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Abstract

We consider a problem formulated by Marco Buratti concerning Hamiltonian
paths in the complete graph on Z,, p an odd prime.

1 Introduction

Let K, be the complete graph on p vertices. We will usually take Z,, the cyclic group of
order p, as the set of vertices of K,,. The length of the edge wv,u,v € K, (or the distance of
wand v) is given by d(u, v) = min(lu—v|, p—|u—v|). Given a path P = (v1,vs,...,v,,), we
denote the multiset of edge-lengths of P by d(P): d(P) = {d(v;,vi41) : 1 =1,2,...,m—1}.

Marco Buratti [1] formulated the following problem:

Let p = 2n + 1 be a prime, let L be any list of 2n elements, each from the set
{1,2,...,n}. Does there exist a Hamiltonian path H in K, with V(K,) = Z, such that
the set of edge-lengths of H comprises L? (That is, such that d(H) = L?)

He conjectured that the answer is yes for every list L.

A realization of a list L is a Hamiltonian path (z¢, x1,. .., za,) on vertices of Z, such
that the (multi)-set of edge-lengths {d(z;, x;11) : 0,1,...,2n — 1} equals L. In other
words, Buratti’s conjecture says that every such list L has a realization (or is realizable).

If a list L consists of a; 1’s, as 2’s, ..., a, n’s, where a; +as + ...a, = 2n, we will use
exponential notation for L and write L = 11292 .. . n“ or, alternatively, we will say that L
is of type [a, ag, . . ., a,], or for the sake of brevity, we will write simply L = [a, ag, . .., a,].

To best of our knowledge, no results on Buratti’s conjecture have been published so
far. However, using a computer, Mariusz Meszka [3] has verified the validity of Buratti’s
conjecture for all primes p < 23.

The problem does not appear to be easy. The purpose of this article is to present some
initial ideas, approaches and results towards the complete solution of Buratti’s conjecture.

One such approach is outlined in Section 2 where certain graphs having lists as vertices,
arranged in lexicographic order, are considered. Some properties of the smallest list
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without a realization, if such exists, are derived. In Section 3 we prove that certain classes
of lists are realizable. In particular, we show that any list where one of the distances occurs
“sufficiently many times” is realizable. We also show that any list consisting of just two
distinct distances is realizable.

The general case of lists with only two distances, that is, when p is any positive integer,
not just a prime, is characterized in Section 4. This characterization is a clear indication
of the complexity of the problem.

2 Graphs on lists

Let p = 2n + 1 be a prime. In what follows we consider lists of 2n elements, each from
{1,2,...,n}.

Let £, be the set of such lists. Clearly, we have |£,| = (*""). Define the graph G, as
follows: V(G,) = L,. For two lists L, L’ € L,, L = [a1, a9, ...,a,), L' =[ai’,a9',.. ., a,],
{L,L'} € E(G,) when 6(L,L’) = 1. Here §(L, L') = 337, |a; — a;'| is the distance between
the two lists L, L’ (which coincides with the distance in the graph G,). In other words,
L and L' are adjacent in G, precisely when increasing one of the a;s in L by one while
decreasing another by one results in L'.

We may view any realization of L as a permutation xgxizy...xq, of {0,1,...,2n}.
Thus there is a totality of (2n + 1)! realizations of various lists L (possibly these are not
all the lists L € L,).

Given a Hamiltonian path (zg,z1,...,22,), we may delete the edge z;z;41, for i €
{0,1,...,2n — 1}, and replace it with either the edge xgz;y; or with the edge x;xs,
or with the edge xgxs,, obtaining in each case another Hamiltonian path. Any such
replacement will be called an a-transformation. Notice that for i = 0 or ¢ = 2n — 1
the three possibilities reduce to a single one, thus applying a-transformations to any
realization L yields altogether 6n — 4 realizations of (not necessarily distinct) lists.

Furthermore, replacing the Hamiltonian path (z¢,z1,..., 2z, Tit1, ..., Te,) with the
Hamiltonian path (o, z1,. .., Zi1, Ty ..., Xoy) fori € {0,1,...,2n— 1}, that is, perform-
ing an adjacent transposition, will be called a [-transformation.

Define now the graphs A, and B, as follows:

The vertices of both, A, and B, are all (2n+1)! realizations of lists L = [a1, ag, . . ., Ggy).
Two vertices are adjacent in A, if one can be obtained from the other by an a-transfor-
mation, and are adjacent in B, if one can be obtained from the other by a 3-transformation.

Our first observation follows from a well-known result on generating permutations by
adjacent transpositions (see, e.g., [2]).

Lemma 2.1 The graph B, is connected.
In fact, B, is Hamiltonian. Similar statements hold for the graph A,,.

