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Abstract

We define a homomorphism ¢ from the algebra of quasi-symmetric functions to
the reals which involves the Euler constant and multiple zeta values. Besides advanc-
ing the study of multiple zeta values, the homomorphism { appears in connection
with two Hirzebruch genera of almost complex manifolds: the I'-genus (related to
mirror symmetry) and the [-genus (related to an Sl-equivariant Euler class). We
decompose ( into its even and odd factors in the sense of Aguiar, Bergeron, and
Sottille, and demonstrate the usefulness of this decomposition in computing ¢ on
the subalgebra of symmetric functions (which suffices for computations of the I'-
and I-genera).

1 Introduction

Let x1,x2,... be a countably infinite sequence of indeterminates, each having degree 1,
and let P C R[[z1,z2,...]] be the set of formal power series in the z; having bounded
degree. Then ‘P is a graded algebra over the reals. An element f € B is called a symmetric
function if

coefficient of @} zi2 -2 in f = coefficient of z{'z} - ot in f (1)
for any k-tuple (nq,...,n) of distinct positive integers, and f is called a quasi-symmetric

function if equation (1) holds whenever
ny <ng <---<ng.

The vector spaces Sym and QSym of symmetric and quasi-symmetric functions respec-
tively are both subalgebras of 3, with Sym C QSym. Of course Sym is a familiar object,
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for which the first chapter of Macdonald [20] is a convenient reference. The algebra QSym
was introduced by Gessel [9], and in recent years has become increasingly important in
combinatorics; see, e.g., [24].

A vector space basis for QSym is given by the monomial quasi-symmetric functions,
which are indexed by compositions (ordered partitions). The monomial quasi-symmetric
function M; corresponding to the composition I = (i, s, ..., ) is

— SR
M; = g Ty Ty T (2)

ni<ng<---<ng

For a composition I = (iy,...,ix) we write {(I) = k for the number of parts of I, and
|I| =iy + - -+ 4+ ix for the sum of the parts of I. If |I| = n, we say [ is a composition of
n and write I En. If I is a composition, there is a partition 7(I) given by forgetting the
ordering: the monomial symmetric function m, corresponding to a partition A is given by

my = M17
=X

and the monomial symmetric functions generate Sym as a vector space. For a partition
A, we use the notations () and |A| in the same way as for compositions; if |A\| = n we
say A is a partition of n and write A - n.

For a composition (i1, s, ...,1) with i; > 1, the corresponding multiple zeta value is
the k-fold infinite series

C(ir, i, - - -, 0k) = > ﬁ (3)

n1>ng>->np>1

Multiple zeta values were introduced in [12] and [25], but the case k = 2 actually goes back
to Euler [7]. They have been studied extensively in recent decades, and have appeared
in a surprising number of contexts, including knot theory and particle physics. Surveys
include [4, 5, 15].

The multiple zeta value (3) can be obtained from the monomial quasi-symmetric func-
tion M, i, ,...i;) by sending z,, to %, but the series won’t converge unless i; > 1. If we let
QSym® be the subspace of QSym generated by the monomial quasi-symmetric functions
M; with the last part of I greater than 1, then it turns out that QSym® is a subalgebra
of QSym, and we have a homomorphism ¢ : QSym® — R whose images are the multiple
zeta values.

In fact (as we explain in the next section) QSym = QSym°[My)], so to extend ¢ to a
homomorphism defined on all of QSym it suffices to define ((M1)). As the author noted
in [13], setting ((M(1)) = 7 (the Euler-Mascheroni constant) is a fruitful choice. If

H(t) =1+ hyt + hot® + - - - € Sym[[t]]

is the generating function for the complete symmetric functions

hn:ZMI:Zm)n

IFn AFn
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then setting ((M(1)) = v implies [13, Theorem 5.1]

C(H(t)) = (1 —1), (4)
where I' is the usual gamma function. This is equivalent to
1
E(t)) = 5
CED) = F g 9

where
E(t)=1+eyt+egt? +---

is the generating function of the elementary symmetric functions e; = My, (we write 17
for a string of j 1’s). The identity (4) was a key step in the proof in [13] that

Z C(n+1,1"1Hs"™ =1 —exp (Zg(l)tl +s' _Z (t+ 3)Z> .

n,m>1 i>2

This latter identity (proved by a different method in [3]) is interesting since it shows that
any multiple zeta value of the form ((n 4 1,1,...,1) can be expressed as a polynomial
with rational coefficients in the ordinary zeta values ((7).

