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Abstract

Euler’s difference table associated to the sequence {n!} leads naturally to the
counting formula for the derangements. In this paper we study Euler’s difference
table associated to the sequence {¢"n!} and the generalized derangement problem.
For the coefficients appearing in the later table we will give the combinatorial inter-
pretations in terms of two kinds of k-successions of the group Cy?.S,. In particular
for £ = 1 we recover the known results for the symmetric groups while for £ = 2 we
obtain the corresponding results for the hyperoctahedral groups.

1 Introduction

The probleme de rencontres in classical combinatorics consists in counting permutations
without fixed points (see [6, p. 9-12]). On the other hand one finds in the works of Euler
(see [11]) the following table of differences:

gp=n! and gy =g —gr, (0<m<n-1).

n

Clearly this table leads naturally to an explicit formula for g2, which corresponds to the
number of derangements of [n] = {1,...,n}. As n! is the cardinality of the symmetric
group of [n], Euler’s difference table can be considered to be an array associated to the
symmetric group.
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In the last two decades much effort has been made to extend various enumerative
results on symmetric groups to other Coxeter groups, the wreath product of a cyclic
group with a symmetric group, and more generally to complex reflection groups. The
reader is referred to [1, 2, 10, 9, 12, 14, 4, 5, 3] and the references cited there for the
recent works in this direction.

In this paper we shall consider the probléme de rencontres in the group CyQ S, via
Euler’s difference table. For a fixed integer ¢ > 1, we define Euler’s difference table for
Cy 1 Spto be the array (g7’ )n, m>0 defined by

g ="n! (m =n);
Gin =90 = 9l (0<m<n—1).

(1.1)

The first values of these numbers for £ =1 and ¢ = 2 are given in Table 1.

n\m|0 1 2 3 4 5 n\m| 0 1 2 3 4 5

0 |1 0 1

1 |0 1 1 1 21

2 |1 1 2 2 5 6 222

3 12 3 4 3 3 | 20 34 40 233

4 19 11 14 18 4 4 | 233 262 296 336 244!

5 |44 53 64 78 96 5! 5 2329 2562 2824 3120 3456 255!
(91%) (95%)

Table 1: Values of 9im for0<m<n<5and{=1or 2.

The ¢ =1 case of (1.1) corresponds to Euler’s difference table, where g7, is the cardi-
nality of .S,, and g‘f,n is the number of derangements, i.e., the fixed point free permutations
in Sy,. The combinatorial interpretation for the general coefficients g7", was first studied
by Dumont and Randrianarivony [11] and then by Clarke et al [8]. More recently Rako-
tondrajao [15, 16] has given further combinatorial interpretations of these coefficients in
terms of k-successions in symmetric groups.

As gy, = 2"n! is the cardinality of the hyperoctahedral group B,, Chow [9] has given
a similar interpretation for gg’n in terms of derangements in the hyperoctahedral groups.

For positive integers ¢ and n the group of colored permutations of n digits with ¢
colors is the wreath product Gy, = Cy1 S, = C} % S, where Cy is the (-cyclic group
generated by ¢ = e*™/* and S, is the symmetric group of the set [n]. By definition, the
multiplication in Gy, consisting of pairs (¢,0) € C} x S, is given by the following rule:
for all m = (¢,0) and 7" = (¢, 0’) in Gy,

(6,0) - (€,0") = ((e1€,-111), €2€6,-1(2), - - + s En€y—1(m))s T O T').
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One can identify Gy, with a permutation group of the colored set:
Yo =Cpx [n] ={i|lie[n),0<j< -1}
via the morphism (€, o) — 7 such that for any i € [n] and 0 < j < ¢ —1,
(i) = €550 (1) and (i) = In(i).

Clearly the cardinality of Gy, equals {"n!.
We can write a signed permutation m € Gy, in two-line notation. For example, if
™= (67 0) € G4,117 where € = (sz 17 17 C? <27 Ca C? CJ 17 C? <3) and

c=3 519 6 2 7 4 11 8 10,

we write

(1 2 3 4567 8 9 10 11
W3 (% %19 (6 2 (7 ¢4 C311 ¢8 (C10

For small j, it is convenient to write j bars over i instead of (7i. Thus, the above

permutation can be written in one-line form as ™ = 3 51962747118 10, or in
cyclic notation as

m=(1, 3) (2,5, 6) (4, 9, 11, 10, 8) (7).

Note that when using cyclic notation to determine the image of a number, one ignores the
sign on that number and then considers only the sign on the next number in the cycle.
Thus, in this example, we ignore the sign ¢? on the 5 and note that then 5 maps to (6
since the sign on 6 is (. Furthermore, throughout this paper we shall use the following

conventions:
i) If 7 = (6,0) € Gy, let || = o and sgn,(i) = ¢ for i € [n]. For example, if
:Zlglé then € = (1,¢,¢,¢?) and sgn, (4) = 2.
ii) Fori € [n] and j € {0,1,...,¢— 1} define (/i +k = ¢/(i + k) for 0 <k <n—i, and

(Vi — k= (i — k) for 0 < k <i. For example, we have 4+ 1 = 5 in Gy
iii) We use the following total order on 3, for i,j € [¢] and a,b € [n],
('a<(b<=[i>j] or [i=janda <Dl

It is not hard to see that the coefficient g7, is divisible by ¢™m!. This prompted
us to introduce dj, = gp,/¢™m!. We derive then from (1.1) the following allied array

(d?fn)n,mzoi

{ dy, =1 (m =n); (12)
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n\m|0 1 2 3 45 n\m| 0 1 2 3 45
0 |1 0 | 1

110 11 1

2 |1 1 1 2 | 5 3 1

3 12 3 2 1 3 120 17 5 1

4 19 11 7 3 1 4 | 233 131 37 7 1
5 |44 53 32 13 4 1 5 12320 1281 353 65 9 1

(d7,) (d3,)

Table 2: Values of dz‘n for0<m<n<5jand ¢=1or 2.

