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Abstract

Given sets X and Y of positive integers and a permutation o = o109 - -0y, € Sy,
an (X,Y)-descent of o is a descent pair o; > 0,41 whose “top” o; is in X and whose
“bottom” o1 is in Y. Recently Hall and Remmel [4] proved two formulas for the
number P,i( Y ofoe Sp with s (X,Y)-descents, which generalized Liese’s results in
[1]. We define a new statistic statx y (o) on permutations o and define P (g) to
be the sum of ¢****x.¥(?) gver all & € S, with s (X,Y)-descents. We then show that
there are natural g-analogues of the Hall-Remmel formulas for P;f 3 (q).

1 Introduction

Let S,, denote the set of permutations of the set [n] = {1,2,...,n}. Given subsets
X,Y C N and a permutation o € S,,, let

DeSX’y(O') = {Z 10 > 041 &LoeX& Oi+1 € Y}, and

desxy(o0) = |Desxy(o)|.

If i € Desxy(c), then we call the pair (0;,0,11) an (X,Y)-descent. For example, if
X =1{2,3,5},Y ={1,3,4}, and 0 = 54213, then Desx y (o) = {1,3} and desx y (o) = 2.
For fixed n we define the polynomial

PXY(x) =Y PNV at =) atexr(@), (1.1)
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Thus the coefficient P,;"" is the number of o € S, with exactly s (X,Y")-descents.
Hall and Remmel [4] gave direct combinatorial proofs of a pair of formulas for P.;"".
First of all, for any set A C N, let

A, = An|n|, and
AL = (A% =[] = A
Then Hall and Remmel [4] proved the following theorem.

Theorem 1.1.
> Xl +r\[/n+1
PXY = |Xg|! 1)5" X 1 e e 1.2
e (P (00 T et ). 02
and
PXY ‘XC"IXX"I:_S( 1)\X |—s—r |X7CL|+T n+1 H( +6 ﬁ ) (1 3)
- " r n,x n,r)s .
r | Xn| —s—1 o o
r=0 xeXn
where for any set A and any 7,1 < j < n, we define
Qan; = [AN{7+17+2,....n}|=Hz:j<zxz<n&x¢ A}, and

Bami = AN{L2,... j—1}=He:1<e<j&ax¢A}
Example 1.2. Suppose X = {2,3,4,6,7,9},Y = {1,4,8}, and n = 6. Thus X =
{2,3,4,6}, X§ = {1,5},Ys = {1,4}, Y5 = {2,3,5,6}, and we have the following table of
values of ax 6.4, By6.0, and Bxeq-

T 213|146
axee | 1| 1|10
Broe |0]1]2]3
Bxer | 11112

Equation (1.2) gives

PYY = 2’2 (2”)(27 )(2+7“)(3+7“)(4+7’)(4+7’)

— T
= 2(1 21 2.3.4.-4—-3.7-3-4-5-546-1-4-5-6-6)
= 2(2016 — 6300 + 4320)
= 72.

while (1.3) gives
Ry = 2!;;(—1)2—T<2+T) (2jr)(l—l—r)(o—i—r)(—l—H")(—l—l—r)

-
= 2(1-21-1-0-(=1)-(=1)=3-7-2-1-0-0+6-1-3-2-1-1)
= 2(0— 0+ 36)

= 72
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The main goal of this paper is to prove g-analogues of (1.2) and (1.3). Let

ny, = 1+q+¢+...+¢"",
|

[n]q‘ = [n]gln — 1] [24[1],,
l n _ [n]!
k], [k]g![n — k]!
la],, = la]gla+1]g---[a+n—1],
(@)oo = (a;q)00 = H(l — ag®), and
(@)oo

(@)n = (a;q)n = (g

There are two natural approaches to finding g-analogues of (1.2) and (1.3). The
first approach is to use g-analogues of the simple recursions that are satisfied by the
coefficients P,ffsvy. This approach naturally leads us to recursively define of a pair of
statistics statx y (o) and statx y (o) on permutations o so that if we define

P g = Y, g (1.4)

0€8Sp,desx y (0)=s

and - _
PXXg= > g, (1.5)

0€8Sp,desx,y (0)=s

then we can prove the following formulas:

Py (a) = [, 28:(—1)8_’“ <q(5;) [ [ Xal +r L [ n+1 L

T S—7T
r=0
H [1+r+aX,n,x+/6Y,n,x]q> (16)
zeXy
and
. . Xaloor (o) [IXE 4] [+l
P = Xl 3 (o S

I I + Bxne = Byinal, ) : (1.7)

LEEXTL

The second approach is to g-analogue the combinatorial proofs of (1.2) and (1.3). We will
see that this approach also works and leads to a more direct definition of statx y (o) and
statyy (o), involving generalizations of classical permutation statistics such as inv and
maj.
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The outline of this paper is as follows. In Section 2, we shall give g-analogues of
the basic recursions developed by Hall and Remmel [4] for the coefficients PX;" and
give the recursive definitions of statxy (o) and statxy (o). In Section 3, we shall give
a direct combinatorial proof of (1.6) and (1.7). In Section 4, we shall use some basic
hypergeometric series identities to show that in certain special cases, the formulas (1.6)
and (1.7) can be significantly simplified. For example, we shall show that when Y is the
set of natural numbers N and X is the set of even numbers 2N, then

PAY @ = 0" (l? | ]

which was first proved by Liese and Remmel [5] by recursion. We will also describe
the equality of (1.6) and (1.7) as a special case of a g-analogue of a transformation of
Karlsson-Minton type hypergeometric series due to Gasper [2].

2 Recursions for P.;" (q)

In this section, we shall give g-analogues of the recursions for the coefficients P,fs’y devel-
oped by Hall and Remmel [4].
Given X,Y C N, let PXY(x y) =1, and for n > 1, define

PXY § gxsyt § :LEdCSX’Y(U)y‘Y'ﬂ.
5,620 0€Sn

Let ®,,.1 and V¥, be the operators defined as

Dyt y —s sr¥ 7yt + (n+ 1 — s)z*y!
U, 28yt — (s+t+ Datyt + (n — s — t)a¥ Tyl

Then Hall and Remmel proved the following.
Proposition 2.1. For any sets X, Y C N, the polynomials PXY (z,y) satisfy

y- O, (PXY(2,y) ifn+1¢ X andn+1¢Y,

PXY (2 y) = Q1 (PXY(2,y)) ifn+l1¢g X andn+1€Y,
1\ Y Yy U, (PXY(2,y)) ifn+1€ X andn+1¢Y, and

U, 1 (PXY(z,y)) ifn+l1€ X andn+1€Y.

