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Abstract

The double Schur functions form a distinguished basis of the ring A(x||a) which
is a multiparameter generalization of the ring of symmetric functions A(x). The
canonical comultiplication on A(x) is extended to A(z|a) in a natural way so that
the double power sums symmetric functions are primitive elements. We calculate
the dual Littlewood—Richardson coefficients in two different ways thus providing
comultiplication rules for the double Schur functions. We also prove multiparameter
analogues of the Cauchy identity. A new family of Schur type functions plays the
role of a dual object in the identities. We describe some properties of these dual
Schur functions including a combinatorial presentation and an expansion formula in
terms of the ordinary Schur functions. The dual Littlewood—Richardson coefficients
provide a multiplication rule for the dual Schur functions.
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1 Introduction

The ring A = A(z) of symmetric functions in the set of variables x = (x1, z,...) admits a
multiparameter generalization A(x| a), where a is a sequence of variables a = (a;), i € Z.
Let Q[a] denote the ring of polynomials in the variables a; with rational coefficients. The
ring A(z| a) is generated over Qla] by the double power sums symmetric functions

[e.9]

pe(z]a) =) (af - af). (1.1)

1=1

Moreover, it possesses a distinguished basis over Q[a] formed by the double Schur func-
tions sy(x||a) parameterized by partitions A. The double Schur functions sy(z|/a) are
closely related to the ‘factorial” or ‘double’ Schur polynomials s,(z|a) which were intro-
duced by Goulden and Greene [6] and Macdonald [14] as a generalization of the factorial
Schur polynomials of Biedenharn and Louck [1, 2]. Moreover, the polynomials sy(z|a)
are also obtained as a special case of the double Schubert polynomials of Lascoux and
Schiitzenberger; see [3], [13]. A formal definition of the ring A(x||a) and its basis elements
sx(z|a) can be found in a paper of Okounkov [21, Remark 2.11] and reproduced below
in Section 2. The ring A is obtained from A(x|la) in the specialization a; = 0 for all
i € 7Z while the elements s)(z|a) turn into the classical Schur functions s)(z) € A; see
Macdonald [15] for a detailed account of the properties of A.

Another specialization a; = —i + 1 for all i« € Z yields the ring of shifted symmetric
functions A*, introduced and studied by Okounkov and Olshanski [22]. Many combinato-
rial results of [22] can be reproduced for the ring A(x||a) in a rather straightforward way.
The respective specializations of the double Schur functions in A*, known as the shifted
Schur functions were studied in [20], [22] in relation with the higher Capelli identities and
quantum immanants for the Lie algebra gl,.

In a different kind of specialization, the double Schur functions become the equivari-
ant Schubert classes on Grassmannians; see e.g. Knutson and Tao [9], Fulton [4] and
Mihalcea [16]. The structure coefficients ¢, (a) of A(za) in the basis of sy(z|la), defined
by the expansion

sx(@lla)su(xlla) =) ex.(a) su(z]a), (1.2)
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were called the Littlewood—Richardson polynomials in [18]. Under the respective special-
izations they describe the multiplicative structure of the equivariant cohomology ring on
the Grassmannian and the center of the enveloping algebra U(gl,,). The polynomials
c/\”u(a) possess the Graham positivity property: they are polynomials in the differences
a; —aj, 1 < j, with positive integer coefficients; see [7]. Explicit positive formulas for the
polynomials ¢y, (a) were found in [9], [10] and [18]; an earlier formula found in [19] lacks
the positivity property. The Graham positivity brings natural combinatorics of polyno-
mials into the structure theory of A(z|a). Namely, the entries of some transition matrices
between bases of A(x||a) such as analogues of the Kostka numbers, turn out to be Graham
positive.
The comultiplication on the ring A(x||a) is the Q[a]-linear ring homomorphism

A(z[la) — Alz]la) @ qq Alz]a)

defined on the generators by

A(pr(zlla)) = pr(z]a) @ 1+ 1@ pi(z|a).

In the specialization a; = 0 this homomorphism turns into the comultiplication on the
ring of symmetric functions A; see [15, Chapter I]. Define the dual Littlewood—Richardson
polynomials ¢y, (a) as the coefficients in the expansion

Z% la) @ su(zlla).

The central problem we address in this paper is calculation of the polynomials /c\/\”u(a) in
an explicit form. Note that if |v| = |A| + || then ¢ (a) = ¢y, (a) = ¢y, is the Littlewood—
Richardson coefficient. Moreover,

cx,(a) =0 unless |v] <[A[+|pf, and ¢y, (a) =0 unless |v| > ||+ |p].

We will show that the polynomials /C\)\Vu(a) can be interpreted as the multiplication coeffi-
cients for certain analogues of the Schur functions,

sx(z]a) Z Crula la),

where the 5)(z|a) are symmetric functions in x which we call the dual Schur functions
(apparently, the term ‘dual double Schur functions’ would be more precise; we have chosen
a shorter name for the sake of brevity). They can be given by the combinatorial formula

ZHXT(a a)+1> O—c(a))s (1.3)
T «a€eX

summed over the reverse A-tableaux 7', where
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and c¢(a) = j — i denotes the content of the box a = (3, j); see Section 3 below.
We calculate in an explicit form the coefficients of the expansion of 5)(z||a) as a series
of the Schur functions s,(z) and vice versa. This makes it possible to express ¢y, (a)
explicitly as polynomials in the a; with the use of the Littlewood—Richardson coefficients
Cxy-
' The combinatorial formula (1.3) can be used to define the skew dual Schur functions,
and we show that the following decomposition holds

Suplella) =) e, (a) 3] a),

A

where the cy (a) are the Littlewood-Richardson polynomials.
The functions 5)(x|la) turn out to be dual to the double Schur functions via the
following analogue of the classical Cauchy identity:

I 4% — S sy @lo)sayla) 14)

1—zy;
ij>1 Y ep

where P denotes the set of all partitions and y = (y1,y2,...) is a set of variables.

The dual Schur functions $y(z|/a) are elements of the extended ring A(xz]a) of for-
mal series of elements of A(x) whose coefficients are polynomials in the a;. If z =
(x1,22,...,x,) is a finite set of variables (i.e., z; = 0 for ¢ > n + 1), then 5,(x|a)
can be defined as the ratio of alternants by analogy with the classical Schur polynomials.
With this definition of the dual Schur functions, the identity (1.4) can be deduced from
the ‘dual Cauchy formula’ obtained in [14, (6.17)] and which is a particular case of the
Cauchy identity for the double Schubert polynomials [12]. An independent proof of a
version of (1.4) for the shifted Schur functions (i.e., in the specialization a; = —i + 1)
was given by Olshanski [23]. In the specialization a; = 0 each §)(z||a) becomes the Schur
function sy(z), and (1.4) turns into the classical Cauchy identity.

We will also need a super version of the ring of symmetric functions. The elements

pr(a/y) =Y (aF + (—1)Fyf) (1.5)

i=1

with £ = 1,2,... are generators of the ring of supersymmetric functions which we will
regard as a Q[a]-module and denote by A(z/y||a). A distinguished basis of A(z/y||a) was
introduced by Olshanski, Regev and Vershik [24]. In a certain specialization the basis
elements become the Frobenius—Schur functions F's) associated with the relative dimen-
sion function on partitions; see [24]. In order to indicate dependence on the variables,
we will denote the basis elements by s)(z/y|a) and call them the (multiparameter) su-
persymmetric Schur functions. They are closely related to the factorial supersymmetric
Schur polynomials introduced in [17]; see Section 2 for precise formulas. Note that the
evaluation map y; — —a; for all i > 1 defines an isomorphism

A(z/yla) = Alz] ). (1.6)
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The images of the generators (1.5) under this isomorphism are the double power sums
symmetric functions (1.1). We will show that under the isomorphism (1.6) we have

sx(x/ylla) = sa(x]a). (1.7)

Due to [24], the supersymmetric Schur functions possess a remarkable combinatorial pre-
sentation in terms of diagonal-strict or ‘shuffle’ tableaux. The isomorphism (1.6) implies
the corresponding combinatorial presentation for sy (z|a) and allows us to introduce the
skew double Schur functions s,;,(x|a). The dual Littlewood-Richardson polynomials
Cy,(a) can then be found from the expansion

suu(ella) =Y ev.(a) saza), (1.8)

A

which leads to an alternative rule for the calculation of ¢y, (a). This rule relies on the com-
binatorial objects called ‘barred tableaux’ which were introduced in [19] for the calculation
of the polynomials c{,(a); see also [10], [11] and [18].

The coefficients in the expansion of s,(x) in terms of the 5)(z| a) turn out to coincide
with those in the decomposition of sy(z/y||a) in terms of the ordinary supersymmetric
Schur functions sy(x/y) thus providing another expression for these coefficients; cf. [24].

The identity (1.4) allows us to introduce a pairing between the rings A(z|a) and
A(z]a) so that the respective families {sy(z||a)} and {S)(z]a)} are dual to each other.
This leads to a natural definition of the monomial and forgotten symmetric functions
in A(x|la) and A(x||a) by analogy with [15] and provides a relationship between the
transition matrices relating different bases of these rings.

It is well known that the ring of symmetric functions A admits an involutive automor-
phism w : A — A which interchanges the elementary and complete symmetric functions;
see [15]. We show that there is an isomorphism w, : A(z|a) — A(z|a’), and w, has the
property w,, ow, = id, where a’ denotes the sequence of parameters with (a'); = —a_;41.
Moreover, the images of the natural bases elements of A(z|a) with respect to w, can
be explicitly described; see also [22] where such an involution was constructed for the
specialization a; = —i + 1, and [24] for its super version. Furthermore, using a symmetry
property of the supersymmetric Schur functions, we derive the symmetry properties of
the Littlewood—Richardson polynomials and their dual counterparts

fu(a) = cfp(d)  and € (a) =T, (d),
where p’ denotes the conjugate partition to any partition p. In the context of equivariant
cohomology, the first relation is a consequence of the Grassmann duality; see e.g. [4,
Lecture 8] and [9].

An essential role in the proof of (1.4) is played by interpolation formulas for symmetric
functions. The interpolation approach goes back to the work of Okounkov [20, 21|, where
the key vanishing theorem for the double Schur functions sy(z|a) was proved; see also
[22]. In a more general context, the Newton interpolation for polynomials in several
variables relies on the theory of Schubert polynomials of Lascoux and Schiitzenberger; see
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[13]. The interpolation approach leads to a recurrence relation for the coefficients c¢ ,(a)
in the expansion

Psy(r|a) =Y cp (a)s,(zla), P e Ax|a), (1.9)

as well as to an explicit formula for the cg ,(a) in terms of the values of P; see [19].
Therefore, the (dual) Littlewood—Richardson polynomials and the entries of the transi-
tion matrices between various bases of A(z|a) can be given as rational functions in the
variables a;. Under appropriate specializations, these formulas imply some combinatorial
identities involving Kostka numbers, irreducible characters of the symmetric group and
dimensions of skew diagrams; cf. [22].