The first terms of these coefficients for £ = 1,2 are given in Table 2.

One can find the ¢ = 1 case of (1.2) and the table (d7",) in Riordan’s book [17, p. 188].
Recently Rakotondrajao [16] has given a combinatorial interpretation for the coefficients
di’, in the symmetric group Sy,.

The aim of this paper is to study the coefficients g;, and dj, in the colored group
Gy n, i.e., the wreath product of a cyclic group and a symmetric group. This paper merges
from the two papers [8] and [16]. In the same vein as in [8] we will give a g-version of
(1.1) in a forthcoming paper.

2 Main results

We first generalize the notion of k-succession introduced by Rakotondrajao [16] in the
symmetric group to Gy,y,.

Definition 1 (k-circular succession). Given a permutation m € Gy, and a nonnegative
integer k, the value 7(i) is a k-circular succession at position i € [n] if w(i) =i+ k. In
particular a 0-circular succession is also called fixed point.

Remark 2. Some words are in order about the requirement 7(i) = i+ k in this definition.
The “wraparound “ is not allowed, i.e., © + k s not to be interpreted mod n, also i + k
needs to be uncolored, i.e., i + k € [n], in order to count as a k-circular succession.

Denote by C*(r) the set of k-circular successions of 7 and let c*(m) = # C*(r). In
particular F'IX () denotes the set of fixed points of w. For example, for the permutation

1 2
- = € Gy,
m (1 5 ) 49

the values 5 and 8 are the two 3-circular successions at positions 2 and 5. Thus C3(7) =

{5,8}.

wlll =3
[\l INe)

~l
I OO

5
8

NellINV]
O~
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The following is our main result on the combinatorial interpretation of the coefficients
g, in terms of k-circular successions.

Theorem 3. For any integer k such that 0 < k < m, the entry gy, equals the number of
permutations in Gy, whose k-circular successions are included in [m]. In particular, by
taking k = 0 and k = m, respectively, either of the following holds.

(i) The entry g;", is the number of permutations in Gy, whose fized points are included
in [m].

(i) The entry gy, is the number of permutations in Gy, without m-circular succession.

For example, the permutations in G52 whose fixed points are included in [1] are:

21, 12, 21, 21, 12, 2I;

12, 12, 12, 12, 21, 2I.

Note that Dumont and Randrianarivony [11] proved the ¢ = 1 case of (i), while
Rakotondrajao [16] proved the ¢ = 1 case of (ii).
Let ¢, ,, be the number of colored permutations in Gy, with m k-circular successions.

Theorem 4. Let n, k and m be integers such that n > 1, k > 0 and m > 0. Then

k+1 _k k k
Cﬁ,n—&-Lm = Cont1m + Conom — Conym—1> (21)

k _
where ¢j,, 1 =0.

Definition 5 (k-linear succession). For m € Gy, the value |7(i)| (2 < i < n) is a
k-linear succession (k > 1) of m at position i if m(i) = w(i — 1) + k.

Denote by £¥(7) the set of k-linear successions of 7 and let I¥(7) = #L%(nx). Let (¥

ln,m
be the number of colored permutations in Gy, with m k-linear successions. For example,
9 and 3 are the two 2-linear successions of the permutation 7 = 524791386 € G.

Definition 6 (Skew k-linear succession). For m = (g,0) € Gy, the value o(i) (1 <
i < n)is a skew k-linear succession (k > 1) of m at position i if

(i) =n(i— 1)+ k,

where, by convention, 0(0) =0 and £(0) = 1.
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Denote by £**(7) the set of skew k-linear successions of m and I**(7r) = #L** (7). The

[F Obviously we

number of permutations in Gy, with m skew k-linear successions is [}7 ..

have the following relation:

wo [ £, i) £
L) = { LF(r) U{k}, otherwise. (22)

Let 6 be the bijection from G/, onto itself defined by:
T =T Ty -+ T — 0(T) =T, M T+ Tp_1. (2.3)

Theorem 7. For any integer k > 0 there is a bijection ® from Gy, onto itself such that
forme Gy,
CHH(m) = L (@ (m)), (2.4)

and

CH(8(m)) = LD (@(m)). (2.5)

Thanks to the transformation ® the two statistics c* and {* are equidistributed on the

group Gy, for k> 1. So we can replace the left-hand sides of (2.1) by l?,—rt—li-l,m and derive

the following interesting result.

Corollary 8. Let n, k and m be integers such thatn > 1, k>0 and m > 0. Then

k+1 _k k k
lZ,n-‘,—l,m = Cpnt+1,m + Coonom — Conym—1> (26)

k _
where ¢j,, ;= 0.

Our proof of the last two theorems is a generalization of that given by Clarke et al [8],
where the (k,¢) = (0, 1) case of Corollary 8 is proved. Note that the (k,¢,m) = (0,2,0)
case of (2.6) is the main result of a recent paper by Chen and Zhang [7].