It is easy to see that Proposition 2.1 implies that the following recursion holds for the
coefficients P-% for all X, Y C Nand n > 1.

n,s,t
Piilse= (2.1)

(s+1)Pns+1t 1+(n—|—1—s)Prf(si_1 if n+1 ¢ X and n+1 €Y,
(s+1) ns+1t+(n+1 s Py if n+1 ¢ X and nt+l €Y,
(s+t)PX) 1+(n+2—s—t)P§sY1t . ifntl e X and nt+1 ¢ Y, and
(

s+t—|—1)Pmt+(n+1—s—t)PM ¢ ifntle X andntl ey,
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We define two g-analogues of the operators &, and V¥, ,; as follows. Let

@7 ., and V], be the operators defined as

7, 2yt — [s]g2* W+ ¢ n + 1 — s8]ty
Ui o2y —— [sHt+ 1]yt +

and let ®? ., and W | be the operators defined as

s—1,t

qs+t+1[n —s— t]q$8+lyt,

e, 2yt — ¢ s]t Ty 4 [+ 1 — 8], 2ty
\Iffwrl Coatyt — " s+t + 1]qz5yt +[n—s— t]qx8+1yt.

Given subsets X, Y C N, we define the polynomials PXY (¢, z,y) by Py (¢, z,y) = 1

and
y- ¢§+1(P§’§(Q7$7y))’
¢ (PXY(q,z,y))
PX’Y ’x7 _ 7L+1 n 7 ) Y
n+1 (q y) Y- \Ilgl_i_l(P,f(’Y(qa x,y)),
Wl (PXY(q,3,y)),

v B (B (g 2,0)),

) )1 (P (q,2,9))
PX’Y ’x7 _ _7L+1 n ) Y Y
n+1 (q y) Y- \ygz—i-l( Ji’i(q; T, y))’

Ve (P (g, 2,y)),

It is easy to see that (2.2) implies that

(

[s + 1), Pk () + ¢*fn + 1

XY
Pn-l—l,s,t(Q) = PX,Y

[S + t]q n,s,t—l(q) + qs—l—t—l[n

[s + ¢ + 1], P (@) + ¢ [n

\

ifn+l1¢g X, nt+1¢Y,
ifn+l ¢ X, nt+1 ey,
ifn+tl e X,;n+1 €Y, and
ifn+tl e X, n+1l ev.

iftn+1€ X, n+1 &Y,
ifn+l1 ¢ X, n+1 ey,
ifn+tl e X,;n+1 €Y, and
ifn+tl e X,n+1 €Y.

XY s XY
[S + 1]an,s+1,t—1(Q) + q [n + 1- S]qpn,s,t—l(q)

ifn+1 ¢ X and n+1 €Y,
- S]QP;L),{L;,};(Q)

ifn+l € X and n+1 €Y,
+2—s5— t]qpri(g—/l,t—l(q)
ifn+l e X and n+1 €Y,
+1—s— t]qprf,{;—/l,t(Q)

ifn+l e X and n+l €Y.

(2.2)

(2.3)

(2.4)

Next we describe an insertion statistic statx y (o), which generalizes a statistic intro-

duced in [5], so that

P,;LX’Y(q,I7 y) — Z qStatX,y(O')deSX,y(O')y‘Y,ﬂ.

O'ESn

(2.5)

We define statx y (o) by recursion. For any o = oy ---0, € S, there are n + 1 positions
where we can insert n+1 to obtain a permutation in S,,; ;. That is, we either insert n+1 at
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the end or immediately before o; for « = 1,...,n. We next describe a labeling procedure
for these possible positions. That is, if n + 1 ¢ X, then we first label positions which are
between an X, Y-descent from left to right with the integers from 0 to desx y (o) — 1 and
then label the remaining positions from right to left with the integers from desxy (o) to
n. If n+ 1 € X, then we label the positions which lie between an X, Y-descent or are
immediately in front of an element of Y, plus the position at the end from left to right
with the integers 0, ..., desx y (o) +Y,’| and then label the remaining positions from right
to left with the integers desx y (o) + |Y,¢| + 1 to n.

Example 2.2. Suppose that X7 ={2,3,6,7} and Y; = {1,2,3,4} ando =63 1457 2.
Then if 8 ¢ X, then we would label the positions of o as

co=_6_3_-1_4_5_7_2_.
0 1 6 5

7 4 2 3

If 8 € X, then we would label the positions of o as

co=_6_-3_1_4_5_7_2_.
o 1 2 7 3 4 5 6

We then define 0®) to be the permutation in S, that is obtained by inserting n + 1
into the position labeled with a k£ using the above labeling scheme and recursively define
statxy (o) by declaring that

1. statxy(oc) =0if 0 € S; and
2. statyy (o) = statxy (1) + k if 0 = 7 for some 7 € S, if 0 € S,,1;.

Example 2.3. Suppose that X7 = {2,3,6,7} and Y7 = {1,2,3,4} andoc =63 1457 2.
Then we can compute statx y (o) by recursion using the labeling scheme as follows.

o restricted to {17 R k} COTLtTZbUtZOTL to StatX7y(O')
g “172}:5 1 1 2 6 0
Uf{12,3}=§ 36152I P)
o f{1,2,3,4}=Z 3 5 1 s 4 5 2 - 2

o f{1,2,3,4,5}=g 3 . 1 . 4 - 5 3 2 ; P)

o f{1,2,3,4,5,6}:6 6 0 3 o 1 . 4 . 5 - 2 ] 5

c0=6314572 5
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Thus statxy (o) = 16 in this case.

