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Abstract

Recently, Guido, Isola and Lapidus [11] defined the Thara zeta function of a
fractal graph, and gave a determinant expression of it. We define the Bartholdi zeta
function of a fractal graph, and present its determinant expression.

1 Introduction

Zeta functions of graphs started from p-adic Selberg zeta functions of discrete groups by
Ihara [14]. At the beginning, Serre [20] pointed out that the Ihara zeta function is the
zeta function of a regular graph. In [14], Thara showed that their reciprocals are explicit
polynomials. A zeta function of a regular graph GG associated to a unitary representation
of the fundamental group of G was developed by Sunada [22,23]. Hashimoto [13] treated
multivariable zeta functions of bipartite graphs. Bass [3] generalized Ihara’s result on
zeta functions of regular graphs to irregular graphs. Various proofs of Bass’ theorem were
given by Stark and Terras [21], Kotani and Sunada [15] and Foata and Zeilberger [5].

Bartholdi [2] extended a result by Grigorchuk [7] relating cogrowth and spectral radius
of random walks, and gave an explicit formula determining the number of bumps on paths
in a graph. Furthermore, he presented the “circuit series” of the free products and the
direct products of graphs, and obtained a generalized form “Bartholdi zeta function” of
the Thara(-Selberg) zeta function.

All graphs in this paper are assumed to be simple. Let G be a connected graph with
vertex set V(G) and edge set E(G), and let R(G) = {(u,v), (v,u) | uv € E(G)} be the
set of oriented edges (or arcs) (u,v), (v, u) directed oppositely for each edge uv of G. For
e = (u,v) € R(G), u = o(e) and v = t(e) are called the origin and the terminal of e,
respectively. Furthermore, let e™* = (v, u) be the inverse of e = (u, v).

A path P of length n in G is a sequence P = (eq,--- ,e,) of n arcs such that e; € R(G),
t(e;) = oleir1)(1 < i <n—1). If e; = (v;i_1,v;), 1 <7 < n, then we also denote P by
(v, v1, -+ ,v,). Set |P| = n, o(P) = o(e;) and t(P) = t(e,). Also, P is called an
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(o(P),t(P))-path. A (v, w)-path is called a v-closed path if v = w. The inverse of a closed
path C' = (e;,--- ,e,) is the closed path C~' = (e;!,--- e7!).

We say that a path P = (ey,--- ,e,) has a backtracking or a bump at t(e;) if e;rll = e
for some (1 <i <n—1). A path without backtracking is called proper. Let B" be the
closed path obtained by going r times around a closed path B. Such a closed path is
called a multiple of B. Multiples of a closed path without bumps may have a bump. Such
a closed path is said to have a tail. If its length is n, then the closed path can be written

as
(617"' 7€k7f17f27"' 7fn—2k76];17”' 761_1)7

where (f1, fo, -+, fn_ok) is a closed path. A closed path is called reduced if C' has no
backtracking nor tail. Furthermore, a closed path C' is primitive if it is not a multiple of
a strictly shorter closed path. Let C be the set of closed paths. Furthermore, let Cmonted
and C' be the set of closed paths without tail, and closed paths with tail, respectively.
Note that C = Crontaeil y Clail gnd Crontail A Clail — ¢,

We introduce an equivalence relation between closed paths. Two closed paths Cy =
(1, ,en) and Cy = (f1, -, fn) are called equivalent if there exists an integer k such
that f; = ej4 for all j, where the subscripts are read modulo n. The inverse of C' is not
equivalent to C' if |C| > 3. Let [C] be the equivalence class which contains a closed path
C. Also, [C] is called a cycle.

Let IC be the set of cycles of G. Denote by R, P C R and PK C K the set of reduced
cycles, primitive, reduced cycles and primitive cycles of GG, respectively. Also, primitive,
reduced cycles are called prime cycles. Let C,,, Crontail Ctail k¢ and PIC,, be the subset
of C,Crentail ctail K and PK consisting of elements with length m, respectively. Note that
each equivalence class of primitive, reduced closed paths of a graph GG passing through a
vertex v of G corresponds to a unique conjugacy class of the fundamental group 71 (G, v)
of G at v.

The IThara zeta function of a graph G is a function of a complex variable ¢ with | ¢ |
sufficiently small, defined by

Z(G,1) = Zo(t) = [ (1 -1,

[CleP

where [C] runs over all prime cycles of G.

Let G be a connected graph with n vertices vy,--- ,v,. The adjacency matriz A =
A(G) = (aij) is the square matrix such that a;; = 1 if v; and v; are adjacent, and a;; =0
otherwise. The degree of a vertex v; of G is defined by degv; = deg qv; =| {v; | viv; €
E(G)} |. If deg gv = k(constant) for each v € V(G), then G is called k-regular.

