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Abstract

Gelfand—Graev characters and their degenerate counterparts have an important
role in the representation theory of finite groups of Lie type. Using a characteristic
map to translate the character theory of the finite unitary groups into the language
of symmetric functions, we study degenerate Gelfand—Graev characters of the finite
unitary group from a combinatorial point of view. In particular, we give the values
of Gelfand—Graev characters at arbitrary elements, recover the decomposition multi-
plicities of degenerate Gelfand—Graev characters in terms of tableau combinatorics,
and conclude with some multiplicity consequences.

1 Introduction

Gelfand—Graev modules have played an important role in the representation theory of
finite groups of Lie type [4, 7, 22]. In particular, if G is a finite group of Lie type, then
Gelfand—Graev modules of G both contain cuspidal representations of G as submodules,
and have a multiplicity free decomposition into irreducible G-modules. Thus, Gelfand—
Graev modules can give constructions for some cuspidal G-modules. This paper uses a
combinatorial correspondence between characters and symmetric functions (as described
in [23]) to examine the Gelfand—Graev character and its degenerate relatives for the finite
unitary group.

Let B< be a maximal unipotent subgroup of a finite group of Lie type G. Then the
Gelfand-Graev character I' of GG is the character obtained by inducing a generic linear
character from B< to G. The degenerate Gelfand—Graev characters of G are obtained by
inducing arbitrary linear characters. In the case GL(n,F,), Zelevinsky [27] described the
multiplicities of irreducible characters in degenerate Gelfand—Graev characters by count-
ing multi-tableaux of specified shape and weight. It is the goal of this paper to describe
the degenerate Gelfand—Graev characters of the finite unitary groups in a similar manner
using tableau combinatorics. In [27], Zelevinsky obtained the result that every irreducible
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character of GL(n,F,) appears with multiplicity one in some degenerate Gelfand-Graev
character. It is known that this multiplicity one result is not true in a general finite
group of Lie type, and in fact there are characters which do not appear in any degenerate
Gelfand-Graev character in the general case. This result was illustrated by Srinivasan [20]
in the case of the symplectic group Sp(4,F,), and the work of Kotlar [11] gives a geometric
description of the irreducible characters which appear in some degenerate Gelfand—Graev
character in general type. In the finite unitary case, we give a combinatorial descrip-
tion of which irreducible characters appear in some degenerate Gelfand—Graev character,
as well as a combinatorial description of a large family of characters which appear with
multiplicity one.

In Section 2, we describe the main combinatorial tool which we use for calculations,
which is the characteristic map of the finite unitary group, and we follow the development
given in [23]. This map translates the Deligne-Lusztig theory of the finite unitary group
into symmetric functions, which thus translates calculations in representation theory into
algebraic combinatorics. Some of the results in this paper could be obtained, albeit in
a different formulation, by applying Harish-Chandra induction and the representation
theory of Weyl groups. However, this approach would not lead us to some of the com-
binatorics which we study here. For example, we naturally arrive at battery tableaux,
which are interesting combinatorial objects in their own right. Also, our more classical
approach gives rise to useful identities in symmetric function theory, such as our Lemma
4.2.

Section 3 examines the (non-degenerate) Gelfand—Graev character. We use a remark-
able formula for the character values of the Gelfand-Graev character of GL(n,F,), given
in Theorem 3.2 (for an elementary proof see [9]), to obtain the corresponding formula
for U(n,Fgp) in Corollary 3.1, which states that if I, is the Gelfand-Graev character of
U(n,Fp2), and g € U(n,F,2), then

if ¢ is unipotent
2 G (g (1) (g 1) LY :
Liny(g) = . =Dt pjoa type (g1, o, - - -, fhe),

0 otherwise.

When compared to the original GL(n,F,) version of this formula given in Theorem 3.2,
Corollary 3.1 could be seen as another occurrence of “Ennola duality.” Although the proof
of Corollary 3.1 is a fairly straightforward application of the characteristic map, we have
not found it stated in any of the literature. We also note that we have applied Corollary
3.1 in another paper, to obtain [24, Theorem 4.4].

Section 4 computes the decomposition of degenerate Gelfand—Graev characters in a
fashion analogous to [27], using tableau combinatorics. The main result is Theorem 4.4,
which may be summarized as saying that the degenerate Gelfand-Graev character I,
of U(n,F;) decomposes as

Loy = ZmAXA7
A
where A is a multipartition and my is a nonnegative integer obtained by counting ‘battery
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tableaux’ of a given weight and shape. In the process of proving Theorem 4.4, we obtain
some combinatorial Pieri-type formulas (Lemma 4.2), decompositions of induced charac-
ters from GL(n,Fp2) to U(2n,F,2) (Theorem 4.1 and Theorem 4.2), and a description of
all of the cuspidal characters of the finite unitary groups (Theorem 4.3).

Section 5 concludes with a discussion of the multiplicity implications of Section 4. In
particular, in Theorem 5.2 we give combinatorial conditions on multipartitions A which
guarantee that the irreducible character y* appears with multiplicity one in some degen-
erate Gelfand-Graev character. Our Theorem 5.2 improves a multiplicity one result of
Ohmori [18].

Another question one might ask is how the generalized Gelfand—Graev representations
of the finite unitary group decompose. Generalized Gelfand—Graev representations, which
were defined by Kawanaka in [10], are obtained by inducing certain irreducible represen-
tations (not necessarily one dimensional) from a unipotent subgroup. Rainbolt studies
the generalized Gelfand-Graev representations of U(3,F;) in [19], but in the general
case they seem to be significantly more complicated than the degenerate Gelfand—-Graev
representations.

A cknowledgements. We would like to thank G. Malle for suggesting the questions that
led to the results in Section 5, S. Assaf for a helpful discussion regarding Section 5.1,
T. Lam for helping us connect Lemma 4.2 to the literature, and anonymous referees for
helpful comments.

2 Preliminaries

2.1 Partitions

Let
P = U P, where P,, = {partitions of n}.
n>0
For v = (vy,vs,...,1) € Py, where v; > vy > -+ > vy > 0, the length £(v) of v is the
number of parts [, and the size |v| of v is the sum of the parts n. Let v/ denote the
conjugate of the partition v. We also write

v = (1mWgma(v) ..y, where mi(v) = |{j € Z» | v; = i}|.

We will denote the unique element of Py by () or (0), which is the empty partition, or the
unique partition of 0. For any v € P, define n(v) to be

n(v) = Z(i — 1.

If u,v € P, we define pUv € P to be the partition of size |u| + |v| whose set of parts
is the union of the parts of p and v. For k € Zs, let kv = (kvy, ks, . ..), and if every
part of v is divisible by k, then we let v/k = (v1/k,1»/k,...). A partition v is even if v;
is even for 1 < i < {(v).
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2.2 The ring of symmetric functions

Let X = {Xj, Xs,...} be an infinite set of variables and let
AX) = Clpu(X),pa(X), -], where  pp(X) = X7+ X5 +---,

be the graded C-algebra of symmetric functions in the variables {X;, X,,...}. For a
partition v = (vy,vs,...,1) € P, the power-sum symmetric function p,(X) is

pl/(X) = pm(X)puz(X) e 'pue(X)'

The irreducible characters w* of S, are indexed by A € P,. Let w*(v) be the value of

w? on a permutation with cycle type v.

The Schur function sy(X) is given by
(X)) =Y W)z, 'p.(X), where z,=[]i"m,! (2.1)
vEP|y| i1

is the order of the centralizer in S, of the conjugacy class corresponding to the partition
v=(1m2m2...) € P,.
Fix t € C*. For p € P, the Hall-Littlewood symmetric function P,(X;t) is given by

S = 3 Knt)P(X:0) (2.2
HEP|A|

where K,(t) is the Kostka-Foulkes polynomial (as in [17, IIL.6]). For v,u € P,, the
classical Green function Q"(t) is given by

po(X) = Y QU P, (X51). (2.3)

HEP
As a graded ring,

A(X) = C-span{p,(X) | v € P}
= C-span{s,(X) | A € P}
= C-span{F,(X;t) | pe€ P},

with change of bases given in (2.1), (2.2), and (2.3).
We will also use several product formulas in the ring of symmetric functions. The
usual product on Schur functions

SySu = Z cf,‘us)\ (2.4)

AeP

gives us the Littlewood-Richardson coefficients cﬁu. The plethysm of p, with py is
Pv © Pk = Pkv-
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Thus, we can consider the nonnegative integers ¢} given by

S\ O PR = Z pk,, = Z €8 (2.5)

vEP|y| YEPk|A|

I/

Chen, Garsia, and Remmel [2] give a combinatorial algorithm for computing the coeffi-
cients ¢]. We will use the case k = 2 in Section 4.4.