Note that for any o € S,,,
qutatX,y(o’(k)) _ (1 +q+-+ qn)qstatxyy(a) _ [n + 1]qq5tatX'Y(J)

from which it easily follows by induction that

Z qstatx,y(cr) _ [n]q|

CTGSTL

Thus our statistic is Mahonian. Moreover, it is easy to check that if we define

Poile) = > gt (@), (2.6)
0€8Sp,desx y (0)=s,|Y,S|=t

then the PXY( )’s satisfy the recursions (2.4). For example, suppose that n +1 ¢ X

n,s,t

and n+ 1 ¢ Y. Then to obtain a permutation o € S,,+; which contributes to P,fi}l/,&t(q),
we can either (i) start with an element a € S,, such that desyy(«) = s + 1 and insert
n + 1 in any position that lies between an X, Y-descent in o because that will destroy
that X, Y-descent or (ii) start with an element 5 € S, such that desxy () = s and
insert n 4+ 1 in any position other than those that lie between an X, Y-descent in 3 since
such an insertion will preserve the number of X,Y-descents. In case (i), our labeling
ensures that such an a will contribute (1 + ¢ + -+ + ¢ )qStatXY( 9 = [s+ 1] gotatxy (@)
to Pn+1st( ) so that we get a total contribution of [s + 1],P, s+1t( ) to P, +1St( ) from
the permutations in case (i). Similarly, our labeling ensures that each such (3 contributes
(¢*+- -+ )y B) = ¢ [n+ 1—s], to Pﬁ{s,t(q) so that we get a total contribution of
¢n+1-— s]qP,fi;z:l (q) to PX +1 s+(q) from the permutations in case (ii). The other cases
are proved in a similar manner.

It is easy to see that (2.3) implies that

) _
¢" s+ UgPribiea(@) + [n+ 1= slgPrs 1 (q)
ifn+l¢g Xandn+1¢Y,
¢"[s + 1y Pty o(a) + [0+ 1= s, Pk (q)
ifn+l¢g Xandn+1eY,
g s+ 1, PXY (@) + 42— s —t,PXY 1 (q)
ifn+leXandn+1¢Y,
¢ s+t 1PN () + [+ 1 — s —8,PYNY ) L (q)

fn+leXandn+1e€Y.

(2.7)

\

Again we can recursively define an insertion statistic staty y (o) so that

P:;X'Y q’x y Z qstatxy dCSX,y(O')y‘Y,.ﬂ. (28)
O'ESn
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The only difference in this case is that if a possible insertion position p was labeled with
i relative to statyy, then position p should be labeled with n — ¢ relative to statxy. It
is easy to see that this labeling can be described as follows. If n 4+ 1 ¢ X, then we first
label positions which are not between an X, Y-descent from left to right with the integers
from 0 to n —desy y (o) and then label the remaining positions from right to left with the
integers from n — desx y (o) +1 ton. If n4+1 € X, then we label the positions which do
not lie between an X, Y'-descent or are not immediately in front of an element of Y or are
not at the end from left to right with the integers 0, ..., n—(desx y(0)+|Y,|) —1 and then
label the remaining positions from right to left with the integers n — (desx .y (o) + |Y,5])
to n.

Example 2.4. Suppose that X7 ={2,3,6,7} and Y; = {1,2,3,4} ando =63 1457 2.
Then if 8 ¢ X, then we would label the positions of o as

o= 6,371745577,2 .

0o 7 6 1 3 5 4
If 8 € X, then we would label the positions of o as

co=_6_3_1_4_5_7_2_.
7 6 5 0 4 3 2 1

We then define ¢® to be the permutation in Spa1 that is obtained by inserting n + 1
into the position labeled with a k& using the above labeling scheme and recursively define
statxy (o) by declaring that

1. statxy(o) =0if 0 € S and
2. statxy (o) =statxy(r) + kif o = 7®) for some 7 € S, if 0 € Spi1.

Example 2.5. Suppose that X7 ={2,3,6,7} and Y; ={1,2,3,4} ando =63 1457 2.
Then we can compute statxy (o) by recursion using the labeling scheme as follows.

o restricted to {1,...,k} Contribution to stalx y (o)
o [{1}:6 1 T 0
o “12}:6 1 . 2 5 7
o [{1,2,3=- 351125 0
o f{1,2,3,4}=6 3 . 1 - 4 5 2 s 7

o f{1,2,3,4,5}=6 3 : 1 : 4 - 5 - 2 ] P)

o f{1,2,3,4,5,6}:8 6 - 3 < 1 5 4 . 5 - 2 ; 0

c0=6314572 1

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R111 8



Thus statxy(c) =5 in this case.
Again it is easy to check that
Z qﬁx,y(o) — [n]q!
oESn
so that statxy is also a Mahonian statistic. We then define

Proi(q) = > (@), (2.9)

c€Sy desx vy (0)=s,|Y,S|=t

Again is straightforward to see that the P,f( 21 (q) satisfy the recursion (2.7). Finally, it is

easy to prove by induction that if o € S,,, then

statyy (o) = <Z) — Statyy (o). (2.10)
It follows that
dB PN (1/q) = P (). (2.11)

It is possible to show that one can prove (1.6) and (1.7) from the recursions (2.4) and
(2.7). We shall not give such proofs here, but instead give direct combinatorial proofs of
(1. ) and (1.7) which will give us non-recursive descriptions of the statistics statyy and
staty,

3 Combinatorial Proofs

In this section, we shall show how to modify the combinatorial proofs of (1.2) and (1.3)
found in Hall and Remmel [4] to give combinatorial proofs of (1.6) and (1.7). We start
with the proof of (1.6).

Theorem 3.1. Let

PXY (¢, ZPXY Z qulVXc(J)-l—I'll’IlajX,Y(J)-l—yC.TZI'COil'lVXVY(O')xdcsxyy(cr)

520 o€Sp

Y

where

n

invye(o) = Z (#j € X¢ s.t. j appears to the left of i and j > 1)

i=1
rlmajy y (o) = Z (n—1), and
iEDesxyy(U)
yercoinvy y(0) = Z (#2z € Y s.t. z appears to the left of x and z < x) .
IEGXn
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Then
P (q) = (3.1)

[|X§|]q!i(—1)5_rq(szr) { Xl +r L { nid ] IT 1+ 7+ exne + Brnal,

T S—7T
r=0 q zeXn

where

X, = XnNjnl,
X, = (X)=[n]-X,

n

and for any set A,

aan; = [AN{7+17+2,....n}|={z:j<z<n& z¢ A}, and
Ban; = |AN{L2,...,j—1}=Hz:1<2<j & 2z ¢ A}|.

Proof. The proofs are analogous to those presented in [4], with the addition of g-weights
on the objects of the sign-reversing involutions.

Let X,Y,n, and s be given. For r satisfying 0 < r < s, we define the set of what we
call (n, s, r)*Y-configurations. An (n,s,r)*Y-configuration c¢ consists of an array of the
numbers 1,2,...,n, r +’s, and (s — r) —’s, satisfying the following two conditions:

(i) each — is either at the very beginning of the array or immediately follows a number,
and

(ii) if x € X and y € Y are consecutive numbers in the array, and = > y, i.e., if (z,y)
forms an (X, Y)-descent pair in the underlying permutation, then there must be at
least one + between x and y.