In order to interpret the entry dj, we need the following definition.

Definition 9. For 0 < m < n, a permutation 7 in Gy, is called m-increasing-fized if it
satisfies the following conditions:

i) Vi € [m], sgn(|7[(i)) = 1;
ii) FIX(m) C [m];
i) (1) < w(2) < -+ < 7w(m).
Let [}, be the set of m-increasing-fixed permutations in Gy,,. For example,

I;y={123, 132, 132, 231, 231}
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Theorem 10. For 0 < m <n, the entry dj, equals the cardinality of I},

Proof. Let Fy7}, be the set of permutations with fixed points included in [m] in Gy,. By
Theorem 2 the cardinality of F}", equals g7,,. We define a mapping f : (1,7) — 7O 7
from Gy, X Fy7), to Fy7) as follows:

ror=rr"tA)r(rH2) ... a(r7 m))r(m +1)...7(n).

Clearly [ defines a group action of Gy, on the set F},. We can choose an element 7 in
each orbit such that

Vie [m], sgn.(|7](7))=1 and =(l) <m(2) <---<m(m).

As the cardinality of the group Gy, is £™m!, we derive that the number of the orbits
equals gj,, /€™m!. O

Rakotondrajao [16] gave a different interpretation for dj’, when ¢ = 1. We can gener-
alize her result as in the following theorem.

Definition 11. For 0 < m < n, a permutation m in Gy, 1s called m-isolated-fived if it
satisfies the following conditions:

i) Vi € [m], sgn,(i) =1,
i) FIX(7) C [m];
iii) each cycle of ™ has at most one point in common with [m)].

Let Dy, be the set of m-isolated-fixed permutations in Gy,. For example,

D35 ={(1)(2)(3), (1,3)(2), (1,3)(2), (1)(2,3), (1)(2,3)}.

Note that 7 =312 ¢ D34 because 1 and 2 are in the same cycle.
Theorem 12. For 0 < m < n, the entry dj,, equals the cardinality of Dy, .

As we will show in Section 7 there are more recurrence relations for g;, and dj},. In
particular, we shall prove an explicit formula for the /-derangement numbers:

n -1 ign—i
)y =900 =nlY o 2.7)

which implies immediately the following recurrence relation:

g, =tnd),_, + (1)  (n>1). (2.8)
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Note that (2.8) is the ¢-version of a famous recurrence for derangements. Using the
combinatorial interpretation for g, and d, it is possible to derive bijective proofs of
these recurrence relations. However we will just give combinatorial proofs for (2.8) and
two other recurrences by generalizing the combinatorial proofs of Rakotondrajao [16] for
¢ =1 case, and leave the others for the interested readers.

The rest of this paper is organized as follows: The proofs of Theorems 2, 3, 6 and 11
will be given in Sections 3, 4, 5 and 6, respectively. In Section 7 we give the generating
function of the coefficients g;",’s and derive more recurrence relations for the coefficients
gry’s and di’s. Finally, in Section 8 we give combinatorial proofs of three remarkable
recurrence relations of dj},’s.

3 Proof of Theorem 3

Let m and k be integers such that n > m > k > 0. Denote by G}”n(k) the set of
permutations in Gy, whose k-circular successions are bounded by m and s7, = #G7' (k).
We show that the sequence (s7’,) satisfies (1.1).

By definition, we have immediately G7,,(k) = Gy, and then s}, = (" n!. Now, suppose
m < n, then Gy'F'(k) \ G, (k) is the set of permutations in G} (k) whose maximal k-
circular succession is m—+1. It remains to show that the cardinality of the latter set equals
s¢_1- To this end, we define a simple bijection p : 7 +— 7' from G?:l(k:) \ G7.(k) to

tn_1(k) as follows.
Starting from any 7 = mmy...m, in G7\f Y(k) \ G7%,(k), we construct ' by deleting

Tm+1—& = m~+ 1 and replacing each letter m; by m; — 1 if |m;| > m+1. Conversely, starting

from 7' = mymy ...,y in G}, _;(k), one can recover 7 by inserting m + 1 between 7,
and 7, ,., and then replacing each letter ) by =} + 1 if |7j| > m. For example, if
m =3095876214 € G34(2), then «' = 38765214 € Gi4(2). Note that ' has a k-
circular succession 7 > m + 1 if and only if 7 +1 > m + 2 is a k-circular succession of
7. Therefore, the maximal k-circular succession of 7 is m + 1 if and only if the k-circular

successions of 7’ are bounded by m. This completes the proof.

Remark 13. The above argument does not explain why gy, is independent from k (0 <
k <m). We can provide such an argument as follows. Consider the following simple bi-
jection d which consists in transforming m = wmems - - - T, into d(m) = T = Womg - - WM
Clearly the k-successions of m are bounded by m if and only if the (k+1)-successions of 7’
are bounded by m. Hence, denoting by d’ the composition of j-times of d, the application
of d*>=%1 permits to pass from ki-successions to ky-successions if ki < ky. In particular if
we apply m times the mapping d to a permutation whose fized points are bounded by m
then we obtain a permutation without m-succession and vice versa.
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4 Proof of Theorem 4

Let S¥(x) be the counting polynomial of the statistic ¢* on the group Gy, i.e.,

Sk(x) = Z 2™ = Z cfnmatm (4.1)
m€Gyn m=0
Then (2.1) is equivalent to the following equation:

