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Abstract

Combinatorial covers of graphs were defined by Chung and Yau. Their main
feature is that the spectra of the Combinatorial Laplacian of the base and the total
space are related. We extend their definition to directed graphs. As an application,
we compute the spectrum of the Combinatorial Laplacian of the homesick random
walk RW,, on the line. Using this calculation, we show that the heat kernel on the
weighted line can be computed from the heat kernel of ‘(1 + 1/u)-regular’ tree.

1 Introduction

A finite presentation of a group determines a locally finite graph, the Cayley graph. In
general, the graph depends on the presentation and it does not reflect the algebraic
properties of the group. But the Cayley graph provides information on the “large scale”
properties of the group i.e., properties of the group at infinity. This is the motivation for
the question posed by M. Gromov:
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Question. What is the relation between the spectrum of a random walk on the Cayley
graph of the group to the geometry at infinity of the group?

A classical result towards this direction is given in [5] where the spectral radius (the
maximal eigenvalue) of the normalized adjacency operator on a graph is connected to
properties of the graph and the group. Notice that the normalized adjacency operator
encodes the simple random walk on the graph, the one that each direction has the same
probability.

One of the properties of the group that is reflected to its Cayley graph is the rate of
growth of the elements of the group when they expresses as products of the generators and
their inverses. The corresponding quantity in the Cayley graph is the rate of growth of
the elements of the combinatorial spheres (or balls) centered at the vertex that represents
the identity element. In [6], a family of random walks RW,, are defined on a rooted graph.
They are nearest neighbor “homesick” random walks that depend on a parameter u. In
these random walks it is p times more likely for the particle to move towards the root
than to move away from it. The main result in [6] is that the growth of the graph is a
threshold value. The random walk is transient if and only if p is larger than the growth
and positive recurrent if and only if y is smaller than the growth. When the graph is the
Cayley graph of a group, the result states that the growth of the group can be predicted
from the properties of the homesick random walk on the Cayley graph.

The goal of this project is to explain Lyons’ result using spectra of operators defined
on the Hilbert space generated by the vertices of the graph. The definition of the random
walk in [6] equips the graph with the structure of a directed weighted graph. The random
walk in this case is encoded by the adjacency operator for this graph. Following the
ideas in [1] and [3], we will work instead with a variant of the adjacency operator, the
combinatorial Laplacian.

In [1] and [3], the definition of the combinatorial Laplacian is given. Also, graph
coverings are used for the calculation of the spectrum and a basis of eigenfunctions of the
Laplacian. The idea is that when a graph G covers a graph H, then the combinatorial
structure of H is simpler and the Laplacian can be calculated for H. Then the authors
develop methods to deduce from that Laplacian of G. The calculations are used for getting
a closed formula for the heat kernel associated to the combinatorial Laplacian for k-regular
trees (Cayley graphs of free groups and free products of copies of Z/2Z) and lattices
(Cayley graphs of free abelian groups). In [2], the definition of the combinatorial Laplacian
is extended to directed, weighted graphs and the basic properties of the construction are
proved.

We extend the methods of [3] to weighted directed graphs. More specifically, we define
combinatorial covers in this case. We extend the methods of [3] and use them to compare
the eigenvalues and eigenfunctions of the base and the cover graphs. As an application,
we calculate the heat kernel of the homesick random walk on the 2-regular tree. As in
[3], the heat kernel of the infinite tree is computed as the limit of the heat kernel of the
[-combinatorial neighborhood of the root, as [ goes to infinity. For the [-neighborhood, we
construct a combinatorial cover for the 2-regular tree to the weighted, directed segment.
The general theory implies that there are two types of eigenvalues for the Laplacian in
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question. The first type includes eigenvalues that admit eigenfunctions that do not vanish
at the root. Those eigenvalues are induced from the directed segment. The eigenfunctions
for the second type of the eigenvalues vanish at the root. After taking limits as [ goes to
infinity, our main result computes the heat kernel in this case.

Theorem (Main Theorem). For the homesick random walk with parameter p on the
infinite line, the heat kernel Hy(a,b) satisfies:

1. When b= 0:

2VE 1
=R D ging | — sin(a + 1)z — sin(a — 1)z

Hi(a,0) = /2 + 1)/07r a dx.

s W24 2u+ 1 —4pcos’

2. If both a and b are not 0, then Hy(a,b) is:

T _—t 1—%00332 . o N . o .
K / e~ 05 D sin((|a| + 1)) — sin(|a| = Da][sin(([b] + D) — sin(b] = 1)a]

p? + 2+ 1 — 4pcos?x

dx,

where K = 2(p* + ¢) and e = sign(a)-sign(b).

Notice that, up to a constant multiple, the formula (1) is the formula given in Theorem
2 in [3] for k regular trees if we set k =1+ 1/p. In some sense, the formula in (1) is the
heat kernel on the 1+ 1/pu-regular tree, even though 1+ 1/ is not an integer.

Trees are (topological) covers of graphs. In this sense they are universal among graphs.
The authors intend to extend the calculations to k-regular trees. The goal is to get
a formulation of Lyons’ theorem using the spectrum of the heat kernel on the Cayley
graph. The authors believe that such a formulation will extend Lyons’ result giving more
information on the growth of the graph (or group).