Lemma 2.2 The graph A, is connected.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R20 2



Proof. We need to show that for any two vertices P, P’ of A, there is a path in A,
from P to P’. Since the graph B, is connected, there is a path in B, from P to P, say,
P P, Py, ... Py, P Thatis, Pand P, are adjacent in B, which means that P is obtained
from P by a transposition. Let P = (z1,2s,...,Z2,). If the transposition is (x1,z3) or
(x9n_1,T2,) then P; may be viewed as obtained from P by an a-transformation, i.e. by
replacing the edge (x9, r3) with (x1, z3) (and similarly, if the transposition is (x9,_1, T2,)).
So assume w.l.o.g that

P - ('rla Loy o 7IS—17$S7IS+17$S+27 vy Lop—1, x2n),
P = (Ih Loy 3 Ts—1,Ts41yLsy L5425+ -+, Lon—1, SL’zn)
where s € {2,3,...,2n—2} and the transposition is (z, zs41). Perform consecutively the

following a-transformations: In P, replace the edge {xs_ix,} with the edge {xs_129,} to
obtain the path

M, = (961, T2y .oy Ts—1T20T20—1, -+ + y L5425 Ts41, Is)-

In M, replace the edge {xs.1, 2540} with the edge {zs, 2512} to obtain the path

M, = (1’1,@, ey Ts—1,T2n, Ton—1y - -+ 5 Ls42, Ls, l’s+1)-

In My, replace the edge {xs_1, z2,} with the edge {zs_1, 2511} to obtain the path

Pl - ('rla Loy e 7IS—17$S+17$87$8+27 ey Lon—1, xQn)'

A similar sequence of a-transformations will transform P; into P», P, into Ps, ..., P,

into P’, thus there is a path in A, from P to P'. O

The graph A,*, the reduced graph of A, [the graph B,*, the reduced graph of B,,
respectively], has as its vertex set the set £, and is obtained by “contracting” in A, [in
B, respectively] to a single vertex all realizations of a given list L € £, while suppressing
all loops and multiple edges. Clearly, the graph 4,* is a subgraph of G,, and both A4,"
and B," are connected.

Given a list L = [ay, as, . .., a,], we may assume w.l.o.g. that a; > a; fori =2,3,...,n
since p = 2n + 1 is a prime. (Namely, if a; > a; instead for some k and all ¢ # k, replace
each ¢ with .7 where x is such that k.x = 1.) Let G,* (A,™ and B,"™, respectively) be the
subgraph of G, (the subgraph of A,*, and of B,", respectively), induced by all vertices L
of G, (of A,*, and of B,", respectively) for which ay > a;, i = 2,3,...,n. Thus the largest
vertex of G,* in the lexicographic ordering of its elements is L = [2,2,...,2].

Lemma 2.3 The following are equivalent:
1. Buratti’s conjecture is true.
The graph A,* is a spanning subgraph of G,,.
The graph B," is a spanning subgraph of K|z | where V(K\z,|) = L,.

The graph A,™ is a spanning subgraph of G,".

The graph B,™ is a spanning subgraph of G,".

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R20 3



So far we are unable to prove any of 2., 3., 4., or 5. above. However, we are able to
say something about the list L*, the lexicographically smallest (in G, or in G,*) list for
which there does not exist any realization.

First we prove some lemmas.

Lemma 2.4 Let L € V(G,*) be a vertex adjacent to L = [2,2,...,2]. Then L has a
realization.

Proof. Given p = 2n + 1, one realization of L = [2,2,...,2] is (0,1,2n,2,2n —
1,3,2n — 2,...,n+ 2,n,n + 1). One possible a-transformation that one may perform
consists in replacing one edge of length j € {1,2,...,n — 1} with the edge {0,n + 1} of
length n, resulting in a realization of the list L =[2,2,...,2,1,2,...,2,3], that is, a; = 1
for some j € {1,2,...,n— 1}, a, = 3, and a; = 2 for all other i # j. Let now z be
a primitive root of GF(p), and let s be such that x®n = 1. Then since {+z°;j : j =
1,2,...,n—1} ={2,3,...,n}, it follows that the set of lists {[a1, as,...,a;j,...,a,] : a1 =
3,a; = l,a;, = 2fori =2,3,...,n—1,4 # j}, j = 2,3,...,n — 1 is realizable if the
set of lists {[a1,as,...,a4,...,a,] 1 aj = 1,a, = 3,0, =2 fori=1,2,...,n—1,i # j},
j=1,2,...,n— 1 is realizable. This completes the proof. O

On the set £, let < be the usual lexicographic order.

Lemma 2.5 Let L* = [a1*, as*, ..., a,*] be the lexicographically smallest list in L, which
has no realization. Let L£,) = {L :{L,L*} € E(G,),L < L*}. Then, for a given L € L',
L =[by,by,...,b,], we have:

(i) there are b.,bs,r < s such that by — as* = a,* — b, = 1 (and b; = a;* fori #r,s);
(i) in any realization of L, say, (0,21, ..., Ton_1, Ton), Ton # S,2n+ 1 —s;

(ZZZ) Zf 5(xi,xi+1) =r and Tip1 — Xy =T then Tiv1 # 8,2n +1—- S, but Zf Tji—Xjp1 =T
then x; — Topi1 # 8,2n+1 — s.

Proof. (i) follows from the definition of the graph G, and of £,,". (ii) If in a realization
(0,21,...,29,) of L € Ep’, Top = S OF T9, = 2n+1—s then an a-transformation consisting
in deleting the edge {z;, x;11} with 0(x;, z;41) = s and replacing it with the edge {0, s}
results in a realization of L*, a contradiction. (iii) If ;11 —x; = r and ;41 = s then an -
transformation replacing the edge {x;, ;11 } with the edge {0, z;,1} results in a realization
of L*, a contradiction, and similarly for the remaining cases. O

Theorem 2.6 Let L* = [a1*,as", ..., a2,"| be the lexicographically smallest list in L,*
which does not have any realization. Then 3 < a* < 2n — 5.