Libgober [17] showed that the I'-genus appears in formulas that relate Chern classes
of certain manifolds to the periods of their mirrors. The I'-genus is the Hirzebruch [11]
genus associated with the power series Q(z) = I'(1+x) 7, i.e., the genus coming from the

multiplicative sequence of polynomials {Q;(c1,...,¢;)} in Chern classes, where
i\€1,...,€
Z Qilen IS I( 1 + ;)
=0 i=1
As shown in [14], the coefficient of the monomial ¢\ = ¢y, ¢y, - -+ in Q;(cy, ..., ¢) is ((my),

for any partition \. For example, using the tables in the Appendix, we have

L8 =300 (2) + 2¢(3))ed

Qs(c1, c2,03) = ((3)ez + (vC€(2) — ¢(3))crca + 5

More recently Lu [19] defined a similar [-genus {P;} by using the generating function
P(z) = e *I'(1 + x)~! in place of Q(z) = I'(1 + x)~!, and related this new genus to
an S'-equivariant Euler class. The coefficient of ¢y in Pj(cy,...,¢;) can be obtained by
setting v = 0 in ((m,). Thus

Piler,e2,5) = C(3)es — CB)eres + 363

ct. Table 1 o . If we write ¢ for the function on m that sends 1) to zero an
(cf. Table 1 of [19]). If ite ¢ for the f QSym th ds My d
agrees with ¢ on QSym", then

HE0) =
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Following the proof of the result of [14], we then have

ZZ:;Pz’(Gl, cee H e tl" 1+ a:t) = Z}\: é’(e)\)m)\tp\\ — z}\:&(mx)eﬂf')\. (6)

=1

While equation (6) appears in [19] (see Prop. 4.3), it has a nice corollary that doesn’t.
Recall [11, Theorem 4.10.2] that the Chern classes of the tangent bundle of projective

space CP"™ are given by
(n + 1) ;
C; = . a
7

with @ € H?*(CP";Z) such that (a",[CP"]) = 1, where [CP"| € H,,(CP™;Z) is the
fundamental class. Now by [20, p. 26] the specialization

1, 2=1,2,...,n+1
Ti = .
0, 1>n+1

"1). It then follows from equation (6) that

sends e; to ( ;

1
(T (L + D)™

[(CP") = (P,(c1, ..., ¢,), [CP"]) = coefficient of " in

(cf. Table 2 of [19]).
As another occurrence of ¢, we cite the following result about values of the derivatives
of the gamma function at positive integers from [22]: if n and k are positive integers, then

P“Z!(m:;{ n ,](—1)j<(hj>,

k+1—

where m is the number of permutations of degree n with exactly j cycles (Stirling number
of the first kind). Cf. [23, pp. 40-44].

These examples suggest that the homomorphism ¢ : QSym — R may be useful to
calculate. Now QSym is actually a Hopf algebra, as we discuss in the next section.
Aguiar, Bergeron and Sottille [1] develop a theory of graded connected Hopf algebras
endowed with characters (scalar-valued homomorphisms), in which “even” and “odd”
characters are defined. A key result is that any such character y is uniquely expressible
as the convolution product x,x_ of an even character x, times an odd one y_. In this
paper we discuss some results on the character ¢ : QSym — R and its factors ¢, and (_,
and particularly on the restrictions of these characters to Sym C QSym. (Note that for
the computation of the I'- and f—genera, the restriction of ¢ to Sym suffices.)

After developing some properties of the Hopf algebras QSym and Sym in §2, we discuss
the factorization ( = ((_ on the full algebra QSym in §3. In §4 we consider the restriction
of ¢, (4 and (_ to Sym. First we show how to use the character table of the symmetric
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group to compute ¢ on Schur functions. Then we consider the effect of ( on the elementary
and complete symmetric functions. We show equation (4) splits as

Tt sin 7t

Co(H() = and  (_(H(t) = T(1 1)

sin 7t

7t

which makes it easier to compute ( on elementary and complete symmetric functions by
computing ¢, and (_ separately. Next we consider the values of the three characters on
the monomial symmetric functions m,. While there is an explicit formula for m) in terms
of the py (Theorem 7 below), it is somewhat ineffective computationally since it involves
a sum over set partitions. We develop some further methods by which the values of (,
(4, and (_ can computed on my, including an efficient algorithm for the case where A is
a hook partition, i.e., A\ has at most one part greater than 1 (see equations (33) and (34)
below). Finally, we discuss a family of symmetric functions in the kernel of (_. Values of
¢, (4, and ¢_ on my, for |A| < 7 are listed in the Appendix.

