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Abstract

In this paper, we study pattern-avoidance in the set of words over the alphabet
[k]. We say that a word w € [k]™ contains a pattern 7 € [¢]™, if w contains a
subsequence order-isomorphic to 7. This notion generalizes pattern-avoidance in
permutations. We determine all the Wilf-equivalence classes of word patterns of
length at most six.

We also consider analogous problems within the set of integer compositions and
the set of parking functions, which may both be regarded as special types of words,
and which contain all permutations. In both these restricted settings, we determine
the equivalence classes of all patterns of length at most five.

As it turns out, the full classification of these short patterns can be obtained
with only a few general bijective arguments, which are applicable to patterns of
arbitrary size.

1 Introduction

In this paper, we study patterns avoidance in the domains of words, integer partitions,
and parking functions. This can be seen as an extension of the frequently studied con-
cept of pattern avoidance of permutation patterns. Our results extend previous work of
Burstein [4], who described the equivalence classes of k-ary words of length at most 3, and
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of Savage and Wilf [14], who described the equivalence classes of integer compositions of
length at most 3. Our classification is largely based on several new bijective arguments,
inspired by the ideas from Krattenthaler [11], Backelin, West and Xin [3], and Jelinek and
Mansour [9].

1.1 k-ary words

Let [k] = {1,2,...,k} be a totally ordered alphabet of k letters, and let [k]" denote the
set of words of length n over this alphabet.

Consider two words, o € [k]" and 7 € [¢(]™. Assume additionally that 7 contains all
letters 1 through ¢ (a word with this property will be called a pattern). We say that o
contains an occurrence of 7, or simply that o contains 7, if 0 has a subsequence order-
isomorphic to 7, i.e., if there exist 1 < 4; < ... < 4, < n such that, for any two indices
1 <a,b<m,o;, <o if and only if 7, < 7. If 0 contains no occurrences of 7, we say
that o avoids 7. For a pattern 7, let [k]"(7) denote the set of k-ary words of length n
which avoid the pattern 7. Let f.(n,k) be the number of T-avoiding words in [k]", i.e.,
fo(n, k) = |[K]"(7)].

We say that two patterns 7 and 7" are word-equivalent (or, more briefly, w-equivalent),
and we write 7 ~ 7', if for all values of k and n, we have f,(n,k) = f.(n, k).

There are two operations on words which trivially preserve the w-equivalence, called
the reversal and the complement. The reversal of a word 7 € [k]™, denoted by r(7), is
obtained by writing the letters of 7 in the reverse order, i.e., the i-th letter of r(7) is equal
to the (m—i+1)-th letter of 7. The complement of a word 7, denoted by ¢(7), is obtained
by turning 7 “upside-down”, i.e., a letter j is replaced by the letter £ —j+1, where £ is the
largest letter of 7. For example, if £ = 3, m = 4, then r(1232) = 2321, ¢(1232) = 3212,
r(c(1232)) = ¢(r(1232)) = 2123. Clearly, cor =rocand r> = ¢ = (cor)? =id, so (r,c)
is a group of symmetries of a rectangle.

Several authors have previously considered pattern avoidance in words [1, 2, 4, 5, 10,
13]. In 1998, Burstein [4] proved that 123 ~ 132. In 2002, Burstein and Mansour [5]
proved that 121 ~ 112. By these two results we obtain that there are 3 w-equivalence
classes of patterns of length three:

o 111,
o 112~ 121 ~ 122 ~ 211 ~ 212 ~ 221,
o 123~ 132~ 213 < 231 ~ 312 ~ 321.

1.2 Compositions

A composition o = 0105...0,, of n € N is an ordered collection of one or more positive
integers whose sum is n. The numbers o1, ..., 0, are called parts of the composition. We
let ', denote set of all compositions of n.

We say that the composition o € C, contains a pattern 7 € [(]°, if o contains a
subsequence order-isomorphic to 7. Let C,(7) denote the set of all the compositions in
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C,, that avoid 7. We say that two patterns 7 and 7’ are composition-equivalent (or just
c-equivalent), and we write 7 ~ 7/, if for all values of n, we have |C,,(7)| = |C,(7')]. It is
easy to see that every pattern is c-equivalent to its reversal. However, a pattern does not
need to be c-equivalent to its complement.

Savage and Wilf [14] considered pattern avoidance in compositions for a single pattern
T € S3 (S3 is the set of the permutations on three letters), and showed that the number of
compositions of n avoiding 7 € Sy is independent of 7, that is, 123 ~ 213 ~ 132. Recently,
Heubach, Mansour and Munagi [7] showed that 112 ~ 121 and 122 <~ 212. These two
results complete the classification of patterns of length three in compositions, and show
they form exactly 4 c-equivalence classes:

o 123 X213 < 132,
o 112~ 121,

o 122 X212,

o 111.