Proof. The right inequality follows from Corollary 3.3 (see Section 3 below) and the
left one from Lemma 2.4. O
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3 Realizable lists

In this section, L = {d1*,...,dy**} will stand for the multiset (list) with elements
dy,...,d such that the element d; occurs in L exactly a; times.

A list (multiset) L will be called linearly realizable if there exists a path P on the set
of vertices [1,|L| 4 1], P = (v1,...,vr+1) such that

L={lvig1—v|:i=1,...,|L|}.

To emphasize the distinction between linearly realizable and realizable lists, we will
sometimes call the (previously defined) realizable lists cyclically realizable.
Clearly, if P is a linear realization of a list L = {d;", ..., dy"*} with maxz{dy, ... dy} <
then P is a cyclic realization of L as well.
Main results of this section are the following four statements.

]
2

Theorem 3.1 Let p =2n+ 1, L = {dp™,d;"", ..., dx"*}, n > dy > dy > .... > dj, and
a; <2, fori=1,....k. Ifag > dy — k+t—r, where t = max{d;;i > 0,a; = 2} and
r=|{d;;i>0,a; = 2}|, then L is (cyclically) realizable.

Theorem 3.2 Let p=2n+1, and let L = {d*,t*}, where d <n, t <n, and a +b = 2n.
Then L is (cyclically) realizable.

Corollary 3.3 Let L = {1%,2% ... n%} and suppose there is j € {1,2,..., n} such
that
Z a; S 4
1<i<n,i#j

Then L has a realization.

Theorem 3.4 Let L = {d",...,d;"*}. Then there exists an sy so that for all s > sg
the multiset L' = L U {1°} is both, linearly and cyclically realizable.

Remark. For the sake of generality we will assume in the proof of Theorem 3.4 that
d; # 1,1 = 1,... k. However, it is easy to see that the proof will hold also in the case
when d; = 1 for some i,1 < i < k. Theorem 3.4 could be reformulated as follows.

Theorem 3.5 Let L = {d1"*,dy*,...,dy"*}. Then there exists an so such that for all
s > 8o, the list L' = {dy*°,d2"*, ..., dp"*} is cyclically realizable whenever 1+ s + Zfzz a;
1s relatively prime to d.

For the sake of brevity, a path from a vertex u to a vertex v will be called a u — v
path.

Definition A set of vertex disjoint paths P; i = 1,...,s, where P; is a (v+1i) — (w+1)
path will be called a set of consecutive paths from [v 4+ 1,v + s] to [w + 1, w + s].

Lemma 3.6 Let C be a set of s consecutive paths from [v+ 1,v + s] to [w + 1,w + s].

Then there is a path P so that V(P) = Upee V(T), E(P) D Upee E(T), d(P) ={1°7'}U
Urec d(T) so that, for s odd,
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(i) Pisa(v+1)— (w+s) path;
(i) Pis a(w+1)— (w+s) path and {v+ 1,v+ 2} is an edge of P.

Proof. To obtain the desired path add to the edges of paths 7" the following edges
of length 1:

(i) {v+2,v+3}, {v+4,v+5}, ..., {v+s—1,v+s} and {w+ 1,w+2}, {w+3,w+
4}, o Aw+s—2,w+s—1}

(i) {v+1,v+2},{v+3,v+4}, ..., {v+s—1Lv+s} and {w+2,w+3},{w+4,w+
5h .. {w+s—2,w+s—1}. O

In Fig. 1 and Fig. 2 the previous lemmas are illustrated for s even and s odd,
respectively.

TSRS
AN

Figure 2

Lemma 3.7 Let L = {d{*,...,d*}, where 1 < dy < dy < --- < di, and d;a;, for
i =1,...,k. Then for L' = LU {1%71} there exists: (i) for d,...,dy being odd, an
1—(|L’| + 1) path P which is a linear realization of L'; (ii) for di, ..., ds being even, a
(|| = di.+2) — (|L'| + 1) path P which is a linear realization of L', and {1,2} is an edge
of P.

Proof. A path P with the required properties will be constructed successively. By
the (d*, v) path we will understand the path 7' = (v,v+d,v+2d,...,v+ad). Obviously,
d(T) = {d*}. Further, set t; = 5. We start with d; consecutive paths Py, ..., Py, where

P; is the (d,"*,4) path from [1,d;] to [a; + 1,a; + dy]. Clearly, Uf;l d(P;) = {d;"*} and
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Uf;l V(P;) = [1,a; +d;]. Now consider dy consecutive paths P,’, ..., Py,’, where P is the
(d%?,a; +1) path. It is easy to check that P;’s are consecutive paths from [a; + 1, a; +ds] to

d2 d2
la1+az+1, a1 +as+ds] with J d(P)) = {d2®}, and | V(P/) = [a1+1, a1 +as+ds]. Note
i=1 i=1

that, for i = 1,...,d;, the initial vertex of P’ coincides with the terminal vertex of P;. So
at this stage we have two collections Cy, Cy of consecutive paths. The collection C; contains
dy paths from [1, d;] to [a1+as+1, a3 +as+d;], while Cy is a set of dy —d; consecutive paths
from [a; +d; + 1, a; + dy] to [a; +ag +dy +1,a1 + as + do]. Formally, C; = {P,U P, P, U
Py, ..., Py UP"}, and Cy = { Py, 41, Py, o', ..., Py,’}. Thus, in aggregate we have dy vertex

disjoint paths T} in C;UC, with J®2, d(T}) = {d,™*, dy*}, and U V(T;) = [1, a1 +ax+ds].