2 The Hopf Algebras QSym and Sym

As noted above, the monomial quasi-symmetric functions M; generate QSym as a vector
space. The multiplication of the M; is given by a “quasi-shuffle” product, which involves
combining parts of the associated compositions as well as shuffling them. For example,

My M in,...in) = Mvir, i) + M) + My v,y + 0 F
M(i1,i27---7i1717iz+1) + M(ihiz,---,iz,l)' (7)
In fact, QSym is a polynomial algebra, as shown by by by Malvenuto and Reutenauer

[21]. To state their result, we first define what it means for a composition I to be Lyndon.
If we order the compositions lexicographically, i.e.,

<)<, L)< <(,2)<---<(2)<(2,])<---<(3) <+,

then a composition [ is called Lyndon if I < K for any nontrivial decomposition I = JK
of I as a juxtaposition of shorter compositions. For example, (1) and (1,2, 2) are Lyndon,
but (2,1) is not. Then the result of [21] as follows.

Theorem 1. QSym is the polynomial algebra on the set {M;: I Lyndon}.

The only Lyndon composition ending in 1 is (1) itself, so QSym” is the subalgebra of
QSym generated by the set {M : I Lyndon, I # (1)}. Thus QSym = QSym°[M], and
we can be more specific as follows.

Theorem 2. Fach monomial quasi-symmetric function My can be expressed as a polyno-
mial in My with coefficients in QSym°, of degree equal to the number of trailing 1’s in
I.
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Proof. Let t(I) be the number of trailing 1’s in I. Suppose the result holds for M; with
t(J) < n, and consider M with t(I) = n + 1. Writing I as the juxtaposition I'(1), it
follows from equation (7) with (iy,...,4;) = I’ that

20(I")—n
MayMp = Z My, + (n+1)M;
k=1
where each Ji, has ¢(J;) < n, so the result follows. O

Now QSym is a graded connected Hopf algebra. If we adopt the convention that
My = 1, then the grade-n part of QSym is generated by {M; : |I| = n}. The counit € is

given by
1, if I =0;
(M) = .
0, otherwise;

and coproduct A by
A(Mp) =Y M;® M. (8)
JK=I
It follows immediately from equation (8) that the only M; which are primitives are the
power sums p, = M.
The antipode S : QSym — QSym is given by (see [6, Prop. 3.4])

S(Mp) = (=10 My, (9)

I-J

where I is the reverse of I and I > J means I is a refinement of J, i.e., J is obtainable by
combining some parts of I. Since QSym is commutative, S is an automorphism of QSym
with S§? = id.

The algebra Sym is generated by the elementary symmetric functions e,,, and also by
the complete symmetric functions h,. The generating functions E(t) and H(t) for these
symmetric functions are related by FE(t) = H(—t)~'. The power-sums p, also generate
Sym as an algebra, and have generating function

H'(t)

P(t) = t+pst? 4= =2,
(t) = p1 + paot + pst™ + HD)

Now Sym is a sub-Hopf-algebra of QSym, and its structure is described succinctly by
Geissinger [8]. As follows from equation (9), S(e,) = (—1)"h,. The power-sums p,, are
primitive, and both the e,, and h,, are divided powers, i.e.,

A(€n> = Z e X €;

i+j=n
and similarly for h,. Stated in terms of generating functions, we have

AE() = E()® E(t) and A(H()) = H(t) ® H(t). (10)
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as well as
A(P(t) =Pt)®1+1® P(t).

As a vector space, Sym has the basis {m, : A € II}, where II is the set of partitions.
We also have bases

{ex: A ell}, {hy:Aell}, and {py:Aell},

where ey = ey ey, ---€y, for A = (A, Ag,..., ), and similarly for hy and p). Another
important basis for Sym is the Schur functions {sy : A € II} (see [20, 1,§3]). For A\ =
(A1, Agy ..., A) with Ay > Ay > -+ the corresponding Schur function s is the determinant

by, bt o by
h}\z—l h}\z T h’)\g—l—l—Q
. . . )
P41 P42 oo hy,

where h; is interpreted as 1 if ¢ = 0 and 0 if ¢ < 0. Then s¢,) = h,, and s(1n) = €.
There is an inner product on Sym defined by

<hwm/\> = Oy (11)

for all pu, A € II. As shown in [20, 1,§4], this inner product is symmetric and positive
definite. The Schur functions are an orthonormal basis with respect to it, i.e.,

For any symmetric function f we can define its adjoint f* by

(fFu,v) = (u, fv).
For later use we recall from [20, p. 76] that

0
1

=T .
Pr Op,

(12)

3 The character ( and its factors ¢, and (_
Define ¢ : QSym — R by ((1) =1,

C(M(Zl ..... Zk)> = C(ikuik—h""il)

for 4, > 1, and ((Mp)) = . It follows from Theorem 2 that ((M;) can be expressed
as a polynomial in v with coefficients in the multiple zeta values, of degree equal to the
number of trailing 1’s of .