The first two authors would like to thank Canisius College for its hospitality during the
R.E.U. program in the summer 2006, when this paper was completed. All three authors
would like to thank Terry Bisson for discussions during the preparation of this project.

2 Preliminaries

All graphs considered will be locally finite as undirected graphs i.e., only finitely many
edges will be incident to a given vertex. We consider a weighted directed graph G which
has a vertex set V = V(G) and a weight function w : V' x V' — R such that

w(u,v) >0, forall u,veV.

For u,v € V, if w(u,v) > 0, then we say (u,v) is an edge and u is adjacent to v. The
degree d, of a vertex v is defined as:

d, = Z w(v,u).
ucV
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Our main example of weighted directed graphs will be the lazy random walks used in
[6]. Given a simple undirected unweighted rooted graph (G, z) we weight the edge (u,v)
as follows:

i
oy | =gy S )
w(u,v) =
T (Ml— - otherwise

where d, is the degree of u and d;, = |N(u) N Sy, -1(2)|, where S,(z) denotes the com-
binatorial ball of radius r centered at z. That defines a random walk on G denoted
RW,.

In [6], the properties of RW, on a Cayley graph are connected to the growth of the
group. Let I' be a finitely presented group and X a finite generating set. We assume that
X is symmetric i.e., X = X~ !. The Cayley graph, G(T', X) is the (non-directed) graph
with vertex set I'. Also, the pair (71,72) is an edge if 47 '72 € X. Also, define the length
of an element v € I" as

((v) =min{r: y=v;...v,, v; € X}

Let o, be the number of elements of I' of length r. Notice that o, is the number of points
on the combinatorial sphere of G(I', X') centered at the identity of radius . The growth
of the group is defined as ([4]):

w(T, X) = lim sup v/o,.

r—00

If w(I';) X) > 1 then I' is said to have exponential growth, if w(I', X) = 1 the growth is
subexponential and if o, has the same growth as a polynomial function, I' is said to have
polynomial growth. In [6], it was shown that:

o If p <w(I',X), then RW, is transient.

o If > w(I', X), then RW, is positive recurrent
We will use covers to study the spectrum of a random walk.

Definition 2.1. Let G and G be two weighted directed graphs. We say Gis a covering
of G (or G is covered by G) if there is a map 7 : V(G) — V(G) satistying the following
two properties:

(i) There is an m € R, called the index of m; such that for u,v € V(G), we have

Z w(z,y) = mw(u,v), and Z w(y, r) = mw(v,u).

zer 1 (u) zer 1 (u)
yer—1(v) yer~1(v)

(ii) For z,y € V(G) with m(z) = 7n(y) and v € V(G), we have

Z w(z,x) = Z w(z',y), and Z w(z, z) = Z w(y, ).

z€m 1 (v) Zen1(v) zem—1(v) 2’en—1(v)
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Remark 2.2.

1. Notice that the definition generalizes the definition given in [3]. We need to consider
“two sided” sums because the graphs are directed.

2. The definition of covering given above does not correspond to the classical definition
of graph coverings, that is the direct generalization of graph coverings to directed
weighted graphs. Let G and G be directed, weighted graphs. A map 7 : V(G)
V(@) is called a classical graph covering if the following hold:

(a) For each z, y inNV(é), w(z,y) =w(m(z),7(y)). Thus 7 induces a map on the
set of edges on G.

(b) For each z € V(G) we write
N°(z) = {e € E(G) : e emanates from z}.
Then the map 7 induces a bijection
™ N (x) — N (f(2)),
such that w(e) = w(w(e)).
In this paper, a cover will mean a covering as in the definition above.
As in [3], it is not hard to show the following properties of covers.

Lemma 2.3. Suppose G is a covering of G with indexm. Letu,v € V(G) andxz € 771 (v),
then

(1)

(i)

(iii)
()]

From the definition of a covering (i) and (ii) still hold if we replace w(x, z) by w(z,x) and
w(v,u) by w(u,v).
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Let G be a finite graph. The transition probability matrix P of a graph is defined as
w(u,v)
d,

It is obvious that P(u,v) > 0 only if (u,v) is an edge. Further as in the undirected case
Z P(u,v) =1,

however in the directed case it is not true in general that ) P(u,v) = 1. The transition
probability matrix defines a random walk on the graph.

The Perron-Frobenius Theorem ([7]) implies that the transition probability matrix P
of a graph has a unique left eigenvector ¢ with ¢(v) > 0 for all v, and ¢pP = ¢. We will
treat ¢ as a row vector. We can normalize and choose ¢ such that

> ov) =1

We call ¢ the Perron vector of P. We can now define the Laplacian L of a directed graph

([21):

P(u,v) =

@1/2Pq>_1/2 + @—1/2P*(1>1/2
2
where ® denotes the diagonal matrix with entries ®(v,v) = ¢(v) and P* is the transpose
of P. The Laplacian satisfies £* = L, that is, the Laplacian is symmetric. The spectrum
of a graph is the eigenvalues and eigenfunctions of the Laplacian of the graph.

