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Abstract

Recently, Storm [10] defined the Thara-Selberg zeta function of a hypergraph,
and gave two determinant expressions of it by the Perron-Frobenius operator of a
digraph and a deformation of the usual Laplacian of a graph. We present a new
determinant expression for the Ihara-Selberg zeta function of a hypergraph, and
give a linear algebraic proof of Storm’s Theorem. Furthermore, we generalize these
results to the Bartholdi zeta function of a hypergraph.

1 Introduction

Graphs and digraphs treated here are finite. Let G be a connected graph and D the
symmetric digraph corresponding to G. Set D(G) = {(u,v), (v,u) | uwv € E(G)}. For
e = (u,v) € D(G), set u = o(e) and v = t(e). Furthermore, let e™* = (v, u) be the inverse
of e = (u,v).

A path P of length n in G is a sequence P = (eq,---,e,) of n arcs such that e; €
D(G), t(e;) = o(ei1)(1 < i <n—1). If e, = (v_1,v;) for i = 1,---,n, then we write
P = (vo,v1,- -+, Up_1,0,). Set | P |=n, o(P) = o(e;) and t(P) = t(e,). Also, P is
called an (o(P),t(P))-path. We say that a path P = (ey,---,e,) has a backtracking or
a bump at t(e;) if e} = e¢; for some i(1 < i < n—1). A (v,w)-path is called a v-cycle
(or v-closed path) if v = w. The inverse path of a path P = (ey,---,e,) is the path
Pl = (67:17 T 761_1)'

We introduce an equivalence relation between cycles. Two cycles C; = (e, -+, €n)
and Cy = (f1,---, fm) are called equivalent if f; = e;4y for all j. The inverse cycle of C
is not equivalent to C. Let [C] be the equivalence class which contains a cycle C. Let B"
be the cycle obtained by going r times around a cycle B. Such a cycle is called a multiple
of B. A cycle C' is reduced if both C and C? have no backtracking. Furthermore, a cycle
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C' is prime if it is not a multiple of a strictly smaller cycle. Note that each equivalence
class of prime, reduced cycles of a graph G corresponds to a unique conjugacy class of the
fundamental group m1(G,v) of G at a vertex v of G.

The Ihara-Selberg zeta function of G is defined by

2(G,1) = [J (-,

(]

where [C] runs over all equivalence classes of prime, reduced cycles of G. Ihara [6] defined
zeta functions of graphs, and showed that the reciprocals of zeta functions of regular
graphs are explicit polynomials. A zeta function of a regular graph G associated with a
unitary representation of the fundamental group of G was developed by Sunada [11,12].
Hashimoto [4] treated multivariable zeta functions of bipartite graphs. Bass [2] generalized
Thara’s result on the zeta function of a regular graph to an irregular graph G.

Let G be a connected graph with n vertices and m edges. Then two 2m x 2m matrices
B =B(G) = (Bef)e,rene) and Jg = Jo(G) = (Je f)e,fen(c) are defined as follows:

Be,fz{ 1 if t(e) = o(f), ,Je,fz{ 1 if f=e!,

0 otherwise 0 otherwise.

Theorem 1 (Bass) Let G be a connected graph with n vertices and m edges. Then the
reciprocal of the Ihara-Selberg zeta function of G is given by

Z(G, 1) = det(Iy, —t(B —Jo)) = (1 — t*)" " det(I, — tA(G) + t*(D¢g — 1,,)),
where D¢ = (d;;) is the diagonal matriz with d; = deg g v; (V(G) = {v1,- -, v }).

The first identity in Theorem 1 was also obtained by Hashimoto [5]. Bass proved the
second identity by using a linear algebraic method.

Stark and Terras [9] gave an elementary proof of this formula, and discussed three
different zeta functions of any graph. Various proofs of Bass’ Theorem were given by
Kotani and Sunada [7], and Foata and Zeilberger [3].