Following [1], we say a character of QSym (i.e., an algebra homomorphism x : QSym —
R) is even if x(u) = (—1)"y(u) for homogeneous elements u, and odd if y(u) =
(—1)lIx(S(u)) for all homogeneous u. From [1] we have the following result.
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Theorem 3. For any character x of QSym, there is a unique even character x and a
unique odd character x_ so that x is the convolution product x . x—.

From the preceding theorem, there are unique characters (_ and (; of QSym so that
(4 is even, (_ is odd, and ¢ = (,(_, i.e.,

Clu) = Ce(u)¢-(u) (13)
for all elements u of QSym, where
Au) = Z u @ u”.

Since M(,) = py, is primitive, we have from equation (13)

This gives us the following result.
Theorem 4. If n is even, (4 (pn) = ((n) and (_(p,) = 0. Ifn is odd, (+(p,) = 0 and
(-(pn) = C(n) (ory ifn=1).
Proof. For even n, the oddness of (_ implies
C—(pn) = C—(S(pn)) = _C— (pn)a
and the first statement follows from equation (14). If n is odd, then (. (p,) = 0 and the
second statement follows from equation (14). O
The result that (_(p,) = 0 for n even can be generalized as follows. Call a composition
I even if all its parts are even.
Theorem 5. If I is even, then (_(M;) = 0.
Proof. We make use of the universal character (g : QSym — R given by
1, if 1) =1,

0, otherwise.

Co(Mr) = {

By [1, Theorem 4.1], there is a unique homomorphism ¥ : QSym — QSym such that
(g o ¥ = (. Further, ¥ is given by

\II(MI) - Z C(MH)C(MIz) T C(MI;L)M(\IH ----- [1n1)
I=1113--1p

where the sum is over all decompositions of I into a juxtaposition I115 - - - I} of composi-
tions. Lemma 2.2 of [2] implies that (g o ¥ = (_, so

(M) = > C(Mp)C(My,) -+ (Mg, oo (Mn...i1,))-
I=111y---1p

Now an explicit formula for {o_(M;) is given by [2, Theorem 3.2], which implies that
Co— (M) = 0 whenever the last part of J is even. Since (|I1], |I2], . .., |Ix]) is even whenever
I is, the conclusion follows. O
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It follows from the preceding result and equation (13) that ((M;) = ((M;) for I even.
Nevertheless, for most compositions I with |/| even it is no easier to compute ((M;) or
(_(Mjy) than ((Mj). In fact, the bound on the degree of v in ((M;) given by Theorem 2
need not hold for {, (M) and (_(M;). For example,

((Maz) = ((3,2,1) = 3(3)° = Z2(6),
while 11 5 203
C+(Mau23) = —7¢(2)¢(3) + ZVC(5) + 54(3)2 - 4—84(6)
and

¢ (M) =2C2)(3) — 71G(5) + 3637

(note equation (13) gives ((M,23)) = C(4+(Ma,2,3)) + (—(M(1,2.3)) here). As we see in the
next section, the situation is dramatically different when these characters are restricted
to Sym C QSym.

4 The restriction of ( to Sym

The vector space Sym has the various bases my, ey, hy, px and sy discussed in §2. We
shall consider the last two bases first. We know the values of ( in the basis elements p),
immediately from the definition, since

¢(i), otherwise.

From Theorem 4 and Euler’s identity for (i), ¢ even,

2-1B. oo
Colpi) %W, if ¢ is even,
+\Pi) = ‘ .
0, otherwise,

so it follows that (. (u) for an element u € Sym of even degree d is a rational multiple of
7¢ (or alternatively of ¢(d)). Of course ¢, (u) = 0 if u has odd degree. Also

Y, ifi =1,
C—(pi) = § C(i), ifi>1isodd,
0, otherwise,

so the value (_(u) on any u € Sym is a polynomial in v, {(3),((5),....

Now the transition matrix from the p) to the Schur functions sy is provided by the
character table of the symmetric group S, (see [20, 1,§7]). The irreducible characters of
S, are indexed by the partitions of n: let x* be the character associated with X\. The
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value x*(o) of the character xy* on a permutation o € S, only depends on the conjugacy
class of o, i.e., its cycle-type: the cycle-type corresponding to the partition p - n is

{0 € S, : 0 has m;(p) i-cycles for 1 < i < n},

where m;(p) is the number of parts of p equal to i. If we let X;\ = x*(o) for o of cycle-type
p, the numbers X,))‘ completely determine the character x*. From [20] we have the following
result.