We give an extension of the definition of the combinatorial Laplacian to infinite rooted
graphs. Let (G, z) be any locally finite weighted directed graph. Let B,(z) be the ball of
radius r centered at z when G is considered as a simple graph i.e., when the weights and
the orientation are ignored. Then for u,v € V(G) define

L(u,v) = LY (u,v)

L=1-

where £U) is the combinatorial Laplacian of B;(z) with [ large enough so that u and v
are contained in B;_y(z). Since £L®) depends on the nearest neighbors, the definition of £
does not depend on [. Tt is a direct calculation that I defines an operator on L?(V(G))
when there is a uniform bound on the degrees d,,, with v € V(G).

2.1 Example - The k-regular Tree

Consider the homesick random walk on the k-regular tree T} with root z. In particular
the weights are given as follows:

( 1 B
ka x_zvy Zv
1
w(z,y) = ma T # 2,9 & Sja-1(2),
1
\ kf‘l‘ﬂ—l’ x#zvy65|x|—l(z)
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The combinatorial I-sphere centered at z has s; = k(k — 1)!71 if [ > 0. We write
,Ui(l)? 1= 1727"' y Sl

for the elements of the combinatorial [-sphere centered at z. Let T,gl) be the [-ball in T},
i.e., we truncate T} to include all the vertices within combinatorial distance [ from z.
We consider the homesick random walk induced on T,gl). It has the same weights as the
random walk on T}, except that:

(@

w(v! @

,v) =1, when v;” ~ .
Let P® be the matrix of the random walk. Also, set

E—1
p=—-
W

Lemma 2.4. Let ¢; be the Frobenius—Perron vector of T,gl). Then
™) = ™), forall 0<m <1, 1<i,j < s

Thus 1y is constant along each sphere centered at z. Furthermore,

( 1_p
-y "0
(n) (1+p)(1—p)
(my — 1<n<l-1
vile) k(I —ph) =T
l—p
=1
| 2 k(1) "

Proof. In the process of calculating the Frobenius—Perron eigenfunction we will show that
its values are constant on the spheres of Tk(l). For simplicity, we set:

1

H _
“ 6_k+,u—1

:k—i—,u—l’

For any vi(l) there is a single vertex v](-l_l) that is adjacent to it. The equation ¢ PY = 1)
implies

ﬁ@b(v](-l_l)) = @/}(vi(l)) for each vl-(l) ~ v§l_1).

(-1

For a vertex v; ™7, using the previous equation,

gw(v(l_m) + (k- 1)1/}(%(1)) _ w(v§z_1))’ =2 U](l—l)’ MONNCE

m m 1 J

That implies
B(l2) = (1 - Bk — 1)),
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Solving for w(v](-l_l)), we get
_ 1 _
U Y) = ),

Thus for two vertices in S;_; have a common neighbor in S;_5 then v has the same value.
For the next step notice that

_ [— _ — _ 1— _
B + (k= Day (i) = p(l?), ol ~gl=2 070 2,

As before simplifying,

Continuing like that we get that
Pul) = 1@b(v,(f_l)), vW D2 <t <2
For the vertices of distance 1 from z,

L00) + (b= Dav(®) = 6(uf"), o ~ ol

Thus
kE+p—1

£ (s

roe) = (1- 0w = vl = o) -

Therefore 1) has the same value on S; and thus 1 is constant on each sphere. Inductively,
we get that

- 1
Pr by, ten<i-1 [ Eue), 1<n<ion
(n) prk [k
Ui(v; ) = = .
l 1kwl( ) n=1 —Ml_1k¢l(z)7 n=1.

Adding up all the terms:

-2

zwwﬁ>:<ﬂﬁ512y+ll+gmu

K =0
_ (@+Dﬂ—d*)
1—p
(%1—d)
1—p

D )0

) Ui(z)

So the normalization condition implies:
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and the Frobenius—Perron vector is given by:

( 1_p
gy "
(n) (1+p)(1—p)
)y _ 1<n<l-1
vl k(I —ph) =
L—=p n=1
[ 26k =pl)

O

Remark 2.5. Notice that the limit, as [ — oo of ¢;(2) is non-zero if and only if p < 1.
That happens if and only if the random walk is positive recurrent ([6]). If this is the case,
l—p

Y(2) = lim ¢y(2) = ——.

Furthermore, taking limits as [ — oo, we get the following formula for a candidate for the
Frobenius—Perron vector for the homesick random walk on T}:

1_
P n=0
Ui(vf™) i
1\v; =
A+pd=-—p
P P>
2"k

A direct calculation shows that v is the Frobenius—Perron vector for T}, when p < 1.