Spi1(@) = Sy (@) + (1 - 2)S)(x). (4.2)

By (2.3) it is readily seen that

C*F(§ if m, #k+1;
Ck—l—l(ﬂ'): k( (7T>)7 7 7& + ) (43)
C*(6(m)) \ {k+ 1}, otherwise.
It follows that
S = Y e 3w
TE€G 1 TE€G 1
m(1)=k+1 m(1)#k+1
I G S ) (4.4)
TG nt1 T€G nt1 TG nt1
w(1)=k+1 w(1)=k+1

For any m € Gy 41 such that 7(1) = k + 1 we can associate bijectively a permutation
7 € Gy, such that *(r) = cf(n') + 1 as follows: Vi € [n],

/(i) _{ (i +1), if (i +1) < k;
TWEU e -1, ifxi 1) >k

Therefore we can rewrite (4.4) as (4.2).
We can also derive Theorem 3 from Theorem 2. First we prove a lemma.

Lemma 14. For 0 < k <n —m there holds

n—=k
o= ( )gzn_m. (45)

m

Proof. To construct a permutation 7 in Gy, with m k-circular successions we can first
choose m positions 4, ..., 1, of k-circular successions among the first n — k ones and then
construct a permutation m of order n—m without k-circular successions on the remaining
n —m positions, where and in what follows we shall assume that i; < 75 < --- < i,,,. More
precisely, there is a bijection 6 : m — (I, m), where I = {iy,... iy}, from the set of
the colored permutations of order n with m k-successions to the product of the set of all
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m-subsets of [n — k] and the set of colored permutations of order n —m without k-circular
successions.

Denote by Gy, . the set of all permutations in Gy, whose maximal position of k-
circular successions equals 7. Define the mapping R; : 7 — 7’ from Gy, k. to Gy,—1 such
that the linear form of 7’ is obtained from 7 = 7y ... 7, by removing the letter (i + k) and
replacing each colored letter m; by m; — 1 if |m;| > i + k. It is readily seen that the map
R; is a bijection and c*(7') = cf(7) — 1. Indeed it is easy to see that j + k is a k-circular
succession of 7 different of i + k if and only if j + & is a k-circular succession of 7. Hence,
T = Ry o R, 0---0R; (m) is a colored permutation without k-circular succession in
Gon—m-

Conversely given a subset I = {iy, 49, -+ ,4,} of [n — k] and a colored permutation 7
without k-circular succession in Gy,,—,, we can construct

T=0""I,m)=R;'oR; " o--oR;(m),

tm—1

where R;!(n’) is obtained from 7/ = 7} ... 7/ _, by inserting the integer (i 4+ k) between

m;_, and 7; and replacing each colored letter 7} by 7 + 1 if |7}| > i + k. Therefore

n—=k
C?,n,m = ( m )C]Zn—mﬂ' (46>

By Theorem 2 (ii) we have ¢}, o = g/, Substituting this in (4.6) yields then (4.5).
U

By (4.5) we see that (2.1) is equivalent to

( m )gf,j;—l-l—m = ( m 9o n+1-m + m Gen—m — m—1 9en+1—m:

Since gﬂ}rl_m — G} nm = 96 n—me1 Dy (1.1), we can rewrite the last equation as

m gZ,n—l—l—m - m gZ,n—l—l—m m—1 gZ,n—l—l—m’

which is obvious in view of the identity ("n_%k) = (”fjk) — (::i) This completes the
proof of Theorem 3.

5 Proof of Theorem 7

There is a well-known bijection on the symmetric groups transforming the cyclic structure
into linear structure (see [13] and [18, p. 17]). We need a variant of this transformation,
say ¢ : S, — 9, as follows.
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Given a permutation o € S5,, written as a product of cycles, arrange the cycles in the
decreasing order of their maximum elements from left to right with the maximum element
at the end of each cycle. We then obtain ¢(o) by erasing the parentheses. Conversely,
starting from a permutation written in one-line form ¢’ = a;jas...a,, find out the right-
to-left maxima of o’ from right to left and decompose the word ¢’ into blocks by putting a
bar at the right of each right-to-left maximum and construct a cycle of o with each block.

For example, if o = (3, 1,4, 6,9)(5, 7, 8)(2) € Sy then p(0) =3 146 957 8 2.
Conversely, starting from ¢/ =3 146 957 8 2, so the right-to-left maxima are 9,8 and
2, then the decomposition into blocks is 3 1 4 6 9|5 7 8|2| and we recover o by putting
parentheses around each block.

Lemma 15. For k > 1, the mapping ¢ transforms the k-circular successions to k-linear
successions and vice versa.

Proof. Indeed, an integer p is a k-circular succession of ¢ if and only if there is an integer
i € [n] such that o(i) =i+ k, so i and ¢ + k are two consecutive letters in the one-line
form of (o). Conversely if i and i + k are two consecutive letters in the one-line form of
a permutation 7 then ¢ cannot be a right-to-left maximum, so ¢ and ¢ 4+ k are in the same
cycle of p~1(7), say o, and then o(i) =i + k.
O
We now construct a bijection ® : 7 +— 7’ from Gy, onto itself such that
C*(m) = L") (k>1). (5.1)
Let 0 = |r| and o’ = |7'|.
Bijection ®: First define 0’ = ¢(0): Factorize o as product of r disjoint cycles C, . .., C,.