Proposition. For any partition \ of n,

X)\
S\ = Z Z_ppm (15)

pFn P

where
2, = m1(p)!m2(p)!2m2(ﬂ)m3(p)!3m3(f’) e

Two special cases are worth noting: A = (n) and A = (1"). In the first case Y™ is the
trivial character, and equation (15) is

Z 1 o ,

hn = - - : 1102 .., zn‘ 16

e L CE VLR il D1 P2 P (16)
i1+2i0+--=n

In the second, y(I") is the alternating character of S,,, i.e.,
X(l”)(a) — sign of o = (_1)mz(p)+m4(p)+-~
where p is the cycle-type of 0. In this case equation (15) becomes
(—1)iatiat -

- DY in
€n = Z Z1|121Z2|222 . ,L'n!ninpl b2 by - (17)

i1+ 2ig+=n

At this point we could compute ¢ on the bases hy and e, by applying ( to equations (16)
and (17) respectively (cf. [10, Prop. 2]). But as we shall see shortly, it is much more
efficient to split ¢ into even and odd parts.

Applying ¢ to equation (15), we obtain

A
C(s,\) = Z &le(P)C(2>m2(p)g(3)m3(p) e

z
pFn P

which can be written in the alternative form

AN
C(sy) = Z Xp nl(p) A e) ¢ (2)m2() ¢ (3)ms) . (18)
pFn ’
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where N(p) is the number of permutations of cycle-type p. For example, using the tables
of group characters in [18], equation (18) gives

16 2-40 144 2-40
C(5i,2,1)) = 576 — TV?’C(?)) + WWC@) BT
1

1 1 1
_ v 6 §,Y3C(3) + gf}/g(f)) — §C(3>2

(3)°

Now we turn to the values of ( on the bases e, and hy,. The two are closely related,
because the automorphism w of Sym defined by w(u) = (—1)*/S(u) simply exchanges the
two (see [20, 1,§2]). The values of (;(e,) and (;(h,) are given by the following result.

Theorem 6.
it sin 7t

CH(H (1)) = and G (E(t)) =

sin 7t

it

Proof. The oddness of (_ means it is w-invariant, so w(FE(t)) = H(t) implies

C-(H(t)) = C-(E(1)). (19)
Since (4 (H(t)) is an even function of ¢,
C+(H(t) = G(H(=)) = G (E(t) ™) = G (B(1) " (20)

Now using equations (4) and (5) together with (10), we have

P =0 (1+1) = C(H(®)C(E() ™
= G(H (1)) (H®))C(E() T (B() ™,

and from equations (19) and (20) the right-hand side simplifies to (4 (H(¢))?. Using the
reflection formula for the gamma function and taking square roots, we have

7t

C+(H(1) =

sin 7t
and thus, by equation (20), the conclusion. O

From the preceding result, the {_(e,) are given by

B _C(H(®) B sin 7t
We can also apply (_ to both sides of equation (17) to obtain
) HC(B)C(5)
C_ (en) N i1+3i3§5”':n Zl'1217'3‘323@5'5Z5 e (21)

for all positive integers n.
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Since the e, are divided powers,
Clen) = Z C+(€:)C-(€5), (22)
i+j=n
and we need only consider those terms in the sum (22) with 7 even. So from

sin 7t 2t ot 76¢6

it T2 TTa0 omoz T

we can compute ((eg) using equations (21) and (22) as

C—(e6) + (4 (e2)¢(e4) + Cy(ea)C(e2) + (i (es)

6 3 2 2 4 4 2 6
7 CB3) ) C3)F w (At ¢(3) oy m
720 T 18 5 s 12\ T3 ) "m0 T 24192
6 4,2 3 2.4 2 2 6
I A o S 0 () I s ¢(5)  7wC(3)\ |, ¢(3) T
=720 283 1s asso T\ 36 ) T 18 24192

The h,, are also divided powers, so we can compute ((h,) similarly, using Theorem 6 and
equation (21) (since (_(e,) = (_(hy))-

Finally, we consider the basis m,. Since the power-sums p; generate Sym over the
rational numbers, there exists for each partition A a polynomial Py (with rational coeffi-
cients) so that

my = P)\(p1>p2> s )
From Theorem 4 we then have

C-i—(m)\) = PA(O7C(2>707C(4)7O"") (23)
and
C—(m)\) = PA(7707C(3)7()’C(5)’07'")7 (24)

since (; and (_ are homomorphisms. (Of course, (4 (m,) = 0 if |A| is odd.) Once ¢, and
(_ are known on the monomial basis, the values of { can be computed using the fact [§]

that
A(m,\) = Z me ®m5,
aUpf=X\

where o U 3 means the union as multisets. Therefore
C(ma) = Y Celma)¢-(mp). (25)
alUpf=X\

Note that we need only consider those terms in (25) with |a| even.
In fact the polynomials Py have an explicit formula, which follows from [16, Theorem
2.3] (see also [12, Theorem 2.2]). We need some notation. If B = {By,..., B} is a

partition of the set {1,2,...,k}, we write
¢(B) = (—1)(card B, — 1)!(card By — 1)! - - - (card B; — 1)!.

