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Abstract

Let V(d,n) be the number of permutations p of {1,2,...,n} that satisfy [p;—i| <
d for all i. Generating functions for V(d,n), for fixed d, are given.

1 Introduction.

The problem considered in this paper is the enumeration of permutations which satisfy
|p; —i| < d for all i. The motivation comes from coding theory. A permutation array
is a set of permutations of [n] = {1,2,...,n}. Recently, Jiang et al. [1, 2] showed an
application of permutation arrays to flash memories, where they used different distance
metrics to investigate efficient rewriting schemes. In [4], we studied the multi-level flash
memory model, using the Chebyshev metric.

More precisely, we consider the distance dy,.x between permutations defined by

dmax(p7 Q) = m]aX ‘pj - QJ‘
The size of a sphere in the space of permutations with this distance is
V(d,n) = |Tunl,

where
Ton=1{p€ Sy ||pi—i| <dfor1<i<n}

For fixed d it is well known that V(d,n) satisfies a linear recurrence and that the
generating function is a rational function (see Lehmer [5], Stanley [6]). Lehmer’s proof
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was based on writing V' (d,n) as a permanent of a suitable matrix. He only considered
d < 3. Stanley’s proof is general and uses the transfer-matrix method, see [6, 4.7.7]. In
[3] we studied V'(d,n) for general d, using permanent methods.

In the present paper we introduce two related new transfer-matrix methods. The
advantage is that the underlying matrix has a small size.

2 First transfer-matrix method.

Let
X ={(z1,29,...,2q) |dZ 21 > 29 2> -+ 2> 24 2 0}.

It easy to see that | X| = (de).
For 1 <j<d+1 and x € X we define
X =(zy+ Lwo+1,..., 251+ 1,201,509, ..., 24,0).
In particular,
x' = (z9,23,...,24,0) and x*™ = (z; + Lzg +1,..., 24+ 1).

Let T be the | X| x |X| transfer matrix where the rows and columns are indexed by
X, and where

if x; < d, then tyx =1 forj=1,2,....d+1
txy =0  otherwise,
t
t

: x,x! = 1
if 21 = d, then <y =0  otherwise,

Theorem 1. Ford > 1, V(d,n) has generating function

det(K)  fa(2)
ZV ()" = o7 = gulo) (1)

where K denotes the matriz obtained by removing the first row (row 0) and the first
column (column 0) of (I — 2T, and

ged(fa(2), 94(2)) = 1.

Example 1. For d =1, the transfer matrix is

(0) ‘ 1 1
(1

Hence
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We recover equation (37) in Example 4.7.7 in Stanley [6], in which the underlying
matriz is of dimension 7 X 7. Our matriz T is of dimension 2 X 2.

Example 2. For d = 2, our transfer matriz is

X y: (00) (10) (11) (20) (21) (22)
(00) 1 1 1 0 0 0
(10) 1 0 0 1 1 0
(11) o 1 o0 1 0 1
(20) 1 0 0 0 0 0
(21) 0 1 0 0 0 0
(22) 0 0 0 1 0 0
Hence
1 0 —2z —2z 0
-2z 1 -z 0 -z
det | O 0 1 0 O
-z 0 0 1 0
> 0 0 —2 0 1
Z V(l,n)z" = . -
e 1—2 —2z —z 0 0 0
—z 1 0 —z —z 0
0 -z 1 —2 0 -z
et > 9 0 1 0 0
0 —z 0 1 0
| 0 0O 0 -z 0 1
B 1— 22
1l — 2 — 222 — 223 — 224 4 25 4 46
1—2

1—22—223 425
We recover the equation just before Example 4.7.17 in Stanley [6].

We now give a proof of Theorem 1.

Proof. For x € X, let Ay be the infinite matrix (a; ;) be defined by
a;; = Oforj>i+dori>j+d,
a;; = Oforl<j<dandj+d—a;<i<j+d,
a;; = 1 otherwise.