Let W; be the diagonal matrix with entries @/}l(vi(")). Then, for two adjacent vertices,

(
1
e (Z>]) € {(071)’(170)}’
W2 P12y vj(.")) _ k(p+1)
7 ? 1
B . D R TR T i<l
\Ifl 1/2Pl \111/2(1}2-( )”U](- )): \/,l_t(p—l-l)’ |Z ]| 171_Za] _l ]-7
1
T (7'7]) S {(l7l - 1)7 (l - 17l)}
| Vilp+1)
The combinatorial Laplacian on 7, ,y) is given by:
( 17 vl(n) = U§m)7
. (nm) € {(0,1), (1,0)}
e n,m ) ) ) )
k(p+1)
(m) | (m)y _ 1 ) .
L(l)(Ui » U; )= _ |n—m|:1,1§n,m§l—1,v§)~v§ )
Va(p+1)
1
—— (n,m)e{(,I-1),(l—1,1)},
np+1)
L 0, if the vertices are not adjacent.
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3 The spectrum of a graph and its coverings

We will show that there is a connection between the eigenvalues of a graph and a graph
that covers it, however to begin we establish a connection between the respective Perron
vectors. All the graphs are finite.

Proposition 3.1. Suppose G is a weighted directed graph with Perron vector ¢ and G is
a covering of G with index m with respect to the mapping w. The Perron vector ¢ of G
can be defined by

9(v)

m =t ()|’

Proof. Tt is enough to show that &P = ¢, where P is the transition probability matrix of
G. We make liberal use of Lemma 2.3. Suppose v € V(G) and 7(x) = v. Then

= o)Ply,x)= > Y,

yeG ueV(G) yer—1(u)

o(x) =

for each v = m(x).

By substituting the values of ¢ and P, the last equation becomes

Z Z |7T—1u d’ ): Z ‘WQ_SEQ(LZ” Z |7T7_7%§j)|w(y,x)

ueV(G) yer—1(u) Y ueV(G) yen—(u)

By rearranging the terms we get that
<Z> _ ¢(u) —m
Z Z w(y,z) = Z m—dumw(u’v)
ueV (G Y yen— 1(u) ueV(G)

Using the definitions, once more

@GP )= - 3 g™ - LS ) = )

1 -1 -1
o2, M T T el 2 7 1(0)

Since ¢ is an eigenfunction, we get that:
-~ 1 1 ~

= (0P)(v) = 7
[t (v)] [t ()]

Thus gz~5, as defined in the statement of the Proposition, is the Perron vector of G. O

When computing the spectrum of a graph it is sometimes convenient to consider har-
monic eigenfunctions. Let g denote an eigenfunction of £ associated with the eigenvalue
A then f = g®~1/2 is called the harmonic eigenfunction. In [2], it was shown that:

> (f(0) = f(w)(é(u) Pu,0) + P(v,u)p(v)), for cach v e V(G),

u

A (©)6() = 5

where f is a harmonic eigenfunction associated with the eigenvalue .
As in [3], using the above identity we get the following:
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Lemma 3.2. Ifé is a covering of G, then an eigenvalue of G is an eigenvalue of G.

Proof. 1f G is a covering of G with respect to the map 7 of index m, we can lift the
harmonic eigenfunction f of G (and the associated eigenvalue ) to G by defining, for

each vertex z in G, f(z) = f(v) where v = (). We then have

5 S~ F) () Ply, ) + P, )d(a)

= 15(/() — f)) (B2 + 2 G() )
Yy
=iT % (0~ ) (|w?€?i>|”€5;x) + 22 )
1 o(u) uea) 4 ol w(z,2)
=32.(f <w um R 2 d )
u zem—1(u)
1 o(u) Il Wlw(ze) | é) [ @)l (,2)
-2 Z (7‘(’ T(w)| mdy, + [r=1(v)| Z mdy )
v )
:% ( (2 x)+% > w(x,z))
Y zen— 1(u ! zem~1(u)

(f(v) = f(u (mdu e o) + 23 >|w(“’“>)
— I%Zu:(f(v) fu ))((b(u)P(u,v)+P(U>U>¢(U))
= =AM (0)0(v) = Af(2)d(x).

Il
H@Fa @M

,_.

Following the line of argument in [3], we have the following:

Lemma 3.3. Suppose Gisa covering of G with respect to the mapping 7 of index m. If
a harmonic eigenfunction f of G, associated with an eigenvalue X, has a nontrivial image
i G, then X\ is also an eigenvalue for G.

Proof. For each z € 77 (v),

By summing over z in 771(v), we have
> D N(G(W)Ply, x) + P(z,y)d(x) =X Y fz)(x).
zen—1l(v) ¥ zer—1(v)
We define the induced mapping of f in G, denoted g : V(G) — R by

- X S L @

zem—1(v)
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It is clear from the definition of g that

AZfaE Ag(v)$(v).

Now consider the following
5 Z Z N(S(y) Py, x) + Plx,y)d(x)). (1)
We break the sum into two parts:
(i)
S ) Y6 P,x) + Pl y)d()

zen—1(v) y

u

D D W)W Ply, x) + P(x,y)é(x))

zen—(v) ¥

N —

:_Z Z fw) Y WPy o)+ Pla,y)o(x))

u yen—1(u) zem—(v)
1 pww(y,z)  w(z,y)o)
N ;yEﬂZu)f xerzl(v) ( ‘ﬂ-_l(u”dy " dx|7T_1(U)| )
SE T (S 3 ) 3 )
U yemw— Y zer—1(v) Y zen—1(v)
1 w(u,v) o), u)
- ZZ Jw (T )

:§Zgu (u)P(u, v) + P(v, 0)$(v)).