Thara [14] showed that the reciprocal of the Thara zeta function of a regular graph
is an explicit polynomial. The Thara zeta function of a regular graph has the following
three properties: the rationality; the functional equations; the analogue of the Riemann
hypothesis(see [24]). The analogue of the Riemann hypothesis for the zeta function of
a graph is given as follows: Let G be any connected (¢ + 1)-regular graph(q > 1) and
s=o+it (o,t € R) a complex number. If Zg(¢~*) = 0 and Re s € (0,1), then Re s = 1.
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A connected (g + 1)-regular graph G is called a Ramanujan graph if for all eigenvalues
A of the adjacency matrix A(G) of G such that A # £(q + 1), we have | A |[< 2,/q.
This definition was introduced by Lubotzky, Phillips and Sarnak [16]. For a connected
(¢ + 1)-regular graph G, Zg(q~°) satisfies the Riemann hypothesis if and only if G is a
Ramanujan graph.

Hashimoto [13] treated multivariable zeta functions of bipartite graphs. Bass [3] gen-
eralized Thara’s result on the Ihara zeta function of a regular graph to an irregular graph,
and showed that its reciprocal is a polynomial.

Theorem 1 (Bass) Let G be a connected graph. Then the reciprocal of the Ihara zeta
function of G is given by

Z(G, ) = (1 —t*)"'det(I — tA(G) + t*(D — 1)),

where 1 is the Betti number of G, and D = (d;;) is the diagonal matriz with d;; = degv;
and dij = 077/ % ja (V(G) = {Ulv T 7Un})'

Stark and Terras [21] gave an elementary proof of Theorem 1, and discussed three
different zeta functions of any graph. Various proofs of Bass’ theorem were known. Kotani
and Sunada [15] proved Bass’ theorem by using the property of the Perron operator. Foata
and Zeilberger [5] presented a new proof of Bass’ theorem by using the algebra of Lyndon
words.

Let G be a connected graph. Then the bump count be(P) of a path P is the number of
bumps in P. Furthermore, the cyclic bump count cbe(C) of a closed path C' = (eq, -+, e,)
is

cbe(C) =[{i=1,---,n|e;=ezi} |,
where e,.1 = e;. An equivalence class of primitive closed paths in G is called a primitive
cycle. Then the Bartholdi zeta function of G is a function of complex variables u,t with
| u |, | t | sufficiently small, defined by

CG(u7t> _ C(G,U,t) _ H (1 - ucbc(C)ﬂC\)—l7
[ClePK

where [C] runs over all primitive cycles of G.

If w = 0, then the Bartholdi zeta function of GG is the Thara zeta function of G. Because
the Bartholdi zeta function ((G,u,t) of a graph is divided into two parts concerned
with primitive, non-reduced cycles and primitive, reduced cycles (i.e., prime cycles) of G,
respectively:

CGuty= J[ @—u®dh "t T (1 -t

[ClePK\P [CleP

By substituting « = 0, we obtain

(G0 t)=1- J] @ =t =2(G.+).

[CleP
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Let n and m be the number of vertices and unoriented edges of G, respectively. Then
two 2m x 2m matrices B = (B¢ f)e rer(q) and J = (Je ¢)e rer(c) are defined as follows:

B .11 if t(e) = o(f), g .1 if f=e"1,
/71 0 otherwise el 7 0 otherwise.

Bartholdi [2] presented a determinant expression for the Bartholdi zeta function of a
graph.

Theorem 2 (Bartholdi) Let G be a connected graph with n vertices and m unoriented
edges. Then the reciprocal of the Bartholdi zeta function of G is given by

C(G u,t)™t = det(Iy, — (B — (1 —u)J)t)
= (1 — (1 —w)?*)™ " det(I - tA(G) + (1 — u)(D — (1 — u)I)t?).

In the case of u = 0, Theorem 2 implies Theorem 1.

The Thara zeta function of a finite graph was extended to an infinite graph in [3,4,8,9,
10,11}, and those determinant expressions were presented. Bass [3] defined the zeta func-
tion for a pair of a tree X and a countable group I' which acts discretely on X with
quotient being a graph of finite groups. Clair and Mokhtari-Sharghi [4] extended IThara
zeta functions to infinite graphs on which a group I' acts isomorphically and with finite
quotient. In [8], Grigorchuk and Zuk defined zeta functions of infinite discrete groups,
and of some class of infinite periodic graphs.

