Depth reduction of a class of Witten zeta functions
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Abstract

We show that if a, b, ¢, d, f are positive integers such that a+b+c+d+ f is even,
then the Witten zeta value (g 4)(a, b,c,d,0, f) is expressible in terms of Witten zeta
functions with fewer arguments.

1 Introduction

Let N be the set of positive integers, Q the field of rational numbers, C the field of

complex numbers.
For any semisimple Lie algebra g, the Witten zeta function(cf. [5]) is defined by

Gols) = (dim p)*,

where s € C and p runs over all finite dimensional irreducible representations of g. In
order the calculate the volumes of certain moduli space, Witten [7] introduced the values
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(4(2k) for k € N and showed that 7=2*(;(2k) € Q, where [ is the number of positive
roots of g.

For positive integer r, Matsumoto and Tsumura [5] defined a multi-variate extension,
called the Witten multiple zeta-function associated with sl(r + 1), by

o= Y HH(Z ) 1)

mi,...mr=1j=1 k=1

where
S = (8j0)1<j<r 1<k<r—je1 € CTUTV20 R(s5) > 1.

In particular ([5], section 2, Prop 2.1), if m € N we denote

Cs[(r—i—l) (Qm) = H (k’ — j)gs[(r—i-l)( 2m, ceey 2m)
1<j<k<r+1 r(r+1)/2

As in [1], given the Witten multiple zeta-function (1), we define the depth to be r. Further,
if the zeta functions yy, ...,y have depth rq, ..., r; respectively, then for aq,...,a; € C,
we define the depth of ayy; + -+ + agyr to be max{r; : 1 < i < k}. We would like to
know which sums can be expressed in terms of lower depth sums. When a sum can be so
expressed, we say it is reducible.

An explicit evaluation for (g3)(2m) (m € N) was independently discovered by D. Za-
gier, S. Garoufalidis, and L. Weinstein (see [8, page 506]). In [3], Gunnells and Sczech
provided a generalization of the continued-fraction algorithm to compute high-dimensional
Dedekind sums. As examples, they gave explicit evaluations of (es)(2m) and Csay(2m).
Matsumoto and Tsumura [5] considered functional relations for Witten multiple zeta-
functions, and found that

(—1)%5[(4)(81, S2, @, 83, 0, b) + (—1)b§s[(4)(81, S2,b, 53,0, CL)
+ Cﬁ[(4) (a7 07 S2, 51, b7 83) + Cﬁ[(4) (b7 07 S1, 82, @, 83) (2)

is reducible for any a,b € N and sy, s9, s3 € C.

In this paper, we provide a combinatorial method which gives a simpler formula for
the quantity (2). Furthermore, we show that if a,b, ¢, d, f are positive integers such that
a+b+c+d+ fis even, then (yy(a,b,c, d,0, f) is reducible.

2 Functional relation

Lemma 2.1. If the function F' : Z>y X Z>g x C — C has the property that there exist
p, q € C such that for every a,b € N and every s € C the relation

F(a,b,s) =pF(a—1,b,s+ 1)+ qF(a,b—1,s+1)
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holds, then for every a,b € N and every s € C,

b fa+b—j—1
Flabs) =Y o (" TV T POk b s )
=1

a—1
+;p q( b1 (4,0,a+b+ s — j). (3)
Proof. 1t’s easy to prove Lemma 2.1 by induction. O

The Euler sum of depth r and weight w is a multiple series of the form
Clstnnse) = > JIn" (4)
n1>->n>0 j=1

with weight w := s;+- - -+s,. Now let’s recall the following result concerning the reduction
on the triple Euler sums.

Lemma 2.2 (Borwein-Girgensohn [2]). Let a,b, ¢ be positive integers. If a+b+c is even
or less than or equal to 10, then ((a,b,c) can be expressed as a rational linear combination
of products of single and double Fuler sums of weight a + b+ c.

