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Abstract

We investigate the Laplacian eigenvalues of a random graph G(n, d) with a given

expected degree distribution d. The main result is that w.h.p. G(n,d) has a large
subgraph core(G(n,d)) such that the spectral gap of the normalized Laplacian of
core(G(n,d)) is > 1 — coci;lilf with high probability; here ¢y > 0 is a constant,
and dpmin signifies the minimum expected degree. The result in particular applies
to sparse graphs with dpyi, = O(1) as n — oo. The present paper complements the
work of Chung, Lu, and Vu [Internet Mathematics 1, 2003].

Introduction and Results

1.1 Spectral Techniques for Graph Problems

Numerous heuristics for graph partitioning problems are based on spectral methods: the
heuristic sets up a matrix that represents the input graph and reads information on
the global structure of the graph out of the eigenvalues and eigenvectors of the matrix.
Since there are rather efficient methods for computing eigenvalues and -vectors, spectral

techniques are very popular in various applications [22, 23].

Though in many cases there are worst-case examples known showing that certain
spectral heuristics perform badly on general instances (e.g., [16]), spectral methods are in

*An extended abstract version of this paper appeared in the Proc. 33rd ICALP (2006) 15-26.
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common use and seem to perform well on many “practical” inputs. Therefore, in order
to gain a better theoretical understanding of spectral methods, quite a few papers deal
with rigorous analyses of spectral heuristics on suitable classes of random graphs. For
example, Alon and Kahale [2] suggested a spectral heuristic for GRAPH COLORING, Alon,
Krivelevich, and Sudakov [3] dealt with a spectral method for MaXxiMuMm CLIQUE, and
McSherry [20] studied a spectral heuristic for recovering a “latent” partition.

However, a crucial problem with most known spectral methods is that their use is
limited to essentially regular graphs, where all vertices have (approximately) the same
degree. The reason is that most of these algorithms rely on the spectrum of the adjacency
matriz, which is quite susceptible to fluctuations of the vertex degrees. In fact, as Mihail
and Papadimitriou [21] pointed out, in the case of irregular graphs the eigenvalues of the
adjacency matrix just mirror the tails of the degree distribution, and thus do not reflect
any global graph properties.

Nevertheless, in the recent years it has emerged that many interesting types of graphs
actually share two peculiar properties. The first one is that the distribution of the vertex
degrees is extremely irreqular. In fact, ‘power law’” degree distributions where the number
of vertices of degree d is proportional to d~7 for a constant v > 1 are ubiqutuous [1, 12].
The second property is sparsity, i.e., the average degree remains bounded as the size of the
graph /network grows over time. Concrete examples include the www and further graphs
related to the Internet [12].

Therefore, the goal of this paper is to study the use of spectral methods on a simple
model of sparse and irreqular random graphs. More precisely, we are going to work with
the following model of random graphs with a given expected degree sequence from Chung
and Lu [7].

Let V = {1,...,n}, and let d = (d(v)),ev, where each d(v) is a positive
real. Let d = 1% d(v) and suppose that d(w)? = o(},c d(v)) for all
w € V. Then G(n,d) has the vertex set V, and for any two distinct vertices
v,w € V the edge {v,w} is present with probability py, = d(v)d(w)(dn)™!

independently of all others.

Of course, the random graph model G(n, d) is simplistic in that edges occur independently.
Other models (e.g., the ‘preferential attachment model’) are arguably more meaningful
in many contexts as they actually provide a process that naturally entails an irregular
degree distribution [4]. By contrast, in G(n,d) the degree distribution is given a priori.
Hence, one could say that this paper merely to provides a ‘proof of concept’: spectral
methods can be adapted so as to be applicable to sparse irregular graphs.

Let us point out a few basic properties of G(n,d). Assuming that d(v) < dn for
all v € V, we see that the expected degree of each vertex v € Vis Y (v} Pow =
d(v)(1 — (dn)™') ~ d(v), and the expected average degree is (1 — o(1))d. In other words,
G(n,d) is a random graph with a given expected degree sequence d. We say that G(n, d)
has some property € with high probability (w.h.p.) if the probability that £ holds tends
to one as n — oo.
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While Mihail and Papadimitriou [21] proved that in general the spectrum of the ad-
jacency matriz of G(n,d) does not yield any information about global graph properties
but is just determined by the upper tail of the degree sequence d, Chung, Lu, and Vu [§]
studied the eigenvalue distribution of the normalized Laplacian of G(n,d). To state their
result precisely, we recall that the normalized Laplacian £(G) of a graph G = (V) E) is
defined as follows. Letting dg(v) denote the degree of v in G, we set

1 if v =w and dg(v) > 0,
low = —1/y/de(v)dg(w) if {v,w} € E, (v,w e V(Q)) (1)
0

otherwise

and define £(G) = (Cyw)pwev. Then ﬁ(G) is singular and positive semidefinite, and its
largest eigenvalue is < 2. Letting Ay < Ao < -+ < Ay denote the eigenvalues of L(G), we
call A\(G) = min{ Ay, 2 — )\#V} the spectral gap of L(G). Now, setting duin = min,ey d(v)
and assuming dpin > In? n, Chung, Lu, and Vu proved that

AG(n,d) =>1—(1+o0(1)4d 2 —d_L In’*n (2)
w.h.p. As for general graphs with average degree d the spectral gap is at most 1 — 4d 2,
the bound (2) is essentially best possible.

The spectral gap is directly related to various combinatorial graph properties. To see
this, we let e(X,Y) = eq(X,Y) signify the number of X-Y-edges in G for any two sets
X,Y Cc V, and we set dg(X) = > .y da(v). We say that G has (a, §)-low discrepancy
if for any two disjoint sets X, Y C V we have

lec(X,Y) —da(X )dG( C#E)'| < (1-a)Vde(X)da(Y)+3  and  (3)
12e6(X, X) — da(X)°2#E)™"| < (1-a)de(X)+ 0. (4)

An easy computation shows that dg(X)de(Y)(2#E)~! is the number of X-Y-edges that
we would ezpect if G were a random graph with expected degree sequence d = (dg(v))yey -
Similarly, dg(X)?*(4#FE)™! is the expected number of edges inside of X in such a random
graph. Thus, the closer a@ < 1is to 1 and the smaller 5 > 0, the more G “resembles” a ran-
dom graph if (3) and (4) hold. Finally, if \(G) > ~, then G has (-, 0)-low discrepancy [6].
Hence, the larger the spectral gap, the more G “looks like” a random graph.

As a consequence, the result (2) of Chung, Lu, and Vu shows that the spectrum of the
Laplacian does reflect the global structure of the random graph G(n,d) (namely, the low
discrepancy property), provided that dy;, = min,ey d(v) > In®n, i.e., the graph is dense
enough. Studying the normalized Laplacian of sparse random graphs G(n,d) (e.g., with
average degree d = O(1) as n — o0), we complement this result.

1.2 Results

Observe that (2) is void if Amin < In*n, b_ecause in this case the r.h.s. is negative. In fact,
the following proposition shows that if d is “small”, then in general the spectral gap of
L(G(n,d)) is just 0, even if the expected degrees of all vertices coincide.
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Proposition 1.1 Let d > 0 be arbitrary but constant, set d, = d for all v € V, and let
d = (dy)ey. Let 0 =Xy < --- <\, < 2 be the eigenvalues of L(G(n,d)). Then w.h.p.
the following holds.

1. There are numbers k,l = Q(n) such that \, = 0 and \,_; = 2; in other words, the
eigenvalues 0 and 2 have multiplicity Q(n), and thus the spectral gap is 0.

2. For each fived k > 2 there exist Q(n) of indices j such that \; = 1 — k™2 4+ o(1).

3. Similarly, for any fived k > 2 there are Q(n) of indices j so that \; = 1+k~Y240(1).

Nonetheless, the main result of the paper shows that even in the sparse case w.h.p.
G(n,d) has a large subgraph core(G) on which a similar statement as (2) holds.

Theorem 1.2 There are constants co, do > 0 such that the following holds. Suppose that
d = (d(v))yev satisfies

< dyin = mind(v) < I(v) < n®.
do < dmin min d(v) < max div)<n (5)
Then w.h.p. the random graph G = G(n,d) has an induced subgraph core(G) that enjoys
the following properties.

1. We have 3 co core(c) d(v) + da(v) < nexp(—dpin/co).

2. Moreover, the spectral gap satisfies \(core(G)) > 1 — coci;ilf.

The first part of Theorem 1.2 says that w.h.p. core(G) constitutes a “huge” subgraph
of G. Moreover, by the second part the spectral gap of the core is close to 1 if dyin exceeds
a certain constant. An important aspect is that the theorem applies to very general degree
distributions, including but not limited to the case of power laws.

It is instructive to compare Theorem 1.2 with (2), cf. Remark 3.7 below. Further, in
Remark 3.6 we point out that the bound on the spectral gap given in Theorem 1.2 is best
possible up to the precise value of ¢g.

Theorem 1.2 has a few interesting algorithmic implications. Namely, we can extend a
couple of algorithmic results for random graphs in which all expected degrees are equal
to the irregular case.

Corollary 1.3 There is a polynomial time algorithm LowDisc that satisfies the following
two conditions.

Correctness. For any input graph G LowDisc outputs two numbers o, 3 > 0 such that
G has («, 8)-low discrepancy.

Completeness. If G = G(n,d) is a random graph such that d satisfies the assump-

tion (5) of Theorem 1.2, then a > 1 — CQJ;}I{2 and 3 < nexp(—dmin/(2¢0)) w.h.p.
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LowDisc relies on the fact that for a given graph G the subgraph core(G) can be
computed efficiently. Then, LowDisc computes the spectral gap of L(core(G)) to bound
the discrepancy of G. If G = G(n,d), then Theorem 1.2 entails that the spectral gap is
large w.h.p., so that the bound («, ) on the discrepancy of G(n,d) is “small”. Hence,
LowDisc shows that spectral techniques do yield information on the global structure of
the random graphs G(n, d).

One might argue that we could just derive by probabilistic techniques such as the “first
moment method” that G(n, d) has low discrepancy w.h.p. However, such arguments just
show that “most” graphs G(n,d) have low discrepancy. By contrast, the statement of
Corollary 1.3 is much stronger: for a given outcome G = G(n, d) of the random experiment
we can find a proof that G has low discrepancy in polynomial time. This can, of course,
not be established by the “first moment method” or the like.

Since the discrepancy of a graph is closely related to quite a few prominent graph
invariants that are (in the worst case) NP-hard to compute, we can apply Corollary 1.3 to
obtain further algorithmic results on random graphs G(n, d). For instance, we can bound
the independence number a(G(n,d)) efficiently.

Corollary 1.4 There exists a polynomial time algorithm BoundAlpha that satisfies the
following conditions.

Correctness. For any input graph G BoundAlpha outputs an upper bound o > o(G) on
the independence number.

Completeness. If G = G(n,d) is a random graph such that d satisfies (5), then a <

7—1/2

cond, ;)" w.h.p.

1.3 Related Work

The Erdés-Rényi model G,,,, of random graphs, which is the same as G(n, d) with d(v) =
np for all v, has been studied thoroughly. Concerning the eigenvalues A;(A) < --- < A\, (A)
of its adjacency matrix A = A(G,,,), Firedi and Komlés [15] showed that if np(1 —p) >
In® n, then max{—X;(A), \,_1(A)} < (2+0(1))(np(1 —p))*? and A, (A) ~ np. Feige and
Ofek [13] showed that max{—X;(4), \,_1(4)} < O(np)*/? and \,(A) = O(np) also holds
w.h.p. under the weaker assumption np > Inn.

By contrast, in the sparse case d = np = O(1), neither

An(A) = O(d) nor max{—X;(A), \n_1(A)} < O(d)"/?

is true w.h.p. For if d = O(1), then the vertex degrees of G = G, ,, have (asymptotically) a
Poisson distribution with mean d. Consequently, the degree distribution features a fairly
heavy upper tail. Indeed, the maximum degree is Q(Inn/Inlnn) w.h.p., and the highest
degree vertices induce both positive and negative eigenvalues as large as Q(Inn/InInn)/2
in absolute value [19]. Nonetheless, following an idea of Alon and Kahale [2] and building
on the work of Kahn and Szemerédi [14], Feige and Ofek [13] showed that the graph
G' = (V',E') obtained by removing all vertices of degree, say, > 2d from G w.h.p.
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satisfies max{—X\(A(G")), \gr'—1(A(G")} = O(d"?) and Agv ) (A(G')) = O(d). The
articles [13, 15] are the basis of several papers dealing with rigorous analyses of spectral
heuristics on random graphs. For instance, Krivelevich and Vu [18] proved (among other
things) a similar result as Corollary 1.4 for the G,,, model. Further, the first author [10]
used [13, 15] to investigate the Laplacian of G, .