THE ELECTRONIC JOURNAL OF COMBINATORICS 16 (2009), #R31 12



We can now write expression (1) as
% > (9(v) = g(w))($(u)P(u, v) + P(v,u)(u)).

Hence,

% > (9(v) = g() (@) P(u,v) + P, u)g(u)) = Ag(v)(v).

If ¢ is nontrivial, then A\ is an eigenvalue of G. O

Definition 3.4. A graph G is a reqular covering of G if for a fixed vertex v in V(G) and
for any vertex z of V(G), G is a covering of G under a mapping 7, which maps = into
v. If 771 is just = then G is a strong regqular covering. Further, a graph G is said to be

distance regular if G is a strong regular covering of a (weighted) path.

Remark 3.5. Strong regular coverings do not appear as often in weighted directed graphs.
The reason is that the definition requires some degree of homogeneity. Usually, this type
of homogeneity is lacking in the lazy random walks considered.

Lemma 3.6. Suppose Gisa strong reqular covering of G. Then, G and G have the same
eigenvalues.

Proof. For any nontrivial harmonic eigenfunction f of G we can choose v to be a vertex
with nonzero value of f. The induced mapping of f in G has a nonzero value at v and
therefore is a nontrivial harmonic eigenfunction for G. From Lemma 3.3, we see that any
eigenvalue of G is an eigenvalue of G. By Lemma 3.2, we conclude that G and G have
the same eigenvalues. O

3.1 Example - The k-regular Tree as a Cover

As in [3], we will realize T}, as a cover over a weighted ray. Let PT be the weighted ray
with V(P*) = N and

(1, if i=0,j=1,
kp(k — 1)t o
UJ(Z,]): m, lf’L>0,’l—j:1
M’ ifi>0,i—j=—1

As in [3],
7:T, — P, n(z) =d(z,2),

where the distance is the combinatorial distance in 7}. The fact that 7 is a combinatorial
cover of index 1 is proved as in [3].
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This means that some of the eigenvalues of the tree are the same as those of the path.

Thus we set out to determine the eigenvalues and eigenfunctions of the path.

First we must find the Laplacian of P*. To do that, let P® be truncated path with

V(POY={0,1,...,1}

and all the weights as in P* except that we set w(l,l — 1) = 1. We will calculate the

Laplacian of P® and then we will take [ — co. The probability matrix is given by:

0 1 0

1
B0 o
o --- 0 1 0

The Frobenius—Perron vector satisfies

(¢1(0), 21(1), #1(2), . ... ¢u(1)) Py = (¢1(0), (1), #1(2), - .., (1))

Thus the vector ¢, satisfies:

sy { P00, 1<i<io
: p19(0), i=1
( 1 .
mv (Zvj):((]?l)v (170)
% _% s o4 _% * % N p
(I)lplq)l (Zvj):q)l qu)l (ZJ)_ \/ﬁ
m> (27]):(172>7 (l_lvl_Q)
?pp> (27]):(1_1707 (lal_l)
Hence,
(1, i = j
1 .
- 1+pa (Z>]):(071)7 (170)
LY@, 5) = _%’ li—jl=12<i<[l-2
P ..
S g = (L2, a-10-2)
L et e
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So if we set 0 = 1+ p, then we get:

( L, i=j,

1

VL =0y er o)

(l) .. 0_1 . . ..
LOGg) =4 ———— li-jl=L0<ij<l,
oc—1 o
- P ; (17]):(1_1vl)or(l7l_1)7

0; otherwise.

Note that this is exactly the same Laplacian as in [3] Section 5. Hence, the eigenvalues
of L; are 0, 2 and

2vo—1  7mn 2/ uk—=1) 7n
e () = —— ~cos—, forn=1,..., 01— 1.
o l nw+k—1 l

The eigenfunction ¢ associated with the eigenvalue 0 can be written as fo/|| fo|| where
fo(0) =
folp) = Volo—1)P7T, for1<p<i-—1,
() = W .

—_

Y

We now consider the eigenfunction ¢; which corresponds to the eigenvalue 2. In this case,
&1 = fi/|l fill, where f; is defined as follows:

fi(0) =1,
filp) = (=1)P\/o(o— 1P for1 <p<I—1,
i) = (=D'/(e -1

For each n € {1,2,...,1 — 1} there is an eigenfunction ¢,, associated with the eigenvalue
tn. We can write ¢, = f,./||fn|| where

[0 . ™
fa(0) = U_lsmT,

falp) = Sin?rn(pl—i- DR 1sin Wn(pl—l)’ for1<p<i-—-1,
0’_
o . mn
) = a—lsm T
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Forn=1,...,1—1,

lo? —
2
112 — 1— e
Hf.?“ 2(0_ - 1)2 < 0_2 COS l
The eigenfunction ¢, € L2(PVY) forn =0,1...1.
Let L2(T,§l)) be the L?-space generated by the vertices of T,gl). Then