I am grateful to Grigori Olshanski for valuable remarks and discussions.

2 Double and supersymmetric Schur functions

2.1 Definitions and preliminaries

Recall the definition of the ring A(x||a) from [21, Remark 2.11]; see also [18]. For each
nonnegative integer n denote by A,, the ring of symmetric polynomials in x4, ..., x, with
coefficients in Qa] and let A¥ denote the Q[a]-submodule of A, which consists of the
polynomials P, (z1,...,x,) such that the total degree of P, in the variables x; does not
exceed k. Consider the evaluation maps

©On : Aﬁﬁ/\ﬁ_l, Po(xy,...,2n) — Py(z1, ..., 21, ap) (2.1)

and the corresponding inverse limit

AF =Tim A¥ n — 00.
—

The elements of A* are sequences P = (Py, Py, P, ...) with P, € A¥ such that
on(Pn) = Py for n=1,2,....

Then the union

A(z]a) = | J A"

k>0

is a ring with the product

PQ:(P0Q07P1Q1,P2Q27---)7 Q:(QothQm---)-

The elements of A(z|a) may be regarded as formal series in the variables x; with coeffi-
cients in Q[a]. For instance, the sequence of polynomials

n
i=1
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determines the double power sums symmetric function (1.1).

Note that if k is fixed, then the evaluation maps (2.1) are isomorphisms for all suf-
ficiently large values of n. This allows one to establish many properties of A(x||a) by
working with finite sets of variables © = (x1,..., z,).

Now we recall the definition and some key properties of the double Schur functions.
We basically follow [14, 6th Variation] and [21], although our notation is slightly different.
A partition \ is a weakly decreasing sequence A = (Aq,..., ;) of integers \; such that
A = -+ > X\ > 0. Sometimes this sequence is considered to be completed by a finite or
infinite sequence of zeros. We will identify A with its diagram represented graphically as
the array of left justified rows of unit boxes with A; boxes in the top row, Ay boxes in the
second row, etc. The total number of boxes in A will be denoted by |A| and the number
of nonzero rows will be called the length of A\ and denoted ¢(\). The transposed diagram
N = (A,...,A,) is obtained from A by applying the symmetry with respect to the main
diagonal, so that A} is the number of boxes in the j-th column of A. If ;i is a diagram
contained in A, then the skew diagram \/pu is the set-theoretical difference of diagrams A
and .

Suppose now that x = (xy,...,x,) is a finite set of variables. For any n-tuple of
nonnegative integers a = (o, ..., ) set
Aufalla) = det [(willa)>]7 _,

where (z;]|a)? =1 and

WV
—

(zi]a)" = (z; — an)(z; — ap_1) ... (i — Ap—rt1), r

For any partition A = (Ay,...,\,) of length not exceeding n set

Axs(x]a)
sax(z|a) = —=————,
1) = o
where 6 = (n —1,...,1,0). Note that since As(x|a) is a skew-symmetric polynomial in

x of degree n(n — 1)/2, it coincides with the Vandermonde determinant,

As(zla)= ] (@i—ay)

1<i<j<n
and so sy (x| a) belongs to the ring A,,. Moreover,
sx(z|a) = sx(x) + lower degree terms in z,

where s)(z) is the Schur polynomial; see e.g. [15, Chapter I]. We also set s)(z|a) = 0 if
¢(A) > n. Then under the evaluation map (2.1) we have

©n : Sa(z]a) — sx(2'|a), = (xy,..., 10 1),

so that the sequence (sy(z]a) | n > 0) defines an element of the ring A(z|a). We will
keep the notation sy(z| a) for this element of A(x| a), where x is now understood as the
infinite sequence of variables, and call it the double Schur function.
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By a reverse A-tableau T' we will mean a tableau obtained by filling in the boxes of A
with the positive integers in such a way that the entries weakly decrease along the rows
and strictly decrease down the columns. If o = (7, j) is a box of A in row 7 and column j,
we let T'(a) = T'(7, 7) denote the entry of T in the box « and let ¢(a) = j — ¢ denote the
content of this box. The double Schur functions admit the following tableau presentation

Z H IT(a) — A7 (a) c(a))v (22)

T «a€eX

summed over all reverse A\-tableaux 7.

When the entries of T are restricted to the set {1,...,n}, formula (2.2) provides
the respective tableau presentation of the polynomials sy(z|a) with x = (z,...,z,).
Moreover, in this case the formula can be extended to skew diagrams and we define the
corresponding polynomials by

Z H Tr(@) — A7 (a) c(a))? (23)

T «ech

summed over all reverse f-tableaux 7" with entries in {1, ..., n}, where 6 is a skew diagram.
We suppose that sg(z|a) = 0 unless all columns of § contain at most n boxes.

Remark 2.1. (i) Although the polynomials (2.3) belong to the ring A,,, they are generally
not consistent with respect to the evaluation maps (2.1). We used different notation in
(2.2) and (2.3) in order to distinguish between the polynomials sp(z|a) and the skew
double Schur functions sp(z| @) to be introduced in Definition 2.8 below.

(ii) In order to relate our notation to [14], note that for the polynomials sy(z|a) with

x = (x1,...,x,) we have
so(xlla) = so(z|u),

where the sequences a = (a;) and u = (u;) are related by
U; = Ap—i+1, 1€ 7. (24)

The polynomials sy(x|u) are often called the factorial Schur polynomials (functions) in
the literature. They can be given by the combinatorial formula

Z H I’T(Ol +c(a)) (25)

T «€cfb

summed over all semistandard O-tableaux T with entries in {1,...,n}; the entries of T
weakly increase along the rows and strictly increase down the columns.

(iii) If we replace a; with c_; and index the variables x with nonnegative integers, the
double Schur functions sy(z|a) will become the corresponding symmetric functions of

[21]; cf. formula (3.7) in that paper. Moreover, under the specialization a; = —i + 1 for
all ¢ € Z the double Schur functions become the shifted Schur functions of [22] in the
variables y; = x; +1 — 1. OJ
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2.2 Analogues of classical bases

The double elementary and complete symmetric functions are defined respectively by
ee(z]a) = sary(zla),  hi(zla) = su(z]a)
and hence, they can be given by the formulas

6k($||a) = Z ($i1 - ail) s ($lk - a'ik+k—1)>

1> >,

hi(zla) = D (wi —ai) .. (@, — @i, —k41).

112 2k

Their generating functions can be written by analogy with the classical case as in [15] and
they take the form

- ex(z)a) tk o1 1+ it
1 = 2.
+Z(1+a1) A1+ agt) gl+ait’ (26)
- hi(z|a) tF 1 —a;t
1 = ; 2.7
+;(1—a0t)...(1—a_k+1t) 2111—%15’ 27)
see e.g. [14], [22].
Given a partition A = (A1,...,\)), set
palzlla) = px (z]a) ... px(2]la),
ex(z]a) = ex (z]la). . .ex(z]a),
zl|a

) =l (zlla)... by (z]a).

The following proposition is easy to deduce from the properties of the classical sym-
metric functions; see [15].

Proposition 2.2. Fach of the families px(x| a), ex(x|a), hx(z|a) and s)(z|a), param-
eterized by all partitions A, forms a basis of A(z|a) over Q[a]. O

In particular, each of the families py(x| a), ex(x||a) and hy(x||a) with & > 1 is a set
of algebraically independent generators of A(z|a) over Q[a]. Under the specialization
a; = 0, the bases of Proposition 2.2 turn into the classical bases py(x), ex(z), hx(z) and
sx(x) of A. The ring of symmetric functions A possesses two more bases my(z) and f)(z);
see [15, Chapter I]. The monomial symmetric functions my(z) are defined by

Z Toty Vo) - - Tl

summed over permutations ¢ of the x; which give distinct monomials. The basis elements
fr(x) are called the forgotten symmetric functions, they are defined as the images of
the my(z) under the involution w : A — A which takes e)(z) to hy(z); see [15]. The
corresponding basis elements my(z | a) and f\(z||a) in A(z| a) will be defined in Section 5.
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2.3 Duality isomorphism

Introduce the sequence of variables a’ which is related to the sequence a by the rule
(a'); = —a_it1, i €Z.

The operation a +— a’ is clearly involutive so that (a’)’ = a. Note that any element of the
polynomial ring Q[a'] can be identified with the element of Q[a] obtained by replacing
each (a’); by —a_;41. Define the ring homomorphism

Alzfa) = Alz]a’)
as the Q[al-linear map such that
ex(z||a) — hp(x|d), k=1,2,.... (2.8)

An arbitrary element of A(z | a) can be written as a unique linear combination of the basis
elements ey (x| a) with coefficients in Q[a]. The image of such a linear combination under
w, is then found by

w, ZC,\( — Zc)\ (x|d), ex(a) € Qlal,

A

and cy(a) is regarded as an element of Q[a’]. Clearly, w, is a ring isomorphism, since the
hi(z|a’) are algebraically independent generators of A(x||a’) over Q[a’]. In the case of
finite set of variables x = (xy,...,2,) the respective isomorphism w, is defined by the
same rule (2.8) with the values k =1,...,n

Proposition 2.3. We have w, ow, = idy ;4 and

ha(z]a) — ex(z]a’). (2.9)

Proof. Relations (2.6) and (2.7) imply that

—_ (=DFer(x]a)t* S he(z]a) " _
(Z (1—aqt).. (1—akt)> <; (1—a0t)...(1—a_r+1t)> =t

k=0 0

Applying the isomorphism w,, we get

S (=1)* hi(x]a’) t* S W (P (]| @)) _
<Z (14 (a')ot)...(1+ (a')_kﬂt)) (; (14 (a')1t)...(1+ (a’)ﬁ)) =1

k=0

Replacing here ¢ by —t and comparing with the previous identity, we can conclude that
w, (he(z]a)) = e, (z]|a’). This proves (2.9) and the first part of the proposition, because

wy (he(z]d’)) = e (z]a). O]
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We will often use the shift operator 7 whose powers act on sequences by the rule
(Fa); = app for keZ.