Suppose that ¢; and g; are, respectively, the length and greatest element of the cycle C;
(1 <i<r)such that g > g2 > -+ > g,. Then

51—1(

o' =0o(g) - 0" g grolg) - 0 g2) g2 - olgr) - T g) g (5.2)

Let T, = {o(g:), i € [r]}. It remains to define sgn_,(c7(g;)) for all i € [r] and 1 < j < ¢,.
We proceed by induction on j as follows: For each i € [r] let

s (0(9:)) = sgn(0(g:)),

and for j = 2,...,¢; define

sgn (07 (9:) = sgn (07~ (g:)) - sgng (07 (g:). (5.3)

It is easy to establish the inverse of ®.
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Bijection ®~!: Starting from 7’ we can recover o = || by applying ¢! to ¢’. Suppose
o' is given as in (5.2) and g¢1,...,g, are the left-to-right-maxima. We then determine
sgn_(a7(g;)) for all i € [r] and 1 < j < {; as follows: For each i € [r] let

Sgnﬂ(a(gi)) = Sgnw’(a(gi))>
and for j = 2,...,¢; define
sgn(07(g:)) = sgn (07 (9:)) (sgn (07 (9:))) (5.4)
where sgn_'(7) is the inverse of sgn_(i) in the cyclic group C.

Lemma 16. For k > 1, the mapping ® transforms a k-circular succession of ® to a
k-linear succession of ©' and vice versa.

Proof. By Lemma 15 we have the equivalence: o(i) is a k-circular succession of o if and
only if o(i) is a k-linear succession of ¢’. It remains to verify that if o(i) is a k-circular
succession of o then

sgn.(0(i)) = 1 & sgn(o(i) = sgn (i) (5.5)

Note that if o (i) is a k-circular succession of o then i and ¢ (i) must be in the same cycle
and that o (i) cannot be in T, for, otherwise, i would be the greatest element of the cycle
but this is impossible because o (i) =i+ k (k > 1).

Now, assume that o(7) is a k-circular succession of o.

(i) Suppose sgn_(0(i)) = 1. As o(i) & T, and 0~ (0(i)) = i, we have
sgn (0(i)) = sgn (i) - sgng(o(i)) = sgn(i).
(ii) Suppose that sgn_.(c(i)) = sgn,.(i). As o(i) & T, and 0~} (0(i)) = i, we have
sgn,(0(i)) = sgnp(0(1))/sgny (i) = 1.
Hence (5.5) is established. O

Obviously the above lemma is equivalent to (2.4). We obtain (2.5) by combining (2.4),
(2.2) and (4.3).
) € Gyo.

We conclude this section with an example. Consider
7
6
Factorizing o = |x| into cycles we get o = (1,3,9)(2,4,8)(6,5,7), then

il O

[S2{INe]
DIl OO

5
7

Ol v~

7T_12
~\ 3 4

NelRUV]

o'=139248657 and T, ={1,2,6}.
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The signs of ¢'(7) for i € [9] are computed as follows:

—_

sgn, (1) =¢* for 1€ T,;

-sgn,(3) =¢2(=¢" for 3¢7T,;
csgn_(9)=¢%¢=1 for 9¢T,;
=(? for 2€T,;

sgn_(4) =C*-1=C* for 4¢T,;
csgn,(8) = C2-C=¢* for 8¢Ty;
sgn.(6) =1 for 6¢€ Ty

sgn(6) -sgn_(5)=1-(=( for 8¢ T,;
7¢T,.
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Thus we have 7 — 7/ = 139248657 We have C2(n) = {4,7} = L*2(=).
Conversely, starting from 7/, we can recover o by ¢! and the signs of o (i) (i € [n])
by (5.4). As o = (139)(248)(657) and T, = {1,2,6}, we have, for example,

sgn, (9) = sgn,.(9) - sgnz}(3) = 1-¢ = ¢

for 9 ¢ T,.

6 Proof of Theorem 11

We shall give two proofs by using Theorems 9 and 2, respectively.

6.1 First Proof

We shall define a mapping ¢ : m — 7’ from Dy, to 17}, in two steps. First we establish the
correspondence || — |7’| and then determine the sign transformation. Define the permu-
tation |7'| = |7’|(1) ... |7'|(n) such that |7’|(1)...|x|(m) is the increasing rearrangement
of |7|(1),...,|7|(iy) and |7'|(m+1) ... |7'|(n) = |x|(m+1)...|7|(n). Conversely, starting
from " € I}, for each i € [m] we construct the cycle of |7| containing i by

4,
(772, - 1720, |17 (), ),
where s is the smallest non negative integer such that |7'|~%(i) € T, where
T = {|7'|(i),i € [m]},

and by convention |7/|°(i) = 4. In particular if i € [m] NT, then s = 0 and i is a fixed
point of |7|. The other cycles remain unaltered.
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6)(3,5,9)(4)(8) € Dig (e, n =19, ¢ =3 m = 4),

For example, for 7 = (1)(2,7, ,
(4)(8) and || = 145792683 = (1)(2476)(359)(8), so

(2,
we have || = (1)(2,7,6)(3,5,9
T ={1,4,5,7}.

Now, we describe the sign transformation. For each i € [m], since the letter i of 7
(m-isolated-fixed) as well as the letter 7(i) of 7’ (m-increasing-fixed) are uncolored, the
transformation of the signs is obtained by exchanging the sign of |r|(i) and that of i,
namely

sgn (i) =sgn, (|7|(i)) and sgn (i) =sgn.(|7|(i)) =1 Vie [m];

the signs of other letters reamain unaltered, i.e.,

sgn_, (1) = sgn_(7) Vi e [n]\ (T'U [m]).