LT = vieVs

where is the direct sum of eigenspaces of the Laplacian L®) on T, ,§” that contain eigen-
functions that not vanish at z. The second summand is its complementary subspace i.e.,
the subspace containing the eigenspaces that all eigenfunctions vanish at z. Let ¢ € V.
If s,, demote the number of elements in the combinatorial sphere of radius n centered at
z, Lemma 3.3 implies that the function

is an eigenfunction in of £). But Lemma 2.4 implies that the values of ¢ at a vertex of

T k(l) depend only on the distance of the vertex from z. Thus the function g(n) = gzﬁ(v](-"))

is an eigenfunction of £, Thus the eigenfunctions in V; are lifts of the eigenfunctions of
the Laplacian £,

4 The heat kernel of a graph and its covering

We extend the definition of the heat kernel ([1]) to directed graphs. Given a weighted
directed graph G, the heat kernel h; is defined for ¢ > 0. It is the solution to the heat

equation:

oh
o = Lh, ho=1

Then h; can be expressed as

hy = 6—t£ _ i(_l)rtT‘Cr _ Z e—)\itpi

rl
r=0

where P; is the projection into the eigenspace corresponding to the eigenvalue \; of L. If
u, v are vertices of GG, then

he(u,v) = Z€_>\itwi(u)¢i(v)

where 1); ranges over the orthonormal eigenfunctions of £ ([1], [3]). The definition of the
Laplacian of the infinite graph implies that the heat kernel of the graph satisfies:

by = lim pY
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where A\ is the heat kernel on Bi(2).

For finite graphs, the eigenvalues of a graph G and G a covering of G are related.
Therefore, it should be expected that their respective heat kernels are related. Indeed
they are as illustrated by the following lemmas, which are the directed analogues of the
results in [3]. Since the results and their proofs take place in finite balls around the
vertices, they can be extended to infinite graphs.

An r-walk on a graph is a sequence of vertices p, = (ug, u1, ..., u,) so that (u;, u;sq)
is an edge. The weight of p, is defined as

7“1:[1 (V2P + o=12 P*1/2) (uy, uyy )
1=0 2
r—1

P(ug) Pug, uit) +¢(W+1)P(Ui+1,ui)‘
2/ P(ui)d(uirr)

o

=

Lemma 4.1. Suppose G isa covering of G. Let hy and h; denote the heat kernels ofé
and G, respectively. Then

> > htxy VI @) ) he(u,v).

zen—(u) yer—1(

Proof. A direct calculation shows that

hufon,0) = e 7 8 ,0)

where S, is the sum of weights of all r-walks joining v and v. We want to show that the
total weights of the paths in G lifted from p, (i.e. whose image in G is p,) is exactly the
weight of p, in G multiplied by /|7~ (uo)||7~(u,)|. Let p,_; denote the walk g, . . ., u,_;.
Suppose u,_1 # u,. For each path p,_; lifted from p,_1, its extensions to paths lifted from
pr has total weights

prl Z (burl url;) (b()(zurl)

zer 1 (ur) 2 ¢(ur 1)¢(Z)
o 7|W¢j(1“(*ui)l)‘P(ﬁr_1, 2+ (f(fér))‘p(z,ﬁr—l)
= —w(pr-1) Z

¢(ur 1 ¢(u7‘
serur) 2\/\7r Tur )l ar)]

= eV T Ty ( Wir1) po oy o) p<27ar_1))

20/ (ur—1)(ur) |7 (u,_1)| |~ (u,)|

zem~(uy)

We will return later to the last expression and now consider the two sums contained
therein:
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Z P(ur_1) Pliy . 2) = Q_S(ur—l) Z w(Uy—1, 2)

eI

> Tf@ﬁ—ﬁwﬂpo - o) e wle i)

-1 -1
sent(ur) " (r)] I (u’“)|zerl(ur) d-
¢(ur>
— mdur Z w<Z Uy 1)
zemr ™ (uy)
¢(ur)
= W\ Uy Uy
T ] L )
¢(ur>
= Puraur
1y L)

Returning to the expression from before with the sums simplified we have:

w(Pr—1) WHW u,) d(tr_1) M o
2v/¢(ur—1)9(ur) (\W (uw_l)lp(ur_l’w)jL ‘W_l(ur_l)‘P( r r—1))

= —w() ‘WJW”'<¢Ww0wahw»+¢w»Pmmw;o)
[T (ur—1))| 2v/d(ur_1)9(u,)

By summing over all p,_;, we have

> > s = V/Ir =L (w)l[7 ()15, (u, v).

zer(u) yer—1(v)

As a consequence of Lemma 4.1, we have

Corollary 4.2. Suppose Gisa strong reqular covering of G. Let hy and h; denote the
heat kernels of G and G respectively. For x € 7=*(u), we have

Z he(z,y) = ‘W_I(U)‘ht(u,v).

—1
= 7 T(w)
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Corollary 4.3. Suppose G is a distance reqular graph which is a covering of a path P
with vertices v, . .., v, where p = D(G), the diameter of G. Suppose G and P have heat
kernels hy and hy respectively. For any two vertices x andy in G with distance d(x,y) =,

we have
=/ |7m 1 (v) | (vo, vy).

The following theorem is from [3]. The proof in the directed case follows exactly as in
the undirected case and is offered here for the sake of completeness.