XY

Note that in an (n, s, 7)*" -configuration, the number of +’s plus the number of —’s equals

s.
For example, if X = {2,3,5,6} and Y = {1,3}, the following is a (6,5,3)"Y-
configuration:
c=b5+2—-446+13 —.

In this example, the underlying permutation is 524 6 1 3.

In general, we will let cjcs - - - ¢, denote the underlying permutation of the (n, s, r
configuration c.

Let C:X.Y be the set of all (n, s,r)*Y-configurations. We claim that

n,8,T

r S —T
LEEXTL

)X,Y_

That is, we can construct the (n, s, 7)*Y-configurations as follows. First, we pick an order

for the elements in X¢. This can be done in | X¢|! ways. Next, we insert the r 4+’s. This can

be done in ('X’C;H’") ways. Next, we insert the elements of X,, = {z1 <z < --- < 2/x,}
in increasing order. After placing z1, s, ..., z;_1, the next element x; can be placed

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R111 10



e immediately before any of the fy,, ,, elements of {1,2,...,2;_;} that isnot in Y, or

e immediately before any of the ax ., elements of {x; +1,z; + 2,...,n} that is not
in X, or

e immediately before any of the r +’s, or
e at the very end of the array.

Thus we can place the elements of X, in [T .y (147 + axnz + Byne) ways. Note that
although x; might also be in Y, and might be placed immediately after some other element
of X, condition (ii) is not violated because the elements of X,, are placed in increasing
order. Finally, since each — must occur either at the very start of the configuration or
immediately following a number, we can place the —’s in (Zi) ways.

Let the g-weight w,(c) of an (n, s, )% -configuration ¢ be

( - 1)5_7’qinVXc (C)+r1maj X,y(c)+ychOinVX’Y (©) 9

where
invye(c) = Z (#j € X°s.t. j appears to the left of i and j > i),
i=1
rlmajyy(c) = Z (#signs to the left of i), and
i=1
yercoinvy y(c) = Z (#2z € Y s.t. z appears to the left of x and z < z)
zeXn

In our example, with X = {2,3,5,6},Y = {1, 3}, and ¢ the (6,5, 3)*Y-configuration

542 — 446 + 13—,

we have
invye(c) = 0+0+04+0+1+4+1=2,
rlmajyy(c) = 0+1+3+3+4+4=15, and
yeweoinvy y(c) = 0+0+3+1=4.
The g-weight of this configuration is thus w,(c) = (—1)573¢*T15T = ¢!,

Next we must show that

Snsr = Z wy(c) = (3.2)

XY
ce€Crls.r

et | P ) T s + B,

S—T
qZBEXn
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We shall use two well-known results to help us prove (3.2). That is, for any sequence
s = 518, of natural numbers, we let inv(s) = >, ., x(si > s;) and coinv(s) =
> i<ici<n X(8i < 87) where for any statement A, x(A) = 11is A is true and x(A4) =0if A
is false. Then for any n > 1,

Z V) — Z OV =[], ). (3.3)

O’GSn O'GSn

Similarly we let R(1¥0"*) denote the set of rearrangement of k 1’s and n — k 0’s. Then

Z qinv (r) _ [ Z L. (3.4)

reR(1k0n—k)

If we count the inversions caused by the 1’s reading from right to left in any r € R(1¥0"~),

it follows that
n ERET
[k]z S gt (3.5)
q

01 < SipSn—k

and if we replace each iz in (3.5) by js = is + s — 1, then it is easy to see that

q(2) [ Z L — S gt (3.6)

01 < <gpsn—1

Now consider how we constructed the elements of C;'}. above. We first put down a
permutation of the elements of X. Since each inversion among these elements contributes
1 to invxe(c), these placements contribute a factor of [|X7[],! to Sy, by (3.3). Next, we
insert the r +’s. Since each + contributes 1 for each element of X¢ to its right to
rlmajy y(c), the g-count over all possible ways of inserting the » +’s into our permutation

of X¢ is the same as the number of inversions between r 1’s and |X¢| 0’s. Thus the

. . . X¢
insertion of the r +’s contributes a factor of [ | ”L—i_ " } to Spsr by (3.4). Next, we
q

insert the elements of X,, = {1 < 2y < --- < 2|x,|} in increasing order. After placing
x1,%2,...,Ti_1, the next element x; can go
e immediately before any of the fy,, ., elements of {1,2,...,x;_;} that is not in Y, or

e immediately before any of the ax ., elements of {x; +1,z; +2,...,n} that is not
in X, or

e immediately before any of the r +’s, or
e at the very end of the array.

Note that each of the elements counted by [y, ., to the left of z; contributes 1 to
y‘rcoinvy y(c), each of the elements counted by ax ., to the left of x; contributes 1
to invxe(c), and each of the +’s to the left of x; contributes 1 to rlmajyy(c). Thus it
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follows that the placement of z; contributes a factor of 1 4+ ¢ + - - - 4+ ¢ TXmeitFrine =
1+7+axn., + ﬁyynﬂ?i]q to S,s,. Finally we must insert the (s —r) —’s. Since each
— must occur either at the very start of the configuration or immediately following a
number and each — contributes the number of elements of {1,...n} that lie to its right
to rlmajy y(c), it follows that the contribution over all such placements to S, s is

S e — (9) [ nt1 L (3.7)

. _ S—T
0<]1<"'<J377‘<n

by (3.6). Thus we have established that the right-hand side of (3.1) is the sum of the
w,(c) over all possible configurations.

We now prove (3.1) by exhibiting a weight-preserving sign-reversing involution / on

the set C’,)szsy = | | XY whose fixed points correspond to permutations o € S, such that

n,8,1)

r=0
desx y (o) = s. We say that a sign can be “reversed” if it can be changed from + to — or
from — to + without violating conditions (i) and (ii). To apply [ to a configuration ¢, we
scan from left to right until we find the first sign that can be reversed. We then reverse
that sign, and we let I(c) be the resulting configuration. If no signs can be reversed, we
set I(c) =c.
In our example, with X = {2,3,5,6},Y = {1, 3}, and c the (6,5, 3)*Y-configuration

5+2—+46 + 13—,

the first sign we encounter is the + following 5. This + can be reversed, since 52 is not
an (X,Y)-descent. Thus I(c) is the configuration shown below:

I(¢)=5—2—+46+ 13 — .

It is easy to see that I(I(c)) = c in this case, since applying I again we change the —
following 5 back to a +.