In the same way as above we add now d3 consecutive paths PZ" ,z' =1,...,ds, where P/ is
a (ds™,i+ ay + ay) path. Thus, P/'s are consecutlve paths from [a; + ay + 1, a1 + ag + ds]

to a1 + az + az + 1,a1 + ay + az + d3] with U d(P/") = {ds™}, and U V(B") =

a1 +as+1,a1+ay+as+ds]. Fori=1,...,d, the initial vertex of P,” coincides with the
terminal vertex of a path in the collection Cq, and for ¢ = d; + 1, ..., ds, with the terminal
vertex of a path in the collection Cy. At this stage we have three collections C;’,Cy’, and
Cs' of consecutive paths T; in aggregate. The paths in C;’ and Cy’ have been obtained by
an extension from paths in C; and C,, respectively. So they have the same initial vertex
as before, their terminal vertices are now in [ay + ag + az + 1, a1 + as + a3 + d;], and in
l[a1 +as+a3+d; + 1, a1 + ay + az + dy], respectively. Further, there are d3 —ds consecutive
paths in Cgl from [a1+a2+d2—|—1 ay —|—(12+d3] to [a1+a2 +a3+d2+1,a1+a2 —|—(13—|—d3]. It

is easy to see that U d(T;) = {d*, dy**,d3*}, and U V(T;) = [1, a1 +as+as+ds). Thus,

C/ = {P1 upP'U Pl”, PRUR'UPR", .. Pdl UP;, U Pdl”} Cy' = {Py 1 UPy 1", Py 12" U
Pd1+2 ,...,sz Usz }, andC3 —{Pd2+1 ,Pd2+2 ,...,Pdgl/}.
By repeatedly applying the above procedure we will construct dy vertex-disjoint paths

T;,i = 1,...,dj so that Ud( ;) = L, and UV( D= la+a+ .. +a+d) =

(1, |L| + di] = [1, L] + 1] that can be partltloned into k collections of consecutive paths
Ci5, G, ...,C . There are di,dy—dy, . ..,d,—d_1 consecutive paths in these collections,
respectively. For each ¢, the paths in C;* are consecutive paths from [a; + -+ + a;_1 +
di1+1l,a14+--+a;_1+d;] tofay+...+ax+di_1+ 1,a1 + ... + ai, + d;]; here we have
set for convenience dy = ag = 0. We can describe the given collections of paths formally
as follows: Set ap = 0 and «; = Zk yaj fori=1,.2,...,k — 1. For each pair (¢, j) with
1<i<k and 1< ] < d;, let PZ] be the (d;") — (cj_1 + j) path. Then we have

G = {U P, U P, ..., U Pia};
i=1

1

3
Cy* = {U Pi,d1+17 U Pi,d1+27 ey U Pz',dz}E
i=2 i=2 i=2
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k k k
Ch* = {U Pi,dh,1+1, U Pi,dh,1+2, e U Pi,dh};
i=h i=h i=h

Cv" = {Pra_r+1> Pray_ 425 s Pra, }-

Suppose that dy, ..., dy are even. Applying Lemma 3.6 (ii) to collections C;*,...,Cy”
we obtain k paths Si,..., Sk so that the initial vertex of Sy is the vertex a; +---+ap + 1,
the initial vertex of S;,7 = 2,...,k is the vertex consecutive to the terminal vertex of
S;_1, and the terminal vertex of Sy is the vertex a; + -+ 4+ a + dy = |L'| + 1. Adding
k — 1 suitable edges of length 1 results in the sought path P.

Let now dy, ...,d; be odd. Applying Lemma 3.6(i) to the collection of paths in C;*,
and Lemma 3.6(ii) to the collections Cy*,...,Cy* we obtain k paths Si,..., Sk so that
the initial vertex of Sy is the vertex 1, the initial vertex of S;,i = 2,...,k, is the vertex
consecutive to the terminal vertex of S;_;, and the terminal vertex of S; is the vertex
a;+---+a,+di = |L'| +1. Adding k — 1 edges of length 1 results in a sought path P. O

The construction used in the above proof can be utilized to extend the result of Lemma
3.7 to a more general case.

Lemma 3.8 Let L = {1¥1d*}, a=qd+r, 0 <r <d, where a > d, and for d odd, r
is even. Then there is a path P with terminal vertex |L| + 1 which is a linear realization
of L.

Proof. Let a = qd +r,0 < r < d. Construct d paths P;,i = 1,...,d, so that,
for i = 1,...,r, the path P; is the (d?"' i) path, and for i = r + 1,...,d the path P
is the (d?,4) path. For r = 0 it suffices to apply Lemma 3.7 with & = 1. Otherwise,
C'={P;i=1,...,r}is aset of consecutive paths from [1,7] to [a+d —r+1,a+d|, and
C"={P;i=r+1,...,d} is a set of consecutive paths from [r+1,d] to [a+ 1,a+d—r].