The following analogues of the Jacobi-Trudi and Nagelsbach—Kostka formulas are imme-
diate from [14, (6.7)]. Namely, if the set of variables x = (z,...,x,) is finite and X is a
partition of length not exceeding n, then

sx(za) = det [hy,_irj(z]| 77 a)] (2.10)
and .

sx(zlla) = det [ex_ipj(z] 777 a)], (2.11)
where the determinants are taken over the respective sets of indices 7,7 = 1,...,¢(\) and
g =1... LX)

2.4 Skew double Schur functions

Consider now the ring of supersymmetric functions A(z/y||a) defined in the Introduction.
Taking two finite sets of variables © = (z1,...,2,) and y = (y1,...,¥,), define the su-
persymmetric Schur polynomial s,,,(x/y|a) associated with a skew diagram v/u by the

formula
sv@/ylla) = Z sup(xlla) spryu (y|—a), (2.12)

nCpCv

where the polynomials s,/,(x | a) and s,/ ,,/(y|—a) are defined by the respective combina-
torial formulas (2.3) and (2.5). The polynomials (2.12) coincide with the factorial super-
symmetric Schur polynomials s,,,(x/y|u) of [17] associated with the sequence u related to
a by (2.4). It was observed in [24] that the sequence of polynomials (s,/.(z/y|a)|n > 1)
is consistent with respect to the evaluations x,, = y, = 0 and hence, it defines the super-
symmetric Schur function s,;,(x/y|a), where x and y are infinite sequences of variables
(in fact, Proposition 3.4 in [24] needs to be extended to skew diagrams which is imme-
diate). Moreover, in [24] these functions were given by new combinatorial formulas. In
order to write them down, consider the ordered alphabet

A={I'<1<2' <2<...}.

Given a skew diagram 6, an A-tableau T of shape 6 is obtained by filling in the boxes of
0 with the elements of A in such a way that the entries of T" weakly increase along each
row and down each column, and for each i = 1,2,... there is at most one symbol ¢ in
each row and at most one symbol ¢ in each column of 7. The following formula gives the
supersymmetric Schur function sy(z/y|a) associated with 6:

so(2/ylla) Z [T Gre—tuwa) I (retocwn), (213)

ach act
T'(c) unprimed T(a) primed
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summed over all A-tableaux T of shape 6, where the subscripts of the variables y; are
identified with the primed indices. An alternative formula is obtained by using a different
ordering of the alphabet:

Al={l<1<2<2 <...}.

The A’-tableaux T of shape 6 are defined in exactly the same way as the A-tableaux,
only taking into account the new ordering. Then

so(r/y|a) Z H (CET(Q) - a—c(a)) H (?/T(a) + a_c(a)), (2.14)

ach act
T(a) unprimed T (o) primed

summed over all A’-tableaux T of shape 6.
The supersymmetric Schur functions have the following symmetry property

so(z/ylla) = se:(y/z]a’) (2.15)
implied by their combinatorial presentation. Moreover, if z; = y; = 0 for all ¢« > n 4 1,
then only tableaux T with entries in {1,1...,n,n'} make nonzero contributions in either

(2.13) or (2.14).

Remark 2.4. The supersymmetric Schur function s¢(x/y| a) given in (2.13) coincides with
Yo.—(7;y) as defined in [24, Proposition 4.4]. In order to derive (2.14), first use (2.15),
then apply the transposition of the tableaux with respect to the main diagonal and swap
i and i’ for each i. Note that [24] also contains an equivalent combinatorial formula for
Yo.o(z;y) in terms of skew hooks. O

Proposition 2.5. The image of the supersymmetric Schur function s,(x/y|a) associated
with a (nonskew) diagram v under the isomorphism (1.6) coincides with the double Schur
function s, (x| a); that is,

su(z/ylla)|,__, = su(z|a),
where y = —a denotes the evaluation y; = —a; fori > 1.
Proof. We may assume that the sets of variables « and y are finite, z = (z1,...,2,) and
y = (Y1,--.,Yn). The claim now follows from relation (2.12) with u = @, if we observe
that sp/(y|—a)}y:_a =0 unless p = @. O

The symmetry property (2.15) implies the following dual version of Proposition 2.5.

Corollary 2.6. Under the isomorphism A(z/y|a) — A(y|a’) defined by the evaluation
x; = —(d"); for alli > 1 we have

so(z/ylla),__, = so(ylla).

Using Proposition 2.5, we can find the images of the double Schur functions with
respect to the duality isomorphism w, defined in (2.8).
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Corollary 2.7. Under the isomorphism w, : A(z|a) — A(x|a’) we have
sa(z]a) — sy (z]a). (2.16)

Proof. The Littlewood-Richardson polynomials ¢y, (a) are defined by the expansion (1.2).
Hence, by Proposition 2.5 we have

sa(@/ylla) su(z/yla) Z% su(z/ylla).

Using (2.15), we get

cxu(a) = c/’\’,lu, (a'). (2.17)
Now, observe that relation (2.16) can be taken as a definition of the Q|a]-module isomor-
phism A(z|a) — A(x||a’). Moreover, this definition agrees with (2.8). Therefore, it is

sufficient to verify that this Q[a]-module isomorphism is a ring homomorphism. Applying
(2.17) we obtain

wa(sa(z]a) Z% ZCX’ (]la’)
ZSN( la’) s, (x IIa)Zwa(Sx( @) wa(su(xlla)).

Proposition 2.5 leads to the following definition.

Definition 2.8. For any skew diagram 6 define the skew double Schur function sg(z|a) €
A(z | a) as the image of sp(z/y|a) € A(z/y|a) under the isomorphism (1.6); that is,

so(x]la) = so(z/ylla)]

Equivalently, using (2.13) and (2.14), respectively, we have

Z I[I  Grw—acws) T (cwn —arem).  (218)

acl agh
T(«) unprimed T(a) primed

y=—a’

summed over all A-tableaux T of shape 6; and

Z I Grw—0cw) ] (0w —arw), (2.19)

ach act
T(a) unprimed T (o) primed

summed over all A’-tableaux T" of shape . Furthermore, by (2.12) the skew double Schur
function s, /,(z| a) can also be defined as the sequence of polynomials

sy/“(ZE'H(I) = Z g”/ﬁ(x”a) SP’/,U«/(_a(n) | _a')7 n = 17 27 LRI (220)
nEpCv
where = (x1,...,7,) and a™ = (ay,...,a,). O
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For any partition p introduce the sequence a,, and the series |a,| by
a, = (G1—py, G2—pgs - - - ) and la| = a1y, +ao—p, + .. ..
Given any element P(x) € A(x|la), the value P(a,,) is a well-defined element of Q[a]. The
vanishing theorem of Okounkov [20, 21] states that
sax(aplla) =0 unless A C p,

and

sx(ax]a) = H (ai—Ai - a)\;—j—i-l)‘ (2:21)

(4,9)eX

This theorem can be used to derive the interpolation formulas given in the next proposi-
tion. In a slightly different situation this derivation was performed in [19, Propositions 3.3
& 3.4] relying on the approach of [22], and an obvious modification of those arguments
works in the present context; see also [4], [9]. The expressions like |a,| — |a,| used below
are understood as the polynomials » ;- (a;—y, —a;—,,). We will write p — o if the diagram
o is obtained from the diagram p by adding one box.

Proposition 2.9. Given an element P(z) € A(x|la), define the polynomials cp, ,(a) by
the expansion

P(z) su(xlla) =) ep (a)s,(z]a). (2.22)

Then cp, ,(a) = 0 unless p C v, and cp ,(a) = P(a,). Moreover, if u C v, then

CENFW( I IROEEDS C;M).

wt p—pt VT, vT =Y

The same coefficient can also be found by the formula

. l P(a,m
Eu0) =SS e ey 22
summed over all sequences of partitions R of the form
p=pO M ) 0 =y,
where the symbol N indicates that the zero factor should be skipped. O

3 Cauchy identities and dual Schur functions

3.1 Definition of dual Schur functions and Cauchy identities

We let A(z|a) denote the ring of formal series of the symmetric functions in the set of
indeterminates x = (x1, xa, . ..) with coefficients in Q[a]. More precisely,

Malla) = { > era) saa) | exla) € Qal}. (3.1)

AeP
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The Schur functions sy(z) can certainly be replaced here by any other classical basis of A
parameterized by the set of partitions P. We will use the symbol A,, = A,(z ] a) to indicate
the ring defined as in (3.1) for the case of the finite set of variables © = (z1,...,2,). An
clement of A(z]|a) can be viewed as a sequence of elements of A, with n = 0,1,...,
consistent with respect to the evaluation maps

~

¢n:An_>Kn—17 Q(xlv"’axn)HQ(xlv"wxn—bO)‘

For any n-tuple of nonnegative integers 3 = (1, ..., 3,) set

Ag(z, a) = det [(a;, a)%(1— App,1%i) (L — @y_g, o i) ... (1= al—ﬁin)]ijl’

where (z;,a)° = 1 and

x’

(0, 0)" = (1—agx;)(1— a_l;',-) (I =ay_, ) r=1 (3:2)

Let A = (Aq,...,\,) be a partition of length not exceeding n. Denote by d the
number of boxes on the diagonal of \. That is, d is determined by the condition that
Ai+1 < d < Ag. The (i,7) entry A;; of the determinant Ay 5(z,a) can be written more
explicitly as

Aj+n—j
x;’ I

for 7=1,....,d,
Aij _ (1 —aoxi)(l—a_lx,-)...(l—aj_/\ja?i)
:E/-\ﬁn_j(l—aﬂi)(l _azxz’)---(l_aj—/\j—lfi) for j=d+1,...,n.

)

Observe that the determinant As(x,a) corresponding to the empty partition equals the
Vandermonde determinant,

As(z,a) = H (i — ;).

1<i<j<n
Hence, the formula
N Axys(z,a)
Sy(xl]la) = —=——"—= 3.3
o) = S (33)

defines an element of the ring A,. Furthermore, setting $y(z]a) = 0 if the length of
A exceeds the number of the x variables, we obtain that the evaluation of the element
Sa(z]la) € A, at z,, = 0 yields the corresponding element of A,_; associated with A. Thus,
the sequence $y(z|la) € A, for n = 0,1,... defines an element 3 (x| a) of A(z|a) which
we call the dual Schur function. The lowest degree component of s)(z|a) in z coincides
with the Schur function sy(z). Moreover, if a is specialized to the sequence of zeros, then
Sa(z | a) specializes to sy(x).