The graphs we are considering in this paper may have a significantly more general (i.e.,
irregular) degree distribution than even the sparse random graph G, ,. In fact, irregular
degree distributions such as power laws occur in real-world networks, cf. Section 1.1. While
such networks are frequently modeled best by sparse graphs (i.e., d = O(1) as n — 00),
the mazimum degree may very well be as large as n®*()), i.e., not only logarithmic but even
polynomial in n. As a consequence, the eigenvalues of the adjacency matrix are determined
by the upper tail of the degree distribution rather than by global graph properties [21].
Furthermore, the idea of Feige and Ofek [13] of just deleting the vertices of degree > d is
not feasible, because the high degree vertices constitute a significant share of the graph.
Thus, the adjacency matrix is simply not appropriate to represent power law graphs.

As already mentioned in Section 1.1, Chung, Lu, and Vu [8] were the first to obtain
rigorous results on the normalized Laplacian (in the case dpi, > In?n). In addition to (2),
they also proved that the global distribution of the eigenvalues follows the semicircle law.
Their proofs rely on the “trace method” of Wigner [24], i.e., Chung, Lu, and Vu (basically)
compute the trace of L(G(n,d))* for a large even number k. Since this equals the sum of
the k’th powers of the eigenvalues of L(G(n,d)), they can thus infer the distribution of
the eigenvalues. However, the proofs in [8] hinge upon the assumption that dy, > In®n,
and indeed there seems to be no easy way to extend the trace method to the sparse case.
Furthermore, a matrix closely related to the normalized Laplacian was used by Dasgupta,
Hopcroft, and McSherry [11] to devise a spectral heuristic for partitioning sufficiently
dense irregular graphs (with minimum expected degree > In°n). The spectral analysis
in [11] also relies on the trace method.

The techniques of this paper can be used to obtain further algorithmic results. For
example, in [9] we present a spectral partitioning algorithm for sparse irregular graphs.

1.4 Techniques and Outline

After introducing some notation and stating some auxiliary lemmas on the G(n, d) model
in Section 2, we prove Proposition 1.1 and define the subgraph core(G(n, d)) in Section 3.
The proof of Proposition 1.1 shows that the basic reason why the spectral gap of a sparse
random graph G(n,d) is small actually is the existence of vertices of degree < dyn, i.e.,
of “atypically small” degree. Therefore, the subgraph core(G(n, d)) is essentially obtained
by removing such vertices. The construction of the core is to some extent inspired by the
work of Alon and Kahale [2] on coloring random graphs.

In Section 4 we analyze the spectrum of L(core(G(n,d))). Here the main difficulty
turns out to be the fact that the entries £, of L(core(G(n,d))) are mutually dependent
random variables (cf. (1)). Therefore, we shall consider a modified matrix M with entries
(d(v)d(w))~2 if v,w are adjacent, and 0 otherwise (v,w € V). That is, we replace the
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actual vertex degrees by their expectations, so that we obtain a matrix with mutually
independent entries (up to the trivial dependence resulting from symmetry, of course).
Then, we show that M provides a “reasonable” approximation of L(core(G(n,d))).

Furthermore, in Section 5 we prove that the spectral gap of M is large w.h.p., which
finally implies Theorem 1.2. The analysis of M in Section 5 follows a proof strategy
of Kahn and Szemerédi [14]. While Kahn and Szemerédi investigated random regular
graphs, we modify their method rather significantly so that it applies to irregular graphs.
Moreover, Section 6 contains the proofs of Corollaries 1.3 and 1.4. Finally, in Section 7
we prove a few auxiliary lemmas.

2 Preliminaries

Throughout the paper, we let V- = {1,...,n}. Since our aim is to establish statements
that hold with probability tending to 1 as n — oo, we may and shall assume throughout
that n is a sufficiently large number. Moreover, we assume that dy > 0 and ¢y > 0 signify
sufficiently large constants satisfying co < dy. In addition, we assume that the expected
degree sequence d = (d(v))yey satisfies

dy < dpin = rrél‘gl d(v) < max d(v) < n%%, which implies (6)
Vol(Q) = Y d(v) > do#Q  forallQCV. (7)
veEQR

No attempt has been made to optimize the constants involved in the proofs.

If G = (V,E) is a graph and U, U" C V, then we let e(U,U’) = eq(U,U’) signify the
number of U-U’-edges in G. Moreover, we let u(U, U’) denote the expectation of e(U, U’)
in a random graph G = G(n,d). In addition, we set Vol(U) = Y, _,; d(v). For a vertex
veV,welet Ng(v) ={w eV :{v,w} e E}.

If M = (myw)vwey is a matrix and A, B C V, then M, p denotes the matrix obtain
from M by replacing all entries my,, with (v,w) ¢ A x B by 0. Moreover, if A = B,
then we briefly write M4 instead of M4y p. Further, E signifies the identity matrix (in
any dimension). If xy, ..., x; are numbers, then diag(xy, ..., x) denotes the k x k matrix
with xq,...,x; on the diagonal, and zeros everywhere else. For a set X we denote by
1x € R¥ the vector with all entries equal to 1. In addition, if Y C X, then 1xy € R¥
denotes the vector whose entries are 1 on Y, and 0 on X — Y.

We frequently need to estimate the probability that a random variable deviates from
its mean significantly. Let ¢ denote the function

¢:(-1,00) =R, 22—~ (1+2z)ln(l+z)—=z (8)

Then it is easily verified via elementary calculus that ¢(x) < ¢(—z) for 0 < z < 1, and

that
2

P(x) > m

A proof of the following Chernoff bound can be found in [17, pages 26-29].

(x = 0), cf. [17, p. 27]. 9)
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Lemma 2.1 Let X = ZlNzl X, be a sum of mutually independent Bernoulli random vari-
ables with variance 0* = Var(X). Then for any t > 0 we have

max{P(X <E(X)—1),P(X > E(X)+1t)} < exp (—02¢ (%))

¢ on(-gtrs).

A further type of tail bound that we will use repeatedly concerns functions X from
graphs to reals that satisfy the following Lipschitz condition:

Let G = (V, E) be a graph. Let v,w € V, v # w, and let G* (resp. G™)
denote the graph obtained from G by adding (resp. deleting) the edge (11)
{v,w}. Then |X(G*) - X(G)| < 1.

Lemma 2.2 Let 0 < v < 0.01 be an arbitrarily small constant. If X satisfies (11), then
P [IX(G(n. ) ~ E(X(Gn,d))| > (dn)}*] < exp(~(dn)"/300).

Combining (10) and Lemma 2.2, we obtain the following bound on the “empirical
variance” of the degree distribution of G(n, d).

Corollary 2.3 W.h.p. G = G(n,d) satisfies > ., (dg(v) — d(v))?/d(v) < 105n.
A crucial property of G(n,d) is that w.h.p. for all subsets U, U’ C V the number

e(U,U") of U-U'-edges does not exceed its mean u(U,U’) to much. More precisely, we
have the following estimate.

veV

Lemma 2.4 W.h.p. G = G(n,d) enjoys the following property.
Let U, U" CV be subsets of size u = #U < u' = #U' < 5. Then at
least one of the following conditions holds.

1. eq(U,U") < 300u(U, U"). (12)
2. eq(U,U") In(eq(U,U")/ (U, U")) < 300w In(n/u’).

If @ C V has a “small” volume Vol(Q), we expect that most vertices in ) have most
of their neighbors outside of ). The next corollary shows that this is in fact the case for
all () simultaneously w.h.p.

Corollary 2.5 Let ¢ > 0 be a constant. Suppose that dyin > dy for a sufficiently large
number dy = do(c’). Then the random graph G = G(n,d) enjoys the following two
properties w.h.p.

Let1<(<d

S

. If the volume of Q C 'V satisfies

exp(2¢/dpin ) CH#Q < Vol(Q) < exp(—3c duin)n, (13)
then eq(Q) < 0.001¢ ™! exp(—c'dpin) Vol(Q).
If Vol(Q) < d2#Q%*n3/8 and #Q < n/2, then eq(Q) < 30004Q. (14)

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R138 8



Finally, the following two lemmas relate to volume Vol(Q) = 3, ., d(v) of aset Q C V/
to the actual sum > ., dg(v).

Lemma 2.6 The random graph G = G(n,d) enjoys the following property w.h.p.

Let Q CV, #Q < n/2. If Vol(Q) > 1000#Q%*n>/%, then

> da(v) = iVol(Q). (15)
vEQR

Lemma 2.7 Let C' > 0 be a sufficiently large constant. Let G = G(n,d). Then w.h.p.
for any set X C V' such that Vol(X) < nexp(—dmin/C) we have

> " da(v) < nexp(—dumn/ (4C)).

veX

We defer the proofs of Lemmas/Corollaries 2.2-2.7 to Section 7.

3 The Core

In Section 3.1 we prove Proposition 1.1. Then, in Section 3.2 we present the construction
of the subgraph core(G(n,d)) and establish the first part of Theorem 1.2.

3.1 Why can the Spectral Gap be Small?

To motivate the definition of the core, we discuss the reasons that may cause the spectral
gap of L(G(n,d)) to be “small”, thereby proving Proposition 1.1. To keep matters simple,
we assume that dy < d(v) = d = O(1) for all v € V. Then G(n, d) is just an Erdés-Rényi
graph G,,, with p = d/n. Therefore, the following result follows from the study of the

component structure of G,,, (cf. [17]).

Lemma 3.1 Let K = O(1) as n — oo, and let T be a tree on K vertices. Then w.h.p.
G(n,d) features Q(n) connected components that are isomorphic to T. Moreover, the
largest component of G(n,d) contains Q(n) induced vertex disjoint copies of T

Lemma 3.1 readily yields the first part of Proposition 1.1.

Lemma 3.2 Let C be a tree component of G. Then C induces eigenvalues 0 and 2 in the
spectrum of L(G).

Proof. We recall the simple proof of this fact from [5]. Define a vector £ = (&,),ev by
letting &, = dg(l))% forveC,and {, =0 for v € V —C. Then £L(G){ = 0. Furthermore,
let C = C; UCy be a bipartition of C. Let n = (n,)yev have entries n, = dg(v)% for v € Cy,
Ny = —dg(v)2 for v € C, and 7, = 0 for v € V — C. Then £(G)n = 2. O
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Hence, the fact that G(n, d) contains a large number of tree components w.h.p. yields
the “trivial” eigenvalues 0 and 2 (both with multiplicity €2(n)). In addition, there is a “lo-
cal” structure that affects the spectral gap, namely the existence of vertices of “atypically
small” degree. More precisely, we call a vertex v of G a (d, d, €)-star if

e v has degree d,
e its neighbors vy, ..., vy have degree d as well and {vy,...,v4} is an independent set,
e all neighbors w # v of v; have degree 1/¢ and have only one neighbor in {vy, ..., v4}.

The following lemma shows that (d,d, e)-stars with d < dy;, and € > 0 small induce
eigenvalues “far apart” from 1.

Lemma 3.3 If G has a (d,d,¢)-star, then L(G) has eigenvalues A, N such that
1—d 2=\, |1+d 2 —XN| < Ve

Proof. Let v be a (d, d, ¢)-star and consider the vector & = (£,)uey With entries &, = dz2,
&y, =1for1 <i<d,and &, =0 forw e V—{v,vy,...,v5}. Moreover, let n = £ —L(G)E.
Then 5, = 1, n,, = d"2, 1, = Ve/d for all v # w € N(v;) (1 < i <d),and 7, =0
for all other vertices u. Hence, ||[L(G)E — (1 —d~2)&||2- ||€]|72 = ||n — d~2&]|%/(2d) < e.
Consequently, ¢ is “almost” an eigenvector with eigenvalue 1 — d_%, which implies that
L(G) has an eigenvalue A such that |1 —d~2 — \| < /2. Similarly, considering the vector
¢ = (& )uey with & = —Vd, §,, =1, and £, = 0 for all other w, we see that there is an
cigenvalue N such that |1 4+d~2 — X| < /2. O

Lemma 3.1 implies that w.h.p. G = G(n, d) contains (d, d, £)-stars for any fixed d and
e. Therefore, Lemma 3.3 entails that £(G) has eigenvalues 1 + d=: + o(1) w.h.p., and
thus yields the second and the third part of Proposition 1.1. Setting d < dmin, we thus
see that w.h.p. “low degree vertices” (namely, v and vy, ...,v4) cause eigenvalues rather
close to 0 and 2. In fact, in a sense such (d, d, €)-stars are a “more serious” problem than
the existence of tree components (cf. Lemma 3.2), because by Lemma 3.1 an abundance
of such (d, d, e)-stars also occur inside of the largest component. Hence, we cannot get rid

of the eigenvalues 1 + d2 by just removing the “small” components of G(n,d).