Conditions (i) and (ii) are clearly preserved by the very definition of I. It is also
clear that [ is sign-reversing, since if I(c) # ¢, then I(c) either has one more — than c,
or one fewer — than c. I also preserves the g-weight, since invye(c), rlcomajy y(c), and
y°wcoinvy y(c) depend only on the underlying permutation and the distribution of signs
(without regard to + or —), neither of which is changed by I. To see that [ is in fact
an involution, we note that the only signs that are not reversible are single +’s occurring
in the middle of an (X, Y)-descent pair, and +’s that immediately follow another sign.
In either case, it is clear that a sign is reversible in a configuration c if and only if the
corresponding sign is reversible in I(c). Thus, if a sign is the first reversible sign in ¢, the
corresponding sign in I(c) must also be the first reversible sign in I(c). It follows that
I(I(c)) = cfor all ¢ € G}, We therefore have

DD wl)=) Y, w0

r=0 cecXY, ceCa, I(e)=c
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Now, consider the fixed points of I. Suppose that I(c) = ¢. Then ¢ clearly can have
no —’s, and thus r = s. This implies that the sign associated with the configuration c is
positive. It must also be the case that no +’s can be reversed. Thus each of the s +’s
must occur singly in the middle of an (X, Y')-descent pair. It follows that the underlying
permutation has exactly s (X, Y')-descents.

Finally, we should observe that if ¢ = oy05---0, is a permutation with exactly s
(X, Y)-descents, then we can create a fixed point of I simply by placing a + in the middle
of each (X,Y')-descent pair.

For example, if X ={2,4,6,9}, Y ={1,4,7}, n =9, s =2, and 0 = 528941637, then
the corresponding fixed point is

c=5289 + 4+ 1637.

Note that in such a case, if o; > 0,41 is an X, Y-descent in ¢, then in the corresponding
fixed point ¢ of I, we will have a + between o; and o0;.;. This means that each of
Oit1,...,0, Will contribute 1 to rlmajyy(c) for the + between o; and o;1,. Hence it

follows that
rmajyy(c)= > (n—1i).

i€Desx v (o)

Thus for any permutation o € 5,, with s X,Y-descents, the weight w,(c) of the corre-
sponding configuration ¢ which is a fixed point of I is

Invye(o)+rlmaj . o (o)+y“reoinvy (o)

q

where

invye(o) = Z (#j € X°s.t. j appears to the left of i and j > 7)
i=1
rlmajy y (o) = Z (n—1), and
iEDosX,y(o)
yercoinvy y (o) = Z (#z € Y s.t. z appears to the left of x and z < x)

reX,

as desired. ]

Our next result shows that the statistics defined in Sections 2 and 3 are in fact the
same.

Theorem 3.2. For allo € S,
statx,y (o) = invxe(o) + rlmajy y (o) + y°rcoinvy (o)
Proof. By definition, it is the case that

statxy (0¥)) = statx.y (o) + k.
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We will now show that

inv ye(o®) + rlmajxy(a(k)) + ycxcoinvxy(a(k))

= invxe(o) +rlmajyy (o) + yrcoinvy y (o) + k, (3.8)

which when combined with the fact that all of the statistics are 0 on o € S7, verifies the
theorem. Suppose 0 =0y -- -0, € S, where desxy(0) = s and Y| = 1.
Case 1: n+1¢ X and desyy(c®) =51

Assume further that aj(-lfl = n-+ 1. Inserting n + 1 at position j + 1 means that it will

contribute n — j, the number of elements following n + 1, to the invy. statistic. So we
have that
invye(c®) = invye(o) +n — J.

Since we destroyed an X, Y-descent at position j we lose a contribution of n — j to the
rlmajy - statistic. On the other hand, each of the k X, Y-descents preceding n + 1 will
contribute 1 to this statistic. Thus,

rlmajxy(a(k)) =rlmajyy (o) — (n —j) + k.
Since n + 1 ¢ X, we have that
ycxcoinvx,y(a(k)) = y‘xcoinvyy (o).

Case 2: n+1¢ X and desxy(c®)) =s

Assume further that there are d X, Y-descents to the left of n + 1 in ¢®). Inserting
n + 1 at a position labeled k£ means that it will contribute ¥k — s + s —d = k — d, the
number of elements following n + 1, to the invy. statistic. So we have that

inv xe(0®) = invye(o) + k — d.

Since we are dealing with a permutation of length n 4+ 1, each of the d X, Y-descents
preceding n + 1 will contribute 1 to the rlmajy y statistic. Thus,

rlmajy y (0™) = rlmaj y y (o) + d.
Again, since n + 1 € X, we have that
yczcoinvx,y(a(k)) = y‘weoinvy y(0).

Case 3: n+1¢€ X and desxy(c®)) =s
Assume further that there are d X,Y-descents to the left of n + 1 in ¢®). Since
n+ 1€ X, we have that
inv xe (™) = invye (o).
Each of the d X, Y-descents preceding n + 1 will contribute 1 to the rlmajy , statistic.
Thus,
rlmaj y y (0™) = rlmaj .y (o) + d.
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Inserting n + 1 at a position labeled k£ means that it will contribute k& — d, the number of
elements preceding n + 1 that are in Y7, to the statistic y“zcoinvy . So we have that

yexcoinvy y (o) = yercoinvy (o) + k — d.

Case 4: n+1€ X and desyy(c®) =s+1
Assume further that there are d X,Y-descents to the left of n 4+ 1 in ¢ and that
a](-ljr)l =n+ 1. Again, since n + 1 € X, we have that
invxe(c®) = inv e (o).
However, since we have created an X, Y-descent at position j + 1 we gain a contribution
of n+1—(j+1) =n—j to the rlmajy, statistic. On the other hand, each of the d
X, Y-descents preceding n + 1 will also contribute 1 to this statistic. Thus,

rimajy y (0®) = rlmajy y (o) + d + (n — j).

Inserting n + 1 at a position labeled k£ means that it will contribute j — (n — k) — d, the
number of elements preceding n + 1 that are in Y7, to the statistic y“zcoinvy . So we
have that

ycxcoinvx,y(a(k)) =y xcoinvyy (o) +j— (n—k) —d.

In each case we see that inserting n + 1 into the position labeled with a k contributes
k to each statistic and thus they are equivalent. O

Next we consider the proof of (1.7).