Now we are going to consider three cases. For both d and a even, C' and C” have
an even number of paths. Applying Lemma 3.6(ii) to both ¢’ and C” we obtain an
(a+d—r+1)—(a+d) path P’ which contains the edge {1,2} and a (a+1)— (a+d—71)
path P”. Clearly the path P with E(P) = E(P')UE(P")U{a+d—7r,a+d—r+1} has
the required properties. For a odd, to construct the path P it suffices to construct the
path P for a — 1 and then to extend it with the edge {a,a + d}. For d odd and r even C’
contains an even number of paths while C” contains an odd number of paths. Applying
Lemma 3.6(ii) to C" and Lemma 3.6(i) to C” we obtain a (a+d—r+1) — (a+d)) path P’
and (r+1) — (a+d—r) path P”. Thus the initial vertex of P’ is a vertex consecutive to
the terminal vertex of P” and the terminal vertex of P’ is the last vertex a + d. Adding
the edge (u,v) of length 1 results in a desired path. O

Lemma 3.9 Let L = {d,",..., dy"}, where a;,d; are even, 1 < dy <dy < --- < dy, and
di < aj, fori=1,... k. Set ' = LU{1%~1}. Then there exists a (|L'| —dy) — (|L'| + 1)
path P which is a linear realization of L', and {1,2} is an edge of P.

Proof. For v =1,....k let a; = q;d; + r;, where 0 < r; < d;. First we construct d;
paths P;,i = 1,...,d;, each of them a (d;”,7) path where x = ¢; + 1 for i = 1,... 7y,
and x = ¢; otherwise. As in the proof of Lemma 3.7, the paths P; form either one, for
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r1 = 0, or two sets of consecutive paths of even cardinality, for r; > 0. Now we construct
dy paths P}, so that P/ is a (dy”,a; + 1) path, where x = ¢3 + 1 for i = 1,...,7y, and
x = ¢y otherwise. Clearly, fori = 1,...,d;, the initial vertex of the path P, coincides with
the terminal vertex of a path P; for some j € [1,d;]. At this moment we have dy vertex
disjoint paths Tj so that 2, V(T}) = [1,a1 + ag + do], and U2, d(Ty) = {di™, dy™}.
Further,with respect to r; and ry, the paths T; form either 2, or 3, or 4 sets of consecutive
paths, so that each set contains an even number of paths. We consider ds paths P”, each
of them a (ds3”, a; + ay + @) path where t = g3+ 1 fori = 1,...,r3, and = = g3 otherwise.
The initial vertex of the first dy paths P,” coincides with the terminal vertex of a path T}.
So at this moment we have d3 paths T} that form, with respect to the values of 7, ry, and
r3 between 3 and 6 sets of consecutive paths, each having an even number of elements.
By repeatedly applying the above procedure we will obtain a set of d; paths S; so that
U%, V(S) = [1,a1 + --- 4 ax + di), and U™, d(T}) = {dy™,dy"2, ..., dy™}. These dy
paths can be partitioned into m, k < m < 2k, sets C; of consecutive paths, each having
an even number of paths. The union of the terminal vertices of paths in C;s is the interval
a1 + ... + ag,a1 + ... + ar + di]. Applying Lemma 3.6(ii) to each set C; of paths results
in obtaining paths T;, « = 1,...,m, so that the terminal vertex of T; is followed by the
initial vertex of the path T;,,, for « = 1,...,m — 1, and the terminal vertex of T;, is the
last vertex |L'| + 1. Adding the needed edges of length 1 leads to the required path 7'
As the total number of paths in the sets C;s is di, we used in aggregate dj — 1 edges of
length 1 to construct the path 7. O

Lemma 3.10 Let L = {19! d*}, where a < d. (i) For a odd, there is a (|L|) — (|L| +1)
path P which is a linear realization of L, and {1,2} is an edge of P; (ii) for a even, there
is an (|L| —d+ 2) — (|L| + 1) path P which is a linear realization of L, and {1,2} is an
edge of P. That is, the terminal vertex of P is the last vertex of V (P).

Proof. Let a be odd. Take a edges {i,i+d}, i =1,...,a of length d. By adding a — 2
edges {1,2},{3,4},{5,6},....,{a—2,a—1},{d+2,d+3},{d+4,d+5},....,{d+a—3,d+
a — 2} and the edges of the path S = (a,a+1,a+2,....,d — 1,d,d+ 1) we get the desired
path P. Now, let a be even. Remove from the path P constructed for L = {1971 ¢o+1}
the edge {a + 1,a 4+ d + 1}. The resulting path has the required properties. O

Lemma 3.11 Fori = 1,2, let L; be a multiset and each P; be a (|L;|) — (|L;| + 1) path,
which is a linear realization of L;, and let {1,2} be an edge of P;. Set L = LU Ly —{1'}.
Then there is a (|L|) — (|L| + 1) path P which is a linear realization of L, and {1,2} is
an edge of P.

Proof. To obtain the desired path remove the edge {1, 2} from P, and shift the other
edges of P, to the right by |L;|. Note that the original vertices 1,2 of P, will be identified
with the endvertices of P;. O

Lemma 3.12 Let L = {di",...,dy"*}, where d; > 1,a; are odd, and a; < d; for i =
1,...,k. Then there is a (|L'|) — (|L'| + 1)path P that is a linear realization of L' = LU
{I°’},s>di+dy+---+dp —2k+ 1, and {1,2} is an edge of P.
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Proof. We obtain the desired path by repeatedly using Lemma 3.11 and Lemma
3.10(i). O

Lemma 3.13 Let L = {1°,d\"", ..., dy**}, where s = dy — k, di > dy > -+ > dy > 1,
and a; = --- = ap = 1. Then there is a path P which is a linear realization of L so that
1 is the initial vertex of P.