Let D be the directed graph whose vertices are {Ax | x € X}. The arcs in D are
(Ax, Ay) where the matrix A, can be obtained by removing the first row and the j’th
column (7 =1,2,...,d+1) of Ax. By the definition of T" we see that the adjacency matrix
of D is exactly T. By Stanley [6, Theorem 4.7.2], the right hand side of (1) is

det(K) =
det(I — 2T) v(n)2",

n=0
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where v(n) is the number of closed walks of length n based at Ag. We claim that each
such walk is in bijection with a permutation in 7y, so that v(n) = V(d, n).

Referring to the original matrix Ag, in the i’th step of the walk we remove row number
7 and some column, column number p; say, where

When the walk of length n is closed, we have removed the first n rows and n column.
Since we are left with (a new) Ag, the removed columns must be exactly the n first. This
also implies that (p1,p2, ..., p,) must be a permutation in Ty,.

On the other hand, let p = (p1p2...py) € Tyn. Define h = (hy, ha, ..., hy,) by

hi =pi — |{j <i|p; <pi}l
Since
{j<ilpj<pl<|{jel|p <p}=p—1
we have h; > 1. Further, if j <p; —d — 1, then p; < j + d < p;. Hence
i <ilpj<p}Zp—d-1

and so h; < d+ 1. Therefore, A,», is well defined for all ¢ and all z € X.
We will show that the walk corresponding to p is

Avohl AO}LI}LQ ce thth"'hnfl AO}Lth"'hnflhn .
Since p is a permutation in Ty, we see by the argument above that
thlhz---hn,lhn = AO.

Moreover, we note that at the start of the ¢'th step, |{j < i | p; < p;}| columns to the
left of the column p; in the original Ay have already been removed. Therefore, at the ¢’th
step, when we remove column h; in Ayning--n,_,, this is exactly column

Hj<ilpj<pi}l+hi=pn

in the original Ag. Hence, we see that the walk corresponds exactly to the permutation p.
O

It may be easier to understand the proof with diagrams, and we illustrate with an
example below.

Example 3. A permutation p € S,, can be represented by the n x n matrizx B = (b; ;)
where b; ,, = 1 and b; ; = 0 otherwise.
For example, consider p = 3142 € Ty 4. Then

0010
1000
0001
0100

B =
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Walk illustrated by removing rows/columns:

Aoy = Aay = Agg = Aeo — Ao
hl =3 hg =1 hg =2 h4 =1 finished

%)% O Ox3x *O% Ox3x kKK
KKK kKK kkkok KKk kKK
KKkokk kkkok kkokok kkkk Kkokskk
kkskoksk kkokok kkokoskok kkoskoskok kkskoskok
kkskokk kkoskoskok Kokoskoskosk *Kokoskoskosk
kkskoskosk *okoskoskosk Kokokoskosk
Kokokoskok Kokokoskok
Kokokoskok

Walk illustrated by erasing rows/columns:

Aoy = Aay —  Apgy = Apy— Ao
hl =3 h2 =1 hg =2 h4 =1 finished

**O Y Y Y ..o
*okokok Ok« % e - e - o -
*okokoskosk *ook - skok -k - Ok @ @
Kokoskoskook k- skokok *k - okoksk O k% @ .-
doskoskoskosk - kokokesk - keskoskesk . skskek < e okoksk
kokokokok kokokok sk keokoskook ok - kokokok - kokokosk
kokokoksk kokokook sk *ookoskook ok *ookokosk sk *ookosk skosk
kokokok sk keokoskook sk *ookokosk sk *ookok sk ok oskosk sk sk

We can easily identify the matrix B in the last diagram.

Figure 1: Diagrams illustrating the first transfer-atrix method

Further, we get h = (3,1,2,1). We have (by the definition of x7)
(00)* = (11), (11)" = (10), (10)*> = (20), (20)" = (00).
Therefore, the closed walk corresponding to p is
A00)A11)A(10) A (20) A (00)-

The first diagram (in Fig. 1) shows the walk by using the “remove”-process, that is,
removing the first row and column h; in the i’th step).