Remark. The unipotent characters X;\ of GL(n,F ;) are indexed by partitions A of n
and the unipotent characters x” of U(2n,F,2) are indexed by partitions v of 2n. It will
follow from Theorem 4.2 that

U(2n,F 2) )\
RGL n.F2) Z C/\X )
IvI=2IAl

where R$ is Harish-Chandra induction.

2.3 The finite unitary groups

Let G, = GL(n,F,) be the general linear group with entries in the algebraic closure of
the finite field F, with ¢ elements. 5 B B
For the Frobenius automorphisms F, F, I’ : G,, — G,, given by

F((ay)) = (af)),

F((ai)) = (a)™, (2.6)
F'((ai)) = (af ;)" where (a;;) € G,

let
G.=Gl ={ae G, | F(a)=a},
Un=Gy ={a€G, | F(a)=a}, (2.7)
U =G ={acG, | F'a)=a}.
Then G,, = GL(n,F,) and U], = U, are isomorphic to the finite unitary group U(n,F). In
fact, it follows from the Lang-Steinberg theorem that U, and U, are conjugate subgroups
of G,,.
For k € Z}O, let

X

B B F if k is even
_ GFY o~ d  Te=0GI"=3 @ |
! ot an (k) 1 {teF, | t't' =1} if kis odd.

For every partition n = (91,72, ...,1) € Py, let
Ty =Tty % L) % "'><T<m>
Ty = Tigy X Ty X -+ % Ty,
Every maximal torus of G,, is isomorphic to T, y for some ) € P, and every maximal torus

of U, is isomorphic to T;, for some n € P,.
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2.4 Multipartitions

Let F : G, — G, be as in (2.6), and let Thy = {¢& : Ty — C*} be the group of

multiplicative complex-valued characters of T(;) = GF “. We identify F; with G =
GL(1,F,). Consider

® = {F-orbits of F},

and note that G, = Uses f = Uy Tir)- In particular, we may view G as a direct limit of
the T{y) with respect to inclusion. We also have norm maps, Ny, ;, whenever k|m,

Nige o Ty — T

o - H(m/k _g)Fi where m, k € Z>,, k|m. (2.8)

When k|m, denote by N7 « the transpose of the map Ny, x, which embeds T* into T(* )
as follows:
§ = &§oNpyk

Now, define L to be the direct limit of the groups T3, with respect to the maps Ny, ,

(2.9)

Since the map F' acts naturally on each T* m)? it acts on their direct limit L. Note that we
may identify the fixed points L¥™ with the character group 1, . Let © be the collection
of F-orbits on L:
© = {F-orbits of L}.
For X € {®,0}, an X-partition A = (A" A@) ) is a sequence of partitions
indexed by X. The size of A is

Al= D lel|A“),

TEX

where |z| is the size of the orbit z. Note that in order for |A| to be finite, we need to
assume that A® = @ for all but finitely many = € X.
Let
= U P where PX = {X-partitions of size n}.

n>0

For X € P¥, let

=> (AY) and  n(A) =D |zn(AY

zeX rzeX

The conjugate of A € P¥ is the X-partition X’ defined by X'®@ = (A®@Y and if p, A € P¥,
then U X € PY is defined by (U A)@ = p@® U A®,
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The semisimple part X; of an X-partition A is the X-partition given by
AL = (1PN for 1 e X (2.10)
For A € P*, define the set P} by

={pePu, =X}
The unipotent part A, of A is the X'-partition given by
A has parts {[zA" | ze X i=1,... (A(2))}, (2.11)

where {1} is the orbit containing 1 in ® or the trivial character in ©, and A*) = () when
x # {1}.

Note that we can think of “normal” partitions as X-partitions A that satisfy A, = A.
By a slight abuse of notation, we will sometimes interchange the multipartition A, and

the partition }\(u{l}). For example, T, will denote the torus corresponding to the partition
)\2{1})‘

Given the torus 7)), n = (11,72, . .., M) € Py, there is a natural surjection

To: {0=0®0,® - -®0, € Hom( U,CX)} N {I/E'P@ | 1/{1} "

2.12
6 00,5 b, ~ ro(0). (2:12)

where

79(9)(@) = (ni1/|90|a77i2/|¢|>"-777ir-/|90|)’ with 9i1>9i2>"'a9ir € p.

It follows from a short calculation that if v € P® has support {¢1, ¢s,. .., }, then the
preimage 75'(v) has size

- 1
[T I ( ) )
=1 Mifor | (VD) 10710 (V92)), o i, (0(20))

121
({1}
(v) mz Uy ))
= 1L 1l : (2.13)
@1}9 g [ Lo (mijp (v®))!

The conjugacy classes K* of U, are parametrized by u € P2?, a fact on which we
elaborate in Section 2.5. We have another natural surjection,

Te ! T, — {veP? | v, ({h) _ =n}

t=(t,ta, ... t) — To(t)UTa(ts)U---UTa(ty), (2.14)

where
To(t;)) =p', ift;€ K*inU,,.

7
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2.5 The characteristic map

For every f € ®, let X() = {Xl(f), Xz(f), ...} be an infinite set of variables, and for every
€0, let YO = {v;?) V¥ 1 be an infinite set of variables. We relate symmetric
functions in the variables X ) to those in the variables Y(¥) through the transform

pe(Y ) = (=) N 7 E@)pugpl (X)), where £ € ¢,z € f

T€T k||

The ring of symmetric functions A is

A = ®A(X(f)) - ®A(Y(@)).

fed pEO

For p € P?, the Hall-Littlewood polynomial P, is

P, = (—q)"® H Pys (XD (—q)~VN,
fed

and for A € P®, the power-sum symmetric function py and the Schur function sy are

Px = H p}\(tP) (Y(@)) a,nd Sx = H s}\(tp) (Y(%p))

peEO peO

For p,v € P?, the Green function is

where ®, = {f € ® | puY) #(}. As a graded rings,

A = C-span{p, | v € P°}
= C-span{sy | A€ P®}
= C-span{P, | p € P*}.

The conjugacy classes K* of U, are indexed by pu € P2 and the irreducible characters
x> of U, are indexed by A € P [5, 6]. Thus, the ring of class functions C,, of U, is given
by

C, = C-span{x> | A € P2}
— C-span{s* | e PP},

where k* : U, — C is given by

1 ifge K¥
0 otherwise.

5) = {
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We let x*(ut) denote the value of the character Y on any element in the conjugacy K*.
For v € P9, let the Deligne-Lusztig character R,, = RU" be given by

R, = Ry (0)

where 6 € Hom(7,,,,C*) is any homomorphism such that 7¢(0) = v (see (2.12)).
Let C' =D, 5, Cn so that

C = C-span{xy> | A € P®}
= C-span{x* | pc P}
= C-span{R, | v € P°}

is a ring with multiplication given by
RaR, = Rauy.

The next theorem follows from the results of [4, 6, 8, 10, 16, 23]. A summary of the
relevant results in these papers and how they imply the following theorem is given in [23].

Theorem 2.1 (Characteristic Map). The map

ch: C — A
Y e (_1)H>\|/2J+n(>\)3)\
k* = P,
R, — (—1)""_6(”)]9,,

s an isometric ring isomorphism with respect to the natural inner products
O X™) = Oag and (Sx, Sn) = Oan-

In the following change of basis equations, (2.15) follows from Theorem 2.1, (2.16)
follows from (2.1), and (2.17) follows from [23, Theorem 4.2].

(D)W = 3" M w) Py for X € PP, (2.15)
;LE’PE
A2 ()
Sx = Z <H w)py for A € PP, (2.16)
vepp Spco Y
As=Vs
(1) p, = Y ( D0 f,fq)(t)(—q))P“ for ve PP, 1o(0) =v. (2.17)
“e'PE teTy,
Tq’(t)szu’s
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3 Gelfand—Graev characters on arbitrary elements

3.1 G, =GL(n,F,) notation
In this Section 3, let 3 3 B

® = {F-orbits in F}.
Define norm maps Ny, : T(m) — T(k whenever k|m, the same as in (2 8), except by
replacing —q by ¢, and define the corresponding transpose maps N kC T m) T(*) as in
(2.9), where T(; ) is the character group of Timy.- We now let L be the dlrect limit of the
groups T(,,) with respect to the maps N;L,k

L =lim T(m),

and since I acts on L, we may consider the corresponding orbits, and we define
© = {F-orbits in L}.