Proof. Let us define, iteratively, k paths Py, ..., P, according to the following rules.
For convenience we set d,1 = 0. Set Py = (1), i.e., Py is a path of length 0. Suppose
that P,_1, ¢ — 1 > 0, has been already constructed. Then P; is obtained from P;_; by
extending P;_; first by an edge of length d; followed by d; — d;+ 1 — 1 edges of length 1.
More precisely, let v be the terminal vertex of P;,_;. Then, for ¢ odd, we extend P;,_; by
the edge v, v + d;, followed by d; — d; 11 — 1 edges {v+d; — j,v+d; — j — 1} of length 1,
for j =0,1,...,d; — d;y1 — 2; for i even, by the edge {v,v — d;}, followed by d; — d;11 — 1
edges {v —d; + j,v+d; + j+ 1} of length 1, for j = 0,1,...,d; — d;y1 — 2. Then the
required path Pis P = P, O

Proof of Theorem 3.1 First of all, since p = 2n 4+ 1 is a prime, we may assume
w.l.o.g. that dy = 1. By Lemma 3.13, there is a path P, that is a linear realization of
Ly = {1%7% 4" ... di'}, so that |L,|+ 1 is the initial vertex of P;. By the same lemma,
there is a path P, that is a linear realization of Ly = {17, " .. dkbk}, where s =t —r,
b; = a; — 1, and the vertex 1 is the initial vertex of P,. Clearly, the total number of edges
of length 1 in P, and P, ism =d; —k+t—1r > 2d, — k. To obtain a path P that is a
linear realization of L it suffices to take the path P; followed by a path of length ag — m
consisting of edges of length 1 which is in turn followed by path Py. As V(P) = [1,2n+1]
and the longest edge of P has length at most n, the path P is a (cyclic) realization of L
as well. O

Fig. 3 illustrates the proof of the previous theorem for L = {1871 42 3! 22} as well
as the proof of Lemma 3.13 for L; = {13, 7', 41 3! 21} and L, = {1241, 2!}.

Figure 3

Proof of Theorem 3.2 W.l.o.g. we assume that b > a. As p is a prime number, we
may further assume that ¢t = 1. Let a = pd + r,0 < r < d. First we consider the case
where @ < d or a > d and in case d is odd then r is even. Then, by Lemma 3.10 or by
Lemma 3.8 there is a path P that is a linear realization of L' = {1971 d%} so that the
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endvertex of P is the last vertex of [1,|L'| +1]. Adding ¢t —d+ 1 edges of length 1 from
the terminal vertex of P results in a desired path.

So we are left with the case a > d,d odd and r odd. Construct d paths as in the proof
of Lemma 3.8. Then C' = {P;;i = 1,...,r} is a set of consecutive paths from [1,r] to
la+d—r+1,a+d],and C" = {P;i=r+1,...,d} is a set of consecutive paths from
[r+1,d] to [a+ 1,a+d —r]. Applying Lemma 3.6(i), we get a 1 — (a + d) path P’. By
adding the edges {a+d,a+d+1},{a+d+1,a+d+2},...,{¢—2,q—1},{g—1,¢}, and
{1, ¢} we obtain a cycle C containing the path P’. Further, by Lemma 3.6(ii), there is a
path P” with a — d + r as its terminal vertex. To obtain the desired path P we remove
from C the edge {a+d—r+1,a+d—r+2} and finally add the edge {a+d—r,a+d—r+1}.
O

Remark. Note that in the above proof, as well as in the proof of Lemma 3.8, we used
only the fact that (¢,p) = 1 but we have not used the fact that (d,p) = 1 nor that p is a
prime.

Proof of Corollary 3.3 Since p = 2n + 1 is a prime, we may assume w.l.o.g. that
j = 1. The statement then says that if L is a partition of 2n containing at most s < 4
non-ones then L has a realization. This is obvious if s = 0 or s = 1; if s = 2 then
the statement follows either from Theorem 3.1, if there is ¢ > 1 so that a; = 2, or from
Lemma 3.13 if there are 1 < i < k so that a; = a;, = 1. For s = 3, the statement follows
either from Lemma 3.13, if there are 1 < ¢ < k < t so that a; = a,, = a; = 1, or from
Theorem 3.1, if there are 1 < ¢,k so that a; + a; = 3 or from Lemma 3.8, if there is
1> 1,a; = 3. When s = 4, then the only case in which the statement does not follow
from either Theorem 3.1, or Lemma 3.8, or Lemma 3.13, is when there are two indices
i,k €{2,3,...,n} such that a; = 3 and ay = 1. We consider this case next.

If i =2 (and k € {3,4,...,n}), i.e., there are three 2’s in L, then e.g. the following
hamiltonian path is a realization of L:

0,k,k+1,k+2,...,2n—1,2n,1,2,4,3,5,6,7,....k — 2,k — 1).
If i =3 and k € {4,5,...,n} then e.g. the hamiltonian path

(0,3, k+3,k+2,...,5,4,1,22n,2n—1,....k+5k+4),
while if 7 = 3 and k£ = 2 then e.g. the hamiltonian path

(0,3,5,6,...,2n — 1,2n,2,1,4).
is a realization of L.