Now we prove an analogue of the Cauchy identity involving the double and dual Schur
functions. Consider one more set of variables y = (y1,y2, ... ).
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Theorem 3.1. The following identity holds
1 —a;y; ~
11 i > sazla)Si(ya). (3.4)
it — Ty Y
i,5=1 AeP

Proof. We use a modification of the argument applied in [15, Section 1.4] for the proof of
the classical Cauchy identity (see formula (4.3) there). As we pointed out in Section 2.1, it
will be sufficient to prove the identity in the case of finite sets of variables x = (x1, ..., x,)
and y = (y1,...,Yn). We have

As(z]a) As(y,a) Y sa(z]a)Sx(y|a) ZA ,a), (3.5)

AEP

summed over n-tuples v = (y1,...,7v,) wWith 3 > -+ >, > 0. Since
=) sgno H (yir @) (1= ay o ayi) - (L= @y )
UEG'!L

and A, (x| a) is skew-symmetric under permutations of the components of v, we can write
(3.5) in the form

ZAg(xH H Yi,a)” (1 —a,_g i) (L —a,_5v), (3.6)
B =1

summed over n-tuples § = (01, ..., 3,) on nonnegative integers. Due to the Jacobi-Trudi
formula (2.10), we have

Ag(z]la) = As(zlla) Y sgno - hg, o —wii(xla) .. hs,, (] 7" "a).

oeS,

Hence, (3.6) becomes

As (] a) Z hay(z]|@) ... ha, (z]7" " a)

X Z sgn o - H Yo (i) a)* (1 — Wia,-1Yo@)) - (1 = Qi mni1Yo)s  (3.7)

0’6677,
summed over n-tuples a = (a1, ...,q,) on nonnegative integers. However, using (2.7),
for each i = 1,...,n we obtain

> hi(x] 7 ta) (2,0) T (L = 0y, 42) (L= 0 in?)

=" (1 =az).. (1= ai12) Y (x| a) (z,7 ')

i 1-— i+r—
=2""1—-a12)...(1 —ai_lz)HM,

l—2a,2
r=1 Lr
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where we put z = y,(;y. Therefore, (3.7) simplifies to

- 1- aiy; n—i
As(zlla) T 1_7’ > seno- [[une (0= tuibo) - (1= s 1Y)

1,7=1 ceSy i=1
o 1—ay;
= As(z|a) As(y, a) H 17%
i — XY;
i,j=1
thus completing the proof. O

Let z = (21, 29, . ..) be another set of variables.
Corollary 3.2. The following identity holds
1+ 14wz
11 1252 = X s@lasido.
i,52>1

Proof. Observe that the elements $y(z|a) € A(z|a) are uniquely determined by this
relation. Hence, the claim follows by the application of Proposition 2.5 and Theorem 3.1.
]

Some other identities of this kind are immediate from the symmetry property (2.15)
and Corollary 3.2.

Corollary 3.3. We have the identities
142 2;
I1 T - > sa(z/ylla)sn(z]a)
T L R

and

1+ y; -
[I 77 = siala)su]a).
i 21 Vi dep O
3.2 Combinatorial presentation
Given a skew diagram 6, introduce the corresponding skew dual Schur function sy(x| a)

by the formula
=T Xr@ (@ o1 a e, (3.8)

T «a€eb

summed over the reverse #-tableaux 7T', where

Cri(l=gwiy)...(1—gx)
Xilg,h) = 1—ha)...(1—ha)
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Theorem 3.4. For any partition p the following identity holds

[T 2% s w0 = Y sl o) Sl (&9)

1 —zy;
inj>1 iYi

summed over partitions v containing p. In particular, if 6 = X is a normal (nonskew)
diagram, then the dual Schur function S\(z|a) admits the tableau presentation (3.8).

Proof. It will be sufficient to consider the case where the set of variables y is finite,
y = (y1,...,Yn). We will argue by induction on n and suppose that n > 1. By the
induction hypothesis, the identity (3.9) holds for the set of variables ¥ = (y2,...,Yyn).
Hence, we need to verify that

1_ai—iy1
Hl_iu > sa(z]a) Sy la) ZSV @) Su/u(ya).

i>1 iy 7}
However, due to (2.7),
11 L =iy _ i hi (]| @) yi |
o1 LT —~(L—agyr) - (L= a—ps1tn)
where a* denotes the sequence of parameters such that (a*); = a;_,, for ¢ > 1 and

(a"); = a; for i < 0. Now define polynomials ¢} , (a,a") € Qla] by the expansion
sa(xlla) hi(x]la”) = Zc)\(k a,a") s, (x| a).

Hence, the claim will follow if we show that

k
Z Y1
Su/u y” C)\ S)\/M(y || ) (1 — aoyl) o (1 — a—k—l—lyl) . (310)

The definition (3.8) of the skew dual Schur functions implies that

Su/u y” Z S}\/M y || H 1__(1(;0(@)4-1 Y1 H Y1

ae/u —c(a) Y1 Bev/A - A_c(a) W1

summed over diagrams A such that ¢ C A C v and v/\ is a horizontal strip (i.e., every
column of this diagram contains at most one box). Therefore, (3.10) will follow from the
relation

5 Y1
E c a,at

_ H 11__a;c(a)+1y1 H U1

aeN/ —c(a) Y1 Bev/\ I- A_c(a)Y1
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which takes more convenient form after the substitution ¢ = y; *:

2 (t_a(;;,?,ﬁ)(a,a ) ) [T (t—acen) TT (F—amew) ™ (3.11)

k At =k a€X/p Bev/n

We will verify the latter by induction on |v| — |A|. Suppose first that v = A. Then

c:\\’(k)(a, at) = hy(ay||a*) by Proposition 2.9, and relation (2.7) implies that

3 hi(ax [ a*) 11 t— iy,
A (t—ao).. t—ai_,\i’

At —aky1) i>1

This expression coincides with
H t— A_c(a)+1
a1 t= A=c(a)

thus verifying (3.11) in the case under consideration. Suppose now that |v| — |A| > 1. By
Proposition 2.9, we have

v 1 v v
C)\,(k)(aaau):7< Z CA+,(k)(a;a“)— Z Cx(k)(@,a“))

‘CL,,‘ N |a)\| AT, A=At v, vy

Hence, applying the induction hypothesis, we can write the left hand side of (3.11) in the

form
-1
‘CL ‘ — |a)\‘ <Z H — U—¢(a) +1) H (t - a—c(a))
v At aEXt/p pev/p
S I o) TT (t—aew)™):
v= a€M/p BEV™ /1

Since v/ is a horizontal strip, we have

Z (t - a—c(a)—H) - Z (t - a—c(a)) - |CL,/| - |CI,)\|,
a=At/A a=v/v—
so that the previous expression simplifies to
[T ¢-acwe) I (t—a-ew)”

a€A/p pev/p

completing the proof of (3.11).
The second part of the proposition follows from Theorem 3.1 and the fact that the
elements $)(y|a) € A(y|a) are uniquely determined by the relation (3.4). O

Remark 3.5. Under the specialization a; = 0 the identity of Theorem 3.4 turns into a
particular case of the identity in [15, Example 1.5.26]. a
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Since the skew dual Schur functions are uniquely determined by the expansion (3.9),
the following corollary is immediate from Theorem 3.4.

Corollary 3.6. The skew dual Schur functions defined in (3.8) belong to the ring A(z | a).
In particular, they are symmetric in the variables x. O

Recall the Littlewood-Richardson polynomials defined by (1.2).

Proposition 3.7. For any skew diagram v/p we have the expansion
Syl a) ZCM sa(ylla).

Proof. We use an argument similar to the one used in [15, Section 1.5]. Consider the set of
variables (y,y’), where y = (y1,92,...) and y' = (y{, y3, . .. ) and assume they are ordered
in the way that each y; precedes each y;. By the tableau presentation (3.8) of the dual
Schur functions, we get

V(s la) =D Suulylla) Sy’ a). (3.12)

uCv

On the other hand, by Theorem 3.1,

) 1_ i/
> slala)Sutysv'la) = [T 2% ] (—on

”>1 — LiY; ik>1 1=y,
=Y s(zla)dyla)su(z|a) 5y |a) = Y Kula) su(z]a)Sa(y]la) 5.y’ )
Al A, v
which proves that
v(,y'lla) ZCM Sx(yla)su(y'a). (3.13)
The desired relation now follows by comparing (3.12) and (3.13). O

3.3 Jacobi—Trudi-type formulas

Introduce the dual elementary and complete symmetric functions by

er(zla) =5an(zla),  hi(z|a) =5u(z]a).
By Theorem 3.4,

= Y X (a1, a0)Xi,(a,a1) ... X5, (ag, 1),

11> >0

Z le CL17a0 22(a0,a—1) .- -Xik (a—k+2aa—k+1)-

112 2l
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Proposition 3.8. We have the following generating series formulas

1+Zek($||a)(t+a0)(t+a1)"'(t+ak_l):Hl—aogp-’
i=1 !
® 1 —a
Y Iwla) (E = an)(t = ao) . (¢ = o) = [[ Tt
k=1 =l Z

Proof. The first relation follows from the second identity in Corollary 3.3 by taking = = (t)
and then replacing a by o’ and y; by z; for all 7. Similarly, the second relation follows
from Theorem 3.1 by taking = = (t) and replacing y; by x;. O

We can now prove an analogue of the Jacobi—Trudi formula for the dual Schur func-
tions.

Proposition 3.9. If X\ and p are partitions of length not exceeding n, then
Syulala) = det [y p—ivs (|77 a)] 7. (3.14)

Proof. Apply Theorem 3.4 for the finite set of variables x = (z1,...,x,) and multiply
both sides of (3.9) by As(x||a). This gives

- 1 —a;- i Y
[ Ao Z Axrs(za)Sxuly]a). (3.15)

1 —x;
j>14=1 iYj

For any 0 € G,, we have

[IIT et - ] i tents
1

— X 1—=x
j=21l4i=1 iYj j=li=1 a(i) y]

By the second formula of Proposition 3.8,

1—a;—,,y; .
H ER— Z hk y”T pirt ) ( o(i) — ai—ui) s (xcr(i) - ai—ui—k+1)~
k=0

I — 24
j>1 a(

Since
Auis(wlla) = Y sno - (2o @) (2o o)

oe6,
the left hand side of (3.15) can be written in the form

Z sgno H Z 5 = n) o (Totiy — Qimpyti1) P (Y, M ).

ceS, i=1

Hence, comparing the coefficients of (x; |a)**"~! ... (x,||a)* on both sides of (3.15), w
get

Syuylla) Z sgn p Hhkz Hp(i)—i+p(i @y [T +el) ta),

peS,
as required. O
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Proposition 3.9 implies that the dual Schur functions may be regarded as a special-
ization of the generalized Schur functions described in [14, 9th Variation]. Namely, in the
notation of that paper, specialize the variables h,, by

hes = ho(z||77%a), r>1, seZ. (3.16)

Then the Schur functions s/, of [14] become 5),, (x| a). Hence the following corollaries
are immediate from (9.6") and (9.7) in [14] and Proposition 3.9. The first of them is an
analogue of the Nagelsbach—Kostka formula.