3.2 The construction of core(G(n,d))

As we have seen in Section 3.1, to obtain a subgraph H of G = G(n, d) such that L(H)
has a large spectral gap, we need to get rid of the small degree vertices of G. More
precisely, we should ensure that for each vertex v € H the degree dy(v) of v inside of H
is not “much smaller” than d,,;,. To this end, we consider the following construction.

CR1. Initially, let H = G — {v : dg(v) < 0.01d i, }.
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Thus, CR1 just removes all vertices of degree much smaller than d;,. However, it is
not true in general that dy(v) > 0.01dmin for all v € H; for some vertices v € H may have
plenty of neighbors outside of H. Therefore, in the second step CR2 of the construction
we keep removing such vertices as well.

CR2. While there is a vertex v € H that has > max{co, exp(—dmin/co)d ~2de(v)} neigh-
bors in G — H, remove v from H.

The final outcome H of the process is core(G). Observe that by (6) for all v € core(G)

deore(@) (V) = ==, e(v, G — core(G)) < max{cy, exp(—dmin/co)d 2dG( )} (16)

\
)
S
=

Additionally, in the analysis of the spectral gap of L(core(G)) in Section 4.1, we will
need to consider the following subgraph &, which is defined by a “more picky” version of
CR1-CR2.

S1. Initially, let S = core(G) — {v € V : |deore(c) (v) — d(v)| = 0.01d(v)}.
S2. While there is a vertex v € S so that
ec(v,G — 8) = max{cy, dg(v)d 2 exp(—dumin/co)}+
remove v from S.

Then by (5) after the process S1-S2 has terminated, every vertex v € S satisfies

max{e(v, H — S),e(v,V — H)} max{co,exp( min/co)az_%dg(v)}, and  (17)
|ds(v) —d(v)| < —d(v).

Moreover, we emphasize that S C core(G).

An important property of core(G) is that given just dpi,, G (and ¢p), we can compute
core(@G) efficiently (without any further information about d). This fact is the basis of
the algorithmic applications (Corollaries 1.3 and 1.4). By contrast, while S will be useful
in the analysis of L(core(G)), it cannot be computed without explicit knowledge of d.

In Section 3.3 we shall analyze the processes CR1-CR2 and S1-S2 in detail in order
to show that w.h.p. both § and core(G) constitute a huge fraction of G.

Proposition 3.4 W.h.p. we have
Vol(V — core(G)) < Vol(V — 8) < exp(—100dymin/co)n
and

Z Z da(v) < exp(—2din/co)n.

veV —core(G) veV -8
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In addition, the following bound will be of significance in Section 4.

Proposition 3.5 W.h.p. we have

D e(v,G — core(G))*/d(v) <> _e(v,G = 8)*/d(v) <

veS veES

l\DIB

Proof. Since core(G) C S, we have e(v, G — core(G)) < e(v,G — 8S) for all v € S, so that
the left inequality in Proposition 3.5 is clear. To prove the right inequality, recall that
each v € § satisfies e(v, G — §) < max{cy, 2d(v)d "2 exp(—dumin/co)} by S2. Therefore,

_ )2 2 AT(27-1 97 .
Ze(v,G S) < Zco+4d(v)d exp(—2dmin/ o)

e ) e d(v)
con n
< = +4d ™ exp(—2duin/co) Y _ d(v <3
veES
provided that the lower bound dy on dy, is large enough (say, do > 10c2). O

Remark 3.6 Letting d = dp, and assuming that d = O(1) as n — oo, one can derive
that w.h.p. core(Gy, ) contains a (d,d, €)-star (¢ > 0 arbitrarily small but fized asn — o).

Hence, by Lemma 5.3 the spectral gap of L(core(G(n,d))) is at most 1 —d_ V2 o(1).

Thus, Theorem 1.2 best possible up to the precise values of the constants cg, dy.

Remark 3.7 While the result (2) of Chung, Lu, and Vu [8] is void if dmin < In*n, in the

case dyin > In?n its dependence on d is better than the estimate provided by Theorem 1.2.
In the light of Remark 3.6, this shows that in the dense case din > In%n “bad” local
structures such as (dumin, dwin, €)-stars do not occur w.h.p.

3.3 Proof of Proposition 3.4

To establish Proposition 3.4, we consider the following additional process to generate a
subgraph K of G = G(n,d).

K1. Initially, let K =G — {v € V : |dg(v) — d(v)| = 0.001d(v)}.

K2. While there is a v € K such that e(v,V — K) > 1 max{co, d(v )d =% exp(—dmin/co)},

remove v from K.

The main difference between K1-K2 and S1-52 is that K2 refers to the expected degree
d(v), while S2 is phrased in terms of the empirical degree dg(v). In effect, K1-K2 will be
a little easier to analyze. The three processes are related as follows.

Lemma 3.8 We have K C S C H.
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Proof. The assumption (6) ensures that all v € K satisfy dg(v) > 0.01d,in, so that
K C H. Hence, if v € K, then (6) and (16) entail that }dH(v) —d(v)| < |da(v) — d(v)} +
e(v,G— H) < £55d(v). Consequently, K is contained in the subgraph of H defined in the

first step S1 of the construction of S (cf. Section 4.1). Thus, K2 ensures that X C S. O
By Lemma 3.8, it suffices to prove that

Vol(G — K) < nexp(—100dmin /o) w.h.p. (18)
To establish (18), we first bound the volume of the set of vertices removed by KI.
Lemma 3.9 W.h.p. R={v eV : |dg(v) — d(v)| > 0.001d(v)} has volume
Vol(R) < nexp(—10""dyin).-

We defer the proof of Lemma 3.9 to Section 3.4. Furthermore, to facilitate the analysis
of step K2, we show that w.h.p. there are only few vertices that have plenty of neighbors
inside of R.

Lemma 3.10 Let
Ky = 0.01 max{cy, J(v)az_% exp(—dmin/co)} and Q = {v €V 1 e(v, R) > ky}.
Then Vol(Q) < exp(—dmin)d2n w.h.p.

We prove Lemma 3.10 in Section 3.5. Finally, we are in a position to analyze the
volume of the set of vertices removed during the iterative procedure in step K2.

Lemma 3.11 Let T be the set of all vertices removed during the second step K2 of the
construction of K. Then Vol(T') < nexp(—101dmin/co) w.h.p.

Proof. If dpin = Inn, then Lemma 3.10 entails that Q = () w.h.p., so that step K2 does not
remove any vertices at all, i.e., 7' = (). Thus, let us assume in the sequel that dp, < Inn.
In addition, suppose that Vol(R) < nexp(—10"dp,), and that Vol(Q) obeys the bound
from Lemma 3.10.

Suppose that Vol(T) > nexp(—101duyin/co). Let 21, ..., 2z be the vertices deleted from
K by K2 (in this order). The basic idea of the proofis to exhibit aset Z C T' = {z1,..., 2}
that violates one of the two properties (13), (14). In other words, Z will be an “atypically
dense” set of “small volume”. As Corollary 2.5 implies that (13), (14) actually are true for
all subsets of V' w.h.p., this implies that w.h.p. Vol(T') < nexp(—101dyin/co), as desired.

To define the set Z, let j* be the maximum index such that Vol({z,...,2+}) <
nexp(—103dmin/co), and set Z = {z1,..., 2j~41}. Since we assume that d(w) < n%% for
all w € V, that dyin < Inn, and that ¢ is a large enough constant, we obtain

nexp(—103Jmin/c0) Vol(Z) < nexp(—lOBczmin/co) + J(Zj*+1)

<
< nexp(—102dmin/co)- (19)
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Further, as
e(zj, RU{z1,...,2_1}) = 0.5max{co, exp(—dumn/co)d "2d(z;)}
for all 7, we have
e(Z, RU Z) > max{co#Z, Vol(Z)d " exp(—dmin/co)}. (20)
1st case: Vol(Z) = d 2 exp(2dumin/co)#Z. Consider
Z'={veZ:e(w,R)>0.1e(v,RUZ)}.
Then Lemma 3.10 implies in combination with (19) that
Vol(Z) < 0.1Vol(Z),

whence

2 (2 — 7', 7) 2004 exp(—dumin/co)Vol(Z — Z')

2e(Z) >
> 0.5d 2 exp(—dumin/co)Vol(Z). (21)

Hence, setting ¢ = ;' and ( = d %, we conclude that

Vol(Z) < exp(=3¢dyin)n by (19)],
Vol(Z) > Cexp(2ddumin)#Z [because the 1st case occurs],
e(Z) > 0.25exp(—cdpin) " Vol(Z) [due to (21)].

Thus, Z violates (13).
1
3 e

2nd case: Vol(Z) < d 2 exp(2duyn/co)#Z. Let

={veZ:e(w,R)>00lcy Ad(v) < 100d 2 exp(dmin/co)}.

Then by Lemma 3.10 and because the 2nd case occurs,

L, 19 Vol(2)

7' < Vol(Z') < —dypin)d*n < = -~ < 0.1#7.
# ol(Z") < exp( )d~n 7 oxp (20 o) #

Furthermore, letting Z” = {v € Z : d(v) < 100d 2 exp(dmm/co)}, we have #2" >
0.9947, and thus #2” — Z' > 0.5# 7. Therefore, due to (20)

1

e(2) = e(2'-2.2)>= > [e(v,RUZ)—0.0lc]
'UGZ”—Z/
> 0.2c0#2" — 7' > 30004 Z. (22)

Moreover, (19) implies that #Z < Vol(Z) < exp(—duin/co)n, whence
Vol(Z) < d242%/3n3/3,

Consequently, (22) shows that Z violates (14).

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R138 14



Corollary 3.12 W.h.p. we have Vol(G — K) < exp(—100dyin/co)n.

Proof. This is an immediate consequence of Lemmas 3.9 and 3.11. O

Finally, Corollary 3.12 establishes (18), so that Proposition 3.4 follows from Lem-
mas 2.7 and 3.8.

3.4 Proof of Lemma 3.9
The Chernoff bound (10) implies that
P[v e R] =P [|dg(v) — d(v)| = 0.001d(v)] < exp [-107"d(v)] forallve V. (23)
Therefore, assuming that min,ecy d(v) > din = do for a large enough dy (cf. (6)), we get
E(Vol(R)) < ) d(v)P [v € R] < nexp(—103dy). (24)
veV

Consequently, the remaining task is to show that Vol(R) does not exceed its expectation
by too much w.h.p.
If dpin = Inlnn, then we just apply Markov’s inequality and obtain that

P [Vol(R) > nexp(—10"dmin/2)] < exp(—10 " dmin/2) = o(1),

as desired. )
Now, let us assume that d;, < Inlnn. Set

Vi ={veV: Pdpin <d(v) < 2 dpsy + for j >0

and let L =2-107d_! Inn. Setting

min

Xi= Y PMdu#VinR Xo= > PV #ViNR,

0<j<logy L j>logy L

we have Vol(R) < X + X,. Moreover, by our choice of L

PX,>0] < > P[V;#0] (D Z #V; exp [—10772 |

j>10g2 j>logy L
< nexp(—2Inn) <n . (25)

Furthermore, we claim that the random variable X = 10‘8Xﬁ satisfies the Lipschitz con-
dition (11). To see this, let G = G(n,d), let v,w € V, and let G (resp. G~) denote the
graph obtained from G by adding (removing) the edge e = {v,w}. Of course, adding or
removing e only affects the degrees of v,w. Thus, if v € V}, and w € V,, then

J29

|X1(GF) = X1(G)| € 2dpmin min{27', L} 4 2di, min{272, L} < 4dpinL < 10%1Inn,
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whence | X (G*) — X(G)| < 1. Therefore, as dpi, < Inlnn, Lemma 2.2 entails that

1 exp(—dmin) — pl-o()
108Inn
< P[IX —E(X)| > (dn)*™] < exp(—(dn)*®/300) <n~',  (26)

P12, — E(X)| > nexp(—dun)] < P ||X —E(X)| >

where the second inequality sign is due to our assumption that d < n%%, and the last
one follows from (6). Finally, since E(X;) < 2E(Vol(R)) < 2nexp(—10"8d,) by (24),
combining (25) and (26), we conclude that Vol(R) < X + Xy < 3nexp(—108dnm) <
nexp(—1073dyin/2) w.h.p.