@y »

We write “«” for “1”, blank for “0”, and mark the column (and row) to be removed
by “7.
The second diagram (in Fig. 1) shows the walk by using an “erase”-process (instead of
removing the first row and the h;’th column in the i’th step, we just erase these elements
by changing “«” to “” to show the history of the process, moreover, “o” from previous

steps are marked by “e”).
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3 Second transfer-matrix method.
Forl<a<d+1land1l<b<d,let
Xop ={(z1,29,...,2q) |la=21 220>+ > 2, >0 and x; =0 for i > b}.
For0<a<dand 0 <b<d,let
Yoo = {(x1,22,...,24) |a =21 Z 29 > -+ 2 2, > 0 and x; = 0 for i > b}.
Let
d-1
Y = Yaama.
a=0
Fory = (y1,y2, .-, 4, 0,0,...,0) € X4, let
y = (yg— 1,y3— 1,...,yb— 1,0,0,...,0) c sz—l,b—l-
For a pair x,y € X, let Ay, be the infinite matrix (a; ;) be defined by

a,; = Oforj>i4+dori>j+d,
a;; = Oforl<i<dandi+d—2;,<j<i+d
a;; = Oforl<j<dandj+d—y;<i<j+d

a;; = 1 otherwise,

We note that in the first row of this matrix, the first d + 1 — x; elements are 1, the

remaining are 0.
Let < denote the lexicographic ordering, that is

y<xifty=xory =z for1 <i<jandy; <ax; for some j.
We define three classes of pairs of sequences:

7 = {(x0)|xeV},
Z2 = {(X y)‘XE}/ad aayEYE)d a where

I1<b<a<d-—1andy <x},
Zs = {(x,¥y7)|x,¥ € Xad+1-a, where 1 <a < dand x <

y}

Let Z = Z; U Zy U Z3. A relatively simple calculation shows that

1/2d
Z|== P
2 2(d)+

For x,z € Y, where x # z, define Uy, = {Axz, Azx}. The set of vertices is defined by

My = {U{XJ} ‘ (X, Z) c Z}.
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Remark. We have z < x for any pair (x,z) € Z. Hence, given Up,vy € My, we can
uniquely determine if (u,v) € Z or (v,u) € Z.
Consider Ugyx 3 € My where (x,z) € Z. For 1 < j < d+ 1 — x; there is an arc from
Uix,zy to Ugxr 21y, Where
x' = (x9,73,...,24,0)

and
Z=(zxn+ 12041, 221+ 1, 2541, Zj42, - - -, 24, 0).

This is well defined since for the matrix Ay ,,
Qjgi1—g, = LIor 1 <0 <2d+1— 2y,

that is, there are no “extra” zeros in column d + 1 — x1. Moreover, the set of extra zeros

determined by x and the set of extra zeros determined by z are disjoint. We must show

that Upw »y € My, that is (x',2') € Z or (2',x') € Z. We split the proof into cases.

Case I) (x,z) € Z; (where (z =0). Then x € X,; where 1 <1< d—a.

Subcase l.a) j = 1. Then z’ = 0. Hence (x',72') € Z;.

Subcase Ib) 1 < j <d+1. Then 2z’ =(1,1,...,1,0,0,...,0) € X; ;1 C Y.

Subsubcase 1.b.1) 2’ < x'. Then (x',2') € Zs.

Subsubcase 1.b.2) x’ = 0. Then (z',x') € Z.

Subsubcase [.b.3) X' = (1, ...,1,0,0,...,0) € X;,; where i < j—1. Then (z',x') € Z,.

Case II) (x,y) € Z5. Then x € X,,; and y € X}, where
1<b<a,1<l<d—a,andl <m<d-—a.

In this case, we get x' € X;, 4-1-0 C Ya,.d—s, since

d—l—a:dl—xléd—1—$2<d—a¢2.