Continuing the above example, we have sgn(2) = sgn.(7(2)) = sgn (7) = ('
sen,/(3) = sgn, (7(3)) = sgn,(5) = ¢, hence 7' = 14579268 3.

6.2 Second proof

Let G, := G7,(0) be the set of permutations in Gy, whose fixed points are included in
[m].

Let m = (g,0) be a permutation in G7},, written as a product of disjoint cycles. For
each i € [m], let s be the smallest integer > 1 such that o®(i) € [m] and w,(i) =
oo (1)) . . . [eps—1(0* 1 (i)]. Clearly w.(i) = 0 if s = 1. Let Q, be the product of cycles
of m which have no common point with {i¢’|: € [m],0 < j < ¢ — 1} and 7, be the
permutation in Gy, obtained from 7 by deleting the cycles in €, and letters in wy (1) for
i € [m]. For example, if 7 = (1473265)(8)(9) € G3 39 then m3 = (132),

we(1) =47, wy(2) =65, w,(3)=@ and Q. = (8)(9).
Let T'(7) = (wx(1), w(2)," - ,wr(m),§2) and define the relation ~ on G7, by
Ty ~ Ty <> T(?Tl) = T(T{'g).

Clearly this is an equivalence relation. To determine the equivalence class C, of each
permutation 7 € Gy, we consider the mapping 0 : (7,7) — 0(7,7) from G¢m x G7, to
G, where the cyclic factorization of 6(7, 7) is obtained by inserting the word w, (i) after
each letter i¢? appearing in a cycle of 7 for each i € [m] and some j : 0 < j < /—1, and then
add the cycles in €. For example, if 7 = (1473265)(8)(9) € G3 joand 7 = (I 2)(3) € G
then
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Clearly C, = {6(7,7)|7 € Gyn}. Indeed, by definition 6(7,7) ~ 7w for each 7 € Gy,
and m € G}, and conversely, if 7’ ~ 7 then 7’ = 0(n) ,7) for T'(n') = T'(7). Moreover,
suppose 9(7, ) =0(r',m) = for 7,7 € Gy, then 7 = 7" = 7/ . Hence the cardinality
of each equivalence class is ¢™m! and, by Theorem 2 the number of equivalence classes
equals dy}, = g;, /¢™m!. Choosing 6(¢,7) as the representative of the class C, where ¢ is
the identity of G, yields the desired result.

7 Generating functions and further recurrence rela-

tions

For any function f : Z — C introduce the difference operator Af(n) = f(n) — f(n — 1).
Then it is easy to see by induction on N > 0 that

M) = 3 (1) (V)= - IS (V)so-n+a o

1=0

Proposition 17. For m > 0 the following identities hold true:

=0 (1) e 72

i=0
m o u o Mmlexp(—u)
Zgz,n+m— = T (7.3)
= n! (1 — bu)mtt
_exp(—u)
Z 9e; "+mm' n‘ 1A —lu (74)
m,n>0
Proof. Setting f(n) = gy, then gZ:_Tn;i = A'f(n+m) for i > 0. It follows from (7.1) that
- —i [TV ymti ~
e = A" 100 m) = (-1 () 5+ (7.5
i=0

Multiplying the above identity by «™/n! and summing over n > 0 we obtain
- o m+i\ Cu"
> ety = o 3y (M) P
n>0 n,1>0
Shifting n to n + ¢ yields
moy LU m+1
Zgén—‘rm = {"m! Z<_1) m ' Z i (gu) )
n>0 n>0 ' i>0

which is clearly equal to the right-hand side of (7.3). Finally multiplying (7.3) by =™ /m!
and summing over m > 0 yields (7.4). O
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Setting m = 0 in (7.2) yields immediately formula (2.7).

Proposition 18. For ¢ > 0 and 0 < m < n there hold

=(n—1)g), 1 +ln—m—1)g{, (n > 2);

90y = Un—m)g_y + mgy T (m>1, 0> 1);
gt =gl —tmg "ty (m>1, n>2);

where gjo =1, gy ={—1 and g;, = (.

Proof. Let F(u) be the left-hand side of (7.3). Differentiating F'(u) and using the right-

hand side of (7.3) we get
(1 —Llu)F'(u) = [l(m+1) — 1+ Lu] F(u).
Equating the coefficients of v"/n! in (7.9) yields

Iinsmer = [Em+n+1) =g, + 0G4 1

which gives (7.6) by shifting n 4+ m + 1 to n.
Next, multiplying the two sides of (7.3) by 1 — fu gives

n

m U "™m!exp(—
(1= 00) 3 o = gt = Sk

n>0 n>0

Equating the coefficients of u"/n! yields

m
gZ,n—l—m Eng[ nt+m—1 Emgﬁ n+m—17

which is (7.7) by shifting n + m to n.
Finally, we derive (7.8) from (7.7) and (1.1):

ngn = éngZ"”n 1 gm(gg”n 1 9;77:—11)
= engzln 1 Emgén 2°
The proof is thus completed.

It is easy to convert the above relations for g;}, to those for dy’,.

Proposition 19. For ¢ > 0 and 0 < m < n we have

= (In—1)dy’,_; +€(n —m —1)dy,_, (n > 2);

+ d??,f_g = (ndy, (m>1, n>2),

where djy =1, dj, =(—1 and dj, = 1.