Guido, Isola and Lapidus [9] defined the Thara zeta function of a periodic simple
graph(i.e., an infinite graph). Let G = (V(G), E(G)) be a simple graph which is (countable
and) uniformly locally finite, and let I" be a countable discrete subgroup of automorphisms
of G, which acts freely on G, and with finite quotient B = G//T". Then the Thara zeta
function of a periodic simple graph is defined as follows:

ZG’F(T,) = H (1 — t|C‘)_1/|FC‘7

[Clre[P]r

where [Cr runs over all '-equivalence classes of prime cycles in G.
Guido, Isola and Lapidus [9] presented a determinant expression for the Ihara zeta
function of a periodic simple graph by using Stark and Terras’ method [21].

Theorem 3 (Guido, Isola and Lapidus)
Zar(t) = (1=t~ M det p(I—tA(G) + (D - D)t3) 7,

where m =| E(B) |, n =| V(B) | and detp is a determinant for bounded operators
belonging to a von Neumann algebra with a finite trace.

Also, Guido, Isola and Lapidus [10] presented a determinant expression for the Ihara
zeta function of a periodic graph by using Bass’ method [3]. Furthermore, Guido, Isola
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and Lapidus [11] generalized the results of [9,10] to a fractal graph. In [11], they defined
the Thara zeta function of a fractal graph and gave its determinant expression.

In this paper, we define the Bartholdi zeta function of a fractal graph, and present
its determinant expression. The proof is an analogue of the method of Guido, Isola and
Lapidus [11], and Mizuno and Sato’s method [17]. In Section 2, we give a short review on
a fractal graph. In Section 3, we present some combinatorial properties on closed paths of
a fractal graph. In Section 4, we define the Bartholdi zeta function of a fractal graph, and
show that it is holomorphic. In Section 5, we review a determinant for bounded operators
acting on an infinite dimensional Hilbert space and belonging to a von Neumann algebra
with a finite trace. In Section 6, we present a determinant expression for the Bartholdi
zeta function of a fractal graph.

2 Fractal graphs

Let G = (V(G), E(G)) be countable and connected. We assume that G has bounded
degree, i.e., d = sup,cy (g degqv < oo(see [18,19]). For two vertices v,w € V(G), the
distance d(v,w) between v and w is defined as the length of the shortest path between v
and w. For v € V(G) and r € N, let B,(v) = {w € V(G) | d(v,w) < r}. For Q C V(G),
let B,(2) = Uyea B, (v).

A bounded operator A on (*(V(G)) has finite propagation r = r(A) > 0 if, for all
v € V(G), supp(Av) C B,(v) and supp(A*v) C B,(v) S, where A* is the Hilbert space
adjoint of A. Let B(¢*(V(G))) be the set of bounded operators on ¢*(V(G)). Note that
finite propagation operators forms a x-algebra.

A local isomorphim of the graph G is a triple (s(v),r(v),7), where s(v), r(v) are
subgraphs of G and v : s(y) — 7(7) is a graph isomorphism. The local isomorpism =
defines a partial isometry U(y) : (2(V(G)) — *(V(Q)), by setting

oy o= { IO L7 € VoD

0 otherwise,

and extending by linearity.

An operator T' € B(*(V(Q))) is called geometric if there exists r € N such that T
has finite propagation r and, for any local isomorphism ~, any vertex v € V(G) such that
B, (v) C s(v) and B,(yv) C r(v), one has

TU(y)v =U(y)Tv, T*U(y)v = U(y)T*v.

The adjacencey matriz A(G) = (aw) and the degree matriz D(G) = (dy.,) are defined
by

w 1 if (v,w) € R(G),
Y1 0 otherwise,
and

4. = { deggv if v = w,

0 otherwise,
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For a subgraph K of G, the frontier F(K) is the family of vertices in V(K') having
distance 1 from the complement of V(K) in V(G). A countably infinite graph G with
bounded degree is amenable if it has an amenable exhaustion, i.e., an increasing family of
finite subgraphs { K, }nen such that U,enK,, = G and

| F(K,) |
—— — 0asn— oo.
| V(K,) |

A countably infinite graph G with bounded degree is called self-similar or fractal if it
has an amenable exhaustion {K,} such that the following conditions (i) and (ii) hold(see
[1,12]):

(i) For every n € N, there is a finite set Z(n.n + 1) of local isomorphisms such that, for
all v € Z(n,n + 1), one has s(v) = K,,

U V(Kn) = Kn-‘rlv

YEZ(n,n+1)
and moreover, if v,v" € Z(n,n 4+ 1) with v # +/,
V(vK,) NV(Y'K,) = F(WK,) N F(VK,).