3.5 Proof of Lemma 3.10

Our goal is to estimate Vol(Q), where Q@ = {v € V : e(v,R) > K,}. Since it is a bit
intricate to work with @ directly, we shall actually work with a different set @’. Let us
call v € V' critical if there is a set 7" C Ng(v) of size #1" = £, /2 such that d(w) < In?n

and le(w,V — T") — d(w)| > 10~%d(w) for all w € T'. Now Q' is the set of all critical
vertices.

Lemma 3.13 We have Q C Q' w.h.p.
To prove Lemma 3.13, we need the following observation.

Lemma 3.14 W.h.p. all sets T C 'V such that t = #T < n%® and d(w) < In®n for all
w e T satisfy e(T) < 10°¢.

Proof. Since
2 2 14
(T) < VOIET) o t*In*n -

in the case e(T) > 10% we have

dn  dn ’

e(T)
e(T) In (T > 1000t In(n) > 300t In(n/t).

Hence, if e(T') > 10°, then T violates property (12), and thus Lemma 2.4 implies that
e(T) < 105 w.h.p. O
Proof of Lemma 3.13. Consider a vertex w such that d(w) > In? n. Then by the Chernoff
bound (10) we have

Plw € R] =P [|d(w) — dg(w)| > 0.001d(w)] < 2exp(—¢(0.001) In*n) = o(n™").

Thus, by the union bound all w € R satisfy d(w) < In*n w.h.p.

Now, consider a vertex v € ) and let T be a set of k, vertices in R that are adjacent
with v. Since we assume that d(v) < n%% and k, < d(v), we can apply Lemma 3.14 to
obtain that e(T) < 10°, w.h.p. Hence, there exists a subset 7" C T of size k,/2 such

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R138 16



that e(w,T) < 107 for all w € T". Since all w € T" satisfy d(w) > d; for a large enough
dy, we conclude that

le(w,V —=T") — d(w)| > |dg(w) — d(w)| — e(w, T) > 0.001d(w) — 107 > 10~ *d(w),

where the second inequality follows from w € R. Thus, we obtain v € @)’, as desired. O

Thus, in order to estimate Vol(Q) it suffices to bound Vol(Q'). As a first step, we
estimate E(Vol(Q')).

Lemma 3.15 We have E(Vol(Q')) < exp(—2duin)d3n
The proof of Lemma 3.15 relies on the following bound.

Lemma 3.16 Let T' C V be a set of volume Vol(T') < nln">n such that d(w) < In*n
for allw e T". Then

PVweT :|e(w,V —T) —dw)| >10""d(w)] < exp(-2-10~"Vol(T")).

Proof. Since for w € T' the random variables e(w, V' —1") are mutually independent with
expectation W ~ d(w), the assertion follows from the Chernoff bound (10). O

Proof of Lemma 3.15. Lemma 3.16 entails that
P [v is critical] < Z P [T’ C Ng(v)]exp(=2-10~?Vol(T"))

for any v € V, where the sum ranges over all sets 7" C V of size ,/2 such that d(w) <

In n for allw € T". Moreover, for any such set 7" we have P [T C Ng(v)] < [Tyer d(“gd(”).
Hence,

P[0 is critical] < ) exp(—2-107Vol(T")) ] M
n
T weT!

< (%) " Z exp(—107Vol(T"))

%3}

s (f@;?) <Jnexpc(liz)—9jmin))7‘ (27)

1st case: d(v) < cod 2 exp(dmin/co). In this case we have r, = 0.01¢y. Hence, (27) yields

P [vis critical] < exp(—10""2codmin)d*, (28)

provided that ¢y is large enough.
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2nd case: d(v) > cod 2 exp(dpmin/co). Then

1

Ky = 0.01d(v)d 2 exp(—dumin/co) = 0.01cy,

l\.’)

and thus (27) implies

P [v is critical] < = 2ed(v) = o < [exp(lO_ch i )\/ﬂ o (29)
=\ kod exp(10=9d i) h e ’

where we once more assume that the constant ¢ is sufficiently large.

Finally, letting , .
[] = {U - V. 2]_1 < 1000511%1} < 2]}7

we conclude that

E(Vol(Q')) = ZP [v is critical] d(v)

veV

— Z Z P [v is critical] d(v)

j=20 vel;

(28)  0.01cod 2 exp( mm/CO 7
< P [v is critical] d(v
exp(10~12¢dpmin ;UEEI:J 140)

29) 13, 7 73
< neXp(—lO COdmim)d
1 _ ) _ — —0.01-272¢g
+ Z #1; - cod 2 exp(dmin/co)2’ [exp(lO‘lOdmin)\/ﬂ
j=1
< exp(—2dpyin)d?
provided that the constant ¢y is chosen large enough. O

Proof of Lemma 3.10. Due to Lemma 3.13, it suffices to bound Vol(Q'). If d > Inlnn
Lemma 3.15 implies in combination with Markov’s inequality that

Vol(Q') < exp(—2¢idmin)d *n w.h.p.

Thus, let us assume in the sequel that dy, < d < Inlnn. We callv € V bad if d(v) < In*n
and there is a set 7" C Ng(v) of size k,/2 such that all w € T satisfy d(w) < In®n,
de(w) < 2In*n, and |e(w,V —T") — d(w)| > 10~*d(w). Moreover, let Q" be the set of all
bad vertices. As every bad vertex is critical, we have Q" C Q.

Furthermore, we claim that Q" = Q" w.h.p. To see this, note that the Chernoff
bound (10) implies that w.h.p. dg(w) < 2In*n for all w € V with d(w) < In®n (cf.
the proof of Lemma 3.13). Hence, the condition that dg(w) < 2In*n in the definition
of “bad” is void w.h.p. In addition, since d < Inlnn, (29) implies that w.h.p. all v € Q’
satisfy d(v) < In?n. Thus, w.h.p. the notions “bad” and “critical” coincide.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R138 18



Therefore, in order to establish the lemma it suffices to bound Vol(Q”). To this end,
we basically just need to bound #Q”, because d(v) is “small” for all v € Q”. In order to
estimate #Q", we observe that the random variable X = #@Q” In~® n satisfies the Lipschitz
condition (11). For let us consider the graph G obtained from G = G(n,d) by adding or
removing a single edge e = {u,u'}, and let Q" be the set of all vertices v that are bad
in G. To bound |#Q" — #Q”|, let N, = Ng(u) if dg(u) < 1+ 21In’n, and set N, = 0)
otherwise; we define N,/ analogously. Moreover, let U = {u, v’} UN, U N,,. Since a vertex
v that is adjacent with neither u nor «’ is bad in G iff it is bad in G, and because the
definition of “bad” ignores vertices of degree > 21n?n, we conclude that Q" —U = Q' —
Consequently, |#Q" — #Q”\ < #U <4+ 2In%n < In’n, so that X satisfies (11).

In effect, as Vol(Q") < #Q"In’n = X In’n, we conclude that Vol(Q")In">n sat-
isfies (11) as well. Therefore, Lemma 2.2 entails that w.h.p.|Vol(Q") — E(Vol(Q"))| <
n%9% < exp(—2dmin)d3n (recall that we are assuming dpy, < d < Inlnn). Thus,
Lemma 3.15 implies that Vol(Q') = Vol(Q") < exp(—dpmin)d~?n w.h.p. O

4 The Spectral Gap of the Laplacian

4.1 Outline of the Proof

We let G = (V,FE) = G(n,d), H = core(G), and we let S denote the outcome of the
process S1-52 (cf. Section 3.3). Furthermore, consider the diagonal matrices

1

D = diag(dy(v) " 2)pen, D = diag(d(v)~ %)UGH, and define vectors
w=D"1g = (dg()")en, ©=D""1g=(d(v)"*)wen,
ws = D_l]_H,‘g, (DS = D_l]_H,‘g.

Thus, the entries of ws (resp. @s) are dg(v)z (resp. d(v)?) forv e S, and 0 forv € H—S.
In addition, we let
M=E-L(H)=D-A(H)-D.

Since L(H)w = 0, our task is to estimate supo_,,, [[ME[ - [€]7". A crucial issue is
that the entries of M are not independent. For if two vertices v,w € H are adjacent,
then the vw’th entry of M is (dg(v)dg(w))~"/?, and of course dy(v), dg(w) are neither
mutually independent nor independent of the presence of the edge {v w}. To deal with
the dependence of the matrlx entries, we consider the matrix M = D - A(H) - D, whose
vw’th entry is (d(v)d(w))~2 if v,w are adjacent in H, and 0 otherwise. Thus, in M
the ‘weights’ of the entries are in terms of expected degrees d(v),d(w) rather than the
actual degrees dy(v),dy(w). Furthermore, to relate M and M, we decompose M into
four blocks

M = Ms+ My_s + My—_syxs + Msx(m-s)- (30)

Then we expect that Ms should be “similar” to Mg, because by (17) for all v € S the
degree dy(v) is close to its mean d(v). Thus, to analyze Mg, we investigate Mg on the
orthogonal complement of wg.
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Proposition 4.1 There is a constant ¢; > 0 such that

Msé, s-1
sup M€, )] <ad,: whp.
oreas €11 [1x]]

0#xlog
The proof of Proposition 4.1 can be found in Section 5. Further, in Section 4.2 we
combine Propositions 3.4 and 4.1 to bound ||Msn|| for n L w.

Corollary 4.2 There is a constant co > 0 such that

sup  |[[Msn|| < C2d;111r{2 w.h.p.
nlw, |Inl=1

Corollary 4.2 bounds the first part of the decomposition (30). To bound || My _s||, we
show that H — S “is tree-like”: we can decompose the vertex set into classes Z1,..., Zk
such that every vertex v € Z; has “only few” neighbors in the classes Z; with index ¢ > j.

Lemma 4.3 W.h.p. H — S has a decomposition V(H — S) = U]K:1 Z; such that for all
j=1,...,K and allv € Z; we have

e (u, U ZZ-> < max{cy, exp(—dmin/co)dg (v)}. (31)

We defer the proof of Lemma 4.3 to Section 4.3. Using Lemma 4.3, in Section 4.4 we
derive the following bound on || My _s||.

Proposition 4.4 W.h.p. |My_s|| < 2103/2c7_1/2_

Finally, using just the construction S1-S2 of & and some elementary estimates, in
Section 4.5 we shall bound the third and the fourth part of the decomposition (30) as
follows.

Proposition 4.5 We have | Msym—-s)| = || M@m-s)xs| < 203/207;1111{2 w.h.p.
Proof of Theorem 1.2. The first assertion follows directly from Proposition 3.4. Moreover,

due to the decomposition (30) of M, Corollary 4.2, Proposition 4.4, and Proposition 4.5
entail the bound sup, |, =1 IM7] < coJ;jr{z w.h.p. As L(H) = E — M, we thus obtain

the second part of the theorem. O
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4.2 Proof of Corollary 4.2

Since M is obtained from M by replacing the actual degrees dy(v) by the expected
degrees d(v), to prove the proposition we basically need to investigate how much dg(v)
and d(v) differ (v € S). More precisely, we need to investigate how the vectors wgs and
ws relate to each other.

Lemma 4.6 There is a constant C' > 0 such that w.h.p. the following bounds hold.
1. |jw—ws|* < Cn.
2. |lws — DD tws||> < Cn.
3. ||@s|]? = dn/2.
4. |Msiws — ws|)* < Cn.