The same set-up of Sections 2.4 and 2.5 gives a characteristic map for G, = GL(n,F,)
by replacing ® by @, © by ©, —q by ¢, Ty by T(k), and (—1)"/2+7XN sy by sy. With the
exception of the Deligne-Lusztig characters (which follows from the parallel argument of
23, Theorem 4.2]), this can be found in [17, Chapter IV].

3.2 The Gelfand—Graev character

We will use U’ = GL(n,F,)¥" (see (2.7)) to give an explicit description of the Gelfand—
Graev character. For a more general description see [4], for example.

For1 <i<j<nandtel, let x;;(t) denote the matrix with ones on the diagonal,
t in the ¢th row and jth column, and zeroes elsewhere. Let

Wi (t) = 245 (1) Tpg1—jnr1—i(—17) for 1 <i<j<|n/2],teFg,
Ui n+1— ](t) = l’i7n+1_j(t)l’j’n+1_i(—tq) for 1 < 1< j < Ln/2j, te ]qu,
and for 1 <k < |[n/2], and t,a,b € Fp, let
uk(a) = xppi1-k(a) for n even, and a? +a =0,

(@, b) = Trn/2) nt1—k (=) Tpng1-£(0) Tk, [ny21 (@) for n odd, and a4+ b4+ b7 =0.

Examples. In U}, we have
Y L !
_ _ —t (o1
u(t) = | 901~ |, wis(t)=1{g91 0 |, wla)=1{00
000 000 1 00
where a? + a = 0. In U}, we have

0100 0
u1a(t) = (gggg_gq>, u1a(t) = (
0000 1

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R146 10

—HOOO
N—

OO
oco~Oo
o~ O



where a?™ + b+ b7 = 0.
For 1 <i<j<|n/2] and 1 <k < |n/2], define the one-parameter subgroups

Xy = {u(t) | teFp} =F,
Xint1-j = {Uinp1-5(t) | t €Fpe} 2Fr,

X — {ug(t) | t €Fpe,t?+t=0} if n is even,
T {un(a,b) | a,b € Fp,a®t +b 409 =0} if n is odd.

so that
By = (X, X X | 1<i<j<|n/2],1<k<n/2]) CU,

is the subgroup of U] of upper-triangular matrices with ones on the diagonal. Noting that

Fr if n is even,

Xp/[ Xy, Xi) = { IF;; if n is odd,

a direct calculation gives

By /By, By] & X1z X Xo3 X ... X Xnjaj-1,n/2] X Xn/2|
o (FL)2=1 FEif s even,
T (FL) if n is odd.

Similarly, let .
B<:<IZ](t) | 1<Z<]<nat€Fq> an

n

be the subgroup of unipotent upper-triangular matrices in G,,.

Fix a homomorphism 1 : IF;Z — C* of the additive group of the field such that for all
1 <k < [n/2], ¢ is nontrivial on X /[X), Xi]. Define the homomorphism ¢,y : By — C
by
Y ifa=(i,i+1),1<i<|n/2],orif a=|n/2],
1 otherwise.

Xa/[Xa,Xal - {
The Gelfand-Graev character of U], is

I, = Ind} (1m)-
Recall that U’ is conjugate to U, in G,,. If U’ = yU,y~!, then let
r,= IndelBsy(y_lﬁb(n)y).
Similarly, the Gelfand—-Graev character f(n) of G,, is
Ly = IdZz ($n))-
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< — C is given by

n

where ’lZJ(n)

~ t if j =1 ]-7
Yin) (xw(t)) - { le( ) Lt{lervsi;.

It is well-known that the Gelfand—Graev character has a multiplicity free decom-
position into irreducible characters [22, 25, 26]. The following explicit decompositions
essentially follow from [3]. Specific proofs are given in [27] in the G,, case and in [18] in
the U, case.

Theorem 3.1. Let ht(A\) = max{¢(A")}. Then

F(n): Z XA and f(n): Z X)‘.

AP AePO
ht (A)=1 ht(A)=1

3.3 The character values of the Gelfand—Graev character

A unipotent conjugacy class K* of U, or GG, is a conjugacy class that satisfies

By = b

The unipotent conjugacy classes of U,, and G,, are thus parametrized by partitions p of
n.

Lemma 3.1.

(a) Let p € PO, ug{ - = . Then

T () = Zuem MW |Q(—q) if p is unipotent,
() 0 otherwise.

(b) Let p € 779, uu{l}) = . Then

f(n) (I,l,) = { ZuePn |T |Q#( ) Zf[,l, 18 um'potent,

)

0 otherwise.

Proof. Note that if ht(A) < 1, then n(X) = 0. Thus, by applying the characteristic map
and (2.16) to Theorem 3.1,

A(*’) ()
h(T) = (=" Y Y (H 7))171/-

AePO vepe “peo ¥
Rt <1 vs=As
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Since ht(A) < 1, wN? is the trivial character for all ¢ € ©. Thus, the summand is
independent of A, and

ch(Tmy) = (=) Y (H M) : (3.1)

veP® “ped

By (2.13),

ch(L'ny)

-1
> (It )
#cHom(T,,,CX) “p€O
To(0)=v

-1
LTL/2J Z H | L) H mz Vgt{l})))'
[L,co(mife(v®))!

veP? \ped i1

TED VD VR

veP® 6cHom(Ty,,,C*)
To(0)=r

1) [n/2] Z Z lelpn.)(e)-

vE€Pn 6cHom(T,, ,C*)

The change of basis (2.17) gives

_1\n—L(v)
[n/2 ( 1
) = ()P Y Y S Y 0@, Con
v€Pn 6€Hom(T,,,C*) pere  tely,
T‘P(t)s =Hs
n L(v)
[n/2
EDID I D SR DN TN
puePL vePy ftG)TV[.L 0cHom(T,,,C*)
To(l)s=p,

By the orthogonality of characters of T,,, the inner-most sum is equal to zero for all £ # 1.
If t =1, then 74(1,1,...,1)) =0 for f # {1} and Tq>(1, 1,...,1)d) = p. Thus,

(T = (-2 5 5 VT o gy,

“epq) vEP
o =Ht

and in particular, if u({ D= = U,

(= T,|Qn o otent
Loy(p) = 2 ver, T,|Q4(—q) if pis unipotent,
0 otherwise.

)n+Ln/2J “w)

(b) The proof is similar to (a), just using the G,, characteristic map. O
Remark. In the proof of Lemma 3.1, one may skip to (3.1) by using 10.7.3 in [3].

The values of the Gelfand—Graev character of the finite general linear group are well-
known. An elementary proof of the following theorem is given in [9].
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Theorem 3.2. Let p € Pq’ with p = ,u( . Then

r (n) = (—1)n HZ(M) (q - 1) if o is unipotent,
(A 0 otherwise.

We may now apply Theorem 3.2 and Lemma 3.1 to give the values of the Gelfand—
Graev character of U,.

Corollary 3.1. Let p € P? with p = ,u( . Then

Lo (1) = (—1)ln/2=t) Hf(:“l)((—q)l — 1) if p is unipotent,
" 0 otherwise.
Proof. Combine Lemma 3.1 (b) with Theorem 3.2 to get
, Z(N) ' (_l)g(y) B
)@ -1 =3 IT,1Q%(),
=1 vEP,
which implies
()
[[0-a)=> — H 1=d")Qia
i=1 veP, ¥ i1
Make the substitution ¢ — —q to get
o) | LW
[[e-0)=> — 110 = (=a")@i(=9).
i=1 veP, 7 i=1
which implies
() _
, — 1) n/2]+lv=Ew)
(e T (g - 1) = 3 S )
i=1 vEP, v
Apply this last identity to Lemma 3.1 (a) to obtain the desired result. O

4 Degenerate Gelfand—Graev characters

4.1 G, = GL(n,Fp_) notation (different from Section 3)
In this Section 4, let G,, = GL(n,F2), and define

® = {F2%orbits of Fy}.