(ii) Let Z(n,m)(n < m) be the set of all admissible products v = 10,7 €

Z(i,i+ 1), where “admissble” means that, for each term of the product, the range of ~;

is contained in the source of ;1. Also, let Z(n,n) = {idg, }, and Z(n) = Up>p,Z(n, m).
We define the Z-invariant frontier of K,:

Fr(K,) = | 77 F(K).
)

vyeZ(n

and we require that
| Fz(Ky) |

| V(IG) |
Let Z be the family of all local isomorphisms which can be written as admissible
products yi'v5? - - - vy¥, where v; € UpenZ(n), ¢, =1,—1fori=1,...,k and k € N.
A trace on the algebra of geometric operators on a fractal graph is constructed as
follows(see [11]):

—s 0 asn— oo.

Theorem 4 (Guido, Isola and Lapidus) Let G be a fractal graph, and A(G) the -
algebra defined as the norm closure of the x-algebra of geometric operators. Then, on
A(G), there is a well-defined faithful trace state Trz given by

i TPED
T =B R )

where P(K,,) is the orthogonal projection of £*(V(G)) onto its closed subspace (*(V(K,)).
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We use the following result by Guido, Isola and Lapidus [11].

Proposition 1 (Guido, Isola and Lapidus) Let G be a connected fractal graph with
bounded degree d = sup,cy (¢ deggv < co. Furthermore, let {K,} be an amenable ez-
haustion of G such that satisfies the conditions (i) and (i) in the definition of a fractal
graph. Let Q) be any finite subset of V(G). Then the following results hold:

1. For anyr € N,
| B(Q) [<] Q] (d+1)".

2. Let Q,, =V(K,)\ B,(Fz(K,)) . Then, forn <m,

| Z(n,m) (| Qe [<| V(E) [<] Z(n,m) || V(E) |-

3. Let
| F2(K) |

€n = )
| V(K,) |
where €, — 0 as n — oo by the definition of a fractal graph. Furthermore, let
en(d+1)" < 1/2 for alln > ng. Then

0 < [Zm) [| VK, |

< —1<2¢,(d+1)" <1.
V(K | (@+1)

3 Closed paths in a fractal graph

Let G be a connected fractal graph. Furthermore, let {K,} be an amenable exhaustion
of G such that satisfies the conditions (i) and (ii) in the definition of a fractal graph. Let
0 <wu < 1. For s > 1, the matrix A, = ((Ay)ij)vvev(a) is defined as follows:

(As)i,j _ Zubc(P)’
P

where (Aj);; is the (i, j)-component of A, and P runs over all paths of length s from v;
to v; in G. Note that A; = A(G). Furthermore, let Ay =1.

Lemma 1 Put Q=D — 1. Then
A= (A1)’ = (1-u)D = (A)* — (1 - u)(Q+T)

and
As = As—lAl — (1 — U,)AS_Q(Q + UI) fO’f' S 2 3.

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R30 7



Proof. The first formula is clear. We prove the second formula. The proof is an
analogue of the proof of Lemma 1 in [21].

We count the paths of length s from v; to v, in G. Let s > 3 and A(G) = (A,;).
Then the sum Zj (As_1)i ;A counts three types of paths P,(Q), R in G as follows:

P == (617 T 7es—l7es>7es % eg__llu €s = (Uj,’Uk),
Q - (617 crr ,€5-92,65 1, 63)7 €s—1 % 63__12768 = es__ll = (Uj,’Uk),
R=(e1, -, €5 2,€s-1,€5), €52 = €, = €5 = (U}, V).

Let T' = (e1,--+,es_2). Then the term corresponding to P, and R in the sum

> (A1) A is ubeM) M) and ubM+1 | respectively. While, the term corresponding

to P,Q and R in (A,);y is ub)| 4D+ and y*(M+2 respectively. Thus,

(Ag)ik = Z(As—1>i,jAj,k + (u— 1) (As—2)ipge + (U° — u)(As—2)in,

J

where ¢, = degv, — 1. Therefore, the result follows. Q.E.D.
For s > 1, let C!*! be the set of all closed paths of length s with tails in G, and

ay = lim > (w9 C el and o(C) = x}.
€V (Kn)
Then a; = 0.

Lemma 2 1. For s € N, a, exists and is finite.

2.
as = Trz[(Q — (1 — 2u) 1) A, o] + (1 — u)’a,_o for s > 3.

Proof. 1: For n € N, let
Q= V(i) \ Bi(Fr(Ky)), @, = V(K,) N Bi(Fr(Ky)).
Then, for all p € N,
V(Kntp) = Uyezmmntp) V0 U (Ureznnap) V).
Let
a(z)= Y {u|C el and o(C) = x}.