Let G be a connected graph. Then the cyclic bump count cbe(mw) of a cycle m =
(1, -, T) 1S

CbC(?T) :| {7' =1--n ‘ T = 7Ti_+11} ‘7

where 7,11 = 7.
Bartholdi [1] introduced the Bartholdi zeta function of a graph. The Bartholdi zeta
function of G is defined by

(G t) =TT —ut @ity

(]

where [C] runs over all equivalence classes of prime cycles of G, and u,t are complex
variables with | u |, | ¢ | sufficiently small.
Bartholdi [1] gave a determinant expression of the Bartholdi zeta function of a graph.
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Theorem 2 (Bartholdi) Let G be a connected graph with n vertices and m unoriented
edges. Then the reciprocal of the Bartholdi zeta function of G is given by

C(G,u,t)™ = det(Iy, — t(B — (1 —u)Jy))
= (1— (1 —w)*H™ " det(I —tA(G) + (1 —u)(Dg — (1 — u)I)t?).

Storm [10] defined the Thara-Selberg zeta function of a hypergraph. A hypergraph
H = (V(H),E(H)) is a pair of a set of hypervertices V(H) and a set of hyperedges E(H),
which the union of all hyperedges is V(H). In general, the union of all hyperedges is a
subset of V(H). For example, if a graph (that is, a 2-uniform hypergraph) has an isolated
vertex, then the union of all edges is a proper subset of V/(H). A hypervertex v is incident
to a hyperedge e if v € e.

A bipartite graph By associated with a hypergraph H is defined as follows: V(By) =
V(H)UE(H)and v € V(H) and e € E(H) are adjacent in By if v is incident to e. Let
V(H) ={v1,...,v,}. Then an adjacency matriz A(H) of H is defined as a matrix whose
rows and columns are parameterized by V(H), and (7, j)-entry is the number of directed
paths in By from v; to v; of length 2 with no backtracking.

For the bipartite graph By associated with a hypergraph H, let V; = V(H) and
Vo = E(H). Then, the halved graph Bg of By is defined to be the graph with vertex set
V; and arc set {P : reduced path | | P |=2;0(P),t(P) € V;} for i =1, 2.

Let H be a hypergraph. A path P of length n in H is a sequence P = (vy, €1, v, €9, -+,
€n, Unt1) of n+1 hypervertices and n hyperedges such that v; € V(H), e; € E(H), v € ey,
Unt1 € e, and v; € €;,e;,1 for i =2,...,n—1. Set | P |=n, o(P) = v; and t(P) = v,41.
Also, P is called an (o(P),t(P))-path. We say that a path P has a hyperedge backtracking
if there is a subsequence of P of the form (e,v,e), where e € E(H), v € V(H). A
(v, w)-path is called a v-cycle (or v-closed path) if v = w.

We introduce an equivalence relation between cycles. Two cycles C; = (vy, e1,v9, - - -,
em,v1) and Cy = (wy, f1,wa, - -, fm,w:) are called equivalent if w; = v,y and f; = ej 1y,
for all j. Let [C] be the equivalence class which contains a cycle C. Let B" be the cycle
obtained by going r times around a cycle B. Such a cycle is called a multiple of B. A
cycle C is reduced if both C' and C? have no hyperedge backtracking. Furthermore, a
cycle C' is prime if it is not a multiple of a strictly smaller cycle.

The Ihara-Selberg zeta function of H is defined by

Cult) = [0 — 0,

(]

where [C] runs over all equivalence classes of prime, reduced cycles of H, and ¢ is a
complex variable with | ¢ | sufficiently small(see [10]).

Let H be a hypergraph with E(H) = {ey,...,e,}, and let {c1,..., ¢} be a set of m
colors, where c(e;) = ¢;. Then an edge-colored graph G H, is defined as a graph with vertex
set V(H) and edge set {vw | v,w € V(H);v # w;v,w € e € E(H)}, where an edge vw
is colored ¢; if v, w € e;. Note that GH, is identified with the “undirected” halved graph
BE] with colors.
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Let GH? be the symmetric digraph corresponding to the edge-clored graph GH.. Then
the oriented line graph H} = (Vi, EY) associated with GH? by

V= A(GH?), and Ep = {(e; ¢;) € A(GH?) x A(GH{) | c(es) # cle;), t(ei) = o(e;)},

where c(e;) is the same color as the one of the corresponding undirected edge in D(GHY).
Also, HY is called the oriented line graph of GH.. The Perron-Frobenius operator T :
C(Vy) — C(Vp) is given by

(Tf))= > [f(te)),
e€Eo(x)

where E,(z) = {e € E? | o(e) = x} is the set of all oriented edges with z as their origin
vertex, and C'(Vy) is the set of functions from Vy, to the complex number field C.