Proof. The equations (7.12), (7.13) and (7.14) follow directly from Proposition 18.
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8 Combinatorial proofs of three recurrence relations

Using the combinatorial interpretation for dj,, in Theorem 11 we now give combinatorial
interpretations of (1.2), (2.8) and (7.14) by generalizing the proofs of Rakotondrajao [16],
which correspond to the ¢ =1 case.

8.1 Combinatorial proof of (1.2)

We shall prove that the cardinality of Dy, satisfies the following recurrence:
vn=1 and dZ’:”;l + dz’f;_ll = {mdj, (1 <m<n). (8.1)

First, the identity permutation is the only n-isolated-fixed permutation in Gy, so dy, =
1. To prove (8.1) we construct a bijection ¥ : 7 — (e, a, 7") from D;’fn__ll U Dz’frfl to
Ce x [m] x Dy, as follows:

Let o = || and factorize 7 into disjoint cycles.

1. If 7 € DZL;_ll, then € = 1, @ = m, the cycles of 7’ are obtained from those of 7 by
substituting ¢7i by ¢7i + 1 if i > m and then adding the cycle (m).

2. If 7 € DZLn_l, let C,, be the cycle of o containing m. Then € = sgn_(m) and « is
the smallest integer in C,,; let ¢ be the smallest integer such that 0%(m) = «; then

o’ is obtained from o by deleting the letters m, o(m), ..., ¢ *(m) from C,, and
creating a new cycle (ma(m) --- 0%7'(m)). Finally, define the sign of i € [n] in 7’
by

sen_ (i) = { sgn, (i), ifi#m;

1, if i =m.

For example, let £/ =3, n =9 and m = 6. If m# = (16)(2)(3)(4)(5)(78) € Dj, then
e=1l;a=6 and 7 = (17)(2)(3)(4)(5)(6)(89);
if 7 = (1)(2968)(3)(4)(5)(7) € D3y then

a=2 e=¢ and 7 = (1)(29)(3)(4)(5)(7)(68).

It remains to show that 9 is a bijection. Given (¢, a, ') let ¢/ = |7|. We define the
inverse 97! : (e, m, ') > 7 as follows:

1. If « =m; e =1 and 7'(m) = m then the cycles of 7 are obtained by deleting the
cycle (m) and replacing ¢?i by ¢/i — 1 if ¢ > m in 7.

2. If a =m; e=1and n'(m) # m then 7 = 7',
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3. If @« =m; e # 1 then we get 7 from 7’ by replacing m by e m.

4. If a« < m; o is obtained from ¢’ by removing the cycle which contains m and
then inserting the word mo’(m)o’?(m)...a"7"1(m), where 0’9(m) = m, in the cycle
which contains the integer a just before the integer o. In other words, we define
m = o(o’1(a)), 0/(m) = 0”(m) for 1 < j < ¢ —1 and 09(m) = a. Finally define
sgn, (1) = sgn,/ (i) for i # m and sgn, (m) = e.

To see that this is indeed the inverse of ¥ we just note the following simple facts:

o If T € D?f;_ll then € 1, a =

m and m € FIX(n'). We have J(m) € E; =
{(X,m,n"),m € FIX(n'), 7" € D}, }.

o If 1 c DZil—lmDZln then e = 1, a = m and m ¢ FIX(n'). In this case 7’ = 7 we

e If m ¢ cycle of o containing ¢ < m and sgn_(m) # 1 then « = m, € # 1; and 7’
is obtained from 7 by just replacing em by m. We have J(7) € E3 = {(¢,m,7’),
e#1, ™€ Dy}

e If m € cycle of o containing i < m then o < m. In this case the image 7’ is defined
by the second case of the construction of J. We have ¥(7) € Ey = Cox [m—1] x D},

Clearly {F1, Ey, E3, E4} is a partition of Dy,

8.2 Combinatorial proof of (2.8)

We shall prove the following version of (2.8):

Endgvn_l —-1= dgvn it n is odd,

nd?  =d% —1 if n is even.
ln—1 ln

Denote by Dy, the set of derangements in G, ,,. Let E, = 0 if n is odd and E,, =
{(12)(34)---(n — 1n)} if n is even. Introduce also F,, = () if n is even and F, =
{1} x {n} x E,_1 if n is odd. We are going to define a mapping 7, : (¢,k, ) — 7’ from
(Co x [n] X Dyp—1) \ Fy to Dy \ Ey, which implies the above identities.

Factorize 7 into disjoint cycles. We construct the cyclic factorization of 7" by distin-
guishing several cases and by giving an example in G4g for each case. Let c¢(k) be the
length of the cycle of 7 containing k and write k = sgn_(k) - k.

1. If K < n, we obtain 7" by inserting € n just after kin a cycle of 7.

Example: £ = (3, k=3, 7 = (142)(3)(5687) then 7' = (142)(93)(5687).
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2. If k =n and ¢ # 1, we obtain 7’ by creating the cycle (en). L
Example: e =3, k=9, 7 = (142)(3)(5687) then 7’ = (142)(3)(5687)(9).

3. Suppose k = n and € = 1. Let p > 0 be the smallest integer such that the
transposition (2p+ 1, 2p+ 2) is not a cycle of 7. In all the examples of this part we

take p = 2.