€V (Kp)
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Then a,(z) < d*~'. Thus, by 1 and 3 of Proposition 1, we have

1 1
‘\V(Knﬂm 2 “s(x>‘|v<Kn>\ 2 ()

€V (Knip) z€V (Kn)
\Inn+p| 1 |Inn+p|
< as(v)| + T Z | as
‘ v 'ﬂ+P xEZQ (Kn) | CCEVZ(I<7L) ”+p GQ/
| Z(n,n+p) | 1 | Z(n, n+p)|
< - Z | as(2) | +27 T > Jad)]
V(Ke) | VR 2 V) |2
<li_ [ V) [[Z(n,n+p) [] jomr | ol V) ([ Z(nn 4 p) || Bi(Fz(FEn) | g
| V(Knsp) | | V(Knsp) | | V(K,) |
1, ol V) [ Z(nn+p) || Fz(Ky) [ (d+1) oy
< 26,(d+1)d* " +2 d*
(D V(Kory) | V(K.
< 6ep(d+1)d*™" — 0 as n — oo,
where
en:mHOasn—uﬁ.
| V(Kn) |
2: At first, we have
as = lim 1 Z {u* | ¢ € ¢ and o(C) = v;}
n—oo | V(Kn) | V()

=iy X X 9=y ee)

v €V(Kn) (vi,v5)ER(G)
1 .
= lim ———— Z Z {ch(c) | C = (’UZ',UJ', .. ) c szl}
e | V(Kn) | v; EV(Kn) (v;,v;)€R(G)
The third equality is proved as follows: Let
Q={veV(G)|véV(K,)dwv K, =1} C Bi(F7(K,)).
Then we have

1 be(C) — (1. 1 tail
[ V(K,) | 2. > U C = (v,0,..) € C1Y

’UZEV(Kn) (vi,vj)ER(G)

Z Z {9 | C = (v;,;,...) € Cl"!}

vJEV(Kn) (vi,vj)ER(G)

|Z > {u© | C = (v;,v),...) € C"}

v; € (v3,v5)ER(G),v; €V (Kn)

- # be(C) — (0 . tail
| V(K,) | Z Z {u | C = (vi,vj,...) € C}.

v €V (Kn) (v:,0)ER(G) 0: €0
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But, we have
A XY W O= () ea)
v; € (v5,v;)ER(G),v; €V (Kn)

1
< —— | Fr(K,) | & — 0

'm Z Z {ubc(C) | C = (v;,v,...) € ctaily

v, €V (Kn) (v,0;)ER(G) i €Q

and

v; €F7(Kn) (vi,v5)ER(G),v; €Q
1

<
— | VI(K) |
Thus, the third equality holds.

| Fr(Ky) | &5 — 0.

— 1 be(C) —ay. oy, tail
= V&) Z Z {u | C' = (vi,v5,...) € C™"}

We want to count closed paths of length s with tails in G. The proof is an analogue

of the proof of Lemma 2 in [21].

Let s > 3 and let v; be fixed. Furthermore, let C' = (v;,v;,v, -+, v, vj,v;) be any

closed path of length s with tails in G, and let P = (vj, vy, -+, vy, 0;).
Case 1. P does not have a tail, i.e., v; # v,.
Then the closed path C'is divided into two types:

C1 = (vi, V4,01, ++ U, V5, 0;), U # U and v # Ur,
CQ = (Uiavj>via U 7'U7’avjavi)(vl = ’Ui)
or (Uivvj7vl7 T ,UZ',’Uj,fUi)(UT = Ui)-

Case 2. P has a tail, i.e., v; = v,.
Then the closed path C'is divided into two types:
C3 = (Uia Uy, U1y, 0, Uy, Ui)) (% 7& v,
CY4 = (Uia Vjy Ugy = oo, Uy, Vg, Ui)) Uy = 1.
Now, we have

ubc(Cl) bC(P)—FQ.

— ubc(Cg) — ubc(P)7 ubc(Cg) bc(P)—I—l7 ubc(C4)

=Uu = U

Thus,
b= > 0ol [C]=s C= (v, )

(vi,vj)€R(G)

1) Z{ubc(P) | P P tail, |P|=s—2, P: v; — closed path}
+ 2u Z{ubc(P) | P 2 tail, |P|=s—2, P: v; —closed path}
+qj Z{ubc(P) | P D tail, |P|=s—2, P: v; — closed path}
+u? Y {u"P) | P D tail, |P|=s—2, P: v;— closed path}.
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That is,

bj = (¢; — 1) Z{ubC(P) | |P|=s—2, P: v; —closed path}
+2u Z{ubc(P) | P 2 tail, |P|=s—2, P: v; —closed path}
+ (14 u?) Z{ubC(P) | P D tail, |P|=s—2, P: vj —closed path}.