Note that now G = U, and GF U/, and also that Tgm = T5,,. Through the norm maps
N2m72k : Tiom) — T{or) (where k|m), defined in (2.8), and the corresponding transpose
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maps N2*m,2k t Ty — Ty defined in (2.9), we let L be the direct limit of the groups

T{,,y with respect to the maps N3, o

Since F? = F? acts on L, we may consider the corresponding orbits, and define
© = {F2orbits in L}.

The same set-up of Sections 2.4 and 2.5 gives a characteristic map for G,, by replacing
® by @, © by ©, —q by ¢, Ty by Tiar), and (—1)M2+ N gy by s,

4.2 The definition of degenerate Gelfand—Graev characters
Let (k,v) be a pair such that v F "T_k € Zxy, and let

ve = (V<1, V<2, .-, V<i), Wwhere vg =vi+1va+---+ v,
Then the map ¥, : B,y — C*, given by

Y ifa=(i,i+1),1<i<|n/2], and i ¢ vg,
V() =< ¢ ifa=[n/2] and |n/2] ¢ v,

Xo/[Xa,Xa] 1 otherwise,

is a linear character of U;. Note that [, o1_|n/2) 1ln/21)) is the trivial character and
Y(n,g) = Yy of Section 3.
The degenerate Gelfand-Graev character I ) is

U’r/z Y n -
F(k,y) = Indg; (w(k,u)) = Ind;JBrfy—l (yd}(k,u)y 1)7

where y is an element of G,, such that yU,y~' = U,. In particular, the Gelfand-Graev
character is I, g).
Let
/(k"/) - <Lk’ Ll(/l)v Ll(/2)7 T 7L1(/Z)>7

where
L= (X, Xint1-5, % | [V <i<j<|v|+k v <r<|v|+k) =2UKkTFpe)
LY = (X | ver1 <i<j<vg) = GL(v,, Fp).
Then
k) Z UK, Fp2) © GL(11,F2) @ - - ® GL(1, Fy2)

is a maximally split Levi subgroup of U/. For example, if n =9, k = 3, and v = (2,1),
then

A€ GL(2,F,), B € GL(L,F,2),
Ce U(3,Fq2)

/ —
(k) —

SO OO
coomo
co Qo o
!
o~ o oo
Sy
S~—
!
—~oc oo o
o

)
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Note that since LY C Us,, = Uy, the Levi subgroup
U(k,z/) =Ur @ U21/1 S U21/2 DD U2I/( cu,
contains a Levi subgroup L =U, ® L; @ --- ® L, with L; C Uy, such that L = L(k V)

Proposition 4.1. Let (k,v) be such that v+ "5% € Z,. Then

ch(T 1)) = ch () ch (RU 1 (r(,,l))) ch (RU2”2 (r(,,z))) ...ch <RU2”Z (r(,,l))) :

where Ty is the Gelfand-Graev character of G, = GL(m,F,2).
This proposition is a consequence of Theorem 2.1 and the following lemma.

Lemma 4.1. Let (k,v) be such that v 255 € Zs,. Then

UV1 =
Liewy = Ry (i ® Ry (Do) © - @ R (D).

Proof. Since L/(k,u) is maximally split,
Ind}pe 3 (Ueay ™) = Indi () 2 Indfy (T © Ty @ @ Ty).

where Indf¢ is Harish-Chandra induction. However,

” I r Uy, r
Indf 4 (F(k) Q) ®-+® F(Vz)) R I (F(k) Qyy® - ® F(W)),

L) ) ) Lk
=~ RI"Tuy @ Ly @ ®@T(,).

By transitivity of Deligne-Lusztig induction, we now have

174 UV
Id 5o (Wany ™) = Ry, (Do ® R, (Do) ® - @R, (). O

Utk,v)

4.3 Symplectic tableaux and domino tableaux combinatorics

Augment the nonnegative integers by symbols {i | i € Z¢}, so that we have
{0,1,1,2,2,3,3,...},

and order this set by i—1 < i < i < i + 1. Alternatively, one could identify this augmented
set with $Zsg by i =i — 3.

Let A = (A1, A2, ..., \.) be a partition of n and (mg, my, ms,...,my) be a sequence
of nonnegative integers that sum to n with my < A. A symplectic tableau @) of shape
A/(myg) and weight (mg, mq, ..., my) is a column strict filling of the boxes of A by symbols
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such that

) number of 0’s in @ if1=0,
* 71 number of i’s + number of i’s in @ if i > 0.
We write sh(Q) = A/(myp) and wt(Q) = (mg, my, ..., my). For example, if
ofo]1[1]4]
Q =[12]2 , then sh(Q)=[]1] and wt(Q) = (2,3,2,2,1).
3 (-
E L
Let
T _ | symplectic tableaux of shape A/(mo) (4.1)
(mo,ma,...;my) and weight (mg, mq, ..., my) ’ ’

A tiling of X by dominoes is a partition of the boxes of A into pairs of adjacent boxes.

For example, if
111
A=[I1TT ", then ]:_D:l
is a tiling of A by dominoes.

Let (mg,mq,...,my) be a sequence of nonnegative integers such that my < A\; and
Al = mo+2(my + -+ +my). A domino tableau Q) of shape \/(my) = sh(Q) and weight
(mo,mq,...,my) = wt(Q) is a column strict filling of a tiling of the shape A/(mg) by
dominoes, where if a domino is filled with a number, then that number occupies both
boxes covered by that domino. We put 0’s in the non-tiled boxes of A, and m, is the
number of i’s which appear. For example, if

Q= , then sh(Q) = H—m and wt(Q) = (2,1,1,2).
2

Let

. { domino tableaux of shape \/(my) } . (4.2)

(m0,m1,..11120) and weight (mg, mq, ..., my)

In the following Lemma, (a) is a straightforward use of the usual Pieri rule, and (b) is
both similar to (and perhaps a special case of) [14, Theorem 6.3], and also related to a
Pieri formula in [12].

Lemma 4.2. Let (mg,mq,...,my) be an € + 1-tuple of nonnegative integers which sum
ton. Then
L my
(@) 5oy [ 1D 5615 = D [Tomoum,m) |52
r=1 i=0 AEP,
£ 2m,
(0) o) [1D_(=D's@sem—1 =Y (=" YD}, s
r=1 i=0 AEP2n—my
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Proof. (a) Note that

L mg l
S(mo) H Z S(i)S(mp—i) = Z S(mo) H S(ir) S (mp—ir)-
r=1 i=0 0<ir <y r=1

Now repeated applications of Pieri’s rule implies the result.
(b) Note that

£ 2m, l
S(mo) H D (D s@sem—y = Y, (D" s [ ] 6, 5@m i
r=1 =0 0<ir <2m,y r=1
1<r<t

By Pieri’s rule,

¢ Number of column strict fillings of A

Z 5(mo) H (i) S (@my—ip) = Z using mg 0’s, and for r =1,2,...,¢, S).

0<ir <2m; r=1 AEP2n—m, using i, 7's and (2m, —i,) r’s.

1<r<e
By observing that the sign counts the number of barred entries,

£ 2m,

5 (mo) H Z S(z (2mni) = Z ( Z (_1)Numbcr of barred entries in Q) S5
r=1 =0

A€P2n7m0 QE (mo 2my,..., 2my)

(4.3)
We therefore need to determine the cancellations for a given shape \.

Fix r € {1,2,...,¢} and A € P such that ’]Emo omi,..2mg) T (). For a tableau Q €
let

7\

(m0,2m1, 2mg)’
@, = skew tableaux consisting of the boxes in () containing 7 or 7,

Sg ) = {column strict fillings of sh(Q,) by elements in {7,r}}.

For example, if

0
2

Q=

DI =1
-+
=3
@
=]
o
|
o
=]
o
=
D

[co]ea]=]o

(In fact, |Sy’] = 8).
In light of (4.3), (b) is equivalent to

Z (_1>Numbor of s in @' _ (—1)"6h(@)) if sh(Q,) has a domino tiling,
. 0 otherwise.
Q’ESQT
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Note that in row 7, Q' € Sg) is of the form

dj,1
d; )
4o A [F[ o [e[eL e 7] rowi =
Pp————d F?| |?T’ r < row j
|?| |77« r —— rowj+1

Thus, we have d; + 1 choices for the values in row j. If the total number of choices is
even, then exactly half of these choices give a positive sign and half give a negative sign.