Corollary 3.10. If A and u are partitions such that the lengths of X' and i’ do not exceed

m, then

Sa/u(z]la) = det [@A;_ug_iﬂ(:ﬁ||7'“§'_j+1a)] (3.17)

ij=1"
Suppose that A is a diagram with d boxes on the main diagonal. Write A in the
Frobenius notation

A= (a1,...,0q|P, ..., 0q) = (| ),

where a; = \; —i and 3; = A, —i. The following is an analogue of the Giambelli formula.

Corollary 3.11. We have the identity

—~ ~ d
S(a|p) (LL’HCL) = det [S(Oéi ‘ﬁj)(x“CL)}i,j:l. (318)

3.4 Expansions in terms of Schur functions

We will now deduce expansions of the dual Schur functions in terms of the Schur functions
sx(x) whose coefficients are elements of Q[a] written explicitly as certain determinants.
In Theorem 3.17 below we will give alternative tableau presentations for these coefficients.
Suppose that p is a diagram containing d boxes on the main diagonal.

Proposition 3.12. The dual Schur function 5,(x|a) can be written as the series

- n d
Sulwlla) = ST (1" det [l s (agra_y, o a;_, )]0

A
n

x det [ex,—p,—i+j(as, as, - . ., aj—uj—l)}i,j:d-i-l sx(x),
summed over diagrams X which contain p and such that \ has d boxes on the main
diagonal, where n(\/p) denotes the total number of boxes in the diagram \/p in rows
d+1,d+2,...,n=1L()\).

Proof. It will be sufficient to prove the formula for the case of finite set of variables
x = (21,...,2,). We use the definition (3.3) of the dual Schur functions. The entries A;;
of the determinant A, 5(x, a) can be written as

Hj+pj+n—j .
E hpj(ao,a_l,...,aj_uj):ci for j7=1,...,d,
p; =0
Ay = .
Dj Kitpitn—j o
E (1) ep,(ay, a9, ... ;- 1) T; for j=d+1,...,n.
p; =20
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Hence, (3.3) gives

d
/S\H(ZL’”CL) = Z thj(ama—lv”’?aj—uj) H (_1>pj epj(alua%’”vaj—uj—l)

P10, Pn j=1 j=d+1
x det[z9 P / det[a ).
The ratio of the determinants in this formula is nonzero only if
Lo() + Doy + 10— 0(j) = A +n — 7, j=1,...,n,

for some diagram A containing p and some permutation o of the set {1,...,n}. Moreover,
since ey, (a,, ay, . .. ,aj_uj_l) = 0 for p; > j — p; — 1, the number of diagonal boxes in A
equals d. The ratio can then be written as

det[z!7 7] e[z Y] = sgn o - sx(x),
which gives the desired formula for the coefficients. O

Corollary 3.13. Using the Frobenius notation (c|3) for the hook diagram (o + 1,17),
we have

g(a\ﬁ) (LL’HCL) = Z (_1>q hp(aov A_1y--- a—a) h’q(alv Qg - -+ aﬁ—l—l) 5(a+p|6+q)(x>’
p,q=20

Proof. By Proposition 3.12, the coefficient of S (atp| +q)(1’) in the expansion of the dual
Schur function 5(4|g)(z[|a) equals

(=17 hy(ag, a_y, ... a_y) det [ej_1(ay, ay, . .., aﬁ+j)]?,j=1' (3.19)

Using the relations for the elementary symmetric polynomials

er(ay; gy ..o agy;) = ex(ay, ag, . agy i q) +epm1(ay, g, oo a5, 1) agj,

it is not difficult to bring the determinant which occurs in (3.19) to the form

det [ej_i+1(ay, ay, . . ., aﬁ“'j)];},j:l = det [e;_i+1(ay, ay, . . ., aﬁ“”ig’:l' (3.20)

Indeed, denote by C1,...,C, the columns of the ¢ x ¢ matrix which occurs on the left
hand side. Now replace C; by C; —ag, ; Cj_1 consequently for j =q,q —1,...,2. These
operations leave the determinant of the matrix unchanged, while for j > 2 the (i, j) entry
of the new matrix equals e;_;yi(ay,ag, ..., a5,; ;). Applying similar column operations
to the new matrix and using obvious induction we will bring its determinant to the
form which occurs on the right hand side of (3.20). However, this determinant coincides
with hy(ay, ay, ..., agz,,) due to the Négelsbach-Kostka formula (i.e., (3.17) with the zero
sequence a; that is, a; = 0 for all i € Z). O
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Ezxample 3.14. The dual Schur function corresponding to the single box diagram is given
by

say(zfa) = Z (=1)?agaf 3(p|q)(55)-

p,q=0 C

Recall that the involution w : A — A on the ring of symmetric functions in x takes
sx(x) to sy (x); see [15, Section 1.2] or Section 2 above. Let us extend w to the Q[al-linear
involution

O:A@la) = Alzla), Y ena)sa@) =D eala) sw(x), (3.21)

AEP AEP

where ¢y (a) € Q[a]. We will find the images of the dual Schur functions under &. As
before, by a’ we denote the sequence of variables such that (a’); = —a_;;; for all i € Z.

Corollary 3.15. For any skew diagram \/u we have
@ Syu(z)a) = Syvp(z)d). (3.22)
Proof. By Corollary 3.13, for any m € Z
O 1 Salp (] 77a) = S0 ([T7"d).

In particular,

O he(z|7™a) — (x| 7 ™a), k>0
The statement now follows from (3.14) and (3.17). O

Note that (3.22) with y = @ also follows from Corollary 3.13 and the Giambelli formula
(3.18).

Remark 3.16. The involution & does not coincide with the involution introduced in [15,
(9.6)]. The latter is defined on the ring generated by the elements h,s and takes the
generalized Schur function s/, to sy /. Therefore, under the specialization (3.16), the
image of 55/, (x| a) would be Sy /(x| a) which is different from (3.22). O

We can now derive an alternative expansion of the dual Schur functions in terms of
the Schur functions sy(z); cf. Proposition 3.12. Suppose that A is a diagram which
contains p and such that g and A have the same number of boxes d on the diagonal. By
a hook \/p-tableau T we will mean a tableau obtained by filling in the boxes of A/u with
integers in the following way. The entries in the first d rows weakly increase along the
rows and strictly increase down the columns, and all entries in row ¢ belong to the set
{i—pi,...,—1,0} fori =1,...,d; the entries in the first d columns weakly decrease down
the columns and strictly decrease along the rows, and all entries in column j belong to
the set {1,2,...,u5 —j+ 1} for j = 1,...,d. Then we define the corresponding flagged
Schur function ¢y/,(a) by the formula

eaula) = Z H ap(a);

T aeX/p

summed over the hook \/u-tableaux T
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Theorem 3.17. Let i be a diagram and let d be the number of boxes on the main diagonal
of . We have the expansion of the dual Schur function s,(x| a)

Su@la) = 3 (1" oy (a) s (),

A

summed over diagrams X which contain p and such that \ has d boxes on the main
diagonal, where n(\/u) denotes the total number of bozes in the diagram \/u in rows
d+1,d+2,....

Proof. Consider the expansions of 5, (x| a) and 5,/ (z|a’) provided by Proposition 3.12.
By Corollary 3.15, 5, (z||a) is the image of 5,/(x||a’) under the involution &. Since @ :
sx(x) — sy(z), taking \; = p; for i = 1,...,d and comparing the coefficients of s(x) in
the expansions of 5,(z|a) and & (5,/(z|a')), we can conclude that

(_1)11()\/#) det |:€)\i_“j_i+j(a1’ Ao,y . .. 7aj_ﬂj_1>j|i,j>d+l
d
= det [h)\;_%_,-ﬂ(ag, a g, ..., a;—u})]i,jzl
so that
d
det [ex,—p;—i+j(ay, ay, . . . ’aj—ﬂj—l)}i,jZd-l,-l = det [hA;_%_Hj(al, Ay, . . - aug—jﬂ)]i,g’:r

On the other hand, if A is a diagram containing i and such that A has d boxes on the
main diagonal, both determinants

d d
det [Ax,—p;—irj(ag, a_y, ... =aj—uj)L,j=1’ det [h,\;_ug_iﬂ»(al, Ay, . . ., au;—j+1)L,j=1

coincide with the respective ‘row-flagged Schur functions’ of [14, (8.2)], [25], and they
admit the required tableau presentations. O

It is clear from the definition of the flagged Schur function ¢,/,(a) that it can be
written as the product of two polynomials. More precisely, suppose that the diagram A\
contains p and both A and p have d boxes on their main diagonals. Let (A/u), denote
the part of the skew diagram \/p contained in the top d rows. With this notation, the
hook flagged Schur function ¢,,,(a) can be written as

exu(a) = (=1)" M o0, (@) oy, (). (3.23)

In addition to the tableau presentation of the polynomial ¢/, (a) given above, we can
get an alternative presentation based on the column-flagged Schur functions; see [14,
(8.2")], [25]. Due to (3.23), this also gives alternative formulas for the coefficients in the
expansion of 5, (z| a).

Corollary 3.18. We have the tableau presentation

‘P(/\/u)+(a)zz H AT (a)

T ac(\w+
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summed over the (\/ ) -tableauz T whose entries in column j belong to the set of indices
10, =1,...,—j +p;+2} for j = d+1, and the entries weakly increase along the rows and
strictly increase down the columns. O

Our next goal is to derive the inverse formulas expressing the Schur functions s, (z)
as a series of the dual Schur functions s)(z| a).

Proposition 3.19. We have the expansion

d
su(@) = Z(_l)m(/\/“) det |:€)\i—ﬂj—i+j(a07 G_15---> ai—)\i-i-l)]i,j:l
A
X det |:h’>\i—ﬂj—i+j (alv Ag; - -+ ai—)\i)]i7j>d+1 TS\)\(LL’H CL),

summed over diagrams X which contain p and such that \ has d boxes on the main
diagonal, where m(\/p) denotes the total number of boxes in the diagram \/p in rows
1,...,d.