Subcase Il.a) j = 1. Then y' = (y2,...,Ym,0,...,0) € Xy 1. If y' < %X, then
(x',y'") € Zy since Xy, 1 C Yy dus

(because m — 1 <d—a—1<d—x).
On the other hand, if x’ <y’, then
To<yppandd—1—a<d—-1—-0<d—1—y <d—ys

and so X' € Yy, 4—y, and (y',x') € Zs.
Subcase I1.b) 1 < j < m. Then

y, = (yl + 1,y2 + 1,...,yj_1 + l,yj+1,...,ym,0,...,0) € Xy1+l,m—l~
If y' <x/, then (x',y’) € Z5 since Xy, +1,m-1 C Yy41,d—2»

(because m — 1 <d—a—1<d—x).
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On the other hand, if X’ <y’, we must have x5 < 1 + 1 and so d — x9 < d — Yo, that is,
x' € Yy, a—y,. Hence then (y',x') € Z,.
Subcase Il.c) m+1<j < d—a. We get

y,:(yl+1,y2—|—1,...,ym—|—1,1,...,1,0,...,0) EXy1+17j—1'

We have j —1 < d—a—1<d— zy. Hence if y' < X/, then (x',y’) € Z;. On the other
hand, if X’ <y, thenm—-1<d—-a—-1<d—-y —1andsox €Y,,qy_1. Hence
(v, x') € Zs.

Subcase I1.d) j =d+ 1 — a. We get

yY=p+Lyp+1l.. yn+1,1,...,1,0,...,0) € Xy 14—

Subsubcase I1.d.1) y’ < x’. Then (x',y’) € Zs.
Subsubcase 11.d.2) x' <y’ and y; + 1 < a. Then (y',x') € Zs.
Subsubcase 11.d.3) y; + 1 = a + 1. Note that 21 +1 =a+ 1. Let

u=(a+1l,xze+1,...,24 o+ 1,0,...,0).

Then u~ = x’. Since y < x, y’ < u. Hence (y',x') = (y/,u™) € Zs.

Case Ill) (x,z) € Z3 where z =y, X,y € X,4+1-0 and x < y. In this case, we get
x' € Xyyd-0 CY. We have z € X, ; ,,, for some m < d — a.

Subcase I1l.a) j = 1. If 2’ = 0, then (x’,2') € Z;. Otherwise, (x',2') € Z; or (2, x') € Zs.
Subcase II.b) j = 1. If 2’ = 0, then (x',2’) € Z;. Otherwise, (x',2') € Z; or (2, x') € Zs.
Subcase I1l.c) 1 < 7 < m. Then

Z/: (y27y37"'7yj—17yj+1_17"'7ym_1707"'70>'

Again, (x',2') € Z; or (2,x') € Zs.
Subcase 11I.d) m+1 < j <d+1—a. Then

z' = (Y2, Y3,y Ym, L,...,1,0,...,0).

Subsubcase I11.d.1) j < d —a or y» < a. Then (x',2') € Z, or (z',%x) € Z,.
Subsubcase I11.d.2) j =d+1—a and y5 = a. Then z € X, 4, and so (x',2') € Z; or
(z',x') € Z, also in this case.

An n step path from Uyg gy to Uyg,o} will remove the first n rows and the first n columns
of Ago. Hence, it corresponds to a permutation.

To describe the path that corresponds to a given permutation p € Ty, is similar to
the first transfer-matrix method, but a little more involved. Let p € T},, let B be the
matrix corresponding to p, and let ¢ be the permutation corresponding to the transposed
of B.