So we have
= 3 !
2 ( 1)Numbor of #’s in Q 0’
(r)
Q’ESQ

unless d; is even for all rows j. In this case, the signs of all but one of the possible tableaux
will cancel each other out, so the only tableau that we have to count has row j of the
form

dj_1
d; .
djs1 —_—A 7] - [F]r] - Jr] S rowj-—1
N | T T 7“| |T T r S row j
|,«| |7«7« r —— rowj+1

which can clearly be tiled by dominoes of the form |-| and =J. For this tableau, we have
(_1)Number of s _ (_l)n(sh(Qr))

Thus,
L 2m,

S(mo) HZ (@) S@m,—i) = Z ( )TL()\ |D (mo,m1,....,m )|S>\7
r=1 i=0

)\EPanmO
as desired. ]

Let A € P® and v € P® be such that ht(v) < 1 and |y¥)| < AV) for all p € ©. A
battery O-tableau Q of shape A/ is a sequence of tableaux indexed by © such that

Q) — a domino tableau of shape A /~(®) if |p| is odd,
~ | a symplectic tableau of shape A /) if || is even.

The weight of Q is wt(Q) = (wt(Q)1, wt(Q)a, . . .), where

Q= Y le@) + Y Q).

p€EO CISS)
lp| odd |¢| even

Let
B, = {Q battery tableaux | sh(Q) = A/y,v € P¢, ht(v) < 1,wt(Q) =v}.  (4.4)

Example. If

\ — (‘:H\em)’ \_|_’\¢2)7 (3) ) where |80z‘ — i,
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then Bé7(574)) contains

(P1) =7= (©3)
oo [z [12

(¢1) @ (©3)
<0|0 ’( 2)7 1 : y

1

1

<0|0\e01) [i[2]*?) 2 \@3)) <0|0\e01) %) IA\WS)>

<0|0 (¢1) (%2) 1 2 \QOS))

oTolr) (<p2) 1&\@3))

2

<0|0 (1) (cpz) Ez(%))

Some intuition. If A € P®, we can think of the boxes in A as being |p| deep, so in
the above example,

(3)

(#1)

A battery ©-tableau is a way of stuffing the slots by numbered “batteries” where front
and back are distinguished by ¢ and ¢, but the sides look generically like 7, so

D TN
v DYAN
af \a
Then a battery O-tableau might look like:
(1

)
0 | 0 \QO2)
' [115 ) 2 )
1 2 1

so the weight of the tableau counts the number of batteries of a given type get used,
regardless of the cardinality of ¢.

4.4 Inducing from G, to Uy,

Note that any maximal torus T, of G, C Us,, becomes the maximal torus Ty, of Us,,
which gives rise to the map

Pairs (T~,,, 92,) with T, a Pairs (T5,,0,) with T, a
i: maximal torus of G, — maximal torus of Us,,
6, € Hom(T,,, C*) 0, € Hom(T3,,C*)
(Tm él/) = (T2V7 él/)
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To translate the combinatorics between G,, and Us,, we define the map

22 if o=,

. DO e] -
LiPy — Py where for p € ©, L)\(w) = { - (¢ (F(3))

A A AP UA if o= 3UFQ,

which has the property that g 0i = to7g (see (2.12)). The map ¢ is neither surjective nor
injective. We note that F'p = ¢ implies that |@| is odd, and if F'p # @, then ¢ = U F@
implies || is even (see [5]). Thus, the image of ¢ is the set of even O-partitions,

Image(s) = {A € PO | |p|]A® is even for ¢ € ©}.

Theorem 4.1.

RE*(Tay) = Y 1By

XePP,
ht(X\)<2

Proof. Note that by Theorem 3.1, (2.16), and the characteristic map for G,,

- n LD) G
A
PDIRCED DI Pl
AePP AeP9 vePX
ht(A)=1 ht(X)=

By transitivity of induction, and the fact that 7¢ oi = 10 74, we have Rg*"(Rg™) = R'2",
and so

U n —L(D) U
2n 2n
-y >
AEPO veP}
ht()\)

We now change the second sum to a sum over v = (& € P*, and we obtain

R Ty = 3 3 (z ) ayem

AEPO vePA “pepd
ht(X)= Ww=v

1
Y (5 L
2D
vePS, “ep®
veven 5.,
Recall that F'p = ¢ implies that |@| is odd, and F'¢ # @ implies that ¢ = @ U F'¢ where
|p] is even. Apply the characteristic map, factor, and then reindex to obtain

ch(RE" (D)) = (D)™ ) (Z Z—lﬂ)pu

vePY “iep®
veven p—u

PE et I (X

vePS p€O PO vpep  T1TH
v even |p| odd lo| even  pUu=v(¥)
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Py I(Z o) (X o

z
~EP veP v/2 pEO n,UEP nZp
ht(~ ) 1\s0\ odd \VI \'7(*”>| ol even  [n|+|p|=|~¥)|
~ even

Note that by (2.1),

vl 11

1
> = Z(Z z 1pn) ( > a4 179#) =D S@S(hi-0
=0

n,LEP n i=0

lpl=]y|—i
Inl+lpl=l|

In|=i

A computation similar to [17, 1.2.14] shows that

1 1l '
Yo =) ()@ 8(s)-0-

/2 i—0

Thus,

|v(@)]|

ch(R(U;i”(f( - Z H Z 1)lel 50 ( (“0))5(\7<w|—i)(y(¢))~

76730 9069 =0
ht(y)=1

~ even

Lemma 4.2 (a) and (b), respectively, imply that

k
Y s@sk-n = Y [Towlsr and
=0

AEPy
k
Z(—l)zs(i)s(k—i) = Z (_1)n(k)|D(Ao,k/2)|3A-
=0 AEPy

Since \DE\07,€/2)| = \T(ék)| = 0 unless ht(\) < 2,

h(RU2"(F )

Z H Z n(A(w D()E](T,)y(m 1/2) ‘Smo) (Y(@))

YEPS,  FEO |AP)|=|y ()]
ht(v)=1 || odd

€O |3()|= ww
¢l even

= > (1" IBG oy lsa.
AEPY,
ht(A) <2

Apply ch™! to get the result.
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Corollary 4.1. Forn € Z>;,

\y(v)\

ch(Rg (Con)) = (=0 3 T] 2 (=0l (Vs uron (V).

vePP, ¢ed =0

ht(v)=1
Vv even

Proof. This is (4.5) in the proof of Theorem 4.1. O

Using similar techniques, we can prove a result for arbitrary irreducible characters of
G,. For A € P® and v € P, let

~(®)

AM ifp=9p¢€ (:),
= H 3 (), where ci(p) = . i
p€0 1(@ re f@=@UF¢@and F@# ¢ €0,
where ¢, is as in (2.4), and ¢] is as in (2.5).

Theorem 4.2. Let A € PO. Then

R () = D (=1,
~EPLA
Proof. By (2.16) and the characteristic map for G,,

] A7 (5@
= Z (H ()

DEPX  $EO

) (=)@ RG,

Z5(@)

By transitivity of induction, and the fact that 7¢ 0 i = ¢ o 75, we have Rgi” (RS™) = RU,
and so »
A (59

rero =3 (I1=

- ~ Z5(@)
vepr  @ed v

—£(©) pUan
) (1) R
We now change the sum to a sum over v = v € P;S‘, and using the image of the map ¢,

we obtain
Rt = 3 (X (I

veP* ‘pepr  ¥€O
veven p—p

(v)

(& (eo)))) (—1)"0) RUzn

Z5(0)

Apply the characteristic map, and rewrite the inner sum and product, to get

?)

(w0 = o0 3 (3 (11 &))py

vePA “pep)  $EO
veven ip—p
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(@) S (F)
Z H W ()2 ( Z w* " ()™ (M))p
A v(®) /2 - — ZyZp v
vePr ped $€0 " =AY
v evén Fp=3 Fo#p IMI:‘S\(F@‘

A/Uu:y(@UF@)

Recall that F'p = ¢ implies that |@| is odd, and F'¢ # @ implies that ¢ = @ U F'¢ where
|| is even. Thus, for every ¢ € © such that v #£ ), if || is odd then ¢ = @ for
some @ € O, and if |p] is even then ¢ = ¢ U F'¢ for some ¢ € ©. Factor our expression
accordingly as

X(Fsﬁ)

" O A7 (A ()
(B (:Y) = (—1)r Y H o T1 (T oo
vepih €O “u(e) )2 »EO = P\(so)| “y%u
v even P=9 p=¢UFo = P\(Fw)‘
'YUM:V(AP)
~(90)
I Y )
goGG‘ |= \A(“")|
5\(@) X(Fsb)
w w
I > (x=2e e
PEO LI A® APy = AP TR
p=¢UF¢ (F&)
lul=[X""7)
yJu=v

The first product is the case that |p| is odd, and the second product is the case that |p|
is even. For the sum in the first product, note that

3 ( 3 WA(W)W"(M))pV _ ( 3 WA(V)pV) ( 3 w"(ﬂ)pu)

2~ R Ve zZ

lv|=[Al+nl Nvl=IAl R = lul=lnl  F
|e|=]ml
Yp=v

= S\Sp.