Lemma 2.3 (Huard-Williams-Zhang [4]). If a,b, ¢ be positive integers, then
a . b .
at+b—j—1 a+b—j5—1 .
Cs[(s)(a,b,C):{Z( b1 )—I—Z( 41 )}C(a+b+c—j,j). (5)
j=1 j=1

Moreover, (qs)(a,b,c) can be explicitly evaluated in terms of the values of Riemann zeta
functions when a + b+ ¢ is odd.

Theorem 2.1. Ifa,b € N, then

(_1)@(5[(4)(51’ S2, @, S3, 07 b) + (_1)b<5[(4)(817 S2, b7 $3, Oa a’)
+ Cai(4)(@, 0, 82, 51, b, 53) + Caigy) (b, 0, 51, 52, @, s3)

:mgiw{(“+j:j‘1)+(“+§jj‘1)}@4an

X Ca3) (51, 2,83 + a+b —1)
a a+b—171—1 » |
+Z ( b—1 ){<<Z)<5[(3)(51,82,83—i—a+b_z)

— Cai(3) (81 + 14, 82,83 +a+ b — 1) — Cas)(51, 52,83 + a + b)}
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, a—1
=1

b .
+ Z (CL+ oo 1) {C(i)gsl(s)(51732733 +a-+b— Z)

— CS[(S)(SQ + i, S1,83 +a-—+ b— Z) — C51(3)(81, S2,83 ta-—+ b)} (6)

Proof. From the definition (1) of the Witten multiple zeta-function, we have
Cﬁ[(4)(817 89, 83, 84, S5, 86) = Cﬁ[(4)(s37 89, 581, S5, 54, 86)' (7)
Next, for any a,b € N and sq, s9, s3 € C, since
Cs[(4)(817 82, @, S3, 07 b) = CS[(4)(Sla 52,@, 83 + ]-> Oa b— 1) - Cs[(4)(817 S2,0 — ]-> S3 + 1a O> b)a
by Lemma 2.1, we have

fa+b—i—1
Cai(g) (51, 52, @, 83,0,0) = (
1

b_1 ) (—=1)*"Carga (51, 82,4, 83 + a+ b —1,0,0)

b at+b—1—1
+> ( )(—1)%5[(4)(51, 52,0, 83 +a+b—14,0,9). (8)

a—1

Similarly, we have

b ,
a+b—i—1 ; . »
Cot(a) (51, 52, 0, 83,0, 0) = E ( )(—1)b+ Cot() (81, 82,7, 83 + a + b —1,0,0)

Py a—1
S Sa+b—i—1 o

-+ Z ( b—1 )(—1)b<5[(4)(81,82,0, s3+a+ b— @’07@)’ (9)
i=1

‘Sla+b—i—1
C5[(4)<a’7 07 52731767 33) = Z( bh—1

)<5[(4)(i707 S2,51,0,83 +a+b— i)
1

(2

b .
+b—1—1 ) :
+ <a ! >C51(4)(0,0, So, 81,1, 83 +a+b—1), (10)
i=1

a—1
and
" fa+b—i—1
Cﬁ[(4)(ba 07 S1, 827a7 S3) = ; ( a— 1 )<5[(4)(i,0, 817 So, 07 S3 —|— a + b _ 71)
‘L la+b—i—1 _ .
+Z < b—1 )Cﬁr(4)(0ﬂ0751752a2753+a+b—2). (]_1)

=1
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Since

Cs[(4) (CL, bv C, d> 0? O) = C(C)Cﬁl(f,)(a'a bv d)?

1
a,b,0,¢,0,d) =
gs[(4)( ) n1n22:1 vdncfng(nl ¥ no)e
v>h1+7L2

> :

o dpboa c’

v ning(ny + na)
v>n1+n2

Cs[(4) (a7 07 b7 ¢, 07 d) = Z

ni,na2=1
v<ny

1
Cs[(4) (07 Oa a, ba c, d) = Z

vendnb(ny + ng)?’