When ¢ > 4 and k > ¢ + 4, then e.g. the hamiltonian path

(k+3,k+4,...,2n—1,2n,0,4,1—1,...,4,3,i+3,i+4, ..., k+1,k+2,2,1,i+1,i+2),
when ¢ > 4 and 3 < k <17+ 3, then e.g. the hamiltonian path

(142,14+1,1,2,2n—k+3,2n—k+4,...,2n,0,5,4,3,i+3,i+4, ..., 2n—k+1,2n—k+2),
and finally, when ¢ > 4 and k = 2, then e.g. the hamiltonian path

(t+2,i+1,1,0,6,0—1,...,4,2,3,i+3,i+4,...,2n —1,2n)
is a realization of L.

This completes the proof of the Corollary. O

We will deal now with the case when L contains at least two distances greater than 1.
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Proof of Theorem 3.4 By using lemmas proved above, a sought path P can be
constructed in several ways. Each of them will require a different number of edges of
length 1. The optimal way depends on the individual values of d;, and a;. The construction
described here is only one of the possible ways to obtain P. First we partition L into
four parts Ly, Lo, L3, Ly. Let d* € L. For d even, if a > d and a even, then d* € Ls; for
a > d,a odd, we put d®! € Ly and d* € Ly; for a < d and a odd, d* € Ly, for a < d,a
even, we put d*~! € L; and d* € L,. Now we consider d odd. For a < d we have: if a
is odd, then d* € L;, for a even, we put d* ! € L; and d* € Ly. Finally, let a > d, and
a=qd+r, where 0 < r < d. For r = 0 it is d* € L3, for r odd we have d% € Ls and
d" € Ly, for r > 0,7 even, it is d? € Ls and d"~' € Ly, and d' € Ly. In this way every
d* € L, has a < d and a odd; every d* € Lo has both d and a even and a > d; every
d* € L3 has d a divisor of a; every d* € Ly has a = 1.

By Lemma 3.12 there is a (|L'|) — (|]L/| + 1) path P, which is a linear realization of
Ly" = Ly U {1}, the value of s; given in the lemma. Further, by Lemma 3.9, there is a
path P, that is a linear realization of Ly" = Lo U {12}, the value of sy given in the lemma,
so that {1,2} is an edge of Py, and |Ly'| + 1 is a terminal vertex of P,. Applying Lemma
3.11 we obtain a (|L] + |L2'|) — (|L}] + |L2'| + 1) path T which is a linear realization
of Ly’ ULy — {1}. Let P3 be a 1 — (]L3'| + 1) path which is a linear realization of
Ls' = L3 U {1%}, cf. Lemma 3.7, where the value of s3 is given as well.

Let P’ be the path obtainable by shifting P to the right by |L,'| + |Ly’|. Thus the
endvertex of T coincides with the initial vertex of Ps’. Then resulting path 7" := T'U Py’ is
a (|Li'|+|La'|) = (|Li'|+|Lo| +1) that is a linear realization of L;"ULy"UL3"—{1}. Finally,
let Ly = {t;:*, ..., tpt},t1 > -+ > t,, and let P, be a linear realization of L, U {15},
where s, = t; — m so that 1 is the initial vertex of Py, c¢f. Lemma 3.13.

Let s > sg:= 81 + 83 + 53+ 54 — 1 and let P,/ be the path obtainable by shifting P,
to the right by |Li'| + |Lo'| + |Ls'| + s — so. To obtain a path that is a linear realization
of L U{1°} it suffices to insert s — sg edges of length 1 between the terminal vertex of 7"
and the initial vertex of P,’.

Identifying the terminal vertex of 7" with the initial vertex of P, results in a path
P that is a linear realization of L' U Ly’ U L3’ U Ly’ — {1} = L U {1°°}, where sy =
$1 + S2 + s3 + s4 — 1. To obtain a path that is a linear realization of L U {1%} for s > s
it suffices to insert s — sq edges of length 1 in between the terminal vertex of 7" and the
initial vertex of P,’.

As mentioned above, a linear realization of L is a cyclic realization of L if and only if
d =max{d;,i = 1,...,k} < % If the condition is not satisfied, we only need to make
so sufficiently large.

Remark. To get an explicit bound on sq in terms of d’s and a’s, one only needs to
refer to lemmas used in the proof of the previous theorem.

4 Two lengths in the general case

In this section, the number of vertices is no longer assumed to be prime (nor an odd
number, for that matter). In such a general setting, it appears that the problem is even
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more difficult than the original Buratti’s conjecture.
The following theorem is an extension of Theorem 3.2.

Theorem 4.1 Let q,d,t be natural numbers, and let L = {d® t*} be a multiset where
a+b=q—1,dt <2 Then L is (cyclically) realizable if and only if (¢,d,t) = 1 and
(t,q) — 1 <a<q—(d,q) (which is equivalent to (d,q) —1 <b<q—(t,q)).

Proof. We start with the necessity part of the statement. Let P = (2o 2y ... T4—1)
be a hamiltonian path which is a realization of L. Suppose at first that (¢,d,t) =r > 1.
Then, for each vertex x; of P, we would have x; = xg (mod r), which is a contradiction.
Therefore (d,t,q) = 1.

If (d,q) = 1 then the upper bound on a (and the lower bound on b) is trivial. Assume
now that (d,q) =r >1and a > q— (d,q) = q¢—r. Then b < r — 2, that is, there are in
P at most r — 2 edges of length ¢.