Proof. By Proposition 3.4 we have [|ws —w|* = 3,y sdu(v) < X o sda(v) < n,
whence the first assertion follows. With respect to the second one, we have

. 2 d(v) — dg(v
|DD s — ws Z(%) QZ (0))?

veS veS
2
< 42 ”G S +4Z )) . (32)
veES veS

Invoking Corollary 2.3 and Proposition 3.5, we conclude that the right hand side of (32) is
< C'n w.h.p. Furthermore, the third part of the lemma follows simply from Proposition 3.4:
we have ||0s||?> = Vol(S) > nd/2. Finally, as Ms = DsA(G)sDs, the entries of ¢ =
Mg are &, = dg(v)az(v)_% forv e S, and & = 0 for v € S. Hence, Proposition 3.5
entails that

||MS(DS . Q‘S‘Hz _ Z (dS(U)i_ d(U)) < 22 6( + QZ )) .

veS d(’l}) veS veV

Applying Corollary 2.3 and Proposition 3.5 once more, we obtain the fourth assertion. O

Proof of Corollary 4.2. Let n L w be a unit vector. Since (17) implies that | DsD3'|| < 2
we have

[Msn|| = |DsDs' MsDsDg'nll < |DsDs'[| - || MsDsDs 'l < 2[[MsDsDg'nll. (33)

Let ¢ = DsDg'n. Then we can decompose ¢ = of + f|lws|~'@s such that a? + 32 =
I¢]] < 2 and € L wg is a unit vector. Hence,

[IMsDsDg'n|| = [MsCll < 2[Msél + 18] - llos|| ™' - [IMs@s]|
< 2 MsEl+ 8] - [[Ms]]- (34)
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Furthermore, | M| = |[E—L(H)|| < 1. In addition, || DsDg"|| < 2 by (17). Consequently,
[IMs| = [DsDg*MsDsDg*|| < | Ms]| - [ DsD3'|? < 4[| M| < 4
whence (33) and (34) yield
[Msnll < 2[Ms¢ll +4|3]. (35)

Thus, to bound || Msn||, we need to estimate || Mgs€]|. Since £ L wg, the third and the
fourth part of Lemma 4.6 imply that

‘<M$§> 1] >' = [l@s| ™ - (6 Msws)| < l@s| ™ [ Msws — @l <20d7= (36)

w.h.p. Furthermore, Proposition 4.1 entails that w.h.p.
w
||ws|| [@s|

Combining (36) and (37), we conclude that

‘g sup  |[(Ms&, x)| < erdil. (37)

min
xLas, lIxl=1

IMsél| < 2(C +e)d)* whp. (38)

min

To complete the proof, we show that || < 4Cd ™ 2. As n L w by assumption, we
obtain

|ﬁ| ’ ||(D5|| = |<Ca@5>| = }<77>DD_1(DS>‘ = ‘<n7 DD_%DS _w>}
= Lemma46 1/9
|DD'ws — wl|| < [lw —ws|| + || DD ws — ws|| 2(Cn)'2.(39)
Flnally, because ||ws||? = nd/2 by the third part of Lemma 4.6, (39) implies that |3] <
4Cd 2. Therefore, (35) and (38) yield || Msn|| < 100(cy + C)d ;llr{ , as desired. O

4.3 Proof of Lemma 4.3

To prove Lemma 4.3, we consider the following process.
PO. Determine H = core.
P1. Let Q) = {ve H: |dg(v) —d(v)| > 0.01d(v)}.
P2. While there is a v € H — ), such that
e(v, R) > max{co, exp(—dumin/co)d 2dG( )}

add v to Q.
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P3. Let j = 0.
While Q' # 0, let

g+1 ={v € Q e(v Q ) < max{co, exp(— min/CO)dH(U)}a Q;+1 = Q Z]/_H,

and increase j by 1

Observe that the set @) obtained in P0-P2 is just V — . Hence, if P3 terminates,
then it produces a decomposition 71, ..., Z; of H — S that enjoys the property stated in
Lemma 4.3. Thus, Lemma 4.3 is an immediate consequence of the following statement.

Lemma 4.7 The process PO-P3 terminates w.h.p.

To prove Lemma 4.7, we consider a further process that is a little easier to analyze
than PO-P3.

Al. Let Qo= {v €V :|dg(v) —d(v)| = 0.001d(v)}.
A2. While there is a v € )y — R such that

(0, Qo) > 5 mac{co, exp(~dun/c0)d (0)},

let QO = QO U {’U}
A3. Set j =0.
While Q; # 0, let

Zinn={veQ;:e(v,Q;) < maX{Co,eXP( dinin/Co)dc (v) },
Qj+1 = Q; — Zj41, and increase j by 1.
Recalling the process K1-K2 from Section 3.3, we note that Qy = G — K.
Lemma 4.8 If the process A1-A8 terminates, then so does PO—-P3.

Proof. Lemma 3.8 implies that Qy = G — K D H—S = Q. Hence, by induction we have
Q; D Q) forall j > 1. O

Due to Lemma 4.8, in order to prove Lemma 4.7 we just need to show the following.
Lemma 4.9 The process A1-A3 terminates w.h.p.

Proof. Let J be the total number of sets generated by A3 (possibly J = c0), and let
Q= ﬂ;le Q;; our objective is to show that @ = () w.h.p. Since Qy = G—K, Corollary 3.12
yields
(M -
#Q<Vol(Q) < Vol(Qo) < exp(—100dmin/co)n (40)
w.h.p. Furthermore, step A3 ensures that

4e(Q) > max {CO#Q exp(—dmin /o) Zd(; } (41)

veQR
Thus, if (40) is true and @ # 0, then one of the following two conditions holds:
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e cither > _, dg(v) is much smaller than Vol(Q) — say, smaller than Vol(Q);
e or (41) implies that e(Q) is “large”, although Vol(Q) is “small”.

Loosely speaking, the first situation is unlikely due to Lemma 2.6, and the second one does
not occur w.h.p. by Corollary 2.5. More precisely, assuming that @ # (), and that (40)
holds, we shall prove that one of the properties (13), (14), (15) is violated.

1st case: Vol(Q) < 1000#Q%®n/8. Then (41) shows that e(Q) > 10*#Q, so that (14)
is false.

2nd case: Vol(Q) > 1000#Q%®n**® and e(Q) < 55 exp(—dmin/co)Vol(Q). Then by (41)
1 1
n eXp mln/CO Z dG < 2_0 eXp( min/CO)VOl(Q)>
vEQR
and thus (15) is violated.

3rd case: Vol(Q) > 10004#Q5n*® and ¢(Q) = 5 exp(—dmin/co)Vol(Q). Then we ob-
tain from (40) that

Vol(Q) > #Q5/8n3/8 > #Q eXP(QCZmin/CO)- (42)
As e(Q) = 55 exp(—dumin/co)Vol(Q), (40) and (42) imply that (13) is violated.

Thus, in all three cases either (13), (14), or (15) is false, whence Corollary 2.5 and
Lemma 2.6 imply that Q = () w.h.p. O

4.4 Proof of Proposition 4.4

By Lemma 4.3 H — S has a decomposition Zi, ..., Zx that satisfies (31) w.h.p. We set
Zsj = Ufi] Z; and define Z;, Z~; analogously. Let £ = (&,)ven be a unit vector, and set
N = (Nw)werr = Mp_s&. Our objective is to bound ||5]|.

The entries of n are

— gw gw v o
L DI T AP SR e o L ARl

wENyH (V)NZy weNy(W)NZ <

and n, =0 forv € S. Let

o Eu
G5 = 2 (du(0)dg(w)) 72 |

veZ; [weNg(V)NZy;

- 12

_ €w
Sl Dl D DU ey e

UEZJ NH ’U)OZ<J

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R138 24



Then
K
Il <2 a;+5;. (43)
j=1

With respect to «;, the Cauchy-Schwarz inequality yields

e(v, Zj)&2

a = Y > V/—————————— <> X A (V) dn (w)

vEZ; | weNg(v) NZ> vEZj wENg (v ﬂZ>]

(44)

Since by (31) for all v € Z; we have e(v, Z>;) < max{co, exp(—dmin/co)dr(v)}, (44) entails
(v

max{cy, exp(—dmin/co)dr (v) }&2
Z Z du(v)dg(w)

UEZJ‘ ’LUENH(’U)OZ>]‘

e R ) DD W v

'UEZJ UJENH(U)OZ>J'

As dy(v) 2 2da(v) 2 dmin/200 for all v € H by (16), (45) implies
K K
20100 6(11], Z<J)£t2u 20100 20100 2 20100
D<= > SIS Yo G <=l < (46)
j=1 dmin j=1 weZ, dH (’UJ) dmln wWEH—S dmln dmln

Furthermore, once more due to the Cauchy—Schwarz inequality, we have

e(v, Z;)&2
R P> <X X it @

veZ; |weNgW)NZ<; veZj weENy (V)NZ<;

Hence, as
e(w, Z~;) < max{co, exp(—dmin/co)dn(w)}
for all w € Z; due to (31), (47) yields

o< XY T gRs=d S w gt

j=1 vEZ; wENy (v)NZ<; j=1 weZ;

< ZZmaX{Co,eXp(_Jmin/CO)dH(w)} -

7j=1 wEZj dH(w)
Co
< - + GXp mm/c(] ) é-
(mmweH dp(w) w; s
9 201cy, o 201y
< e 48
e < 2 (48)
Combining (43), (46), and (48), we conclude that [|[My_s&|| = [|n|| < 21 1/2dm11£2.

Since this holds for all unit vectors £, we obtain ||My_s|| < 2101/ 2dm}r{2, thereby complet-
ing the proof.
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4.5 Proof of Proposition 4.5
Let £ = (&w)wev(m) be a unit vector. Set 1 = (1y)vev () = Msx-s)§. Then

forve S,andn, =0forveV(H)-S.

Ty = /7
weNHZ dH

Therefore, applying the Cauchy-Schwarz inequality, we get

2

§w
Inl* = R OLI)
UEZS wENHZ dH

2 1
<X T ol Z awl (49)

veS | WENH (v)—S wENg (v)—8

As for all v € S we have e(v, H — S) < 2 max{co, exp(—dmin/co)dr (v)} and dp(v) > %min
by (6) and (17), we conclude that

_ i ©)
3 L W H=S) e d 2O (o) V20 (50)
@)~ dulo) T Lo

wENg (v)—8

Plugging (50) into (49), we obtain

dey 51211
D DID DR o0

min e g weNg (v)—8

_ o > e(w,S) Su gflco Y o< 4C°

dmin wWEH—S dH( ) dmin wWEH—S mm

because [|£]] < 1. Thus, [|[Msx#-s)|1* = supjej=; [ Msxm-s)&|I”> < 4eod ) as desired.

5 Proof of Proposition 4.1

Throughout this section, we assume that (6) is satisfied. Moreover, we let G = G(n, d),
set H = core(G), and let S be the set constructed via the process S1-S2 from Section 3.2.
Further, by Proposition 3.4 we may assume that #8 > 3.

5.1 Outline of the Proof

Instead of the matrix M = (Mmyy)uven We shall mostly study a slightly modified matrix
M = (m!,)vwev, whose entries are defined as follows: let

{ (d()d(w)™> i {o,wy € BG) (L cy ),

0 otherwise
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Furthermore, for all v € V we let m/ = d(v)~! with probability p,, = d(v)?(dn)~!, and
m,, = 0 with probability 1 — p,,, where the entries m/, are mutually independent and
independent of choice of G. Then

E(m,,) = (07(1))07(20))1/2 (dn)~t  for all v,w € V. (51)

vw

The difference between M and M’ is just that in M’ we add entries corresponding to
vertices v € V — H, and we also add entries on the diagonal. Therefore, the matrix M is
a minor of M’ — diag(m,,)vey, where

Jdiag(md, )| < dif (52)
Thus, setting @ = (d(u)"/?),ey and
S={zeR":|z]| <1, 2L}, S ={2r=@)ev€S:az,=0forallveV—S},
our aim is to prove that there is a constant ¢; > 0 such that w.h.p.
max {[(M'z,y)] : 2.y € 5} < erd” (53)
Then Proposition 4.1 will follow from (52) and (53).
To establish (53), we shall replace the infinite set S” by a finite set 7" such that

max [(M'z, y)| <5 max [(M'z,y)| +8. (54)
z,yes’ z,yeT”’
Then, we show that B
max |(M'z,y)| < ed 1 whop., (55)
x,yeT’

where ¢, is a suitable constant, so that (53) will follow from (54) and (55).
To define 17, set € = 0.01, and let en~'/?Z signify the set of all integer multiples of
en~/2. Let

T = {oe 2] o) <dn, o] < 1),
T = {SL’: (z1,...,2,)" €T :2,=0 for allvEV—S}.
Lemma 5.1 The set T" satisfies (54) and there is a constant ¢ > 0 such that #1 < c4.

We prove Lemma 5.1 in Section 5.2. Our next goal is to establish (55). Given vectors
Tr = (xu)ué‘/)y = (yv)ve\/ € RV, we deﬁne

B(z,y) = {(w,0) € V? : 02duin [z’ < d(w)d(v)},  Xoy= Y mizu.