Storm [10] gave two nice determinant expressions of the Ihara-Selberg zeta function
of a hypergraph by using the results of Kotani and Sunada [7], and Bass [2].

Theorem 3 (Storm) Let H be a finite, connected hypergraph such that every hypervetex
s in at least two hyperedges. Then

Cu(t)™! = det(I — ¢tT) (1)
— Z(By, V) = (1 = t)" " det(I — VtA(By) + tQp,,), (2)
where n =| V(By) |, m =| E(Bg) | and Qp,, = Dg,, — L

In Theorem 3, can the equality between the first identity (1) and the second identity
(2) be proved by an analogue of Bass’ method 7

In Section 2, we present a new determinant expression for the Ihara-Selberg zeta
function of a hypergraph. In Section 3, we show that, in Theorem 3, the first identity (1)
is obtained from the second identity (2) by using a linear algebraic method. In Section 4,
we generalize theses results to the Bartholdi zeta function of a hypergraph.

2 A new determinant expression of the zeta function
of a hypergraph

Let H = (V(H), E(H)) be a hypergraph, V(H) = {v1,...,v,} and E(H) = {ey,...,em}.
Let By have v vertices and € edges, where v = n + m. Then we have

D(By) ={(v,e),(e,v) |[vee, veV(H),ec E(H)}.

Let fi,..., fe be arcs in By such that o(f;) € V(H) for each i = 1,..., e. Then two € x €
matrices X = (X;;) and Y = (Y;;) are defined as follows:

P 1 if there exists an arc f;, ' such that (f;, f; ', f;) is a reduced path,
! 0 otherwise
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and

v _ 1 if there exists an arc f; such that (f; ', fi, fj_l) is a reduced path,
Y1 0 otherwise.

Remark that Y = ‘X.

Theorem 4 Let H be a finite, connected hypergraph such that every hypervetex is in at
least two hyperedges. Set € =| E(By) |. Then

Z(By, V1) = det(I, — tX) = det(I. — tY).

Proof. Let H = (V(H), E(H)) be a hypergraph, V(H) = {vy,...,v,} and E(H) =
{e1,...,em}. Let By have v vertices and € edges. By Theorem 1, we have

Z(By,vt)7' = (1 —-t)vdet(I, — VtA(By) +t(Dp, — L))
= det(L — VH(B(Bpr) — Jo(Bn))).

Arrange arcs of By as follows: fi,...,f,, fi' ..., f~'. We consider two matrices B
and Jg under this order. Let

0 F
B(By) — Jo(By) = { G o } .
It is clear that both F and G are symmetric, but F # !G. Furthermore,
FG =X and GF =Y. (3)

Thus, we have

det(Ioe — V#(B(Bu) — Jo(Bp))) = det ( —\I/Ez_fG _\I/fF ])

B 1. - tFG  —/tF
_det(_ Jre ])

= det(I. — tFG) = det(I, — tX)
= det(I. — tGF) = det (L. — tY).

Therefore, the result follows. Q.E.D.
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3 A linear algebraic proof of Storm Theorem

We show that, in Theorem 3, the identity (1) is obtained from the identity (2) by using
a linear algebraic method.

Let H = (V(H), E(H)) be a hypergraph, V(H) = {v1,...,v,} and E(H) = {ey,. ..,
em}. Let By have v vertices and ¢ edges, and D(By) = {f1,..., fo, fi', ..., 7'} such
that o(f;) € V(H)(1 < ¢ < ¢€). Furthermore, let R (or §) be the set of reduced paths P in
By with length two such that o(P),¢(P) € V(H) (or o(P),t(P) € E(H)). Set r =| R |
and s =| S |. For a path P = (z,y, ) of length two in By, let

oe(P) = (z,y),te(P) = (y, 2),

where (z,9,2) = (v,e,w) or (2,1, 2) = (e,0, f) (v,w € V(H)se, f € E(H)).
Now, we introduce two 7 x € matrices K = (Kp-1)perigj<e and L = (Lpy,) peri<i<e
J
are defined as follows:

{1 ifte(P)=f;", | _{ L if oe(P) = f;,
Pf; —

K1 = . ;
Pft 0 otherwise, 0 otherwise.