Therefore, it follows that

v; €V (Knp)
1
= lim ——— Z (Q(vj,v;) — Z {ubc } |P| =s—2, P: v; — closed path}
n=oe | V(Kn) | v €V (Kn)
' n
+ 2u lim VK] V 3] Z Z{ubC(P |P|=s—2, P: v; — closed path}
—l—(1—2u+u)hm‘v |ZZ{ubC(P | P D tail,

|P|=s—2, P: v; — closed path}.

Hence,
as = Trz[(Q —T)A o] + 2uTrz[A o] + (1 — u)’a,_s.
Q.E.D.
For m > 1, let C,, be the set of all closed paths of length s in GG, and
1
N,, = lim VK, ‘Z{ucbcc‘)mec and C C K,}.

Lemma 3 1. Form € N, N,, exists and is finite.
2. Ny, =Trz(A,) — (1 — w)agy,.

Proof. 1: At first, we have

7)| Z{ucbc(o) | C e, and O(C) =0V E V(Kn)}
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For, by 2 of Proposition 1,

71 ucte©) and o =
0§'|V(Kn)|(z{ | C €Cpand o(C) =v € V(K,)}

=) {u | CeC,and C C Kn})‘

1 coc
= T | 221 1 € € Cniol€) = v e V(K
1 C
S TR N (| C € Cpyo(C) = v € Bm(fI(Kn))})
1
“rvl, 2, A
vE€Bm (Fr(Kn))
1
< vy [P B Fe ) A
| B (Fz(Ky)) |
< ||A,,
[ Al VK |
| Fz(K) |
< |[Ap|l(d+ 1) "= —0
Anlid-+ 1y
if n — oo.
Furthermore, the existence of
lim |V( |Z{ud’cc) | C €Cpand o(C)=veV(K,)}
is proved as 1 of Lemma 2.
Therefore, it follows that
Ny, = lim W > {u? | C € €y and o(C) = v € V(K,)}
= lim W Z{ubc(c) | C € cromteil and o(C) = v € V(K,)}
+ lim W Z{ud’c(o) | C € Cl! and o(C) =v € V(K,)}
= i A,
— lim VR V Z Z{ubc —u®) | C e and o(C) =v € V(K,)}.
veV (Ky)

Hence, since cbe(C') = be(C) + 1 for each closed path C of length s with tails, we have
Ny =Trz(An) — (1 — w)ag,.
Q.E.D.
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4 The Bartholdi zeta function of a fractal graph

We define the notion of Z-equivalence between cycles. Let G be a connected fractal
graph. Furthermore, let {K,} be an amenable exhaustion of G such that satisfies the
conditions (i) and (ii) in the definition of a fractal graph. For [C],[D] € K, [C] and [D]
are called Z-equivalent, denoted [C] ~ 7[D], if there exista a local isomorphism 7 € Z such
that D = ~v(C). We denote by [C]r the set of Z-equivalent class containing [C]. Note
that [C] € [C]z. Let [K]z and [PK]z be the set of Z-equivalence classes of K and PK,
respectively.

For [C] € K, the size s(C) € N of [C] is the least m € N such that C' C v(K,,) for
some local isomorphism v € Z(m). Furthermore, the effective length ¢{(C') € N of [C] is
the length of the primitive closed path D underlying C i.e., such that C' = DP for some
p € N. The average multiplicity (C) of [C] is the number in [0, 00) given by
| Z(s(C),n) |

lim
n—oo | V(Ky) |

Lemma 4 1. Let [C] € K. Then the following limit exists and is finite:

i TG |
e TVED ]

2. 5(C), £(C), u(C) only depend on [Clr € [K]z. Furthermore, if C = D* for some
[D] € PK, k € N, then s(C) = s(D), ¢(C) ={(D), u(C) = u(D).

3. For m € N,
No= Y pu(C(C)u®.

[Clz€[Km]z
Proof. 1: At first, we have
| Z(s(C),n+ 1) [=[ Z(s(C),n) || Z(n,n + 1) |

for any n > s(C'). By 2 and 3 of Proposition 1, we obtain

| Z(s(C),n) | [ Z(s(C),n+p) !‘ _ [ Z(s(C), n) |‘1 V) [ Z(nn+p) |
| V(E,) | | V(Knsp) | | V(EKL) | | V(Knsp) |
1
< o |2en(d—|—1).
Furthermore,

[ Z(s(C)yn+ 1) | _ [Z(s(C),n) [| V(KR [[Zn,n+1) [ | Z(s(C),7) |
| V(K1) | | V() | | V(Knpa) | T IVIE) |

and so the limit is monotone.
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2: Clear.