Theorem 3.3. Let
pﬁx,y(qw) _ Zpyfs,y(q)zs — Z qCOinVXc(0)+I'1C0majX’Y(o)—ycl’COinV(o)l’desxyy(a)’

520 0ESh
where
coinvxe(o) = Z (#j € X s.t. j appears to the left of i and j < i)
i=1
rlcomajyy(0) = Z (n—1), and
i¢Desx vy (0),0,€Xn
yrcoinvy y(0) = Z (#2z € Y s.t. z appears to the left of x and z < z) .
z€Xn
Then
pxy xe ,|Xn‘_s )Xl —s—r g (Xn1o ) | Xe|+r n—+1
’ — —_ n 2 n
= 16 Y {0 A R

H [T + ﬁX,n,x - ﬁY,n,x]q> ) (39)

IEGXn
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where

X, = XnNjnl,
Xp = (X =Dl =X,

and
Bxn; = [XN{L2,...,j—1}={z:1<2<j& 2¢ X}| and
Byn; = |YN{L2,....5-1}|={z:1<2<j& 2¢Y}|
— XY
Proof. Let X,Y,n, and s be given. For r satisfying 0 < r < |X,| — s, an (n,s,r) -
configuration consists of an array of the numbers 1,2,...,n, r +’s, and (| X,| —s—7r) —’s,

satisfying the following three conditions:
(i) each — is either at the very beginning of the array or immediately follows a number,

(ii) if ¢; € X,1 < i < n, and (¢;, ¢;41) is not an (X, Y)-descent pair of the underlying
permutation, then there must be at least one + between ¢; and ¢;;1, and

(iii) if ¢, € X, then at least one 4+ must occur to the right of ¢,.

— XY )
Note that in an (n, s,r) ~ -configuration, the number of +’s plus the number of —’s equals

| X, | — s.
For example, if X = {2,3,6} and Y = {1,2,5}, then the following is a (6,1, 1)X’Y—
configuration:

c=213+6 — b4.

Let " be the set of all (n, s, T)X’Y—conﬁgurations. Then we claim that

| Xe|+r n+1
= |X;|! " n,x n,x)-
| n|< r |Xn|—S—T H(T—i_ﬂX,, ﬁY,,)

IEGXn

C

n,8,1

‘—X,Y

That is, we can construct the (n,s,r)X’Y-conﬁgurations as follows. First, we pick an
order for the elements in X¢. This can be done in |X¢|! ways. Next, we insert the r
+’s. This can be done in (‘Xf;,‘”) ways. Next, we insert the elements of X, = {z; <
T < -+ < x‘Xn‘} in increasing order. We can place z1 in 7 + Bx nay — Byna, Ways, since
x1 can either go immediately before any of the » +’s or immediately before any of the
21 — 1= Bynz = Bxna — Byma elements of Y which are less than z;. We note here
that Bxn., = x; — i for all i,1 < ¢ < |X,,|. There are now two cases to consider for the
placement of x,.

Case 1. z; was placed immediately in front of some element of y € Y. In this case, x,
cannot be placed immediately in front of y, since this would violate condition (ii).
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2o can be placed before any + or immediately in front of any element of Y which is
less than x5, except y. Hence, x5 can be placed in

T+ZE’2—1 _/GY,n,:cg -1 = 4+ To _2_/6Y,n,:c2
= r+ ﬂX,n,xg - 6Y,n,m2

ways.

Case 2. x; was placed immediately before a +. In this case, x5 cannot be placed imme-
diately before the same +, since again we would violate condition (ii). x5 can be
placed immediately before any of the other +’s or immediately before any element
of Y which is less than x,. Hence x5 can be placed in

T_1+I2_1_/6Y,n,x2 = T+I2_2_5Y,n,x2

= r+ ﬂX,n,xQ - 6Y,n,m2

ways.
In general, having placed x1,xs,...,x;_1, we cannot place z; immediately before some
y € Y,y < x;, which earlier had an element of {z1,zs,...,2; 1} placed before it. Sim-

ilarly, we cannot place z; immediately before any + which earlier had an element of
{1, x9,..., 2,1} placed before it. It then follows that there are

T_l'xi_]-_ﬁY,n,xi - (2_ ]-) = T_I'Ii_i_ﬁY,n,xi
= r+ ﬁX,n,:pi - 6Y,n,mi

ways to place x;. Thus, there are total of [ cx (7 + Bxne; — Byine;) Ways to place
Ty, T, ..., Tx,|, given our placement of the elements of X;. Finally, we can place the —’s
in (‘Xﬁi_r) ways.

XY

n,8,1°

Now suppose that ¢ = ¢;---¢, is a configuration in C We define the g-weight

— XY ,
wy(c) of an (n,s,r) ~ -configuration ¢ to be

(—1) \Xn\—s—quOil’lVXc(c)-i—I'lCOl’IlajX’Y(c)—yCLUCOiHVXy(c) ’

where

n

coinvye(c) = Z (#j € X°s.t. j appears to the left of ¢ and j < 7)
i=1

rlcomajyy(c) = Z (#signs to the left of ), and

i=1
y°rcoinvyy(c) = Z (#2z € Y° s.t. z appears to the left of x and z < ).
SCEX'!L
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In our example, with X = {2,3,4},Y = {1, 3,5}, and ¢ the (6,0, 3)X’Y-conﬁguration

2 4 5413 + 46,
we have,
coinv ye(c) 3,
rlcomajyy(c) = 7, and
yercoinvyy(c) = 2.

The g-weight of this configuration is thus w,(c) = (—1)3793¢* 72 = ¢5.

Note that the definition of rlcomajy y is identical to that of rlmajy - of Theorem 3.1.
However, because the signs play a different role here, it will not be the case that rlmajy y
and rlcomajy y reduce to the same statistics on S,

Let -
Snsr =Y Wy(c).