Furthermore, two s x € matrices M = (Mg;-1)gesagj<e and N = (Ngy,)ges<j<e are
J
defined as follows:

1 ifoe(Q) = fj_l, 1 ifte(Q) = f;,
Mfol _{ 0 otherwise, Nos; = 0 otherwise.

Then we have
‘LK =F and 'MN = G. (4)

and, K "M = (bpg) per.ges and N 'L = (cop) per.ges are given as follows:

bpo = { 1 if te(P) = o0e(Q), cop { 1 if te(Q) = oe(P),

0 otherwise, 0 otherwise.

Thus, we have
K ‘MN ‘L =T. (5)

Furthermore, by (3) and (4),
‘LK 'MN = FG = X.
Here it is known that, for a m x n matrix A and n X m matrix B,
det(I,, + AB) = det(L, + BA). (6)

Therefore, it follows that
det(I, — tT) = det(I. — tX).

By Theorem 4 and the fact that (y(t)™' = Z(By, V/t)™!, we have
Cu(t)™" = det(I, —¢T).
Q.E.D.
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4 Bartholdi zeta function of a hypergraph

Let H be a hypergraph. Then a path P = (vq,e1,v2,€9, -, €y, 0n41) has a (broad)
backtracking or (broad) bump at e or v if there is a subsequence of P of the form (e, v, €)
or (v,e,v), where e € E(H), v € V(H). Furthermore, the cyclic bump count cbc(C') of a
cycle C' = (vy,e1,vg, €9, +,€,,v1) is

cbe(C) =[{i=1,---,n|vi=via} | +|{i=1-,n|e=ei1}|

where v,,1 = v; and e, 11 = e;.
The Bartholdi zeta function of H is defined by

C(H,u,t) = H(l — (Ol -1

(@]

where [C] runs over all equivalence classes of prime cycles of H, and u,t are complex
variables with | w |, | ¢ | sufficiently small.

If u = 0, then the Bartholdi zeta function of H is the Thara-Selberg zeta function of
H.

Sato [8] presented a determinant expression of the Bartholdi zeta function of a hyper-
graph.

Theorem 5 (Sato) Let H be a finite, connected hypergraph such that every hypervetex
s in at least two hyperedges. Then

<(Hauvt)_1 = C(BH>U> \/E)_l
= (1—(1—u)?)™"det(I — VtA(By) + (1 —u)t(Dg, — (1 —u)I)),
where n =| V(By) | and m =| E(Bg) |.

Let H = (V(H),E(H)) be a hypergraph, V(H) = {vy,...,v,} and E(H) = {ey,...,
em}. Let By have v vertices and € edges, Vi = V(H) and Vo = E(H). Then, the
broad halved graph Bg) of By is defined to be the graph with vertex set V; and arc set
{P: path| | P|=2;0(P),t(P) € V;} for i = 1,2. Furthermore, let {ci,...,¢,} be a set
of m colors such that c(e;) = ¢; for i = 1,...,m. We color each arc of Bg) as follows:

c¢(P)=c(e) for P = (v,e,w) € D(Bg)).

Then the line digraph E(Bg)) of Bg)is defined as follows: V(E(BS))) = D(BS)), and
(P,Q) € A(L(BY)) if and only if {(P) = o(Q) in By.

Next, let R’ (or &’) be the set of paths P in By with length two such that o( P), t(P) €
V(H) (or € E(H)). Furthermore, let fi, = (v;,€;,), Pe = (vi,,e€j.,v;,) and Q) =
(€j,,vi,,¢€j,) for each k =1,... e. Then we have

R =RU{P,...,PYand S' =SU{Q1,....Q.}.
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Furthermore, we

have | R |[=r+eand | §' |=s+e.

Now, we introduce a (r + €) x (r + €) matrix T = (Thp/) pprers for the line digraph
E(BS)) of the halved graph Bg) is defined as follows:

o
Tppr =

((w? ift(P)=o0o(P), P=P e€R\R,
u? if t(P)=o0(P"), Pe R'"\'R, P’ € R and ¢(P) = ¢(P'),
u ift(P)=o(P), PP € R\ R and ¢(P) # c¢(P'),
u ift(P)=o0o(P), PeR'\R, PP € R and ¢(P) # c¢(P'),
u ift(P)=o(P), PeER,P € R'\R and ¢(P) = ¢(P'),
u ift(P)=o0(P'), P,P' € R and ¢(P) = ¢(P'),
1 ift(P)=0o(P), PER,P € R"\R and ¢(P) # c(P’),
1 ift(P)=o0(P"), P,P' € R and ¢(P) # c(P'),
0 otherwise,

\

We present a new determinant expression for the Bartholdi zeta function of a hyper-

graph.