Then our formula is as follows.
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Theorem 7. For A = (A, \a, ..., \x) €11,

1
= B e
A m1(>\)'m2()\)‘ e N _ Z C( )pblpr Dy,
partitions B = {B1,..., B} of {1,...,k}

where b; =Y .5 A;.

JEB;

For example, taking partitions into two parts we have

M(ap) = PaPb — Datb (26)
1
M) = 5(Pa — P2a) (27)

and taking those with three parts gives

m(a,b,c) = PaPbPc — PaPb+c — PvPa+c — PcPa+b + 2pa+b+c (28)
1

Mabp) = §(pap§ — 2PbPatb — PaD2b + 2Dat2p) (29)
1

Ma0.0) = 5 (Pa = 3PaP2a + 2Psa) (30)

for a, b, ¢ distinct.

The characters ¢, (+, (_ can be computed on any my by applying them to Theorem 7.
But since it involves a sum over set partitions, the theorem is less effective computationally
than it appears. Nevertheless, for some partitions A the sum in Theorem 7 reduces to a
sum over integer partitions. With a little work, equation (17) can be derived from Theorem
7 with A = (1"). We also have the following result on hook partitions A = (n, 1%).

Corollary. Ifn > 1, then
t

M(n,1t) = Z(—l)jpn+jet—j~

=0
Proof. Let A\ = (n, 1"), and consider a partition
B={Bi,....,B} of {1,2,....t+1}.

We order the blocks B; so that B; always includes 1. The b; as in the conclusion of
Theorem 7 are by = n+card B;—1, and b; = card B; fori > 1. The sets B;—{1}, By, ..., B,

form a partition of {2,...,t+ 1}: let ¢q,..., ¢ be their respective cardinalities. Then

c(B) = (=) e ey — D)o (e — 1)L (31)
The number of distinct partitions of {2,...,¢ 4+ 1} corresponding to given values of
C1,Coy...,Cp 1S

t 1
i Vil 32
(Cl Co - Cl)'li!’ég!---’ ( )
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where i; = card{m > 2 : ¢,, = j}. The factors (31) and (32) have product

¢! L (yyratike ¢!

(—1)t=0-D _ v
CoC3 -+ (] ’Ll'ZQ' i1!111i2!2l2"'

and from Theorem 7 it follows that
(_1)t+i1+i2+~~~

— E . . i1 12 e
m(n,lt) - 11!1217/2!222 L pn+t—l1—222—“'p1 p2 .
i1+2ig+--<t

Now apply equation (17) to obtain the conclusion.

Applying ¢, and (_ to both sides of the preceding result,

C+(m(n,1t)) = (_1)t Z C+(Pn+i)§+(€t—i)
i=0
and

(—(Mp1ry) = (1) Z C(Pnri)C-(es—i),

(33)

(34)

where in equation (33) we only include terms with n + i even, and in (34) we only take
terms with n 4+ ¢ odd. To illustrate these formulas, we compute the values of (, {;, and

_ on mys13y. Equations (33) and (34) give respectively
(5,13)

Colmsaey) = (~1DP(C(6)C e2) +C(8)) = ¢

and

Cmesa) = (~1)P(CB)C(es) + NG () = £7°C(3) + 747 + 3C3)C05)

6
Now apply equation (25) to get

C(msa3)) = C(ms)) + Ca(€2)C(mn) + C(msn))C-(e2) + G (M)
= 2%C(5) — 5770(6) + 7((7) — 5CR)CE)) + 5EB)B) — (6.

A table of the polynomials P, can also be built up by formal antidifferentiation, as we

now explain.

Theorem 8. For any partitions A and pu, define
P., ifA=puUm,
Py, = { H

0, otherwise.
Then op .
A
opy T ; uBrp
where
Pr = Z culy.
pkr
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Proof. We recall the inner product (-, -) defined by (11). For all partitions 7 we have

oP 1 1
(521 p2,- ) he) = —{pFma, o) = ~ (o, poha) =
D r r
1 1
; Z C,u<m)\7 h',uU7r> = <; Z C,LLP)\—,LL(plap27 s )7 h'7r>7
pkr uEr
where we have used equation (12). O
Thus, from

p1="mh
P3s = hi’ — 3h1h2 + 3h3
P5 = h? — 5h215h2 + 5h%h3 —+ 5h1h§ — 5h1h4 — 5h2h3 + 5h5

it follows that

OP)