For the sum in the product for || even, we have

wMv wMv
Z ( )quz Z z( )puop(Z)

v

wl=IA| wl=IA|
=$\0D@)
where o is the plethysm product (2.5). Thus, from the definition of the coefficients 05\, we
have N
ch(Rg (xY) = (=1)" 35
yEPA
as desired. ]

It is perhaps worth noting that since we know Harish-Chandra induction RUQ”(XS‘)
gives a character, then the sign of the coefficient 05\ must be (—1)"),
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4.5 Cuspidal characters

A cuspidal character of U, is an irreducible character x> such that, for any Levi subgroup
L contained in a proper parabolic subgroup P C U,, and any character x of L, x> satisfies
(RU"(x), x*) = 0 (see [4, Proposition 6.3]). Note that because of the existence of P, the
functor Rg" will always be Harish-Chandra induction.

It follows from the description of Levi subgroups in Section 4.2 that every Levi of U,
contained in a parabolic is isomorphic to

L =Gy X Gy X+ x Gy, x Upy,
where 2(ky + - - - + k) + m = n. Thus, the irreducible character of L are indexed by
{(Ala A27 RS A57/"”) ‘ A] S 7)]?]7#’ S 7)2}
The characteristic of the corresponding induced character is given by

ch(Be (x™)) - ch(Re™ (™)) ch (x*).

kg
Suppose A € 77,?. Define a subgroup G, C Gy by
< = A@)
Gx= H G¥, where  GY) = GLE' 3
#€6
Note that G is a Levi of Uy, contained in a parabolic. This parabolic has a distinguished
irreducible character YN given by

N =P ... XWi,

(@)
G ~ N
> IA®)| terms

For example, if £k = 17, and

2\ — (D(¢1)’Hj(¢2)’5(¢3) ) ’
where |g51‘ = 2, |g52‘ = |g53‘ = 3. Then GA = G2 X G3 X G3 X G3 X G3 X G3, and
A = ((D(eél)), (D(¢2)>’ (D(eéz)), (D(¢2))7 (D(@,))’ (D(sés)))_

The characteristic map for G, sends the Harish—Chandra induced character Rgi (x™)
to H¢€é(s(1)(Y(¢)))‘A(¢)|. It follows from Pieri’s rules that the inner product

G
<RGI; (X[A])u X>\> = H KA(AB),(U)\(@\) % 07
3O

where K, ;) (1) is a Kostka number given by the number of standard tableaux of shape

) )
A® (see [17, Section 1.5, Example 2(a)]). Thus, to understand which characters are in

the decomposition of characters induced from the split Levis, it suffices to consider the
case where L = Gy, X Gy, X -+ X Gy, x Uy, and Y ArAzeAet) gatisfies

A= (O, for some ¢, € O with |2, = k;.
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Lemma 4.3. For ¢ € © with |¢| = k,

( Z Sy — Z S ZfF(lb:@?

v =p®) 745, ¥ =) 7,
v(®) a horizontal ~(®) a vertical
U: (O, ) domino added to pu(®) domino added to p(?)
2k+m N _
Ch (RGk:XUm(X )) -
>, if Fo # .

v =p") r£EUF P,
V(PUF®) g box
\ added to p(PUE?)

Proof. For ¢ € O with |p| = k, by Theorem 4.2 and the characteristic map for Usy,
. ) if o6 =F&
U 0@ _ [ Po(Y) i o =Fg,
Ch(RGk (x )) = { S(l)(y(sﬂUFso)) if 3£ F,
(v (@9 if &+ P,
Thus,

. @) — (@) if o = Fo
Ui (@D ) _ J (5@ (Y?) = s502)(Y¥9))sy if ¢ = F,
Ch(RGk;XUm(X )) { S(l)(Y(gDUFQD))SM lfgb;éng

The second case follows from usual Pieri rules. The first part follows from the Pieri rules
and observing that the common terms in s()s, and s(j2)s, are exactly those terms that
do not come from adding a complete domino (horizontal or vertical). O

Let Cy denote the following set of partitions:
Co={(s,s—1,...,2,1)eP | s> 1}

That is, Cy is the set of “stairstep” partitions, or the 2-cores. These are exactly the
partitions from which we may not remove a domino and still have a partition (see Section
5.1). Lusztig proved that the only unipotent characters of any U,, which are cuspidal are
those which correspond to the partitions A € Cy, and so only occur when n = s(s+1)/2 =
|A| for some s [15, Propositions 9.2 and 9.4]. We now characterize the set of all cuspidal
characters of the finite unitary groups.

Theorem 4.3. The set of all X\ € PO such that the character x* of U, is cuspidal is
IXePO A= (0O9), || =n} U{X e PO | AP £ implies |p| is odd and A € C,}.

Proof. Note that by transitivity of Harish—-Chandra induction,

Un Oten)),..., (O,
Rlex---kaexUm( (). (e )“))
Un Ole)), ..., ee—1) Usicytm Oeee).
- RleX'”XGké—1XU2ke+m ( ( e ) ® RGkZZ;Um (X(( ‘ )M))) .
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We may now iteratively apply Lemma 4.3 to see which x> of U, can possibly appear
through Haristhhandra induction. In particular, it follows from Lemma 4.3 that the
characters x* which cannot appear are exactly those for which A = (%) for some
o] = n (so A has only one box); or those for which A¥) = () when ¢ = g U ng for some
go E O and Fp + P (so o & ©), and A has no removable domino (so A e C, or

= () when ¢ € ©. Recalling that ¢ € O satisfies ¢ € © if and only if lp| is odd, the
result follows. O

4.6 Decomposing degenerate Gelfand—Graev characters

The following theorem is our main theorem of Section 4.

Theorem 4.4. Let n € Z, and let (k,v) satisfy v+ 2= ke Zso. Then
Loy = Y, |B(>;f,u)|X)\-
AePP

Proof. Recall that by Proposition 4.1,

ch(F(,W)) = ch (F(k))Ch (Rgiull (f(yl))) ch (RU2V2 (F(Vz))) -ch <RU2WZ (F(Vz))) .
By Theorem 3.1 and Corollary 4.1,

ch(Dy) = (=12 37 T 840 (¥®), and

~EPP ¥€O
ht(v)=1

7))

Ch(Rgir(F(r _ Z H Z Z|s0| Y(SD) S ()| —i) (Y(SO)).

‘YEPO ©pe® =0

ht(~v)=
‘yevcn
Thus,
) 7]
ch(Ta) = (D0 3 [T D0 (0 )s o, (V).
'YOEP@ 1<r<(v) p€O r=1 =0
ht(v)= 1‘7T€P2W
ht(y,)=1
~, even

Fix ¢ € ©, and let m, = |’7§¢)|. If |¢] is even, then Lemma 4.2 (a) implies

Z(l/ My
o A
S(mo) HE S(i)S(myp—i) = E : ‘T(mo ----- M) SX-
r=1 =0 |)\\:mo++ml(u)
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If |¢] is odd, then Lemma 4.2 (b) implies

L) m,
S(mo) HZ (&) S(mp—i) = Z ‘Dmmml/l M) /2) SA-
r=1 i=0 \)\|:m0+---+ml(u)
Therefore,
Ch(F(k v)

= (=1t Z Z H Z W) (A\;EL)|,|~Y§W\/2,...>‘Sm(y(w))

YEPY LISrl(v) we® A\(#)
ht(yo)=1 1, €Ps,, lel odd

ht(~,)= 1
v, even

H Z} A(:o)>‘hw>| }S)\(‘P) y( ))

PpEO  A(¥)
|| even

:<_1)W2JZ< > > I 0™ o ‘H‘ P ‘)8A

AEPE A, g’PO 1<r<l(v) €0
ht(ry)o1 v, €PE, Il odd o] even
iy, )=1
~, even
= Z (—1)L"/2J+"(>‘)|B(>}€7V)|S>\.
AePP
The result follows by applying ch™'. O

5 Some multiplicity consequences

In this section we explore some of the multiplicity implications of Theorem 4.4.