—X,Y
ceCls »

We must show that

= e ve Xel 4+ |Xn|~s—r n+1
Suur = (0P x| AT ] | ]
q

. | X —s—r
H [T + ﬁX,n,xi - /GY,n,:c]q . (310)

SCEX'!L

Now consider how we constructed the elements of Ufsyr above. We first put down a per-
mutation of the elements of X¢. Since each coinversion among these elements contributes
1 to coinvye(c), these elements contribute a factor of [|X|] ! to Sys,. Next, we put down
the r +’s. Since each + contributes 1 for each element of X to its right to rlcomajy y(c),
the g-count over all possible ways of inserting the r +’s into our permutation of X¢ is
the same as the number of inversions between r 1’s and |X¢| 0’s. Thus the insertion of

X5 G :
| nL+ " } to Sy.s,. Next, we insert the elements of

q
X, ={® <2y <--- < xx,|} in increasing order. Each x; must go either before a 4 or

before an element y € Y such that y < x;. However, having placed xi,xs,...,x;_1, we
cannot place z; immediately before some y € Y,y < x;, which earlier had an element of
{1, x9,..., 2,1} placed before it. Similarly, we cannot place z; immediately before any
+ which earlier had an element of {x,zs,...,z;_1} placed before it. So the number of
ways to place x; is the difference between the sum of the number of +’s and the number of
elements smaller than z; which are in Y, and the number of x € X already placed, which
is ¢ — 1. This difference is 7 + 2, — 1 — By, — (1 — 1) =7+ Bxnz; — Byinz. Now when
we place z;, each + to the left of x; contributes 1 to rlcomajyy(c), each z € X¢, z < w;,
to the left of x; contributes 1 to coinvye(c), and each z € Y° z < z;, contributes 1 to
y°zcoinvx y(c). The key here is to realize that the difference between the number of

the r +’s contributes a factor of [
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y € Y,y < z; to the left of x; and the number of x € X, x < x; to the left of z; is equal to
the difference between the number of z € X, z < z; to the left of x; and the number of
z € Y y < x; to the left of z;. In any rate, when we place z;, we effectively get a factor
of ¢ for each 4+ and each element y € Y satisfying y < x; which lies to the left of z;, and
a factor of ¢~ for each element z € X satisfying x < x; which lies to the left of x;. Thus
the net effect is that we have a factor of ¢ for each place before the position of x; which
was a possible position where we could have placed x;. By our argument above, there are
exactly r + Bx n.z; — By, POSsitions so that the contribution over all possible placements
of z; at this stage is 14+ g+ - - - ¢"HFxmei =Prme; =1 — 7+ Bx s — ﬂY,n,m]q. Thus the total
contribution from the placements of elements in X, is [[,cx [+ Bxna — ﬂym,x]q. Finally
we must insert the (| X,| —s —r) —’s. In this case, we can argue exactly in the proof of
Theorem 3.1, that all possible insertions contribute a factor of

3 gt = (M) [ X 7|”‘_+81_ . } (3.11)
n q

01 <+ <J|xp | —s—r <0

to S’ms,r. Thus we have established that the right-hand side of (3.9) is the sum of the
w,(c) over all possible configurations.
We now prove the theorem by exhibiting a sign-reversing involution I/ on the set
_ | Xn|=s _
Ci’sy = | Cfsyr whose fixed points correspond to permutations o € S5, such that
r=0
desx y (o) = s. We define I exactly as in the proof of Theorem 3.1. That is, we scan from
left to right and reverse the first sign that we can reverse without violating conditions
(1)-(iii).
— XY
For example, suppose X = {2,3,4}, Y = {1,3,5}, and we have the (6,0,2) = -
configuration
c=213+6—-54+.

We cannot reverse the + following 3 without violating condition (ii), since 3 € X and 36
is not an (X, Y)-descent. Thus, we reverse the — following 6 to get

I(c) = 213+ 6 + 54 + .

It is clear that w,(c) = £w,(I(c)), since coinvye(c) = coinvx.(I(c)), rlcomajyy(c) =
rlcomajy y (1(c)), and y“xcoinvy y(c) = y‘wcoinvyy-(I(c)). If I(c) # ¢, then I(c) either
has one more — than ¢, or one fewer — than ¢, and so [ is sign-reversing weight preserving
involution.

It follows that

| Xn|—s | Xn|—s
§ , E Wy(c) = § § Wy(c).
=0 cecy), =0 ceCy . I(o)=c

Now, consider a fixed point ¢ of I. As in the proof of Theorem 3.1, ¢ can have no —’s,
and thus r = | X,,| — s and thus w(c) is positive. No string of multiple +’s can occur, since
the first + in such a string could be reversed. Thus, each of the (|X,,| — s) +’s appears
singly, and must either
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e immediately follow some ¢; € X,1 < i < n, such that (¢;, ;1) is not an (X, Y)-
descent pair of the underlying permutation, or

e immediately follow ¢, € X.

Thus | X,,| — s elements of X,, immediately precede a + that cannot be reversed, and are
thus not the tops of (X, Y')-descent pairs. It follows that each of the remaining s elements
of X,, do not immediately precede a +, and as such each must be the top of an (X, Y)-
descent pair. Thus the underlying permutation cics - - - ¢, has exactly s (X, Y)-descents.
Again, we observe that if o109 - - - 0, is a permutation with exactly s (X, Y')-descents,
then we can create a fixed point of I by inserting a + after every element of X,, that is not
the top of an (X,Y')-descent pair. For example, if X = {2,3,4,6,8,9}, Y = {1,2,3,5},
n=9,s=4andoc=9586214 37, then the corresponding configuration would be

958 4 62143 + 7.

Finally, observe that if such a o corresponds to a fixed point of I, then for every pair
(04, 0i11) such that o; € X, and (0;,0,41) is not a (X, Y)-descent pair, the + between o;
and o;,1 in the corresponding configuration contributes 1 for each of ¢;,1,...,0,. It then
follows that

rlcomajy y (c) = Z (n — i) = rlcomajy (o).
0i€Xn,i¢DesX,Y (0)

For any permutation o, we now have

stat(o) + coinvxe(o) + rlcomajyy (o) — y°xcoinv(o) =

invxe(o) + rlmajy y (o) + y°wcoinv(o) +

coinvxe (o) 4 rlcomajy y (o) — yzcoinv(o) =

invye (o) + coinvye (o) + rlmajx y- (o) + rlcomajx y- (o).
But for any 0 = oy---0,, i € {1,...,n}, and X, Y C N, it will be that case that if
o; € X¢, then we get a contribution of 1 to invye(o) + coinvxe (o) for each o; with j > i
so that

invxe(0) + colnvye(o) = Y (n—1i). (3.12)

UiGX,,cL

On the other hand, it easy to see from our definition that

rlmajy y (o) + rlcomajyy (o) = Z (n —1). (3.13)

g, €Xn

Thus

invxe(o) 4 coinvxe (o) 4+ rlmajy y (o) + rlcomajy y (o) = Z(n —1i) = (Z) (3.14)

i=1
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It thus follows that
coinvye (o) + rlcomajy y (o) — y xcoinv(o) = (;L) — stat(o) = stat(o).
Thus we have proved the following theorem.
Theorem 3.4. For all permutations o,
stat(o) = coinvxe (o) + rlcomajy y (o) — y°xcoinv(o). (3.15)

Remark 3.5. Note that we have shown that statyy = invxe+rlmajy y +y“zcoinvy y is a
Mahonian statistic for all X andY , and interpolates between inv, rlmaj, and coinv, in the
sense that staty g(c) = inv(o), staty n(0) = rlmaj(o), and staty (o) = coinv(o) Similarly,
statxy = coinvye + rlcomajy y — y°wcoinvy y is a Mahonian statistic for all X and Y,
and interpolates between coinv and rlcomaj, in the sense that statyy(c) = coinv(c) and
staty n(o) = rlcomaj(o).