92 _p,

8}71 A—(1)

orP, 1

T2 2P s — Py Py

ops 3 A—(13) A—(2,1) T £a—(3)

orP, 1

5 =D — Pyx_213) + Px—31,1) T Px—2.2,1) — Pa—a,1) — Pr—(2,3) + Pr—(5)-
5

Now to find, e.g., (~(ms3,1,1)) we begin with

C=(mys,3,1)) = 1€C(3)C(5) +2¢(9),
obtainable by applying (_ to equation (28). From the preceding result with r = 1,

Cmiss) = 37°CB)CE) +296(9) +ac(B)C(T) + BC(5)

for some rational numbers «, 3. Since

aP 5,3,1,1

we have ]
§V2C(5) +a((7) = (M),

and comparing with (_ applied to equation (29) (with a =5 and b = 1) gives a = 1. But

also
OPi531,)

ops = P11 + Ps),

SO

%ﬂ(g) +26¢(5) = ¢ (me.11) + C(5)
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from which we see that 3 = 1. Thus

C (M) = 37CB)E) +2¢(9) +CBIT) + C(6)"

Another check on tables of (_(m,) is provided by a series of identities that show certain
symmetric functions are in the kernel of (_. For 7 € II, let L(7) be the number of parts
of m of size greater than 1. Set

Ln,k = Z my.

|7|=n, L(m)=k

Note that L, = 0 unless k < |5]. We define the “excess” of L, by e(Lnx) = n — 2k,
so the excess of a nonzero L, is always nonnegative.

Lemma. For integers e > 1 and k > 0,

P1Lokre—1k + P2Llokte—2k + - + DeLokk = €Loprer + 2(k 4+ 1) Logte ft1-

Proof. First note that if we define L(I) for a composition I to be the number of parts of
I of size greater than 1, then

Loe= Y. M.

\I|=n, L(I)=k

Consider an individual monomial quasi-symmetric function in Lojier, say Mo14,2,1) in
the case k = 3 and e = 4. It can arise in the sum

My Logre—1r + My Logye—ap + -+ + MeyLog & (35)

from MayM@,a2,1), MayMeo.4,2), MayM@z1,321),; and M2)M2,1,2,2,1)- More generally, M
in Lojy. arises in (35) in

Pi(I) = Py(1) + B3(I) + Py(I) + - - - = |I| = 2P(I) (36)

ways, where P.(I) is the number of parts of I of size > r. But in fact (36) is just the excess
e of Logick, thus establishing the coefficient e in the lemma. Now consider a monomial
quasi-symmetric function in Lojie k41, S8y M(2323) in the case k = 3,e = 4. It can arise
in (35) from any of the eight terms

MayMus23), MayMaea2a), MayMesia), MayMasasa),
MoyM23), MoyMasz3)y, M) Mos2s), MazyMeogzsz).

In general, M, in Loy, k11 arises in (35) in 2(k+1) ways, giving the coefficient 2(k+1). O
Theorem 9. Ifk > 1, then (_(L, ) = 0.
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Proof. We use induction on the excess of L,, ;. Since for k > 1

C—(Lokx) = (~(mp2,..2)) = 0,

the theorem evidently holds for excess 0. Suppose it holds for excess < n. From the
lemma we have

1

Lyiokt1s = = (1 Lngork + -+ Pos1Lok sy — 2(k 4+ 1) Ly ops1 k1] 5

and every L on the right-hand side has excess n or less. Applying (_ to both sides, it
follows from the induction hypothesis that the theorem also holds for L, ;op11 k- O

Remark. If k=0, then (_(L, ) = (_(en) is given by equation (21).
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Appendix: ¢, (; and (_ on Sym in monomial basis for
weight <7

¢ G a

m) gl 0 gl

ma) ¢(2) ¢(2) 0

maz2) 37— 3¢(2) —3¢(2) =7?

m(g) C(?)) 0 C(3)

m(2,1) 7€(2) = ¢(3) 0 —((3)
m13) 9% — 29¢(2) + 3¢(3) 0 %+ 3C(3)
mya) ¢(4) ¢(4) 0

me.1) Y¢(3) — ¢(4) —((4) 7¢(3)
m(22) 24) 24) 0

mo,12) 37%C(2) = ¢(3) — 3¢(4) —1((4) —¢(3)
may 57— 17*02) +39C03) + 5C(4) () vt + 1¢(3)
m(5) <(5) 0 C(5)
mM(4,1) v¢(4) — ¢(5) 0 —((5)
ms.2) ¢(2)¢(3) = ¢(5) 0 —((5)
meaizy  372C3) —¢(4) — 3¢(2)¢(3) +¢(5) 0 572¢(3) +¢(5)
me2 1) 2yC(4) = ¢(2)¢(3) +¢(5) 0 ¢(5)
M2,1%) %vgcfg &%Ziéf’) Zé)vm) 0 —357%¢(3) = ¢(5)
mas) 1)’ — %vgé’(?) + 7B+ 37 0 Y+ EXB) + 5¢(5)
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¢
mye) ¢(6)