(u,v)€B(z,y)

We shall prove that there exist constants ¢4, c5 > 0 such that w.h.p.

—1/2
< .
g}/%? ‘Xr7y| ~ C4dm1n ) (56)
!/ < 7_.1/2 .
;Iylg%(/ z : |muv$uyv| =X C5drmn (57)
(uv)EB(z,y)
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Then (55) will follow from (56) and (57) (with c2 = ¢4 + ¢5).
In order to show (56), we proceed in two steps. First, we bound the expectation of
X

xT,y-
Lemma 5.2 There is a constant cg > 0 such that |E(X,,)| < cﬁdmlm forallz,yeT.

Secondly, we bound the probability that X, , deviates from its expectation signifi-
cantly.

Lemma 5.3 Let x,y € R, ||z||,||ly|| < 1. Then for any constant C' > 0 there exists a
constant K > 0 such that P [|Xxy E(X.,)| > Kd, 1/2} <C™.

min

Combining Lemmas 5.2 and 5.3, we conclude that there is a constant ¢4, > 0 such that

P(1Xeyl > adil?] < 26)

min

for any two points x,y € T. Therefore, invoking Lemma 5.1 and applying the union
bound, we conclude

P {max | Xy y| > c5d_1/2} S HT - (2c5)7 " <277,

min
z,y€

thereby proving that (56) is true w.h.p. The proofs of Lemmas 5.2 and 5.3 can be found
in Sections 5.3 and 5.4.

The remaining task is to show that (57) holds w.h.p. To this end, in Section 5.5 we
show the following.

Lemma 5.4 If G enjoys the property (12), then

muv$u v -
max Z 7] < 5dm11r{2 for a certain constant c; > 0.
e L OB [ 1

Thus, Lemmas 2.4 and 5.4 imply that (57) holds w.h.p., and Proposition 4.1 follows.

5.2 Proof of Lemma 5.1

To prove Lemma 5.1, we observe that every vector x € S’ can be approximated by a point
in the slightly “stretched” grid (1 — 2¢)~'7".

Lemma 5.5 For each x € S' there is y € (1 —2¢)™'T" such that ||z — y|| < 3.
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Proof. Relabeling the vertices as necessary, we may assume that S = {1,...,s}, s > n/2.
Let 2’ = (2})i=1,.n = (1 — 2¢)x. We construct a vector ¥ = (y)iz1,.n € [5n‘1/2Z}n
inductively as follows. Let 1 < ¢ < s, and assume that we have defined y7,... 9/,
already. There are two points p;, ¢; € en™/2Z such that |p; — /|, |¢; — 2| < en™'/?; choose

vl € {pi, q;} so that ‘23:1 w; (2 — yg-’)) is minimal. Further, set y = 0 for s <i < n. By

construction, we have

" 1/2
2" —y"| < [Z |5 — y2/|2] <e, (58)

=1
> @l —y))

J=1

< en V% max@; = o(1) (1 <i<n). (59)
j

Let I = {j € S :d(j) < 100d}. Since s > 2, we have #I > n/10. Furthermore, as
@ L 2, (59) implies |(y”,@)| = o(1). Therefore, there is a set J C I such that

(", @) = Y _e@m™2 < den™!2 (60)

jedJ

Now, define y; = y7 for j € V — J, and set

1 if (v, @) <0

—1 otherwise forj € J.

yi =yl +en? x {
Then (60) implies that |(y/,&)| < d 2n~"/2. Moreover, (58) yields ||z’ — /|| < ||z — y"|| +
ly" — y"|] < 2e. Hence, ||¢/|| < [|2/]| + ||2" — ¢|| < 1, so that ¢y € T’". Thus, setting
y = (1 — 2¢)~ 'y’ completes the proof. 0

Proof of Lemma 5.1. To prove (54), consider a vector z € S’. We want to approximate
x by a linear combination of vectors tg,t1,ts,... in (1 —2¢)7'T". Let xy = x. For each
1 > 0, we define a vector x;;1 L @ of norm < 1 and a vector ¢; as follows. By Lemma 5.5,
there exists a vector ¢; € (1 —2¢)7'T" such that ||z; — ¢;]| < 3. If z; = ¢;, then we set
Tiy1 =0 and t; = z;_1 = 0 for all j > ¢. Otherwise, let 2}, = ||a; — #;||"*(x; — ¢;), define
z = —||@|| 72 (t;, @) @, and set ;41 = 2}y — ||2; — || P2z Then ||zi]] < 1, 24 L @,
and ||z|| < 2n~!. Thus, we obtain a representation

x = Zai(ti + z;), where ap =1, and a; = H llz; — t;]| < 27" fori > 1.
i=0 0<j<i

Hence, |lz — 322 aitill < 2275 aillzl| < 4/n. .
Now, let y € S, and let s; € (1 —2¢)71T and 0 < b; < 27 be such that

Yy— i b;s;
i=0

< 2/n.
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Then we obtain

| (Mz,y)| =

Z a;b; (M't;, s;)

i,7=0

00 9]
r — E a,-ti — E biSi
i=0 =0

> 8
< [Z aibj] (1 —2¢)?max {| (M't,s)|:s,t €T’} + EHM/H
i,j=0
o 4
S (1 - 2¢)2
thereby establishing (54).
In order to estimate #7', consider

+ M| [

|

max {| (M't,s)|:s,t € T'} +8,

T = {t = (ti)1<i<n € [en_1/2Z]n :t; > 0 for all Z} )

Clearly, it suffices to exhibit a constant ¢3 > 0 such that #7+ < ¢4. To this end, let us as-
sign to each t € T the cube Q; = {(xl, o) €10,1]" ity —enTV? < 2y <ty for all z} )
Then @, is contained in the unit ball in R™, and the volume of @, equals "n~"/2. More-
over, if s,t € T are distinct, then (), and @Q; are disjoint. Therefore, letting V,, signify the
volume of the unit ball in R™, we conclude that #T" (%)n/2 <V, ~ (mn) /2 (267”)”/2. O

5.3 Proof of Lemma 5.2
To prove Lemma 5.2, we employ the following bound.

Lemma 5.6 If z,y € R" have norm < 1, then

d(u)d(v 1/2xuyv < 621/.%.
(d(u)d(v)) min

(u,0)EV2—B(z,y)

Proof. The definition of B(x,y) implies that (d(u)d(v))Y? < d2n - |zuy,| for all (u,v) &
B(z,y). Therefore,

7 7 71/2 1/2 1/2
> @) Peg| < dan Y 2y <dgan - 2P llyl? < dan,
(uv)€V2—B(z,y) (u,0)#B(x,y)
as claimed. O

Proof of Lemma 5.2. Let x,y € T. Then

E(X.,)| @ 3 (d(w)d(v)"? - zuy,

(u,v)€B(z,y)

< Z (CZ(U) (U>>1/2 * Tylv + Z (CZ(U)J(’U))lm * Ty Yy

Lemma 5.6 o) - 5 _ _ s _ _ s _
o0 [ @) WO L g o g dand <
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because [(@, z)|, [{@,y)| < (d/n)*? by the definition of T". O

5.4 Proof of Lemma 5.3
We shall prove below that

E [exp(nd/ (Xa —E(Xw)))] < exp(16n). (61)

min

Then Markov’s inequality implies that

P Xoy = B(Xay) > KdiP| < P lexp [ndyn X, | > exp [Kn]| <exp[(16 — K)n].
Hence, choosing K large enough, we can ensure that the right hand side is < % exp(—Cn).
As a similar estimate holds for —X, , = X_, ,, we obtain

P[1Xeul > K] < exp(~Cn),

min

as desired.
To prove (61), we set A = nd./2 and let

min

iy Bl A (o) # B

o = (A (o)) 2 Ty Yy 1 (u,v) € x,y x,Y),

uv (d( ) ( )) X Tl if (uﬂ)) g B(l’,y) ( ) S B($7y>a
Tyly + oYy if (u U)v (Uvu) S B((L’ y)

signify the possible contribution of the edge {u, v} to X, , (u,v € V). Moreover, we define
a random variable X, ,(u,v) by letting X, ,(u,v) = oy, if m!,, > 0, and X, ,(u,v) =0
otherwise. Finally, let £ = {{u,v}:u,v € V}. Then

Z Xy y(u,v).

{u,v}eé

Since (X5, (1, v)){u,v}ee is a family of mutually independent random variables, we have

E(exp(AN(Xey = E(Xey)) = [ ElexpMXay(u,0) = E(Xey(w,0)))]. (62)

Moreover, by the definition of B(z,y), for all (u,v) € B(z,y) we have
Md(w)d(v)) ey, <1,
whence Aoy, < 2 for all u,v € V. Therefore, as exp(t) — 1 < t + 42 if [t| < 4, (62) yields

E(exp(AX,,)) < H 1+ A E(X,,(u,v) — E(X,,(u,v))] + 42> Var (X, ,(u, v))

{u,v}e€
< H 1+ 4p,\2a?, < exp [4N° Z Pun2, | (63)
{u,v}eé {uv}eé€
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Furthermore,

)2 Z P2 < Z )\2‘CZ(U)J(U).2(SL’§y3—|:SL’%y5)

{upleg {u,v}e€ dn d(U)d('U)
< 2 Y (afy?+alyd) <dnfefflylP <4 (64)
{u,v}e€

Plugging (64) into (63), we conclude that E(exp(AX, ,)) < exp(16n), thereby establish-
ing (61).

5.5 Proof of Lemma 5.4

Let x,y € R™ be vectors of norm < 1. After decomposing x,y into differences of vectors
with non-negative entries, we may assume that x,,y, = 0 for all u,v € V. Moreover,
splitting = and y into sums of two vectors each, we may assume that at most § coordinates
of each vector are non-zero. We partition the relevant coordinates § into a few pieces on
which the entries of = (resp. y) are roughly the same: for i,j € Z we set

A = {ueS: 27 < (din/d(u) 22, <272}, ai=#A, < =, (65)

NS S

B = {veS&: 272 < (duin/d(v)" Py, <207V} by = #B; < o, (66)
eij = e(AiB)), iy = p(A;Bj). (67)

If u € A, v € Bj, then 242071 < dypy (d(u)d(v)) ™V 22,y, < 27Hn~1. Hence,

2i+j_2n_1eij < Z ciminm;vxuyv < 2i+jn_1eij, (68)
(u,0)€A; X Bjj, uv
so that basically Z(w)e AixB;, utv M., TyYy is determined by i, j, and e;;.
Now, let us single out those indices 4, j such that (A; x B;) — B(x,y) # 0. If (u,v) &

)
B(z,y) are such that u € A; and v € Bj, then by the definition of B(z,y), (65), and (66)
we have

i+ > nczininxzjyv *1/.2.
du)d(w) ™"
Therefore, setting
Q={(i,j): 27 > d 2, a; <b;}, Q@ ={(i,4) : 27 > 43, ai > by},
we obtain
> Mman < Y Do Mt

(w,0)¢B(z,y), u#v (4,)EQUQ’ (u,v)EA; x B, urv

Hence, by symmetry, it suffices to show that

YooY mag <csdy) (69)

(4,)€Q (u,v)€A; X Bj, u#v
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for some constant cs > 0.
To show (69), we split Q into two parts: let

Q1 ={(i,5) € Q:eiy <300 py;}
and @y = Q — Q.

Lemma 5.7 We have 3~ ico, D uvye;<B;, upn MunTulfo S < 48004172

min

Proof. Let B = U
and the definition of Q; we have

LuYu 20+ I —1p

2 7 min
(d(u)d(v))"? ~ Admin ~ 4n

and thus

7 7 1/2
S ([Awd) " e < Adinle Pyl < 4dn. (70)

(u,w)EB, usv

Therefore, we obtain

- (68) o
Z Z dminm;vxuyv < Z €ij2z+‘7n_1
(4,7)€Q1 (uw)EA; x By, urv (i )eo
< 300 D w2 07! [by the definition of Q]

(4,)€Q1

< 300 Y > D2 in

(4,§)€Q1 (u,v)EA; X Bj, uv

= 300 Y 3 L“;d@) 2itip L

(1,5)€Q1 (u,w)EA; X By, utv n

(66 1200dmm 3 3 (d(w)d(v)) Y b

(1,3)€Q1 (u,v)€A; X Bj, u#v

= (70)
2 Z (d(u) (v))1/2xuyv 4800d>
n

min’
(u,v)EB, uzv

thereby completing the proof.