5.1 A bijection between domino tableaux and pairs of column
strict tableaux

The 2-core of a partition A € P, which we denote corey()), is the partition of minimal
size such that the skew partition A/corey(\) may be tiled by dominoes. It is not difficult
to see that the 2-core of any partition is always of the form (m,m —1,...,2,1) for some
nonnegative integer m (where (0) is the empty partition).

The 2-quotient quoty(\) of a partition A is a pair of partitions (quoty(A)®, quoty (X))
(defined in [17, I.1, Example 8]). We define

quot,(A); = quoty(A)\” + quoty (M),

Also define the content of a box O in the ith row and jth column of a partition A to be
J—1.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R146 28



Let A € P, with corey(A) € {(0),(1)}. Consider the bijection

Pairs of column strict

(>\|C0r02()\)\,m1 ..... my tableaux of shape quoty(\) (5.1)
and weight (mq, ma, ..., my) ’
Q o (Q©,QWM),

given by the following algorithm, which originally appeared in [21], and is in a more
general form in [13].

(1) Each domino in @ covers two boxes of A/cores(\). Move the entries in () to the box
that has content 0 modulo 2.

Q= 3 | 3 —s 1] i3] i3

(2) Let S denote the set of all dominoes that have the entry in the lower or leftmost
box, and S be the set of dominoes that have the entry in the upper or rightmost

box. _ _

SO i1 and S =S T3

(3) For even —((\) <i < A\; and j € {0,1}, let

() _ The increasing sequence of entries whose
© 7 content is i and whose domino is in SU,

(DY), 0%, DI, DY D) = ((5), (1,6)
(0%, p%), DM, DSV DY) = (), (4), (3), (2,3), (2)).

—~
—_
~—r
—~
—_
~—
—~
~—

(4) Let QY be the unique tableau that has increasing diagonal sequences given by the
DY) for all even —((\) < i < Ay.

Q(O) — and Q(l) —

[ ]ee] ]
[eo]ve]

Remarks.

1. If the shape of the domino tableau @ is A/corey()), then the shape of (Q©®, QW) is
quoty ().
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2. We may apply this algorithm to a domino tableau of shape \/(m) with m =
|cores(A)| mod 2, by requiring that the tableau of shape A/corey(\) has |m/2]
horizontal dominoes filled with zeroes. For example,

| i 0 0
1] 2 1 2
Q =[i"3_13] has shape \/(5), so apply the algorithm to |i| [3 |3
4 4
[5¢ |6 57 |6

Note that all of the zero dominoes are in the same set SU%ez(MD 5o changing

m corresponds to adding or subtracting the number of zeroes in the first row of
Oleorea(N))

We will use the lexicographic total ordering on partitions given by
A < p if there exists k& € Z>; such that A\ < pg and \; = p; for 1 <4 < k. (5.2)

Lemma 5.1. Let A € P, be such that cores(N\) € {(0),(1)}, and let 0 < m < Ay be
such that m = |corex(N\)| mod 2. Then there exists a lexicographically mazimal weight
= (p1, o, - - -, fte) such that there exists exactly one domino tableau of shape A/(m) and

welght (m7 M1y .- 7“@)'

Proof. First suppose (A©) /4© X1 /(1)) ig a pair of skew partitions. Let u; be the maxi-
mal number of 1’s we can put in a tableau of shape (A(?) /40 A®) /(1)) "1, be the maximal
number of 2’s we can thereafter fill into (A(® /4© A® /1)) "and 1; be the maximal num-
ber of j’s we can fill given that we have filled in a maximum number at each step up to j.
Then there is exactly one tableau (Q, Q™M) of shape (A /4 A® /(1)) and weight pu,
and this weight is lexicographically maximal. The result now follows from pulling back
(Q®, QW) through the bijection (5.1) to get a domino tableau of the same weight, along
with the second remark preceding this Lemma. O

Remark. If m = |corey()\)|, then pu is given by pg = |cores(A)| and p; = quoty(A); for
1> 1.

5.2 Multiplicity results

As a first consequence of Theorem 4.4, Corollary 5.1, below, characterizes which ir-
reducible characters of U(n,F;) appear with nonzero multiplicity in some degenerate
Gelfand—Graev character. We note that the following could also be obtained by the de-
scription of such characters given by Kotlar in [11, Corollary 2.6] based on Harish-Chandra
series.

Corollary 5.1. The set of all X\ € P such that the character x* of U(n,F) satisfies
(X, ko)) # 0 for some degenerate Gelfand-Graev character Iy, .y is

{AeP® ‘ corea(A¥)) € {(0), (1)} whenever |¢| is odd }.
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Proof. By Theorem 4.4, the irreducible character y* appears with nonzero multiplicity
in some degenerate Gelfand—Graev character if and only if there is a battery tableau of
shape A/~ for some v € P® with ht(y) < 1.

If for some odd ¢ € ©, we have corey(A?)) ¢ {(0), ( )}, then the 2-core of A has
at least two parts. But then there is no ch01ce of ¥ that allows us to tile A /)
by dominoes. On the other hand, if coreo(A?)) = (0), we can choose v¥) = (0), and if
corea(A¥)) = (1), we can let v = (1), and A /() can be tiled by dominoes. O

We now specify multiplicities of certain characters x* in degenerate Gelfand-Graev
characters.

Theorem 5.1. Let A € PO be such that core;(A¥)) € {(0), (1)} whenever || is odd.
Then there exists v = "T_k such that

(L = II ITO =X +1).

PpEO i odd
lp| even

Proof. Let k=3, | a4 |pl|cores(A)| and define ~ by

() _ corea(A¥)) if |o] is odd,
T otherwise.

Since || = k, by Theorem 4.4 and Corollary 5.1, it suffices to find v - 5% such that

there exist
IT TI¥ =A% +1)

pEO® ¢ odd
l¢| even

battery tableaux with shape A/~ and weight (k,v).
We construct the battery tableau Q as follows. For odd ¢ € 0, let Q) be the unique
domino tableau of shape A /(corex(A?)) and weight

(|corea(A)], quoty (A1, quoty (AP, .. ),

obtained from Lemma 5.1 (see, in particular, the remark after the lemma).
For even ¢ € © and for each i > 1, we fill the (2i—1)st row of A With 1’s, and the 2ith
row with ¢’s. The resulting symplectic tableau Q) has weight ()\ +)\ )\é¢)+/\i¢)’ c).

Note that we may change up to )\gz)l )\éf of the 7’s to i’s in row 2i — 1 while leaving

the weight unchanged. We therefore have exactly

[T =A% +1)

i odd

symplectic tableaux of shape A% and weight (A&” + )\y), }‘:(f) + )\ff), ).
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We combine these to create a battery tableau of shape A/~ and weight v, where

|l
v = Z | olquoty (A¥)); + Z 7()‘8:) +}‘§le)-
p€EO p€EO
|| odd || even

Note that from this construction, v is the maximal weight under the lexicographical
ordering (5.2) of a battery tableau of shape A/~, while each 4% is chosen minimally. It
follows that the weight v will change if we change the weight of any Q). O

For example, if

(1) [(#2) (#3)
A= Hj , ,@:‘ where |p;| = 1,

then k=1, v=(2+4+3,04+ 1+ 3) =(9,4), and every battery tableau of shape A and
weight (k, ) must be of the form

o], ‘) @A) [ -
( , % , , where i € {i,i}.

There are 3 - 2 = 6 such tableaux.
Theorem 5.1 and its proof give the following multiplicity one result.