4 Applications
Note that the results of Sections 2 and 3 show that for all X, Y C Nandn > 1,

PXY(q) = ¥ PXY (1/q).
But then by Theorem 3.1, we have that

pj’%y(q) _ q(g) [|X;|]1/q1i <(—1)s—rq—(s2r) { | X+ ]Uq { n+1 ]Uq

T S—7T
r=0

H []- +7r+ aX,n,x + ﬁY,n,x]l/q ) (41)

SCEX'!L

But then we can use the identities

[n]l/q = q_(n_l) [n]q7
)y, = ¢ @(nl,)), and

{ " L/g _ O+C-0) { " }

to rewrite (4.1) as

Pia) = [\Xz\]q!i<<—1>s—rq/*[|Xﬁ|+r]q[n+1]q

T S—7T
r=0

H q_(r+aX,n,x+ﬁY,n,x) [1 + r _'_ aX,n,w + ﬁY,n,:v]q> (42)

IEGXn
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()-(5)-(27)+0) - (5)- ()
(s;r) N gn+1—2(s—r)) ) (n—2|—1)

(g) B <|Xn|26+ 7’) N (n+ 1 —2(s—r)> .

(o) = (03] # ) orbs) e (1577 o
_ (n+1—2(5—7’)) B (l);n|) — - X7,

We can then factor out a ¢" for each term in the product to get a factor of ¢~"1*» which
can be combined with the factor ¢~"X7l to obtain a factor ¢ "(K=I+Xa) = g=m Tt then
follows that

il )= (4.3)
1] 'Z )= ()~ {|X|+r} [n%—l}

T S—T

H q (ax,n,z+Byn,z) [1 +r 4+ Xz + 6Y,n,m]q
reX,

Comparing (4.3) and (3.9), we have proved the following identity.
Theorem 4.1. For all X, Y C N and 1 < s < n,

S

[|X5|]q!2 ((—1)s—rq(”+12(sr>)_(x2 N—(r+1)n { | X¢ 7|n+r L [ n+1 L.

S—r
r=0

H q—(OcX,n,z'i‘ﬁY,n,:v) [1 _|_ r + aXﬂl,:L‘ + /By,nﬂ:]q)
reX,

| Xn|—s c
_ ¢y 1\ Xn|—s—7 (‘X"‘gsir) |Xn| +r n+1
XS (< pyii-e-rg ] Tt
r=0 q q
H [T + ﬁX,n,x - ﬁY,n,:c]q)
reX,

For some sets X and Y this identity can be rewritten in terms of hypergeometric series;
hence we obtain combinatorial proofs of identities such as the following, which is a special
case of an integral form of a transformation of Karlsson-Minton type basic hypergeometric
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series due to Gasper [2]. Here we employ the notation of basic hypergeometric series, in
particular

19 o, ai, A2, ..., Qam g 1} L i (ao; Q)r(a1;Q)r(@2; Q)r T (am;q>rIr
m+1%m ) 4 L .
bi, by ., b (4 0)r(b150)r(b2; ) -+ (b @)
Corollary 4.2. Letu = (uy,...,u;) be a weakly increasing array of non-negative integers,
k
and v = (v1,...,v) an array of positive integers. Then forn = Y v; + maz{u; +v; : 1 <
i=1

i <k} —uy, we have

ntl —(a+s —(u1+vi+s —(up+vi+s
U3 (g7, ) o (g~ g, - (g7 ),
—(n+1) —s —(stu1) —(stug)
q ) q -, q > ceey q . _
X k2Pk1 [ gt gtute) g (stutoy) 7€I>Q} =

(_1>n(qn+1—a—s; q>a(qn+1—u1—vl—s; q>v1 L. (qn—l—l—uk—vk—s; q>vk

—(n+1) —(n—a—s) —(n—u1—vi—s —(n—ug—vE—s)
4 4 y e 4 .
X k)+2¢k‘+l |: q—(n—g)’ q—(n—ul—s)’ e q—(n—uk—s) 3 q? Q:| 7
(4.4)
k
where a =n — > v;.
i=1

Proof. For each 1,1 <1 < k, let
f@) =y <i<u+v;—1}.

Define M = max{m : f(m) > 0} and set b=a+ 1 — M — u;. Let X be the subset of N
defined by the binary sequence

7=0...01...101...101...10...01...101...10...0.
N o N N~ S S N —
b fM)  f(M-1) f(M=2) flutl)  flur)  wm

That is, let + € X if and only if 7; = 1. The identity follows directly from Theorem 4.1
with X as above and Y = N. 0

Finally , we end this section by giving some examples showing that in some special
cases, we can considerable simplify the formulas for the P (¢q).

Corollary 4.3. Let X =2N and Y = N. Then
2 n 2
P = | ]

S
q

which was originally derived by Liese and Remmel [5] using recursion (2.4).
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Proof. By the main theorem, we have

PXY(g) = [n]q!i<—1>s-fq<s¥>{””LV”“} [+,

=0 " SO Pl
(et [q‘s, g, ¢ @ ]
= (1 302 q_("+s), q —(n+s) 4

—q)™
( S-‘rl)
(1-7q)

% ( n+1— s)s(qn—i-l—s)s
2n (qn—l—l)S(qn—l—l)S

where we employ Jackson’s g-analogue of the Pfaff-Saalschiitz 3F5 summation formula

(see [3])
" l ", a, b q} (¢/a)n(c/b)n
’ ¢, abc~lgTnrh (€)n(c/(ab))n’

O

Remark 4.4. More generally, if X = {u+2,u+4,--- ,u+2m} and Y =N, a similar
computation gives

X,Y - 52+vs m m+u+v
P2m+u+v,s(q>_q [m+u] [m—i—v] [ s :|q[ U—I—S :|q’

Finally, we should note that it is possible to prove analogues of the results of this paper
for the hyperoctahedral group B,,. We shall give such results in a subsequent paper.
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