Theorem 6 Let H be a finite, connected hypergraph such that every hypervetex is in

least two hyperedges. Set € =| E(By) | and r =| R |. Then

C(H,u,t)™" = det(I,; — tT’)

=det(I, — (X + u(F + G) + v’L,)) = det(I. — (Y + u(F + G) + v’L.)).

Proof. Let H = (V(H), E(H)) be a hypergraph, V(H) = {vy,..

{e1,...,em}. Let By have v vertices and € edges. By Theorems 2 and 5, we have

C(H,u,t)™! = det(Io — VE(B(By) — (1 — u)Jo(Bg)))

= (1— (1 —u)*)"det(I, — VIA(By) + (1 — u)t(Dg, — (1 — u)L)).

Arrange arcs

of By as follows: fi,..., fo, fi' ..., f~' such that o(f;) € V(H)(1

i <€) . We consider two matrices B and J, under this order. Let

Thus, by (3),

BB~ (- 03B = | ¢ L T |

we have

det(Ioe — VE(B(By) — (1 — u)Jo(By)))

= det(

= det(

| —ﬁ(clf+ ul) _ﬂ(FIf ) } )

0 I

[ I, — t(F +ul.)(G + ul.) —Vt(F +ul,) D

= det(I, — t(FG + u(F + G) + v*L,)) = det(I, — (X + u(F + G) + v?L,))

= det(I. — t(GF + u(F + G) + v?L,)) = det(I. — t(Y + u(F + G) + v*1,)).
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Arrange elements of R’ and S’ as follows:
Pla"'anR; Qla-">Qe>Sa
where Py = (v;,, €j,,v;,) and Qx = (ej,, vi,, €j,.) if fo = (vi,,e;,) for k=1,... e. Then we
introduce two (r 4 €) x € matrices K’ = (K;ij,1)P€Rr;1<j<E and L' = (L}, ) perriigj<e are
defined as follows:
1 if te(P) = fj_l and te(P) # oe(P)7!,
Lo =14 u ifte(P)=o0e(P)"' = fit Lpy, = {

Pft T 4 i
0 otherwise,

1 if O€(P) = fj7
0 otherwise.

Furthermore, two (s + €) x € matrices M’ = (Mé?fj,l)Qegr;lgjge and N’ = (Np; )gesii<j<e

are defined as follows:

. o 1 ifte(Q) = f; and te(Q) # oe(Q) ™1,
éfjl _ { 1 if OE(Q) - fj 17 Né)fJ _ u if te(Q) _ OJe(Q)_l _ fj,

0 otherwise, 0 otherwise.

Here we have

Thus, we have

(7)

A nonzero element of ©’I,, v 'MN, u? 'L, v ‘MN ‘L, uK, K '‘MN, uK ‘L and K ‘MN ‘L
corresponds to a sequence of eight paths of length two, respectively:
P — Qi — Py P — Q= Pi(c(R) # ¢(F)); Pi— Qi — R(c(F) = c¢(R));
P — Q — R(c(P) # ¢(R)); P — Qi — P(c(P) = c(R)); P—Q— Pi(c(P) # c(R));
P — Qi — R(c(P) = c(R)); P — Q — R(c(P) # ¢(R)),

where PRER,Q €S,i=1,...,¢ and the notation P — @ implies that te(P) = oe(Q)
in By. Therefore, it follows that

K M N 'L — [u216+utMN u? 'L + v 'MN ‘L ]

uK+K'MN «K'L+K'MN ‘L

K/ 'M' N 'L/ =T (8)
By (3) and (4), we have
LK "™M'N =4I, + u 'LK +u '"MN 4+ 'LK ‘MN = «’I, +u(F + G) + X.  (9)
By (6),(8) and (9), it follows that
det(I, . —tT") = det(I, — t(X + u(F + G) + v*L,)).
Q.E.D.
If w =0, then Theorem 6 implies (1) of Theorem 3.
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Corollary 1 Let H be a finite, connected hypergraph such that every hypervetex is in at
least two hyperedges. Set r =| R |. Then

Cu(t)™! = det(I, —tT).
Proof. Set ¢ =| E(Bg) | and u = 0. By Theorem 6 and (5), (7), we have

- / I 0
Cu(t)™ = det(Iye — tT) = det ({ UK 'MN I — 4T ]) = det(I, — tT).