Corollary 5.2. Let A € PO. Suppose core;(A?) € {(0), (1)} whenever |¢| is odd, and
for alli > 0, the multiplicities m;(A?)) are even for all even ¢ € ©. Then (D), X>) = 1,
where

¥
k=" lpllcoresA)| and vi= > [glquoty,(A@); + %(A&? +A524).
pEO pEO p€EO
l¢| odd lp| odd lp| even
The next theorem generalizes Corollary 5.2.
Theorem 5.2. Suppose A € P satisfies the following:
(a) Whenever || is odd, coreo(A?)) € {(0), (1)},

(b) Whenever || is even, the partition A°) has at most one nonzero part with odd
multiplicity,

(¢) There exists an r > 0 such that for every ¢ € © with |p| even, either (A®) < r
and A% has no nonzero part of odd multiplicity, or Aﬁ*”’ has odd multiplicity and

AP < A

Then the irreducible character x» of U, appears with multiplicity one in some degenerate
Gelfand-Graev character of U,.
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Proof. Suppose A € P9 satisfies (a), (b), and (c). Let v € P® be given by

. { (1) if || is even and m;(A®) is odd,
v =

(\coreg()\)| + zquotQ(A)}Lf;’;zW')) if || is odd and A = A®),

For example, the ©-partition

(1) (02)

A= , ,H(M) : with |¢;| = 1,

satisfies (a), (b), and (c) with r = 5. Since

(1)
quot,(A¥Y) = <HE':\(O),@3 ) and corey(A¥Y) = (1)

(as in the example for (5.1)), we have that

‘COIGQ(A(¢1))| + 2qu0t2()\(501))(“1n)/21 =3 and ~ = (D:D(@l),D(W)) )

Consider the following battery tableau Q of shape A/~.
1. For ¢ € © such that |p| is even, fill AW /~(®) with )\gf-)_l j’s and Ag“j.) j’s for
27 < L(AY) such that 2j < r, and )\gf-) j’s and Ag“jil J’s for 27 +1 < ¢(A¥)) such

that 25 > r. Then all of the nonzero entries come in pairs 1 and the resulting
weight is lexicographically maximal.

2. For ¢ € O such that |¢| is odd, use Lemma 5.1 to fill A”) /() in a lexicographically
maximal way.

In our running example, we have

[7)(pa)
1]

[N

(¥1) [0T7
0fo]|0 1 0
1(1 —

Q: 2

M
)
M

Note that by Lemma 5.1, Q is the only battery tableau of shape A/ and weight
wt(Q). Thus, it suffices to show that there is no v C X with |v| = |v| and ht(v) < 1
such that there exists a battery tableau P of shape A/v and weight wt(Q).

Since |v| = ||, we may think of moving from Q to P by shifting zero entries between
@ € ©in Q. If |p| is even, it is clear from the construction of Q¥ that if we add a
zero, an entry < r/2 is lost, while if we remove a zero, an entry > r/2 is gained. Now
consider when || is odd, with @ = Q¥ and A = A Apply the bijection (5.1) to the
domino tableau @), and notice that from Remark 2 preceding Lemma 5.1, our choice of

~@) forces QUeore2MD to have exactly quot2()\)([:,7?|2 M 0’s. Now, adding a pair of zero
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entries to or removing a pair of zero entries from () is the same as adding a zero to or
removing a zero from QUerezMD Tt is clear that adding a zero to QU2 results in
losing an entry < r/2, which removes a domino with entry < r/2 in @), and removing a
zero from QUeor2ND results in gaining an entry > r/2, which adds a domino with entry
> r/2in (). Thus, no matter how we change « to v, we are forced to change the weight
of the full battery tableau to a lexicographically smaller weight. So, there is no such v
which leaves the weight unchanged, and uniqueness follows. O

Remarks. Corollary 5.2 follows from Theorem 5.2, since (a) and (b) are easily satisfied,
and
r = max{{(A®) | ¢ € O,]|p| even} + 1.

Another consequence of Theorem 5.2 is a result by Ohmori [18].

Corollary 5.3 (Ohmori). Let A € P9

n’

wi= > lelAl).

peO

and define the partition p to have parts

Suppose that p = (1™2™2 ) is such that m; is even for all i except for the one value
1 = k, or that m; is always even, in which case we let k = 0. Define the partition v
to be v = (1™/22m2/2 ... L(me=1/2 ...y Then the irreducible character x» appears with
multiplicity one in the degenerate Gelfand—Graev character Iy, ).

Proof. Note that if A € PP satisfies the hypotheses of the corollary, then for any ¢ € ©
the partition A’ has at most one nonzero part size with odd multiplicity, otherwise 1
would have more parts with odd multiplicity. Thus, A satisfies condition (b) of Theorem
5.2. Moreover, the fact that p has at most one part with odd multiplicity implies that
there must be an r > 0 such that for every ¢ € ©, either £(A¥)) < r or A¥ has odd
multiplicity in A% and A¥) < )\ff)l. In particular, this holds when |¢] is even, and so A
satisfies condition (c) of Theorem 5.2. If ¢ € O is odd, and A has a part size i with
odd multiplicity, where i = 0 if /(A)) < r, then

(1) if i is odd,
(0) if 7 is even.

corey(A¥)) = {

Thus, A satisfies (a) of Theorem 5.2.

Now define v by v = i if m;(A¥) is odd, where i = 0 if £(A)) < r. Then |y| = k.
When |¢| is even, fill A /4(#) just as in the proof of Theorem 5.2. When |¢| is odd,
fill A /~(®) with all vertical dominoes such that there are }\gf)_l j§’s for 25 — 1 < €(A)
such that 25 —1 < r, and Agj) j’s for 2§ < L(A¥)) such that 25 > r. This gives a battery
tableau of shape A/~, where |v| = k, and weight v as defined above.

Fix a ¢ such that |p| is odd, let A = A®) and let Q¥ = Q be the domino tableau
just defined, and apply the bijection (5.1) to (). Since @ has been filled with all vertical
dominoes, the resulting weight is lexicographically maximal, and so by Lemma 5.1, the
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tableaux Q) and Q) obtained from the bijection (5.1) also have lexicographically max-
imal weights. Let j = |cores(A)|, and consider Q). From our choice of ), the tableau
QU) has exactly |\./2] 0’s. By the bijection (5.1), we also have row [r/2] of Q) which
is quotz()\(“@))(ﬁ ) 1, is exactly |\./2]. This means the domino tableau Q) is exactly what

r/2]°
is constructed in the proof of Theorem 5.2. Therefore, Q is exactly the battery tableau
obtained in the proof of Theorem 5.2, and so we have (x*, T',)) = 1. O

Note that by Corollary 5.1, condition (a) of Theorem 5.2 is a necessary condition. The
following proposition shows that condition (b) is also necessary.

Proposition 5.1. Let X € P®. If there exists a o € O such that || is even and A®) has
at least two distinct part sizes with odd multiplicity, then

<X)\> P(k,u)) 7& 1
for all degenerate Gelfand-Graev characters Iy, .

Proof. Suppose A € P© and || is even, such that A\ = A has part sizes x < y with
odd multiplicity. Let @ be a symplectic tableau of shape A\/(m) for some m < Ay, and
suppose wt(Q) = p. If there exists an i such that there is no ¢ directly south of i in @Q,
then, taking the i furthest to the right in this row, there is a second symplectic tableau
P of shape \/(m) and weight p obtained by changing this 7 to an ¢ in Q. Similarly, if
there is an ¢ with no ¢ directly north of it, then there is a second tableau P with the same
weight and shape as Q). Thus, the only way @ is the only tableau of shape \/(m) and
weight p, is if A/(m) can be tiled by vertical dominoes.

If m < y, then the yth column of \/(m) has an odd number of boxes, and therefore
cannot be tiled by vertical dominoes. If m > y, then the mth column of A\/(m) has an
odd number of boxes. If m = y, then the xzth column of A\/(m) has an odd number of
boxes. In all cases, A\/(m) cannot be tiled by dominoes, and the result follows. O

Remarks.

1. While conditions (a) and (b) of Theorem 5.2 are necessary, condition (c) is not. For
example, the only battery tableau of weight (2, (8)) for the ©-partition

A= ( (). D(ﬁ)) with o] = 4,18 = 2,is Q= ((a), @@).

2. At the same time, conditions (a) and (b) of Theorem 5.2 are not alone sufficient.

For example,
A= (H(“’, m ). with|a] = |5] =2

satisfies (a) and (b). The possible weights and two of their battery tableaux are

(0, (6)) : ((a)’ & ) ’ ((a)’ 1) ) (2 total),
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(10 total),

( ) )
(0,(2%) : <(a), B ) ; <(a), B ) (24 total),
(2.(4)) ((a)} e ) ((a)} ) ) (5 total),
(2. (22)) ((oo’ &0 ) ((a>’ 50 ) (12 total),
wep:  (F.07), F.07) o
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