Proof. We will work with a finite set of variables x = (z1,...,2,). The one variable
specialization of (2.7) gives

1+Z (x —ay)(x —ap) .. (x—a_kJrg)tk_l—alt
(1—apt)...(1 —a_g1t) 1—at’

This implies

= (z— - tk t
Z (r=dap).. (@ = apia) 0 . (3.24)
y 1—CLO (1—(1, k+1t) 1—xt
Writing
k
(x —ag)...(x —a_pyo) = Z(—l)k_’ek_i(ao, A1y, G o) T
i=1

and comparing the coefficients of 2"~ on both sides of (3.24) we come to the relation

~ (—D)* e (ag,azr, ..., api2) t
" = > 1. 3.25
; 1—al)...(l—arit) = (3:25)
Similarly, writing
1

h;( Y AERY
(1 —aot)...(1 = a—gs1t) ;]ao’al’  A—k41)

and comparing the coefficients of ¢"*! on both sides of (3.24) we come to

V
o

"= Z he—g(ag,a_1,...,a_g)(x —ap)(r —a_1)...(x —a_ps1), r (3.26)
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Assuming that the length of ;1 does not exceed n, represent s,(z) as the ratio of determi-

nants A ( )
s\T
su(r) = #(x)’
where
Ay(z) = det[l}” r a=(ag,...,0p).

By (3.25), for any j = 1,...,d we have
© (_1)p—uj+j—1

i—i+1
7T = E

p=pj—j+l1

6P—Mj+j—1(a07 A1, 0 pi2) 1";0
(1 —aox;)...(1 —a—pr12i)

Similarly, for j = d + 1,...,n we find from (3.26) applied for r = ;' and r = j — y; — 1
that

J—m;—1
1
uj A Z h] —pj—p—1 0,1, as, . . ap+1) (1 — all’z)(l — CLQZL’,’) e (1 — CLPZL',').

-1

Multiplying both sides of these relations by x!”" we get the respective expansions of

+n—
zl? 7 which allow us to write

—pjt+i—1 .
Ao (z E H ! €8,—;+i-1(0g, @y, - -, a_5j+2)

Bisey B J=1
n

X H Nj—py-p-1(a1, Qg, - .. ag 1) Aglz, a).
Jj=d+1

Nonzero summands here correspond to the n-tuples  of the form

6J:>\U(j)_o-(j)+17 jzlv"'7d7

and
/Gj:_)‘T(j)+T(j)_1v Jj=d+1,...n,

where o is a permutation of {1,...,d} and 7 is a permutation of {d + 1,...,n}, and A
is a diagram containing p such that A has d boxes on the main diagonal. Dividing both
sides of the above relation by the Vandermonde determinant, we get the desired expansion
formula. O

Now we obtain a tableau presentation of the coefficients in the expansion of s,(z); cf.
Theorem 3.17. We assume, as before, that A and p have the same number of boxes d
on their main diagonals. By a dual hook \/p-tableau T we will mean a tableau obtained
by filling in the boxes of A/u with integers in the following way. The entries in the first
d rows strictly decrease along the rows and weakly decrease down the columns, and all
entries in row i belong to the set {0, —1,...,i— \;+ 1} for i = 1,...,d; the entries in the
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first d columns strictly increase down the columns and weakly increase along the rows,
and all entries in column j belong to the set {1,2,...,\; — j} for j =1,...,d. Then we
define the corresponding dual flagged Schur function ¢ ,,(a) by the formula

¢>‘/H Z H aT(a

T aeX/p
summed over the dual hook \/u-tableaux 7.

Theorem 3.20. We have the expansion of the Schur function s, (z)
su(2) = _(=1)"1 4y (a) Ba(z]a),
By

summed over diagrams X which contain p and such that \ has d boxes on the main

diagonal, where m(\/p) denotes the total number of boxes in the diagram \/p in rows
1,....d

Proof. This is deduced from Proposition 3.19 and the formulas for the flagged Schur
functions in [14, 8th Variation] exactly as in the proof of Theorem 3.17. O

Corollary 3.21. For the expansion of the hook Schur function we have

S(a\ﬁ)(x) = Z (=1) ep(ao, A_q1y- s a—a—p+1) eq(al, Qg, - - a5+q) /S\a+p|ﬁ+q (z]la).
p,q=0

Ezxample 3.22. We have
smy(x) = Z (=D aga_q...a_p1 010y ..0,54,(T]a).
P, 920

As with the flagged Schur functions ¢,,,(a), we have the following factorization for-
mula

Uaul@) = (1) (@) Yoy (@), (3.27)
where (A/p)_ denotes the part of the skew diagram A/p whose boxes lie in the rows
d+1,d+2,.... An alternative tableau presentation for the polynomials 1/, _(a) is

implied by the formulas [14, (8.2)], [25]. By (3.27), this also gives alternative formulas for
the coefficients in the expansion of s,(z).

Corollary 3.23. We have the tableau presentation

/) Z H

T ac(\/p)_

where the sum is taken over the (\/p)_-tableaur T whose entries in row i belong to the
set {1,2,...,0 =N} fori=d+1,d+2,..., and the entries weakly increase along the
rows and strictly increase down the columns.
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Completing this section we note that the canonical comultiplication on the ring A is
naturally extended to the comultiplication

A]a) = M) @ g Aza)
defined on the generators by
A(pk(x)) =pr(z) @14+ 1 ® pi(z).

Hence, Proposition 3.7 can be interpreted in terms of A as the following decomposition
of the image of the dual Schur function

AG () = 3 Fulzla) @ 5 Z% la) ® Bu(e]a).

o

4 Dual Littlewood—Richardson polynomials

It was pointed out in [24, Remark 3.3] that the ring of supersymmetric functions A(z/y | a)
is equipped with the comultiplication A such that

Alpi(z/y)) = pe(x/y) @ 1+ 1@ pe(2/y);

cf. [15, Chapter I]. The isomorphism (1.6) allows us to transfer the comultiplication to the
ring of double symmetric functions A(z | a) so that A is a Q[a]-linear ring homomorphism

Alza) — Alz|la) ® gy Alz]a)
such that
A(pr(z]a)) = pr(zfa) @ 1+ 1@ pi(z]a).

Definition 4.1. The dual Littlewood—Richardson polynomials ¢y, (a) are defined as the
coefficients in the expansion

Z% la) @ su(zlla).

Equivalently, these polynomials can be found from the decomposition

Su/u( cula 4.1
/ ZA a). (D)

In order to verify the equivalence of the definitions, note that by [24, Remark 3.3],

Alsu(e/ylla) =D suule/ylla) @ su(a/ylla).

The claim now follows by the application of Proposition 2.5.

It is clear from the definition that the polynomial Ek”u(a) is nonzero only if the inequality
lv| = |A| + |u| holds. In this case it is a homogeneous polynomial in the variables a; of
degree [v| — [A[ — |u|. Moreover, in the particular case [v| = [A] + || the constant ¢y, (a)
equals cy,,, the Littlewood-Richardson coefficient.
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Corollary 4.2. We have the following symmetry property

e (a) =2h,(d).

Proof. By Proposition 2.5 and Definition 2.8, we have

Su/u(z/yla) Z% ) sa(z/ylla).

The desired relations now follow from the symmetry property (2.15). O

We can now prove that the dual Littlewood-Richardson polynomials ¢y, (a) introduced
in Definition 4.1 describe the multiplication rule for the dual Schur functions.

Theorem 4.3. We have the expansion
Sx(z]a) Z% la).

Proof. We argue as in the proof of the classical analogue of this result; see [15, Chapter I].
Applying Corollary 3.2 for the families of variables © = 2’ U 2" and y = y' U y” we get

1+yl 2 1+y! 2
2 soefylasGla = 1] =2 1 7=
[

veP 2]>1 v g1
= Y sa(@/y'la)3a(z]la) su(z" /y" ] @) (2 |a).
A, LEP

On the other hand, an alternative expansion of the sum on the left hand side is obtained
by using the relation

su(zfylla) =Y sx(@'/y' @) sun(@”fy" la) = Y~ sala'fy' | a)eu(a) su(a” /" | a).

ACv A, 1

implied by the combinatorial formula (2.14). Therefore, the required relation follows by
comparing the two expansions. ]

An explicit formula for the polynomials ¢y, (a) is provided by the following corollary,
where the c_; denote the classical Littlewood-Richardson coefficients defined by the de-
composition of the product of the Schur functions

sa(2) s5(x) = ) clzs,(x).

Y

We suppose that ¢,/x(a) = ¥a/x(a) = 0 unless A C « and the diagrams A and « have the
same number of boxes on their main diagonals.
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Corollary 4.4. We have

& (a) = Z (_1)n(a/>\)+n(5/#)+m(u/’¥) c(;’ﬁ Pasr(@) 0g/u(a) (),
a8,y

summed over diagrams «, 3, 7. In particular, ¢y (a) = 0 unless A C v and p C v.

Proof. The formula follows from Theorems 3.17, 3.20 and 4.3. The second statement is
implied by the same property of the Littlewood—Richardson coefficients. O

Ezxample 4.5. If k <[l and k+ [ < m then

E(g:)n()l) (CL) = Z (—1)8 hr(CLo, A_1y---, a—k—l—l) 63(@—17 _]—1y---, a—m+2)'
r4+s=m—k—I
In particular,

2y (@) = (a0 = a_g)(ap = a-1-) .- (a0 — i)

Applying Corollary 4.2, we also get

/C\((llkr;()ll)(a’) - Z (_1)T hr(a'l’ az, ... ’a'k) es(a'l-i-l? Ap42y - - am—l)
r+s=m—k—l
and
~(1m™
e (@) = (@ —a)(as —ar) . (an1 — a).
These relations provide explicit formulas for the images of the double elementary and

complete symmetric functions h,,(z|a) and e,,(z | a) with respect to the comultiplication
A. O

Another formula for the dual Littlewood-Richardson polynomials ¢y, (a) can be ob-
tained with the use of the decomposition (4.1). We will consider the skew double Schur
function as the sequence of polynomials s,,,(x|a) defined in (2.20). For a given skew
diagram v/p consider the finite set of variables x = (r1,...,z,), where v — u; < n for
all j; that is, the number of boxes in each column of v/u does not exceed n. Since the
skew double Schur functions are consistent with the evaluation homomorphisms (2.1), the
polynomials ¢y, (a) are determined by the decomposition (4.1), where x is understood as
the above finite set of variables.

In order to formulate the result, introduce v/u-supertableauz T which are obtained by
filling in the boxes of v/u with the symbols 1,1’,... n,n’ in such a way that in each row
(resp. column) each primed index is to the left (resp. above) of each unprimed index;
unprimed indices weakly decrease along the rows and strictly decrease down the columns;
primed indices strictly increase along the rows and weakly increase down the columns.