Q.E.D.

5 Example

Let H be the hypergraph with V(H) = {vy,v9,v3} and E(H) = {ey, e, e3}, where e; =
{v1,v2}, ea = {v1,v3} and e3 = {vy, v9,v3}. Furthermore, let By be the bipartite graph
associated with H. Let f; = (vi,e1),fo = (v1,€2), f3 = (v1,€3), fa = (v2,€1), f5 = (v2,€3),
fo = (vs,e2) and f; = (vs,e3). Then we have D(By) = {fi,..., fr, fi*,..., f='}. The
matrices X is given as follows:

(000010 0]
0000001
0001010
X=[0110000
1100010
1010000
(110100 0|

By Theorem 4, we have
C(H, 1)t =det(I; —tX) = (1 —t)(1 + ¢ +t3)(1 — 4% — 3 + 4¢*).

Next, two matrices F and G are given as follows:

0001000 0110000
00000T10 1010000
00007101 1100000

F=|1000000|,G=[0000100
0010001 0001000
0100000 0000001
(001010 0| (0000010 |

Then it is certain that FG = X.
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Furthermore,

(W w ou o uw 1 0 0]
v v u 0 0 wu 1
v uw w1l u 1 w
X+uF+uG+u’ L, = v 1 1 v w 0 0
1 1 uw uw v 1 u
1 w 1 0 0 uw u
11 w1 u wu u? ]

By Theorem 6, we have

C(H,u,t)™! = det(I; — (X + uF + uG + v’I;))
= (1= (1—uw)2)(1+ (1 —2ud)t+ (1 —u2)?)
X (1 —2u(l +2u)t + (—4 — 2u — 5u® — 6u® + 6ut)t?
— (1 —w)?(1 4 4u + 14u? + 14u® 4+ 4u*)t3 + (1 — w)*(1 4+ u)?(2 + uv)?t?).

Now, we consider arcs of Bg). Let Ry = (v1,€1,v2),Re = (v1,€2,03), R3 = (v1, €3,09),
R4 = (’U1,63,U3), R5 = Rl_l, Rﬁ = Rg_l, R7 = (’U2,63,U3), Rg = Rz_l, Rg = RZI, RlO =
R:Yand P, = (fi, f7)(1 < i < 7). Arrange elements of R’ = D(Bg)) as follows:
P, P Ry, -, Ryp. We consider the matrix T” under this order, and then, we have

N

<
I
o

I
IN

N
N

IS
S O OO
IS
S O OO
S O OO

[\
[\
N

<

S OO O oo
IS
IS

S oo oo
S oo oo

N
)
)

I
I
I

T/

|
coorrRrgoocoocooe §,000
mF, 2 O00CO0O0O0O0Ow S,o0o00 00
—moocoococo—~og oo §o00

cCooroor~,OR O f;o00 00

cCococococoRrRrR,rsE OO0 O 8
cCococoorRRE ROoOOOOER
coocococog g RrrRroOOO8, 2
coocf s ~Rro0o0CcOoO0 oo

S roO000CO0OO

oo o0oo0cococoococs g
o orRrRrOoOO0OOCOCOOOOER
corog RrOoOOOoOCOoOoOOO8§, 2
o RroOoOrROoOOOCOCOCOOOS§, 2
Coococo0cocog OFOO

T ooo0oc0co0ocOR~,OO
coocococoog o~ O

coof oo orO

By Theorem 6, we have
det(117 — tT/) = C(H, u, t)_l.
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Let uw = 0. By the proof of Corollary 1, the matrix T in Theorem 3 is the submatrix

of T’ consisting of 8,...,17 rows and 8,...,17 columns. Thus,

[0 00001100 0]
000O0O0OO0OO0OO0OT171
00001O0O0O0O0TO
0000O0OO0OO0OT1O0TO
T — 011 10000O0O0°O0
1'10000O0O0O0O
0000O0OO0OO0OT1O0TO
101 1000O0O0O0
1'10000O0O0O0TO

| 0000100000,

By Theorem 3, we have
det(Ilo — tT) = C(H, t)_l.
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