

Without loss of the generality we may assume, that

Al = |B| = K%M) n} =,

and also that r < [en], since otherwise we would get a contradiction with the (d;¢)-
regularity of GG. Note also that since n > N, we have

ro 2(Ved —¢)
[en] d—e

We take two sets U C Vi \ A, |U| = [en]| —r, and W C V4 \ B, |W| = [en] in such
a way that dg(U, W) > d —e. Since |V} \ A| > en, we have dg(Vi \ A, W) > d — ¢, and
therefore, by Fact 1.1, this choice is possible. Note that by the (d;e)-regularity of G we
get dg(AUU, W) < d+ € and thus

(d = )|U[W[+ da(A W)[A[[W]| < eq(U, W) +eg(A, W) =
ec(AUUW) < (d+¢)[en]|W].

Hence

(d+¢e)fen] — (d—e)([en] — |A]) Cd—es 25[571]'

dg(A, W) < ‘A| € ,
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Therefore, by Fact 1.1, we may choose a set W' C W, |W'| = [en] — r, in such a way
that dg(A,W') < d — e + 2¢[en]/r. Next we take U' C V} \ A, |U'| = [en] — r, with
de(U',BUW') < d+e. We will show that dg(AU U, BUW') < d — € getting a
contradiction with the (d; ¢)-regularity of G. Indeed, we have
da(U', BUW)|U'|[en] = dg(A, W)|A||[W|
+
[en]? [en]?

ara (1) + (a-=+ 2 5 (- 1) -

d+35—4€(€r—n}—(d—€) (ﬁ)Q <

Aved—e) <m>:d_a

dg(AUU,BUW') =

d+3—14
+oe c d—¢ d—¢

4 Applications

In this section we present the degree condition of vertices in (d;e)-regular graphs that
guarantees their connection by a path. More studies about this problem can be found in
[5]. By distg(z,y) we denote the distance of vertices x,y € V, that is, the length of a
shortest path connecting them, if such a path exists. Otherwise we set distg(x,y) = oo.
By the diameter of G we mean diam(G) = max, ey distg(z, y). In particular, if G is not
connected, then diam(G) = oc.

Theorem 4.1 In any (d;e)-reqular bipartite graph G, where 0 < ¢ < d < 1 — ¢, if
deg(v),degs(w) > 2?n/(d + €), then

‘ 5 ZfU€M7w€V7’
distg(v, w) < { 4 ifv,w eV

Proof Let 0 < ¢ < d < 1—¢ and let a (d;e)-regular bipartite graph G be given.
Furthermore let v,w € V, degs(v) > 2¢?n/(d +¢), degs(w) > 2e?n/(d +¢). We set
A = Ng(v), B = Ng(w). Without loss of generality, we may assume that v € V;. As the
first one we will consider the case where w € V;. We let C' C V; be the set of all vertices
adjacent to some vertex of B. Then |C| > n — en > en, since otherwise the sets B and
V1 \ C would provide an («, €)-hole, where o > 2¢2?/(d + ¢), which contradicts Theorem
2.6. Therefore eg(A, C') > 0 and so the vertices v and w are connected in G by a path of
length at most 4.

Now we turn to the situation where w € V5. Similarly to the above, the set of vertices
C' C V, adjacent to some vertex of B has cardinality |C| > n —en > en. Now we repeat
the reasoning from the first part of the proof to the sets A and C, getting a path of length
at most 5 (see Figure 3).
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B

Figure 3: The path from v to w, where w € V5
|

Corollary 4.2 For each (d;e)-reqular bipartite graph G, where 0 < ¢ < d < 1 —¢, if
o > 2¢°n/(d + €), then diam(G) < 5. |

It turns out that the above result is the best possible, namely that there exist (d,¢)-
regular graphs containing a vertex with degree slightly smaller then 2e?n/(d + €), which
is not connected by a path with any other vertices except of its neighbors.

Theorem 4.3 For all real numbers e,d,ac € (0,1) where 0 < e < d<1—¢ and a <
2e?n/(d +¢), there exists a (d;e)-regular graph G containing an isolated star with an
edges, and therefore there exists a vertex of degree an, which is connected (by a path) only
with its neighbors.

Sketch of the proof According to Theorem 2.6, there exists a (d;e)-regular graph G
containing an (a, 1)-hole spanned between sets A C V; and V5. We add to V, one vertex
w and connect it with all vertices of A. This addition has a very small impact on the
regularity of G (for details see [5]). So we have gotten an isolated star with an edges, as
required (see Figure 4).

Va

A

Figure 4: The graph G with a new vertex w
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