me,) Y¢(5) — ¢(6)
M(4,2) ) %5(6)1
m32) §C(3) - EC(G)
My(4,12) 37%¢(4) = 7¢(5) + 5¢(6)
m(32,1) 7C(2)¢(3) = 7¢(5) — €(3)* + 3¢(6)
mM(23) 2¢(6)
mesy  57°C(3) — 57°C(4) — 37C(2)¢(3) +7¢(5) + 5¢(3)* — §¢(6)
M2 12) 292C(4) — 7C(2)¢(3) +7¢(5) + 5¢(3)* — 52¢(6)
m(2,11) 377C(2) — $7°¢(3) — $72C(4) + 29¢(2)¢(3) — ¢ (D)
—2¢(3)> + §3¢(6)
mao it 92) + 1) T — bace)
+37¢(5) + 15¢(3)* — 155¢(6)
Cr -
ms) ¢(6) 0
m(s,1) —((6) ¢ (5)
mM(4,2) %C(@ 0
m(32) —5¢(6) 5¢(3)°
M(4,12) %C(@ _’YC(E))
m(3,2,1) gC((@) _’YC(E)) - C(3)2
M (23) 5C(6 0
My —1(6) 193(3) +1¢(5) + 2¢(3)?
m(22 12) —§C(6> 7((5) + %C(3>2
meany  5¢(6) —572C(3) —¢(5) — 5¢(3)?
maey  —125C(6) =357° + :Y¢C(3) + :7¢(5) + £¢(3)?
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m(7) ¢(7)

mMe,1) Y¢(6) — ¢(7)

m(s5,2) C(2>C(5) - C<7)

My(4,3) C(3)C(4) - C(7)

m(s,12) 37°C(5) = 7¢(6) — 5¢(2)¢(5) +¢(7)

M(1,2,1) 17€(6) — C(2)C(5) = ¢(3)C(4) +2C(T)

Mz 1) %WC( )? = 37¢(6) = ¢(3)¢(4) + ¢(7)

M3 92) ¢ (1) - C(2)¢(5) +¢(7)

mM(4,19) §7°C(4) = 577¢(5) + §7¢(6) + <(3)<(4)+%C(2)C(5)—C(7)

M(3.2,12) 37°C(2)C(3) — 377 C( ) — vC( )? + 17€(6) + 3¢(3)C(4)

+3¢(2)¢(5) = 3¢(7)

m(23,1) TS ()——()()+<< )¢(5) — ¢(7)

meiy 57'C3) = §7°C4) = 172C(2)¢ (3) + 377C(5) + 37¢(3)* — §7¢(6)
—1C(3)C(4) — (2)<(5)+C(7)

M2 13) §7°C(4) = 377C(2)C(3) + vQC( ) +37¢(3)% = 537¢(6)
%<(3)C( ) — 5¢(2)¢(5) +2¢(7)

m2,15) 1357°C(2 ) <(3) 217 SC(4) + 37°C(2)¢(3) — 37°¢(5)

)C(4) + 170 (2)¢(5) — <(7)

(6 41 (3
mary s —12%075(’(2%: E‘ (3)J;i?7 ¢(4) - 57 20(2)¢(3) + 157°¢(5)

9
+57¢(3)° C(6) + 5¢(3)¢(4) — 35¢(2)¢(5) + 3¢(7)

C+ ¢
m) 0 ¢(7)
me,1) 0 _C(7)
m(s,2) 0 —¢(7)
M(4,3) 0 —C(7)
meazy 0 572C(5) 4+ ¢(7)
maz1 0 2¢(7)
mez1) 0 57C(3)* 4 ¢(7)
my(3,22) 0 C(7)
M3 0 —37%¢(5) = ¢(7)
M (3,2,12) 0 —%724(5) - 7C(3)2 - 3C(7)
my(231) 0 _C(7)
mesy 0 5171 C(3) + 572C(5) + 37¢(3) + ¢(7)
mees) 0 57°C(5) + 57¢(3)% +2¢(7)
me5) 0 —5:71C(3) — 57°¢(5) — $7¢(3)* = ¢(7)
mary 0 =7+ 57C3) + 357°C05) + 57¢(3)% + £¢(7)
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