3.1 If sgn (2p+ 1) =1 then

3.1.1 If 2p + 2 is a 1-circular succession of |7| then 7’ is obtained by deleting
2p + 1 and creating the cycle (n,2p + 1). -

Example: 7 = (12)(34)(56)(78) then 7/ = (12)(34)(6)(78)(95).

3.1.2 If 2p + 2 is not a 1-circular succession of || then:

a) If ¢(2p+1) = 2 then 7’ is obtained by deleting the cycle (2p+1, 7(2p+
1)) and inserting 2p + 1 just before the letter 2}9/—1-\2 and creating the
cycle (An, |7|(2p + 1)) where A = sgn_(|7|(2p + 1)). B
Example: m = (12)(34)(58)(67) then 7/ = (12)(34)(567)(98).

b) If ¢(2p+ 1) > 2. Let a = |7|7'(2p + 1) and £ = sgn,(a) then 7’ is
obtained by deleting the letter £ - a and creating the cycle (&n, a).
Example: m = (12)(34)(5867 ) then 7’ = (12)(34)(586)(9 7).

3.2 If sgn (2p+ 1) =y # 1 then
3.2.1 If ¢(2p+ 1) = 1 then 7’ is obtained by deleting the letter v - (2p + 1) and

creating the cycle (yn,2p + 1).

Example: m = (12)(34)(5)(687) then «/ = (12)(34)(95)(68 7).

3.2.2 If ¢(2p+1) # 1. Let a = |7|"*(2p+1) and 7 = sgn,(a) then 7’ is obtained
by deleting the letter - a and creating the cycle (yn,a).

Example: 7 = (12)(34)(5876) then 7/ = (12)(34)(587)(96).

Here is the inverse algorithm of 7, : 7’ — (e, k, 7). Denote by ¢(n) the length of the

cycle of 7' containing n. In what follows we write p = sgn_,(n) and k = sgn_, (k) - k.

o If ¢c(n) >3 orc(n) =1orcn) =2 and sgn_(|7'|(n)) # 1 then ¢ = sgn_,(n) and
k = |7'|~}(n) and we obtain 7 by deleting the letter 7.

o If ¢(n) = 2 and sgn_,(|7’|(n)) = 1 then ¢ = 1 and &k = n. Let p be the smallest
integer such that the transposition (2p 4+ 1, 2p + 2) is not a cycle of «'.

a. If 7/(n) = 2p+ 1 and p = 1 then we delete the cycle containing n and insert
the letter 2p + 1 just before the letter 2p + 2.

b. If 7'(n) # 2p+1 and sgn.(2p+1) = 1 and |7'|(2p+ 1) = 2p+ 2, we first delete
2p + 1 and the cycle containing n, then create the cycle (p - 7'(n),2p + 1).
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c. If |[7'|(2p+1) # 2p+ 2 and 7’'(n) # 2p + 1 then we delete the cycle containing
n and then insert the letter p - 7'(n) before the letter 2p + 1.

d. If 7'(n) =2p+ 1 and p # 1 then we delete the cycle containing n and create
the cycle containing the single letter 2p 4+ 1 with the sign p.

For example, the mapping 7 : (C2 X [3] X Da2) \ F5 — Da3 \ E3, where E3 = () and
F3=(1,3,(12)), is given in the following table.

8.3

T\(&k) | LD | (L2 | (1L3) | G | (62) | (63)
(12) | (132) | (123) (132) | (123) | (12)(3)
(12) | (132) | (123) | (D)(32) | (132) | (123) | (12)(3)
(12) | (132) | (123) | (13)(2) | (132) | (123) | (12)(3)
(12) | (132) | (123) | (32)(D) | (132) | (123) | (12)(3)
(D) | (13)@) | M23) | BHE) | (13)(2) | (H)E3) | (HE)B)

Combinatorial proof of (7.14)

By Theorem 12 the coefficient dj}, equals the cardinality of Dy’,. We are going to establish
a bijection ® : (p, a, ) — 7’ from C; x [n] x Dy, to D}, U Dz’fn__lQ.

Let o = || and ¢’ = |7’|. The cyclic factorization of 7" is obtained from that of 7’ as
follows:

1.

4.

Ilfa=n,p=1and 1€ FIX(r), we get ' € DZ}L__lQ by deleting the cycle (1) and
decreasing all other letters by 1.

If « = n and p # 1 then we create the cycle (pn). In this case 7' € Dy}, and the
cycle containing n is of length 1 but n is not a fixed point of 7.

If o =n,p=1and 1 ¢ FIX(7), then we delete 7(1) from its cycle and create a
new cycle (yn,o(1)) where v = sgn_(o(1)). In this case 7'(n) > m.

If & < n then we insert the letter pn just before «.

To show that the mapping ® is a bijection we construct its inverse as follows.

1.

If ' € DZ}L__lQ then « = n, p =1 and 7 is obtained from 7’ by adding 1 to all letters
and creating the cycle (1).

If 7' € Dy, and the cycle containing n is of length 1, then let a = n, p = sgn_(n)
and 7 is obtained from 7" by deleting the letter pn.
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3. If # € Dy}, and the cycle containing n is of length 2 with 7'(n) > m then let a = n,
p = 1 and 7 is obtained from 7" by deleting the letter n and inserting the letter
vo'(n) just after 1 where v = sgn_,(n).

4. In all other cases, let « = ¢'(n), p = sgn_,(n) and 7 is obtained from #’ by just
deleting the letter pn.

For n = 9;m = 4,/ = 3 we give some examples to illustrate the above bijection.
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