If the edges of length t are removed from P, then P splits into at most » — 1 paths.
As the total number of edges is ¢ — 1, at least one of these parts, say the part T', contains
at least % < % edges. However, all these edges are of length d and therefore T" has to
contain a cycle, a contradiction. So we have proved that a < ¢ — (d, q), which in turn
implies, as a + b = g — 1, that (d,q) — 1 < b. This completes the proof of the necessity
part.

The following obvious claim will provide the key ingredient to show that the condition
is sufficient as well. As this claim is a part of graph theory folklore we omit its proof.

Claim. Let G = P,, x Py, that is, let G be the Cartesian product of the paths with
m and k vertices, respectively, and let the set {(7,7) : 1 < i < m,1 < j < k} be the
vertex set of G. Then there is a hamiltonian path in G with v vertical edges for every v,
m—-—1<v<km-—k.

Now we are ready to prove the sufficiency part. Assume first that (d,t) = m > 1.
Then, with regard to the automorphism ¢ : Z, — Z,, where ¢(m) = 1, it suffices to prove
that L' = {(£% L)*} is cyclically realizable. Therefore, from now on, we assume that
(d,t) = 1. Let (d,q) = (t,q) = 1 as well, and let, w.l.o.g., a > b. With respect to the
automorphism ¢ : Z, — Z,, where ¢(d) = 1, we need to prove that L' = (1% ¢(t)") is
cyclically realizable. However, this case is covered by Theorem 3.2.

So we are left with the case (d,q) + (t,q) > 2. W.l.o.g. we may assume (d,q) =r > 1.
Let R be the r x % rectangular grid with vertices {(4,7) : 1 <i < 7,1 <5 < 2}, Assign to
each vertex of the grid the label (i, j) = (i—1)t+(j —1)d (mod q). Clearly, {l(4,j)} = Z,
as we have (d,t) = 1. It is easy to see that the labels [(7, j) of each row are elements of
an orbit of the automorphism ¢ of Z,, ¢(d) = 1.

Now consider the graph G = P, x Pa, the Cartesian product of two paths on the grid
R. Clearly, for each horizontal edge {u, v} we have min|l(u) — (v)],q — |I(v) — I(v)| = d,
and for each vertical edge {u,v} we have min|l(u) — l(v)], g — |l(u) — (v)| = t. Therefore,
to prove that the multiset M = {d® t*} is cyclically realizable it is sufficient to find a
hamiltonian path in G which contains exactly b vertical edges (and thus necessarily a
horizontal edges). By the above Claim G contains a hamiltonian path with b vertical
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edges, that is, edges of length ¢, for each

belr—1,9-9 (1.
T

So all that is left to be shown is that there is a hamiltonian path in G with b €
g — 24+ 1,q— (t,q)]. Note, that (d,t) = 1 implies b € [¢ — 2 < ¢ — (d,q)]. Consider
two cases. First, let (¢,¢q) = 1. Then we must have b > a, as otherwise we would have
a+b>2(q—2+1)>q—1,a contradiction.

The proof in this case follows from the remark after Theorem 3.2.

Finally, let (t,q) = s > 1. Then by the above Claim there is a hamiltonian path with
a edges of length d for each a € [s —1,¢ — %]. As a+ b= g — 1, this in turn implies that

there is a hamiltonian path in G with b edges of length ¢ for each

q q
belg-1-(¢=2)a-1=-(-DI=[-Lag=-s (2
Comparing (1) and (2) completes the proof of the sufficiency part since £ < g — 1, i.e.
%+% < 1 holds for all s,r > 1. O

5 Final remarks

Buratti’s conjecture claims that if p = 2n+1 is a prime then every list L = {d;"*, dx"*, . ..,
dp}, where Zle a; = 2n, is realizable. We believe that the property of p being a prime
is not necessary for the validity of Buratti’s conjecture, and that it can be replaced by a
weaker condition (p,d;) =1 fori=1,..., k. However, the weaker condition is still rather
restrictive. One would like to know, given a general number ¢, which lists of cardinality
qg—1 are realizable. The treatment of the general case of two lengths in Section 4 and some
additional experimental evidence suggests the following extension of Buratti’s conjecture:

Conjecture. Let L = {d,",d",...,d"}, |[M| = q¢— 1. Then L is realizable if and
only for each subset J C [1,k], >_._;a; > r — 1 where r is the greatest common divisor
of the numbers in the set {¢} U{a; : 1 <i < k,i ¢ J}. That is, for each subset J of the
index set [1, k], the sum of a;s must be at least as large as the g.c.d.(A;) — 1 where A,
contains ¢ and all a;s that are not in J.

The necessity of the above conditions can be shown in the same way as the necessity
of conditions in Theorem 4.1.

Note also that in the Conjecture, if J = [1,k] then the above condition will read
Z?:l a; > q—1.

It is not difficult to see that for k = 2 the above conditions reduce to the conditions
of Theorem 1.

The Conjecture has been verified for all n < 18 [3]. As for the original Buratti’s
conjecture, which has been verified for all primes p < 23, numerical evidence gathered by
Meszka [3] for all realizations of all lists in the case of primes p < 13 suggests that, roughly,
the larger the number of non-zero frequencies of distances and the more uniform their
distribution, the larger the number of corresponding realizations. The minimum number
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of realizations is attained for the list containing only one distance, while apparently the

list with the largest number of realizations is the list where each possible distance occurs
exactly twice.
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