We start with Ago. Let Ax, be the matrix we have after £ — 1 steps. Let the first
row of Ay, be row number r and the first column of Ay, be column number s of the
original Ago. Let the number of erased columns j such that j < p, be t;, and the number
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of erased rows ¢ such that i < g, be ug. Since Ago has a 1 in position (r,p,), Ax, must
have a 1 in position (1, p, — t;). Similarly, it has a 1 in position (gs — ug, 1). In the k’th
step, if x < z, then remove the first row of Ay, and column number p, — ¢;. Similarly,
if x > z, then remove the first column and row number g, — u;. By this process, in each
step we remove a row/column pair corresponding to a 1 in matrix B. Hence, the path

corresponds exactly to the permutation p.
Example 4. For d = 2, the vertices are

U1 ) Vg V4 Us
Uo),00y  Ugroy,001  Ugaoy,a0y - Ugan,oor  Ug(20),00)}

A(oo),(oo) - A(n),(oo) - A(lO),(OO) - A(oo),(m) - A(oo),(oo)

*%0 .0 ..o .0 ..o
Kok kK O% « % °- .. °- .. °- ..
$okskok ok Kk - kK <k kok <. O% ‘-0
$okokokk * - okxk 0« kokk ®- ... ®. ...
$okokokk < kkokok < koK koK - - kokok
Fokokkok Fokokk ok Fokok koK Fokokk ok - kokokok
Fok sk Kok Fokok Kk Hok ok ok ok Kok skk ok $okok ok ok
Fokskok ok Fok ok ok ok Fokskk ok $okskok ok Kook kK

Figure 2: Walk in second method for the permutation (3142) illustrated by erasing
rows/columns

The transfer matriz is

V1 Vg V3 Vg Vs
vr]1 1 0 1 0
w1l 1 0 0 0
vs|1 0 0 0 1
nu|0 1 1 0 0
vs|1 0 0 0 O
Hence
1—2 0 0 O
0 1 0 —z
det -z —z 1 0
det(K) B 0 0 0 1 B 1—2z
det(I —2T) l—2z —2z 0 —z 0] 1—2z—223+425
—z 1—2z 0 0 0
det | —z 0 1 0 -z
0 —z —z 1 0
—z 0 0 0 1
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as before, but now with a 5x5 matriz. Also ged(det(K),det(I—Tz)) =1 in this case. The
diagram in Fig. 2 shows the walk for the permutation (3142) by using the “erase”-process
for this graph.

4 On deg f;(z) and deg g4(2).

In Theorem 1 we showed that the generating function for V(d,n) is a rational function

fa(2)/9a(2).

Theorem 2. For all d > 1 we have

deg fa(z) < degga(z) — 2d. (2)

Proof. Consider the matrix K in Theorem 1. Since ¢(qq0..0)y = 1 only for y = (000...0),
the row (d00...0) in K contains a single 1 (in column (d00...0)) and zeros otherwise.
Hence we can remove row and column (d00...0) in K without changing the value of
det(K). Similarly, ¢(4q00..0)y = 1 only for y = (d00...0). Hence, the reduced matrix K
contains a single 1 in row (dd00...0) and so row and column (dd00...0) in K can also be
removed without changing the value of det(K’). The same argument and induction shows
that we can remove all d rows and columns (dd...d00...0).

Column (111...1) contains a single 1 since tx (111..1) = 1 only for x = (000...0).
Hence row and column (111...1) can also be removed without changing the value of
det(K). In general, for 1 <r < d, tyxpr.y =lonlyforx =(r—1,r—1,r—1,...,r—1).
Hence, induction shows that all rows and columns (rr7...7) can also be removed without
changing the value of det(K) for r = 1,2,...,d—1 (note that (ddd .. .d) has already been
removed). In all we can remove 2d — 1 row/column pairs. The reduced matrix with the
same determinant as K has dimension 2r less than the dimension of 7' O

g 1) ®

The second transfer-matrix method shows that

degga(z) < 2] =2"" +

1
2
We have computed the generating functions for d < 6. They are listed in the appendix
of [3]. For these examples, we have equality in both (3) and (2). This limited evidence
indicate that we may have equality in both (3) and (2) in general. In particular, this
would imply that
ged(det(K)),det(I — 2T)) =1

for the second transfer-matrix method, and that the matrix in the second transfer-matrix
method is smallest possible for any transfer-matrix for this problem.
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