3: We have
1
N R V| Z{UCbC(O) | C €Cpand C C Ky}
[Clz€lKmlz
1
= lim = @ | T(s(C .
" [C]IGZ[ICm}I | V(K,) | (C) | Z(s(C),n) |
— Y wOUC)(C),
[Clz€Km]z

Q.E.D.
We define the Bartholdi zeta function of a fractal graph as follows:

Corluty= [ (1 —ut@c=nC),
[Clz€[PK]z

where u,t € C are sufficiently small such that the infinite product converges, and u > 0.

Lemma 5

a -1 S
57 logCar(ut) =t ;Nt

Proof. Since

log (g z(u,t) = —p(C) Z log(1 — uch(C)t\Cl)
[C]IE[PK]I

— M(C) Z Z cbe( C)st\C|s

[Clze[PK]z s=1
we have

9 -1 cbe(C)s4|Cls
2 oot =1 Y SO

[C}IE[PK]I s=1

_t_ Z Z |C‘ucbc C)st|C\s
s=1 [Clz€[PKlz
=17 3 p(C)UC U,

[C1]z€lK]z

Note that cbc(C®) = cbe(C)s. The third equality is obtained by the fact that each closed
path of GG is a multiple of some primitive closed path of G.
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Therefore, by Lemma 4, it follows that

9 -1 s
57 logCar(u,t) =t ;Nst . (1)

Q.E.D.

5 Analytic determinants for von Neumann algebras
with a finite trace

In an excellent paper [6], Fuglede and Kadison defined a positive-valued determinant for
von Neumann algebras with trivial center and finite trace. For an invertible operator A
with polar decomposition A = UH, the Fuglede-Kadison determinant of A is defined by

Det(A) = exporolog H,

where log H may be defined via the functional calculus.

Guido, Isola and Lapidus [9] extended the Fuglede-Kadison determinant to a deter-
minant which is an analytic function. Let (A, 7) be a von Neumann algebra with a finite
trace. Then, for A € A, let

det ,(A) = exporolog A,

where

log(A) := QL log A\(A — A)~a),

T Jr

and I is the boundary of a connected, simply connected region €) containing the spectrum
o(A) of A. Then the following lemma holds(see [9, Lemma 5]).

Lemma 6 (Guido, Isola and Lapidus) Let A, QT be as above, and ¢, two branches
of the logarithm such that both domains contain ). Then

exp ot o ¢(A) = exp ot o P(A).

Next, we consider a determinant on some subset of A. Let (A, 7) be a von Neumann
algebra with a finite trace, and Ay ={A € A| 0 ¢ conv o(A)}. For any A € Ay, we set

det ;(A) = exporTo (L / log A\(A — A)td)),
2T Jp
where I' is the boundary of a connected, simply connected region €2 containing the spec-
trum conv o(A), and log is a branch of the logarithm whose domain contains €2. Then the
above determinant is well-defined and analytic on Ag(see [9, Corollary 5.3]). Furthermore,
Guido, Isola and Lapidus [9] showed that det , has the following properties.
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Proposition 2 (Guido, Isola and Lapidus) Let (A, 7) be a von Neumann algebra with
a finite trace, A € Ay. Then

1. det ;(zA) = zdet . (A) for any z € C\ {0}.
2. If A is normal, and A = UH is its polar decomposition, then

det .(A) = det . (U)det . (H).

3. If A is positive, then det . (A) = Det(A), where Det(A) is the Fuglede-Kadison
determinant of A.

6 A determinant expression
In this section, we consider the following determinant:
det 7(A) = exp oTrz o log A

for A € A(G).
In (3,50 Ast®)(I—tA; + (1 — u)(Q+ ul)t?), the coefficient of ¢* for any s > 3 is 0 by
the second formula of Lemma 1. Furthermore, by the first formula of Lemma 1, we have

O AL)T—tA + (1 —u)(Q+ul)t?) = (1 - (1 - u)**)L (2)

s>0

Since (1 — (1 —u)?t*)~1 =37 (1 — u)¥t,

= O A (1 = w)P )T~ tA; + (1 - u)(Q + ul)t?)

k>0 §>0
[5/2]

= (O D A1 —w)Pt) (I tA; + (1 — u)(Q+ ul)t?).
s>0 j=0

By Lemmas 2 and 3, we have
[(s 1)/21 o
N, = Tiz[A,—(1—u) " (Q—(1—2u)I A 2j]_{ 0 if s is odd,

— (1 —u)*tay if sis even.