Thus, the remaining task is to estimate the contribution of the pairs (7, j) € Q,.

ieo Ai X B 1 (i, 5) € B and (u,v) € A; x Bj, then by (65), (66),

Lemma 5.8 There is a constant cs > 0 such that 37, ;e o, Z(w)eAixBﬁu#v M Ty <

7—1/2
ngmm .
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Proof. We decompose Q5 into several sets: let

Dl = {(Z,]) S QQ drlr{iezg < H”2Z+J}
D, = {(i j)eQy:d/2ol < 2@} _ D,
D3y = {(i,j) € Qo :In(n/b;) < 4In(ey/pij)} — (D1 U Do),
Dy = {(i,j) € Q2:n/b; <29} — (D; U Dy U D),
Ds = {(i,j) € Q2:n/b; >2Y} — (D1 U Dy U Dy);
then Qs = Uk 1 Di. We shall bound Z ))eDs e;;27n~1 separately for k =1,...,5. To
this end, we stress that for all (i,7) € Q2

€jj > BOOMW and (71)
eijIn(ey/pig) < cbjIn(n/b;), (72)

for a certain constant ¢ > 0, because we are assuming that (12) holds.
With respect to Dy, we observe that fij < 3-,c 4, wes, d(v)d(w)(dn)~'. Hence, the
definitions (65), (66) of A;, B; imply that

p22 Tt O 16dn;, Y M[(J(v)f(w))‘mxvwa

UEAi7wEBj d
< 16d,d™ Yty
veEA;, weEB;
Consequently,
Z eij2i+jn—1 < Cz;ilf Z MijQz(iH)n_l
(4,9)€D1 (4,4)€D1

< 6(dn/d)?dz Y. Y ah?

(1,5)€D1 (v,w)€A; X B;
< 16(dmin/d)*2d 2 ||z |2]y]12 < 16(duin/d)*/2d . (73)

Regarding Dy, we recall that )
Therefore, for all i € Z we have

Y e2Pn -2 42 “““x Z B)) < 8duin Y a2, (74)

JEZ vEA; JEZ vEA;

e(v,B;) < e(v,S) < 2d(v) for all v € S by (17).

JEZ

Thus, by the definition of Dy

S e2tint < dylt Y e2%n -1 8d1/2|| 12 < 8dM2. (75)

mm min*
(4,7)ED2 (4,7)€D2
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Concerning D3, we have

@
Z eijQZﬂn_ <

(4,5)€Ds (4,5)€Ds

1 A o
Z b] n(n/b])2z+]n—1 < 4e Z 2Z+]bjn_1. (76)

hl(@ij/,uij) (i,5)€Ds3

Furthermore, if (i,7) € D3, then (i, ) & Da, so that 2° < 27 d}m/i In addition, we generally
assume that d(v) > dy, for all v. In effect,

> 2 /n < 4> DT b2t < 8edyp > ;257!

(i,j)GDS ]GZZ 21<2jd:n/2 JEZ

(66)

< Bdynd Y ““” < 32edi|lyl)? < 32edin. (77)

JEZ veEB;
Moreover,
o (72) b1 b.) () o

Yo o2t < e Y bi (/b)) gies 1, ' 4 S 2t . (78)
(i,j)€Da (i,j)€Da mes; /pig) (i,j)€Da

If (i,7) € Dy, then

i eijCil/? .o
2! ﬁ [because (i,7) & D]
F1/2 (T e —j .
< 4l o 2 [because (i,7) & Ds]
J
< &i{i [because (i,7) € Dy]. (79)

Combining (78) and (79) and observing that j > 0 for all (i, j) € Dy, we obtain

Z 2 /n < SCZd}m/ijb 2 In = 8cd? ZQ 15(b;2%n7 ). (80)
(4,9)€Da Jj=0 Jj=0

Furthermore, as d(v) > dp, for all v,

. (66) d,
b;2Ynt < 4y 2 Aly]? < 81
UEBj
Thus, plugging (81) into (80), we conclude that
D7 €2 /n < 32ed,n Y 5277 = 6ded, . (82)
(1,3)€D4 j=1

Let (i, j) € Ds. Then In(n/b;) < 2In(nb; '27%), so that

e;;2) <

™ b In(n/b;) D | | o
2 hiln(m/by) 5% cb;2% In(n/b;) - 277 < ¢b;2% - 21n (nb;'27%) . 277,
In(es;/ i)
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621/2

min

oy 20,221 .
¢t Z €27 /n < {n In (b-g2j) Z 9i—j
j

i:(i,j)€Ds 2129 /2

b;2% n
< 4dv? I ).
x min n n bj22]

Further, if (i,j) € Ds, then \/b;/n < 27% whence for j > 0 we have
92j [b.22] 92; 22
b In < n ) = b —2\/bj In \/b]
n b;22% n n n
< 2—j (_2\/bj22j In \/bj22j> .
n n

As the function t — —tInt is < 1 for ¢ > 0, we have

92j 92;
—2\/bj ln\/bj <2
n n
for j > 0, and thus (84) yields

bj22j n ;
1 )< 2t > 0).
Similarly, if (i, j) € D5 and j < 0, then

92] 92] 92]
b; In ( n ) < —2\/bj In \/bj )
n b;22% n n

Since b; < n/2, we have

> -2 \/7 \/7 ~(2In2) ) j2' =4In2.

7<0 7<0

Moreover, since (i, j) & D, we have 2° <

Combining (83), (85), (86), and (87), we conclude

7 €2 n < Acdyly, (4 In2 + 221—j> 32cd/? |

(4,5)€Ds 320

Finally, due to (73), (75), (77), (82), and (88), the assertion follows from (68).
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Algorithm 6.1 LowDisc(G)
Input: A graph G = (V, E).
Output: («, 3) such that G has («, §)-low discrepancy.

1.  Let n=#V and d = 2#F/n.
Ford=1,...,ndo
2. Construct a subgraph H(d) of G as follows.

e Initially let H(d) = G — {v : dg(v) < 0.01d}.
e While there is a vertex v € H that has at least
max{co, exp(—d/co)d™ 2de(v)}

neighbors in G — H(d), remove v from H(d).

Here ¢y denotes a large enough constant. Then, compute the spectral
gap a(d) of L(H(d)), and set B(d) =23 cq_pa) da(v)-
3. If there is some 1 < d < n such that a(d) > 1 — cod™"/? and
B(d) < 2exp(—d/cy)n, then let d* be the maximum such d and return
(a(d*), B(d*)). Otherwise just return o = 0 and § = 2#FE.

Figure 1: the procedure LowDisc.

6 Algorithmic Results

In this section we present the algorithms for Corollaries 1.3 and 1.4. Let us start with the
algorithm LowDisc for Corollary 1.3 (see Figure 1). If we assume that in addition to the
input graph G = G(n, d) we are given the minimum expected degree d,,,, then we could
just compute H = core(G) (cf. Section 3.2), determine the spectral gap « of L(H), and set
B=2> cy_nda(v). Then G has (o, 3)-low discrepancy, and Theorem 1.2 ensures that
w.h.p. a and ( obey the bounds stated in the completeness condition of Corollary 1.3.

However, we of course desire an algorithm that just requires the graph G at the input.
Therefore, the following procedure LowDisc basically tries all possible values for dy,;, and
outputs the best bound on the discrepancy discovered in the course of this process.

It is easily seen that the output (a,3) of LowDisc satisfies the correctness condi-
tion in Corollary 1.3. Further, the Chernoff bound (10) entails that w.h.p. d ~ d, and
Theorem 1.2 yields that w.h.p. d* > dpi,. Thus, w.h.p. we have a > 1 — cog;ilf and
B < 2exp(—dumin/co)n, so that the completeness condition is satisfied as well.

The algorithm for Corollary 1.4 is as follows. At first the algorithm bounds the discrep-
ancy of G = G(n, d) using LowDisc. Let z be the number of vertices in G — core(G), and
let (v, 3) be the result of LowDisc. Then BoundAlpha outputs 400 - (1 —«) - #Ed_i, + .

We claim that this is indeed an upper bound on «(G). To see this, let X be some
independent set in core(G). By Step 2 of LowDisc, the core of G has («,0) discrepancy.
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Using (4), we get Y v deore(e)(v) < 2(1 — o) - #E. Since all vertices v in the core satisfy
doore(c) (V) = dmin/200, we conclude that #X < 400 - (1 — «) - #E/din. Therefore, the
maximum independent set in G has at most 400 - (1 — ) - #Ed_i + x vertices. Hence,
BoundAlpha satisfies the correctness statement in Corollary 1.4. Further, the completeness

follows directly from Corollary 1.3.

7 Proofs of Auxiliary Lemmas

7.1 Proof of Lemma 2.2

The proof of Lemma 2.2 relies on the following general tail bound, which is a consequence
of Azuma’s inequality (cf. [17, p. 38| for a proof).

Lemma 7.1 Let Q) = HlNzl Q; be a product of finite probability spaces y,...,Qy. Let
Y : Q2 — R be a random variable that satisfies the following condition for all 1 < j < N.

If w = (wiicien, W' = (W))i<icn € Q differ only in the j'th component (i.e.,
wi =w, if i #j), then |Y(w) — Y ()] < 7.

Then P[|Y —E(Y)| > A] < 2exp (—A?/(272N)) for all X > 0.

To derive Lemma 2.2 from Lemma 7.1, we let £ = {{v,w} : v,w € Vv # w} be the
set of all (72‘) possible edges. Further, for each e = {1_1,@} e & we let 2, be a Bernoulli
experiment with success probability p,, = d(u)d(v)(dn)~'. Then the probability space
G(n,d) decomposes into a product G(n,d) = [].c¢ €2, because each edge e = {u,v} €
& is present in G(n,d) with probability p,, independently. However, we cannot apply

Lemma 7.1 directly to this product decomposition, because the number (3) of factors is

too large. Therefore, we construct a different decomposition G(n,d) = Hfil Q;, where
each factor €); is a combination of several factors €2..

To this end, we partition £ into K < 2(dn)'™ sets &i,...,Ek such that 1(dn)” <
Y ocee, Ple € G(n,d)] < (dn)Y for i = 1,..., K. Then we can represent G(n,d) as a
product space

K
G(n,d) = HQ,-, where 2; = H Q. (89)
i=1 ecé;

We call & critical in G = G(n,d) if #& N E(G) > 2(dn)?. Then the generalized Chernoff
bound (10) entails that P [&; is critical] < exp(—(dn)?/3) for all i. Hence,

P [Ji : & is critical] < K exp(—(dn)7/3) < exp(—(dn)?/4). (90)

For G = G(n,d) we define G = G — Ueis critical & and set Y(G) = X(G); we are
going to apply Lemma 7.1 to the decomposition (89) and the random variable Y (G(n, d)).
To this end, we observe that (90) entails

P[Y(G(n,d)) = X(G(n,d))] > 1 — exp(—(dn)" /4). (91)
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Moreover, since X satisfies the Lipschitz condition (11), we have | X (G) — Y (G)| < n® for
all possible outcomes G' = G(n, d). In effect, our assumption d > 1 yields

B(X) — B(V)| < n? exp(—(dn)"/4) < (dn)}+7/2. (92)

Furthermore, we claim that

if G,G" are such that G — &; = G' — &, i.e., G, G differ only on edges

corresponding to the factor Q;, then |Y(G) — Y(G")| < 4(dn)” (93)

for all 1 < j < K. To prove (93), we consider four cases.

1st case: &; is not critical in G and G’. Then G’ can be obtained from G by remov-
ing all edges in & N E(G) and then adding all edges in & N E(G’). Since in this
process we delete/insert at most 4(dn)? edges in total, (93) follows from the fact
that X satisfies the Lipschitz condition (11).

2nd case: &; is critical in both G and G’. Then G’ = G, so that Y(G) = Y(G").

3rd case: &; is critical in G but not in G'. Then G’ is obtained from G by adding
the edges & N E(G'); since #&; N E(G") < 2(dn)?, the Lipschitz condition (11)
implies (93).

4th case: &; is critical in G’ but not in G. Analogous to the 3rd case.

Due to (93), we can apply Lemma 7.1 to Y (G(n,d)) and obtain

dn)z ™

P |[Y(Gln.d)) — E(Y(Gln,d))| >

(Jn)”}
256

< 2exp {— (94)

Finally, we obtain

< PX(G(nd) #Y(G(n,d)] +
P [|Y(G(n, d)) — E(X(G(n,d)))| = (dn)%ﬂ}

(91), (92) -
< exp(—(dn)’/4)+P

(94)

2 e {_ (dn)”

4

} + 2 exp [—
as desired.
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7.2 Proof of Corollary 2.3

Let ¢ denote the function (8). We assume throughout that 1 < d < n®%, and we let
G = G(n,d). Moreover, for each t > 0 we set Sy = {v € V : 2" < |dg(v) —d(v)]-d(v)™/? <
241 and ¢ = diin - ¢(2! (dimin) ~/?). The following lemma is the main ingredient to the
proof.