Introduce the ordering on the set of boxes of a skew diagram by reading them by
columns from left to right and from bottom to top in each column. We call this the
column order. We shall write v < 3 if o (strictly) precedes 3 with respect to the column
order.
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Suppose that \ is a diagram. Given a sequence of diagrams R of the form

we let r; denote the row number of the box added to the diagram p(~1. The sequence
rire ... 7 is called the Yamanouchi symbol of R. Construct the set 7 (v/u, R) of barred
v/ u-supertableaux T' such that T' contains boxes ay, . .., o with

where all entries r; are unprimed and the boxes are listed in the column order which is
restricted to the subtableau of T" formed by the unprimed indices.

We will distinguish the entries in a4, ..., q; by barring each of them. So, an element
of T(v/u, R) is a pair consisting of a v/u-supertableau and a chosen sequence of barred
entries compatible with R. We shall keep the notation 7" for such a pair.

For each box a with a; < a < «a;41, 0 < ¢ < [, which is occupied by an unprimed
index, set p(a) = p®.

Theorem 4.6. The dual Littlewood—Richardson polynomials can be given by

ala)=>_ > I1 (@2 0)-plary ey ~ CT(@)ele)
R T

acv/p
T(«) unprimed, unbarred

X H (A7 (0)=c(@) — A7)

acv/p
T(«) primed

summed over sequences R of the form (4.2) and barred supertableaux T € T (v/u, R).
Proof. Due to (2.20), we have

ala) =Y @(a) sy (—a|~a),

nCpCrv

where the polynomials ¢y, (a) are defined by the decomposition
Suplella) = Y e, (a) sa(z]a).
By

The desired formula is now implied by [18, Lemma 2.4] which gives the combinatorial
expression for the coefficients ¢y (a) and thus takes care of the unprimed part of 77 the
expression for the primed part is implied by (2.5). O

Remark 4.7. Both the formulas for ¢y, (a) provided by Corollary 4.4 and Theorem 4.6
involve some terms which cancel pairwise. It would be interesting to find a combinatorial
presentation of the polynomials ¢y, (a) analogous to [9], [10] or [18] and to understand
their positivity properties. A possible way to find such a presentation could rely on the
vanishing theorem of the supersymmetric Schur functions obtained in [24, Theorems 5.1
& 5.2]; see also [17, Theorem 4.4] for a similar result. O
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Ezample 4.8. In order to calculate the polynomial ¢ ()2)( ), take A = (1), p = (2),
v = (2?) and n = 1. The barred supertableaux compatible with the sequence @ — (1)
are

—|

1/

—|
—_
—
—

so that ,
/\2

Alternatively, we can take A = (2), u = (1), v = (22) and n = 2. The barred supertableaux
compatible with the sequence @ — (1) — (2) are

2 1 2’
1 1 1

—
|
=

so that
A(22) —
(1)(2)( )—ag—a1+a0—a1+a1—a2 = Qp — ag.
This agrees with the previous calculation and the formula implied by Corollary 4.4.
Ezample 4.9. Theorem 4.6 gives formulas for the polynomials E((,;;()l)(a) and c(lk)()ll)(a) in

a different form as compared to Example 4.5. If k + 1 < m then

6(g;l()l)(a) = Z(ao —a-)(ao — a—-1) -+ (@0 — a——j;+1)
X (a—1 — a—j—iy—1) -+ (A1 — A_1—jp41)
X e (a—k+1 - a—l—ik,l—l) s (a—k+1 - a—m+2)

summed over the sets of indices 0 <47 < --- < ip_1 < m—1—2. A similar expression for

A((llk)(ll (a) follows by the application of Corollary 4.2.

5 Transition matrices

5.1 Pairing between the double and dual symmetric functions

We now prove alternative expansion formulas for the infinite product which occurs in
the Cauchy formula (3.4). These formulas turn into the well known identities when a is
specialized to the sequence of zeros; see [15, Chapter I].

Let A = (\q,...,A;) be a partition and suppose that the length of A does not exceed
[. Using the notation (3.2), introduce the dual monomial symmetric function my(z|a) €

A(z|a) by the formula

ma(zlla) = (@), )™ (T0@),a) . (2oq), ),

[

summed over permutations o of the x; which give distinct monomials.
For a partition A = (1™ 272 ... ) set z) = [[;5, i"™ m;!
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Proposition 5.1. We have the expansions

H U N () iy a) (5.1)

i,j>1 Lilj \eP
and
—Qa;yY;
H — =) =z mlzlla)py). (5.2)
i,j>1 LiY; \EP
Proof. Let us set
1 —a;t
Ht) =] y
i1 1— $Zt

Then using (2.7) and arguing as in [15, Chapter I], we can write

[T 2% =TT ) =TT e la) (.0 = 3 bl ay n o o)

i,j>1 LiY; =1 j>1 k=0 \EP

which proves (5.1). For the proof of (5.2) note that

InH(t) = Z (ln(l —a;t) —In(1 — x,t))

i>1
4 k k) ko
i>1 k>l k>1

Hence,

H(t) =3 2 palafa) ¢,

AEP

Now apply this relation to the sets of variables x and a respectively replaced with the
sets {x;y;} and {a;y;}. Then py(z|a) is replaced by pi(z|a)pr(y), and (5.2) follows by
putting ¢t = 1. O

Now define the Q[a]-bilinear pairing between the rings A(z|a) and A(y||a),

() (Mzla),Alylla)) — Qlal, (5.3)

by setting

(ha(z]la), A (ylla)) = 0y, (5.4)
Clearly, (u,v) is a well-defined polynomial in a for any elements u € A(x||a) and ¥ €
A(y||a) which is determined from (5.4) by linearity.

The following is an analogue of the duality properties of the classical bases of the ring
of symmetric functions; see [15, Chapter IJ.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R13 34



Proposition 5.2. Let {uy(z|a)} and {va(y|a)} be families of elements of rings A(x| a)
and /A\(y||a), respectively, which are parameterized by all partitions. Suppose that for any
n = 0 the highest degree components in x (resp., the lowest degree components in y) of
the elements uy(x||a) (resp., Ux(y||a)) with |A\| = n form a basis of the space of homoge-
neous symmetric functions in x (resp., y) of degree n. Then the following conditions are
equivalent:

(u(ela) Bulyla)) = 8y, forall Aps (5.5)
a; Y;

> unalla) tatylo) = ] 122, (5.6)
AeP i,5>1 Y

Proof. We only need to slightly modify the respective argument of [15, Chapter I]. Write
a) =Y Ayla) hy(z]a),  Tulylla) ZBHU a) Mg (y|la),
o

where the first sum is taken over partitions p with |p| < ||, while the second is taken
over partitions o with |o| > |u|. Then

(ixela)8,10)) = 3 (0
Hence, condition (5.5) is equivalent to

Z Axpla) Bup(a) = by, (5.7)

On the other hand, due to (5.1), (5.6) can be written as

Y uzla)ayla) =Y hy(zla)m,(y]a),

AeP pEP

ZAA,J ) Bro(a) =0,,

This condition is easily verified to be equivalent to (5.7). O

which is equivalent to

Applying Theorem 3.1 and Proposition 5.1 we get the following corollary.

Corollary 5.3. Under the pairing (5.3) we have

(sa(zlla),Bu(ylla)) =6y, and  (pa(x]la),pu(y)) =y, 2.
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Thus, the symmetric functions §)(y | a) are dual to the double Schur functions sy (x| a)
in sense of the pairing (5.3).
Using the isomorphism (1.6) and the pairing (5.3), we get another Q[a]-bilinear pairing

(,): (Mz/ylla),A(z]a)) — Q[d] (5.8)
such that
(sa(z/yla),5u(z]a)) = by, (5.9)

Note that Proposition 5.2 can be easily reformulated for the pairing (5.8). In particular,
the condition (5.6) is now replaced by

S untefyla)iatela) = T 222 (5.10)

AeP 1,51

This implies that
(x(@/1), 5u(2)) = Oy (5.11)

where s)(z/y) denotes the ordinary supersymmetric Schur function which is obtained
from sy(z/y|a) by the specialization a; = 0. Together with Theorems 3.17 and 3.20, the
relations (5.9) and (5.11) imply the following expansions for the supersymmetric Schur
functions.

Corollary 5.4. We have the decompositions

sx(zfylla) =Y (=1)" N 4y (a) s,u(x/y),

I

summed over diagrams p contained in A and such that X\ and p have the same number of
bozes on the main diagonal; and

sul@/y) =Y (=1)"Y" oru(a) sx(z/y|la),

A

summed over diagrams A which contain p and such that A and p have the same number
of boxes on the main diagonal. O

Note that expressions for 15/,(a) and ¢y/,(a) in terms of determinants as in Proposi-
tions 3.12 and 3.19 were given in [24]. Corollary 5.4 gives new tableau formulas for these
coefficients. Moreover, under the specialization a; = —i + 1/2 the supersymmetric Schur
functions sy(z/y|a) turn into the Frobenius-Schur functions Fs,; see [24]. Hence, the
transition coefficients between the F's,, and the Schur functions can be found as follows;
cf. [24, Theorem 2.6].

Corollary 5.5. We have the decompositions

Fsy =Y (=)™ 4y, s,(2/y)

I
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and

sula/y) =Y (=1)"MW gy Fsy,
A

where Yy, and @y, are the respective values of the polynomials 1y, (a) and @x/.(a) at
4 =—i+1/2,i€Z. [

Using the notation of Corollary 5.4 and applying the isomorphism (1.6) we get the
respective expansion formulas involving the double Schur functions.

Corollary 5.6. We have the decompositions
sx(@lla) =Y (=1)" N 4y, (a) s, ()
o

and

su(x) = —1)rVm apla) sa(za).
();() ea/u(a) sx(z|a) -

Some other expressions for the coefficients in the expansions relating the double and
ordinary Schur functions or polynomials can be found in [10], [11], [14], [18] and [19].

Let us now recall the isomorphism w, : A(z|a) — A(x||a’) and the involution & :
A(z]|a) — A(z]la); see (2.8) and (3.21). Since every polynomial c(a) € Qa] can be
regarded as an element of Q[a’], the ring A(z||a’) can be naturally identified with A(z | a)
via the map c(a) — ¢’(a’), where ¢’(a’) = c¢(a) as polynomials in the a;, i € Z.

Proposition 5.7. For any elements u € A(z|a) and O € A(y|la) we have
<wau, @ﬁ>/ = <u,@>,
where (, ) denotes the pairing (5.3) between A(z|a’) and /A\(y||a) ~ /A\(y||a’).