<.

for s > 3. Furthermore, N; = TrzA; = 0, and

[ B(K)| 2| B(K,)
Ny = TrzAs — (1 — w)az = | —(1-u)l
e Trhem e = i Ty T TR V)
| B(K,) |
= 20 lim
P TV |
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Next, set

[s/2]
N =A,— (1—u)"(Q—(1—2u)I) 2(1 —u)Y A,y
[s/2]
=A,+(1-uw) Q- (1-2u)A, — (1 —u) 1 (Q— (1—2u)) Z(l —u) ¥ Ay,

Then (2) and (3) imply that

(ZN;tS) (I—tA; + (1 —u)(Q + ul)t?)

- T+(1—u) Q- (1—-2u)D)(1—(1—u)’)T—(1—u)"H(Q—(1-2u)l)
=(1—(1—u)*HI - (1—u)t*(Q— (1—-2u)).

Since Nj = Ay =1,

(ZN;tS) (I—tA; + (1 — u)(Q + ul)t?)

. (1—(1—-u)*)HI - (1 —u)t*(Q— (1 —2u)I) — (I —tA; + (1 —u)(Q + ul)t?)
= tA; — 2(1 — u)(Q + ul)t?

Therefore it follows that

D ONt = (tAr = 2(1 — u)(Q+ ul)t) (I — tA; + (1 — u)(Q+ ul)t?) ™

s>1

Lemma 7 Let f :t € B.={t € C||t|< e} — flut) € AG) be a C'-function,
f(0,0) = 0, and || f(u,t) ||< 1 for all t € B., where the absolute value of u € C is
suffiently small. Then

D b )1~ Flu, ) ™).

Te(— g0~ f(u,1))) = Tra( >

ot
Proof. At first, we have
—log(I — Z —f(u,t)"
n>1

Then, the above converges in operator norm, uniformly on compact subsets of B, and
|| f(u,t) ||]< 1 for all £ € B.. Furthermore,

—_

n—

0" = 3 Yo Cst) 0

<.
Il
=)
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Therefore, we have

g o8l (0s0) = 323 ) )00
and so
0 8 n—j—1
TrI(—a—log(I - Z ZTII f(u ) f (u, )"777)
= T ) )
~ Tor( (T Flu. 1))
Q.E.D.

We state the average Euler-Poincaré characteristic of a fractal graph(see [11]).

Lemma 8 (Guido, Isola and Lapidus) The following limit exists and is finite:

_ X(Ky) _ _1
n—oo | V(K,) | 2

TI'I(Q - I>7
where x(K,,) =| V(K,) | — | E(K,) |
Theorem 5

Coz(u, )™ = (1 = (1 —u)*?) XD det (T — tA(G) + (1 —u)(D — (1 — uw)D)t?).

Proof. By Lemma 7, we have

Try ZN t*) = Trg( t% log(I —tA; + (1 — u)(Q + ul)t?)).

By Lemma 8, we have

2| FE
ag—uhmM

TR =uTrz(Q+1).

If s is odd, then Trz(N}) = N,. Otherwise, we have

Trz(N*) = Ny — (1 — u)¥ ' Trz(Q — (1 — 2u)I) + (1 — u)* tay
Ny — (1 —w) ' Trz(Q — (1 — 2u)I —u(Q + 1))

Ny — (1 —u)’Trz(Q —1).

»
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Thus, for s > 1, we have

o 0 if s is odd,
Trr(N) = N, = { (1 —u)*Trz(Q —I) if sis even.
Thus,
Trz() Nit') = > Nt' = Trr(Q - DD (1 — u)¥t¥)
s>1 s>1 j>1
(1 — u)*?
= Ngt* =T I,
2 Q- D=
s>1
le.,
s %18 (1 __lu>2t2
ZNSt = TI'I(Z Nst ) + TI'I(Q — I)m

s>1 s>1

(1) implies that

0
ta log (¢ z(u,t)

0 (1 _ )2t2
= Trz(—t 5 log(T = tAs + (1 = u)(Q+uD))) + Trr(Q = D o
= TrI(_t% log(I —tA; + (1 — u)(Q + ul)t?)) — t% log(1 — (1 — u)?2)™=(@-D/2

Both functions are 0 at t = 0, and so
log (e z(u,t) = —Trr(log(T — tA; + (1 — u)(Q + ul)t?)) — log(1 — (1 — u)?t?)Tz(Q=D/2,
Hence the equality Trz(log(I — B)) = logdet (I — B) and Lemma 8 implies that
Coz(u,t) = (1 — (1 —u)? )@ det (T — tA(G) + (1 — u)(Q + ul)t*)~.

Q.E.D.
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