Theorem 4.4. Suppose G isa strong reqular covering of G. Let v denote the vertex of G
with preimage in G consisting of one vertex. Then any eigenvalue A ofG has multiplicity

”Z ||fz||2’

where n = |V(é)| and the f;’s span the eigenspace of A in G. If the eigenvalue A has
multiplicity 1 in G with eigenfunction f, then the multiplicity of X in G is

nf?(v)
(7

Proof. Suppose G has heat kernel i, and G has heat kernel h;. Since G is a strong regular
covering of GG, we have

2(
Tr Z ht:cx)—nhtvv nz _tA"Tsz

eV (Q)

Therefore, the multiplicity of A; in G is exactly

nf;
/511>

if the multiplicity of A in G is 1. In general, the multiplicity of A in G is

Z ||fz||2

where the f;’s span the eigenspace of A in G. 0

4.1 The Heat Kernel of the k-regular Tree

Let T} be an in Example 2.1 and P, be as in Example 3.1. Using the calculations in
Example 3.1 and [3] we have that the heat kernel h of PO satisfies

-1 t(1—2v2 10057”)

n0,0) =3

J=1 g _)

sin? 2 zﬂ 1 1

(1 - ot cos? w) 1%l TR
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When [ approaches infinity, the heat kernel h; of P, satisfies:

hi(0,0) = 20(0c —1) /

™

o—t(1l- /o

L cosa) SiIl2 T

02 —4(c —1)cos’x

In general, for a > 1, we have

(0, ) = 2./0( 0—1/

YTt cosa) gipy z[(c —1)sin(a + 1)z — sin(a — 1)z]

dx.
02 —4(oc —1)cos?x v

Let Ht(l denote the heat kernel of the subtree of T}, spanned by the [-ball centered at
z. We write z l z
1 - 1)+ B

where H G 8 the restriction to VZ, i = 1,2. Remember that the eigenfunctions in V; are

lifts of the eigenfunctions from Py .. Also, since V5 contains eigenfunctions that vanish at
z, we have that
! !
H(z,0) = H{)(2,0).

As in [3], we have the following.

Theorem 4.5. With the above notation, Hy(z,v™) = Hy(z,v™) and they are equal to

tH1— 2\/

s ) gin [(c —1)sin(n + 1)z —sin(n — 1)z]

2 /7r et
dx.
(o — 1)1 [, 02 —4(0c — 1) cos? x

For the term corresponding to V5, let v = (voqn)) be an eigenvector of LY the Laplacian

l), with v, = 0. Let A be its eigenvalue. Then the equation vL® = \v implies (in

what follows we take sums with a](-"_l) ~o™):

on T,g

E UUQ) =0
V@) — —— % U _(2) v ),
“ VE(p+1) s

J

PRCIICY
1 1 _
s — V) (n n +v (n) —_— Ua_(n+l) = )\Uo_(n), n<l— 1,
Vi(p+1) @ VHi(p+ 1) (MZ w " i
]
1

U -2 TV 1) — ——= Z vy = >\1)0ng1), n=1[0-—1,

Vilp +1) % ‘ vV H P+1 RONNCS '

—71) (z 1y + v (z) = )\UJQ), n=1.

plp+1) °

The last equation implies that, if ai(l) and aj(»l) are adjacent to the same vertex, then

(n)

U, =V o0 Also, each of the k-vertices ;' determines a subtree with root z. There are

k such subtrees. Tt is clear from the form of the equations that:
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1. Each subtree determines exactly the same system. Thus we need to find the eigen-
values of the square matrix of side (k — 1)""! — 1, A; with entries indexed by the
vertices in the subtree:

B, 1<ij<i—1,0" ~a\"™

v (5) € {1 —=1), (1= 1,0} ~ o™
0, otherwise

Al (UJZ@) ) UJ;m) ) =

where

1 1
b=—Tmer T e

2. The connection between the solutions coming from dif and only iferent branches is
given by the fact that

5 The Heat Kernel For the one-dimensional weighted
lattice graph

We consider the homesick random walk with parameter A on the infinite path P (the
one-dimensional lattice) as in [6]. More precisely, V(P) = Z with base vertex 0. The
weights are defined as follows:

p

1
— =0, 7 ==+1
27 1 7] 7
1
— 1>0,7=14+1, or1<0,j=1—1
w(i,j) =19 p+1 J J
1% . . . . . .
— ) 1>0,7=1—1, or1<0,7=2+1
1 J J
0, otherwise

\

Let P, be the infinite ray with V(P,) = N, base vertex 0 and the weights are defined as
follows:

( 1, 1=0, =1,
— i>0,7=1+1
wlij) = #fl ’
24
— >0
41
0, otherwise.

\

It is a direct calculation to show that the map

m:V(P) = V(Py), 7(i) = il
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is a covering map.
For any [ > 0, let P be the subgraph of P with vertex set V(P®) = {0, £1,..., £}
The weights are the same as in P except that

w(=l,—l+1)=w(l-1)=1.