Lemma 7.2 We have P [#S, < 4exp(—¢;/4)n] = 1 — n~HD,
Further, to establish Lemma 7.2, we need the following estimate.

Lemma 7.3 We have d(v)¢(2td(v)"2) = ¢y = duin - 0(21d_2/%)  for allv € V.

Proof. We will show that for all 7 > 1 the function

f(d,7) = dp(rd~*?) is monotonically increasing in d. (95)

Since f(d(v),2!) = d(v)p(2'd(v)™V?), d(v) = dmin, and f(dmin, 2) = ¢, (95) implies the
assertion.

In order to establish (95), we consider the function ¢(s) = (1+ %) In(14s)—s (s > 0).
Then an easy computation shows that 2 f(d, 7) = ¢(7d~/?). Thus, we just need to show
that ¢(s) > 0 for all s > 0. To this end, we observe that lim, g (s) = 0. Furthermore,

the derivative of ¢ is L (s) = 2(1—15) [(1+s)In(1+ s) — s]. Finally, as (14s)In(1+s) > s

for all s > 0, we conclude that ¢(s) > 0 for all s > 0, thereby completing the proof. O

Proof of Lemma 7.2. Since ¢(—z) > ¢(z) for all 0 <z < 1, (1 —o(1))d(v) < Var(d(v)) <
d(v), and because ¢(y) is increasing for y > 0, the Chernoff bound (10) entails that

P [|dem.a)(v) = d(v)| € [2,2%] d(v)"/?]
< 2exp [~Var(d(v))o(2'd(v) " Var(d(v)))]
< 2exp —@(b@tj(v)—lp)

Lemma 7.3

< 2exp(—¢¢/2).
Hence, E(#5S;) < 2exp(—¢;/2)n. We consider two cases.
1st case: ¢; > 0.001Inn. Then Markov’s inequality implies that

P [#S, > 2exp(—¢1/4)n] < exp(—dy/4) < n 2.

2nd case: ¢; < 0.0011Inn. Since adding or removing a single edge can change #5; by at
most 2, the random variable #£5; /2 satisfies the Lipschitz condition (11). Therefore,
Lemma 2.2 entails in combination with our assumption 1 < d < n%% that
P[#S, > dexp(—¢¢/2)n] < P [#S, = E(#S:) + (dn)*™]
< exp(—(dn)®%'/300) < =),
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Thus, P [#S; > 4exp(—¢;/4)n] < n~%D in both cases. O
Proof of Corollary 2.53. Let S_1 =V — Uj>o S;. Then Lemma 7.2 entails that w.h.p.

> (dg(v) — d(v))? < AHS D 2TTHS <dn+ 160 Y 2% exp(—0;/4)

vev d(v) >0 >0
9)
< dn416n ) 27 exp(—27) < 10%,
7=0
as desired. O

7.3 Proof of Lemma 2.4

Let 0 < u < v <
I1<u=#U<u =

5. We first prove that for any two sets U,U’ C V of cardinality
#U' < § we have

Ple(U, U") > 300u(U, U’) A
U,

e(U, U In(e(U,U")/u(U,U")) > 300u’ In(n/u")] < (n/)_ . (96)

u

To show (96), let
z=inf{z>0:2z>100u(U,U") and zIn(z/u(U,U")) = 100u'In(n/u")} . (97)

Since (1 —o(1))u(U,U") < Var(e(U,U")) < (U, U’) and because the function z — ¢(z) is
increasing for z > 0, the Chernoff bound (10) entails that

Ple(U,U") > p(U,U") +2] < { Var(e(U, U"))¢ (W)]

S exp{_ p( UU’ )}

< exp[ x+“éU ln( (U?:"U,))Jrg]. (98)

Further, our choice (97) of = ensures that In(x/u(U,U’)) > 4 and that z In(z/uw(U,U")) >
100’ In(n/u"), whence (98) yields

P[e(UU) > p(U,U") +2] < exp Hl“ <W)}

< exp[-25¢ In(n/u)] < (”) - (99)

u

where the last step is due to our assumption u’ < n/2. To complete the proof of (96), we
claim that

w(U, U+ < 300u(U,U") or
(WU, U") + 2) In((w(U,U") + 2)/u(U,U")) < 300u In(n/u). (100)

In order to establish (100), we consider two cases.
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1st case: x < 100pu(U,U"). Then pu(U,U") 4+ = < 101u(U, U").
2nd case: x > 100u(U,U’). Then u(U,U’) + = < 2z, whence (97) yields

sy (M) < 2 ()

< 3zln ( ) = 300u’ In(n/u’).

X
(U, U

Hence, combining (99) and (100), we obtain (96).
Let 1 < u < v <n/2. Due to (96) and the union bound, the probability that there
exist sets U, U’, #U = u, #U’' =« such that e(U,U’) > 300u(U,U’) and

e(U, U In(e(U,U")/u(U,U")) > 300u In(n/u')

Cf) <Z) @ e <Z) St (101)

where we used our assumption v’ < n/2. Finally, since there are at most n? ways to
choose the numbers u, v/, (101) implies the lemma.

is at most

7.4 Proof of Corollary 2.5

Since p(U) < Vol(U)?/(dn) for all U C V, Lemma 2.4 entails that w.h.p. for all U C V/
of size 1 < #U < 5 we have

e(U) < w Ve(U)In (%) < 30040 In <%) . (102)

We shall prove that if (102) is true, then both properties stated in the corollary hold.
With respect to the first property, let us assume for contradiction that (102) is satisfied
and that there is a set () such that

exp(2ddmin ) (H#Q < Vol(Q) < exp(—3cdmin)n, (103)
e(Q) xp(—¢ dpin ) Vol(Q), (104)

1000C

where 1 < ¢ < ‘Z 2. Observe that (103) implies that #Q < n/2; for our assumption that
min,ey d(v) = dpin > do for a large enough dy entails that Vol(Q)) > 2#@). Moreover,
(103) and (104) yield

300Vol(Q) P71 4 )7 e(@)
_ < — dmin d < .001 - dmin )
- 300 exp(—3c ) 0.001¢™ " exp(—c ) < Vol(Q)
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whence e(Q) > 300Vol(Q)?/(dn) (provided that dyi, > dy for a sufficiently large dj).
Hence, if (102) holds, then

(Q) - dn
300#@111( ) > e(Q)In (7)
#a) = 9" (Nar
1 —C dppin ) di
1000¢ exp(¢’dpmin) 1000¢ Vol(@Q)
Furthermore, (103) yields
exp(—c dpmin) dn exp(—c dpmin) dn 3 exp(—cdpiy)dn 2
1000¢ Vol(Q 1000¢ Vol(Q 1000¢ 7 exp(—3¢diin)
1
108¢ exp(c ’dmm)
. 106
( Vol(Q (106)
Let t = % and t' = % Combining (105) and (106), we conclude that
—tlnt < —t'Int". (107)
Invoking (103) once more and recalling that dy;, > do for a large dy, we obtain
#Q  exp(c/duin) #Q 1
t = <t < —. 108
n - 10 100 (108)

However, the function x — —x Inz is strictly increasing for 0 < = < 1/100, so that (107)
contradicts (108). Consequently, if (102) is satisfied, then (104) will be false.

In order to show that (102) implies the second part of the corollary, we assume for
contradiction that (102) holds and that there is a set () C V' such that

Vol(Q) < d2#Q%*n®® and e(Q) > 30004Q. (109)
Remember that we are assuming #@Q < n/2. Moreover, (102) and (109) entail that

(Q)dn
Vol(Q)2)
> 30004Q1n (\ﬁ%@)

> T50#Q In(n/#Q),
which is a contradiction. Thus, if (102) holds, then e(Q) < 3000#Q.

0040 m(n/#Q) > e(Q) ln(
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7.5 Proof of Lemma 2.6
Let 1 < ¢ <n/2, and let Q C V, #Q = g be such that Vol(Q) > 10004#Q°/*n3/%. We are

going to prove
-2
[Zd < Vol Q) (Z) . (110)

veEQR

Then the union bound implies that the property stated in Lemma 2.6 holds w.h.p.

To establish (110), we consider the random variable e(Q, V'), whose expectation satis-
fies E(e(Q,V)) = (3 —0(1))Vol(Q). As e(Q, V) is a sum of mutually independent Bernoulli
variables, the Chernoff bound (10) yields

Ple(Q,V) < 051E(e(Q, V)] < exp [-E(e(Q, V))/10] < exp [-Vol(Q)/24] . (111)
Furthermore, if Vol(Q) > 1000#Q*/*n®/®, then

8
< Taor’
125

Vol(Q)/24 ~ 125 n3/8

125 \n n

qIn(n/q) < 3 .q3/8 In(n/q) = 8 <q>3/81n Kq)g/s

because the function z — —xInz is < 1. Consequently, Vol(Q)/24 > 10gIn(n/q), so
that (111) gives

P [e(@, V) < 051E(e(Q, V)] < exp [~10gIn(n/q)] < (Z) (112)

because ¢ < n/2. Finally, since
1
33 delt) < lQ.V) € i)
veE ve

(112) entails (110).

7.6 Proof of Lemma 2.7

We shall prove that w.h.p. for all sets X C V such that Vol(X) < nexp(—dumin/C) the
bounds

e(X) < exp(—dumin/(2C))n, (113)
e(X,V —X) < exp(—dmin/(20))n (114)

hold. Since ) v da(v) < 2e(X) +e(V — X), (113) and (114) imply the assertion.
To establish (113), we prove that if

Vol(X) < nexp(—dmin/C) but e(X) > nexp(—dmin/(2C)),
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then the condition (12) is violated. As Lemma 2.4 shows that (12) is true w.h.p., this
implies e(X) < nexp(—dmin/(2C)) w.h.p. Thus, assume that e(X) > nexp(—dmni/(2C)).
Then

e(X) e N dn? exp(—dwin/(20))
e(X)1In (M(X)) > nexp (—dmin/(2C))1 ( Vol(X)? )
> nexp (—dmin/(2C)) . (115)
Moreover, as #X < Vol(X) by (7), our assumption Vol(X) < nexp(—dpi,/C) entails
#X In(n/#X) < ndin exXp(—dmin/C)/C < nexp(—2dmin/ (3C)), (116)

prodived that dn, > do for a large enough dy > 0. Combining (115) and (116), we
conclude that

e(X)In (Z(é))) > exp(dinin/(6C))#X In(n/#X) > 300#X In(n/#X),

and thus indeed (12) is violated.

In order to prove (114), we set Z = e(X,V — X). Clearly, E(Z) < Vol(X), and
Z is a sum of mutually independent Bernoulli random variables. Therefore, letting ¢t =
exp (—dmin/(4C)) n > E(Z) and applying the Chernoff bound (10), we obtain

P[Z22)<P[Z>E(Z)+1] <exp ( WQH/@) exp(—t/6).  (117)
Thus,
P [EIX CV :Vol(X) < exp(—duin/C)n Ae(X,V — X) > 2t}
< Y P[AX CV:#X =2 A Vol(X) < exp(—duin/C)n Ae(X,V = X) > 2t]

z<exp(—dmin/C)n

(1%7) Z (Z) exp (—t/6) < Z exp (2xIn(n/x) — t/6)

wgCXp(_Jnlin/c)n (ESOXp(—JInin/C)n

< nexp | 2nexp(—duin/C)In (exp(—dn~ /C)n)—t/fi)
< nexp (2dmin exp(—dmin/C)n/C — t/6) . (118)

Now, if duin = do for a large enough dy > 0, then the last term in (118) is < nexp(—t/12).
Hence, if t > y/n, then (118) yields

P [3X C V : Vol(X) < exp(—dmin/C)n A e(X,V — X) > 2t] < nexp(—y/n/12)
= o(1). (119)

If, on the other hand, ¢ = exp (—czmin/(llC)) n < v/n, then dyi,/C > 2Inn, so that
#X < Vol(X) < exp(—dpin/C)n < n~t < 1,

whence X = (); thus, in the case t > y/n we simply know e(X,V — X) = 0. Therefore,
(119) implies that (114) holds for all X w.h.p.
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