1
ven§nb(ng + ng)d’

ni,no=1
ni+nz2>v>ny

we find that

Co(a) (51, 52,0, 83 + a+b—1,0,0) + Coiy) (4,0, 52,51,0, 53 + a + b — 1)
+ C5[(4)(0, 0, s1, 82,4, 83 +a+b—1)

= ((i)Ca3) (51, 82, 53 + a+ b —1) — Co) (81 + 4, 82,83 +a+b— i)
— Coi(3)(51, 82,83 + a + b)

and

Cot(a) (51, 52,0, 83 + a+b—14,0,0) + Coiy)(4, 0, 51, 52,0, 53 + a + b — 1)
+ C5[(4)(0, 0, s, 81,1, 83 +a+b—1)

= ((7)Cei(3)(81, 82, 83 + a4+ b — i) — Cay5)(S2 + 14, 51,83 +a + b — 1)
— Coi(3)(51, 82,83 + a + b)

Now combining equations (8-17), we complete the proof.

(12)

(16)

(17)

O

Lemma 2.4. Every Witten multiple zeta value of the form (gyy(a,b,1,d,0,1) witha,b,d €
N can be expressed as a rational linear combination of products of single and double Fuler

sums when a +b+d is even ora+b+d <8.

Proof.

gs[(4)(a7 b7 17 d7 07 1) = Z b—1

i=1

a b__l
<a+ Z )Csr(4)(i,0,1,a+b+d—i,O,l)

a—1
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b .
b—i—1
+ g (a+ ! )Cs[(4)(0,z',1,a+b+d—z’,0,1).

(18)



However, for any a,d € N,

C51(4) (aa 07 1a d> 07 ]-) = Cs[(4)(0> a, ]-7 da 07 1)

= Coi(4)(a,0,1,0,0,d + 1)+§:C(d+2—i,z’,a), (19)
i=1
and
Gai(4)(@,0,1,0,0,d 4+ 1) = ((d+ 1,a,1) + i C(d+1,a+1—14,1). (20)
i=1
We complete the proof by combining this with Lemma 2.2. O

Theorem 2.2. Every Witten multiple zeta value of the form (o (a,b,c,d,0, f) with
a,b,c,d, f,€ N can be expressed as a rational linear combination of products of single and
double Euler sums when a+b+c+d+ f is even ora+b+c+d+ f <10.

Proof. From Lemma 2.1, we see that

1

ningng(ny +ne)?(n1 + na + ns)/

__§:<c+jﬁ—z—1)(_wﬁ4 1
B — f—1 nénini(ny + ng)ctdtf—i

f .
c+f—i—1 1
-1)° - - 21
+;< c—1 )( )n‘fng(nl+n2)c+d+f—’(n1+n2+n3)l (21)

Also

1
n‘fng (n1 + n2)0+d+f—" (n1 + no + ng)i

_§5<a+b—j—1) 1
p b—1 nal (ng + ng)atbtetdtf—i—j(n, + ny + ng)?

a—1 né(nl + n2)a+b+c+d+f—i—j (711 +ng + ng)i'

J=1

Now combine (20), (21) and Lemma 2.4 and sum over all ordered triples of positive integers
(n1,n9,m3) to obtain

Gty (@, b,¢,d, 0, f) = Z <C+;:i_ 1

1=2

) (1) C(8) sy s by + d+ f — i)
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L fetf—i—1 &K fa+b+i-1
+i:2( c—1 )(_1){;< b—1 )

X ((l,c+d+ f+a+b—i—77)

+Z(a+b+j_1)C(i,c+d+f+a+b—z'—j,j)}

a—1
—1

<

—_

_(_

)C(C—ic_fz2)¢st(4)(“ab,1ac+d+f_2’0’1)' (23)

By Lemmas 2.2, 2.3 and 2.4, we complete the proof. O

Remark. When d = 0, the Witten zeta value (s4)(a,b,c, 0,0, f) can also be viewed as a
Mordell-Tornheim sum with depth 3. The fact that every such sum can be expressed as a
rational linear combination of products of single and double Euler sums when the weight
a+ b+ c+ f is even has been shown in [6] and [9)].
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