Proof. 1t suffices to take u = s)(z|/a) and v =5,(y||a). Using (2.16) and (3.21), we get

(wasa(z]a), B5,u(ylla) = (sx(z]a), Sulyla))"

By Corollary 5.3 this equals d,,, and hence coincides with (s)(z|a), 5.(y|a)). O

Apo

Introduce the dual forgotten symmetric functions fi(y|la) € A(y|a) as the images of
the dual monomial symmetric functions under the involution &, that is,

Aylla) =3 maly]a), A e P.

For any partition A define the double monomial symmetric functions my(z|a) € A(x| a)
and the double forgotten symmetric functions fy(x|a) € A(z|a) by the relations

T1 %% — S s wla) hayla) (512

T
ij>1 iYi  ep
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and

H =S f(la)ey]a). (5.13)

ps LT 3

Hence, by Proposition 5.2, under the pairing (5.3) we have

(ma(]a), hu(ylla)) =3y, and  (fa(z]a),Eulylla)) =y, (5.14)

Moreover, Proposition 2.3 and Corollary 5.7 imply

ma(z]a) = ha(z|[d),  falzlla) = ex(zlla’),  pa(z]a) —expa(z]d),

where ey = (—1)A=*XN. To check the latter relation we need to recall that under the

involution w of the ring of symmetric functions we have w : py(y) — expa(y); see [15,
Chapter I].

We can now obtain analogues of the decomposition of Corollary 3.3 for other families
of symmetric functions.

Corollary 5.8. We have the decompositions

1+ 2y, ~ /
— = ex(zlla) m a'),
[T 12 = 3 eatello) (oo’

27]21 AEP

1—|—SL’Z' ; _
11 H =Y ez nalzlla) pay),
ij>1 - MY e
[T =Y mi]a)yla).
i 1T e i

Proof. The relations follow by the application of w, to the expansions (5.1), (5.2) and by
the application of & to (5.12). O

Note that relations of this kind involving the forgotten symmetric functions can be
obtained in a similar way.

5.2 Kostka-type and character polynomials

The entries of the transition matrices between the classical bases of the ring of symmetric
functions can be expressed in terms of the Kostka numbers K, and the values Xﬁ of
the irreducible characters of the symmetric groups; see [15, Sections 1.6, I.7]. By analogy
with the classical case, introduce the Kostka-type polynomials K,(a) and the character
polynomials Xﬁ(a) as well as their dual counterparts K aw(a) and )?L)L‘(a) by the respective
expansions

ZKM (zla),  Sayla) ZKM ) iy a).
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and

=> xha) sx(z]a), qu )y a).
A
If |A| = |u|, then
Ky(a) = Ky(a) =Ky, and  xh(a) = XM (a) = x). (5.15)

Moreover, Ky,(a) and X,)(a) are zero unless || > |u|, while I?Au(a) and x,(a) are zero
unless [A| < |pl.

Using the duality properties of the double and dual symmetric functions, we can get
all other transition matrices in the same way as this is done in [15, Sections 1.6, 1.7]. In
particular, we have the relations

a) = Zfﬁu(a) ss@la),  hu(yla) ZKAM sa(ylla).

The Littlewood-Richardson polynomials ¢y, (a) defined in (1.2) are Graham positive
as they can be written as polynomials in the differences a; —a;, © < j, with positive integer
coefficients; see [7]. Explicit positive formulas for ¢y, (a) were found in [9], [10] and [18].
Using the fact that hy(z|a) coincides with s (2| a), we come to the following expression

for the polynomials K (@)

~ N o) (1-3) (1-2)
Ku(a) = Z C(Ml)P“)( a) () 0@ (a) .. (puz 2)p1=2) (a) C(pmfﬂ(m)(a)’

p(),.., pi=2)

summed over r partitions pW, where 1 = (p1, ... ). In particular, each dual Kostka-type
polynomial K awla) is Graham positive. For a more explicit tableau presentation of the
polynomials K, (a) see [5].
Ezxample 5.9. We have
> (32 (32 (2) (32) (21)
Kiay@z2ry(a Z c (@) = €3y (a) €y 1y (@) + 3y 21y (@) €5y 1y (@)
Now, 053)2()2)(@) = 053)2()2) =1 and c 1)(a) = cg)l()l) = 1, while applying [18, Theorem 2.1]
we get c(( ))(1)( ) =a_1; —aj and c ()21)( ) = a_s — ay. Hence,
IA((32)(321)((1) =a_3+ a1 —a; — as. 0

The polynomials K, (a) can be calculated by the following procedure. Given a parti-
tion p = (p1, ..., 1), write each dual complete symmetric function ?Lm(y |a) as a series of
the hook Schur functions with coefficients in Q[a] using Corollary 3.13. Then multiply the
Schur functions using the classical Littlewood—Richardson rule. Finally, use Theorem 3.20
to represent each Schur function as a series of the dual Schur functions.
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Ezample 5.10. By Example 3.14, h; (y]la)? equals

2
(say(y) + aos@) (y) — arsaz (y) + ags@) (v) — aoar sy (y) + afsas(y) +...)

Hence, multiplying the Schur functions, we find that

hi(ylla)® = s@)(y) + saz)(y) + 2a0ss)(y) + 2 (a0 — a1) s (y) — 2a1 503 (y)
+3agsw(y) + (3a§ — 4agar) s (y) + (af + af — 2a0a1) 5(22)(y)
+ (30 — 4dagar) @12 (y) + 3a san(y) + - .

Expanding now each Schur function with the use of Theorem 3.20 or Corollary 3.21, we
come to

hi(ylla)® = 5@ (lla) + 5a2) (ylla) + (a0 — a1) 3 (ylla) + (a0 — a1) 3y (] a)
(a2 — a1)s03)(y @) + (a0 — a—2) (a0 — a-1) S (y|a)

(a0 — a1) (a0 — a_1) 51y a) + (a0 — a1)*52) (v a)

(a1 — ao) (a1 — a2)S(212)(y [l a) + (a1 — az) (a1 — a3) a9 (ylla) +-- -,

+ o+

thus calculating the first few polynomials K (12)(a). O

Ezxample 5.11. Using Example 5.10, we can calculate the first few double monomial sym-
metric functions:

ma)(z|a) = sw(zla),  maz(z]a) = saz(z|a)
m)(z]la) = s@e)(zlla) — su2)(z|a)

ms)(z]|a) = sas)(z]a) + (a1 — az) sp2) (2] a)

me(zla) = sey(z|a) — 2503 (z]la) + (2a2 — a1 — ap) saz) (7] a)
me)(z]a) = s@)(zlla) = sei(z|a) + sas(z]a) + (a—1 — ao) saz)(z]|a).

O

The following formula for the dual character polynomials is implied by Corollary 5.6.

Corollary 5.12. We have

Kala) =Y (1" 50 by, a),

p

summed over diagrams p with |p| = |p|. O

6 Interpolation formulas

6.1 Rational expressions for the transition coefficients

Applying Proposition 2.9, we can get expressions for the polynomials K awla), X,’)(a), ey, (a)
and cy,(a) as rational functions in the variables a;.
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Proposition 6.1. We have the expressions

l
. hu(a,0 Ha)
Ky,(a) = : (6.1)
=2 Gl ~Tayal) - A (el ~Taga)
l
R pula p<k> la)
Xpl@)=> > ’ (62
g R k=0 (Jaym | — \%@)D - (a0 | = laywl)
l
& (a) = ol 1) (6.3)
A - ’ .

summed over all sequences of partitions R of the form
G = pO ) D 0y

Moreover,

e, (a) = Z Z Sk(ap/(f>.||a) 7 (6.4)

7 k=0 |ap(k)‘ - |ap(0)|)... ..(‘a/p(k)| - ‘ap(z)‘)
summed over all sequences of partitions R of the form

The last formula was given in [19] for polynomials closely related to c{ (a). Due to
(5.15), the Kostka numbers K, and the values of the irreducible characters X,’) of the

symmetric group can be found from (6.1) and (6.2).
Ezample 6.2. If |\| = n, then

n

ZZ (layw| — |ap<0>|)n_1 B Z 1
\ap(k)| - \apu)\) VAR - ’

R k=1 ..(‘a/p(k)‘ |ap(n)|) R

which coincides with the number of standard A-tableaux. O

6.2 Identities with dimensions of skew diagrams

Specializing the variables by setting a; = —i 4+ 1 for all ¢ € Z in the expressions of
Proposition 6.1, we obtain some identities for the Kostka numbers, the values of the
irreducible characters and the Littlewood—Richardson coefficients involving dimensions of
skew diagrams. Under this specialization, the double symmetric functions become the
shifted symmetric functions of [22], so that some of the combinatorial results concerning
the ring A(z|a) discussed above in the paper reduce to the respective results of [22] for
the ring A* of shifted symmetric functions; see also [8] for an alternative description of
the ring A*.
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For any skew diagram 6 denote by dim # the number of standard #-tableaux (i.e., row
and column strict) with entries in {1,2,...,]0|} and set

e
~ dim@’

0

If 6 is normal (nonskew), then Hy coincides with the product of the hooks of 6 due to the
hook formula. Under the specialization a; = —¢ + 1, for any partition p we have

a, = (p,pe—1,...).

The following formula for the values of the double Schur functions was proved in [22]: if

u C v, then
H,

H V/u‘
This formula is deduced from Proposition 2.9 with the use of (2.21) which takes the form

sx(ay|a) = Hyx. Then (6.4) implies the identity for the Littlewood—Richardson coefficients
cy,, which was proved in [19]:

sulav|a) =

H
& = —1)w/el P :
4 Z( ) Hyjp Hox Hppp,

p

summed over diagrams p which contain both A\ and p, and are contained in v.
We also have the respective consequences of (6.1) and (6.2). For partitions p =
(1™2m2 ™) and p = (p1,...,p) set

m(P)Zﬁ((1_p1)k_|_..._|_(l_pl)k_1k_'_‘_lk>mk

k=1
and .
my
4l) =TT( D pulp=1) (o —k+1)
k=1 w2z-2i21
The following formulas are obtained by specializing a; = i and a; = —i+1, respectively,

in (6.2) and (6.1).

Corollary 6.3. Let A and p be partitions of n. Then

oy DV
g Hp HA/p

PCA

and

(=)Wl 5, (p)
K, = .
: po; Hp HA/p
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Ezample 6.4. Let A = (32) and pu = (213). Then

mu(p) = =(p1 + p2)° (07 + p3 — 2p1 — 4py),

and
Hgaya) =24/5,  Hgpape) =2, Heyaz =3, Heoye =2
Hgoyeny =1, Hgojen =1,  Hgase) =1
Hence,
62 _ 5 32 81 8 256 125
Xe)y =74 T T2 T 3 T2 T
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