Also, we define the subgraph PJ(r of P, with the vertex set V( ) ={0,1,...,1}. Again,
the weights are the same as in P, except that w(l,l — 1) = 2. Then the map 7 restricts

to a cover from PY to Pﬂ). As in Example 3.1, the Laplacian of PJ(:) is given by:

( 1, i=j,
1 .
- Ev (17]):(071) or (170)a
k—1 . o
O, j)=q ——— li—il0<ij<i
k—1

- T? (i7j>:(l_17l) or (lvl_1>7

0; otherwise.

k,_u—i—l

where As in Example 3.1, the eigenvalues of £ are 0, 2 and

— 2
)\nzl—zkilcosﬂ—nzl—ﬂcosﬂ—n, forn=1,...,1—1.
k [ w1 l

The eigenfunction ¢ associated with the eigenvalue 0 can be written as fo/|| fo|| where

fo(0) = 1,
folp) = M/:;l, for1 <p<i—1,
fol) = —~

/qu—l'

We now consider the eigenfunction ¢; which corresponds to the eigenvalue 2. In this case,
= fi/|lfill, where f; is defined as follows:

fi(0) =1,
filp) = (=1)F “M—tl for 1 <p<i-—1,
fly = (=1 ;
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For each n € {1,2,...,1 — 1} there is an eigenfunction ¢,, associated with the eigenvalue
An. We can write ¢, = fu/| [l € L*(PL P where

fu(0) = Vu+TIsin T
fulp) = sin ™) _ygin e for 1 <p <11,

l
full) = /p(p+1)sin 7.

Forn=1,...,1—1,

4 nmw
2 = 21— 2
I fill7 =1+ 1) (1 TEE cos” ) .

Therefore the heat kernel hgl) of PJ(FI) satisfies

- —t(l—i os] ) 23

) _ € e sin” 47 1 1
hi”(0,0) = Z I(u+1)

=1~ 2 (1—- (Mi’i)z cos? ”) Hfo”2 1fill?

Let Ht(l) denote the heat kernel of P!). Then, as in Example 4.1, Ht(l) =H 1(12 +H 1(12 Since
H 1(12 (0,a) depends only on |a|, we have that

Proposition 5.1. For each a € 7Z, the heat kernel H; of the homesick random walk on
the infinite path satisfies

N 1
—t(1—2¢% cos ) sinz |—sin(|a| + 1)z — sin(|a| — 1)z

e

2 1) [

H(0,a) = 2+ )/ 5 a 5 dz.
s 0 w+2u+1—4pcos®x

Furthermore, in this case Hy(0,a) = Hy4(0,a).

Let A be an eigenvalue of LW, the Laplacian on P, whose eigenfuctions ¢ vanish at
0. Direct calculations show that:

L. ¢(—a) = —¢(a).
2. A is an eigenvalue of the matrix

( 1, if i =7,

m

———— if [i — j| =1, and not in the last case,

1
0, otherwise

The substitution r» = p+1, gives the matrix in Section 5 in [3], except the difference
at the 2x2-block at the right low corner.
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Now the heat kernel of P® has two summands:
H"(a,b) = H{')(a,b) + H})(a,b),

where the first summand involves the eigenvalues of the Laplacian with eigenfunction
not vanishing at the vertex 0 and the second the eigenvalues with the corresponding
eigenfunction being zero at 0. There are [ eigenvalues in the second summand, so there
are 2]+ 1 eigenvalues in the first summand. Since all the eigenvalues in the first summand
have multiplicity 1 and their eigenfunctions are their projections to the corresponding
eigenfunctions to 734(: ,

Hijl(a.0) = i ((al. [b]).

As in Section 5 in [3], taking [ — oo:
I I
Hyy(a,b) = b (|al, b)) =

25* (" e~ 13 59 [gin ((|a| + 1)) — sin(|a| — 1)a]sin((|b] + 1)z) — sin([b| — 1)z]

dx.
T Jo w2+ 2+ 1 — ducos?x .

For the calculations of Hy;(a,b), we use the calculations of Section 5 in [3], because as
| — oo, the limit of A®) and the Laplacian of the path which is covered by the (u + 1)-
regular tree in [3] are the same (even though p might not be an positive integer). Thus

HY)(a,0) =

dx

2 / e~ 9 [gin((|a| + 1)) — sin(|a| — 1)]sin((|b] + 1)z) — sin([b| — 1)z]

T w2+ 2+ 1 — 4ucos?x

and the sign is positive if @ and b have the same sign and negative otherwise.
Summarizing, we have the following

Theorem 5.2. For the homesick random walk with parameter p on the infinite line, the
heat kernel Hy(a,b) satisfies:

1. If b=0, then Hi(a,0) is

—t(1 Mv:osgv) :

1
L € BT sinz |—sin(a + 1)z —sin(a — 1)z
u\/2(u+1)/ [ a+1) @-1)
0

5 5 dz.
s w+2u+1—4pcos®x

2. If both a and b are not 0, then Hy(a,b) is:

2

K« / e~ =36 59 [gin ((|a| + 1)) — sin(|a| — 1)a]sin((|b] + 1)z) — sin([b| — 1)z]
0 w2+ 2p + 1 — 4pcos?z

dx,
where K = 2(p* + €) and e = sign(a)-sign(b).
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