1.3 Parking functions

A word o € [k]" is called a parking function if for every ¢ = 1,...,n, o has at least i
letters smaller or equal to i. Let PF,, denote the set of parking functions of length n, and
let PF,(T) be the set of the parking functions of length n that avoid a pattern 7. We say
that two patterns 7,7’ are p-equivalent, denoted by 7 & 7/, if for every n, the two sets
PF,(7) and PF,(7') have the same cardinality. Clearly, each pattern is p-equivalent to
its reversal.

Although some enumerative aspects of parking functions have been previously stud-
ied [6, 12, 15], we are not aware of any previous results dealing with pattern avoidance in
this setting.

1.4 Strong equivalence of words

We now introduce an equivalence relation on words, which refines all the equivalences
mentioned above. For a word o of length n, the content of ¢ is the unordered multiset of
the n letters appearing in . In particular, two words have the same content, if one can
be obtained from the other by a suitable rearrangement of letters.

We say that two patterns 7,7’ are strongly equivalent, denoted by 7 < 7/, if for every
k,n there is a bijection f between [k]"(7) and [k]™"(7’) with the property that for every
o € [k]™(7), the word f(o) has the same content as 0. Clearly, if two patterns are strongly
equivalent, then they are also w-equivalent, c-equivalent and p-equivalent. Each pattern
is strongly equivalent to its reversal, and if two patterns 7 and 7’ are strongly equivalent,
then their complements ¢(7) and ¢(7’) are strongly equivalent as well.

In this note, we adapt previous results on fillings of diagrams [11], as well as results
on pattern-avoidance in set partitions [9] to describe several types of content-preserving
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bijections between pattern-avoiding families of words. Using systematic computer enu-
meration of small patterns, we verify that these bijections, together with the reversal and
complement operations, are sufficient to describe all the w-equivalent patterns of length
at most six. Similarly, we verify that our results on strong equivalence describe all the
c-equivalence and p-equivalence classes of patterns of size at most five. In particular, for
patterns of size at most five, c-equivalence classes coincide with p-equivalence classes (but
not with w-equivalence classes, because w-equivalence is closed under complementation
and reversal, whereas p- and c-equivalence is only closed under reversal).

In the appendix, we briefly summarize the equivalence classes of small patterns, with
respect to w-, c-, and p-equivalence. The full enumeration data and the source codes
of the computer programs we used are available on the website of the second author
16, 17, 18, 19, 20, 21].

2 Strongly equivalent families

In this section, we use several techniques previously applied in the context of fillings of
Ferrers diagrams to obtain classes of strongly equivalent words.

We may represent k-ary words of length n as 0 — 1 matrices with k£ rows and n columns
and exactly one 1-cell in each column. We assume that the rows of a matrix are numbered
bottom-to-top, and the columns are numbered left-to-right. For a word ¢ of length n over
the alphabet [k], let M (o, k) be the k x n matrix with a 1-cell in row ¢ and column j if
and only the j-th letter of o is equal to 7.

With this representation, we may use known bijections on fillings of diagrams to obtain
directly new equivalences among words. A Ferrers diagram is an array of cells whose
columns have nonincreasing length, and the bottom cells of the columns appear in the
same row. A filling of a Ferrers diagram is an assignment of zeros and ones into its cells
such that every column has exactly one 1-cell. We say that a filling of a Ferrers shape F'
contains a matrix M if F' has a (not necessarily contiguous) rectangular subshape which
induces a filling identical to M. We will say that two matrices M and M’ are Ferrers-
equivalent if for every Ferrers shape I’ the number of M-avoiding fillings is equal to the
number of M’-avoiding fillings. We say that M and M’ are strongly Ferrers-equivalent if
for every Ferrers shape F' there is a bijection between M-avoiding and M’-avoiding fillings
of F' that preserves the number of 1-cells in each row.

The following lemma allows us to translate results about fillings of Ferrers shapes into
results about words. The lemma is based on an idea which is often applied in the context
of pattern-avoiding permutations [3], graphs [8] or set partitions [9].

For a word p € [{|* and an integer k, we let p 4+ k denote the word obtained by
increasing each letter of p by k.

Lemma 2.1. Let 7 and 7" be two patterns with k letters, let p be a pattern with £ letters.
If M(7,k) and M(7', k) are strongly Ferrers-equivalent then the two (k+ {)-letter patterns
T(p+ k) and 7' (p + k) are strongly equivalent. (Here T(p + k) denotes the concatenation
of T and p+k.)
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Proof. Let us write 0 = 7(p+ k) and ¢’ = 7/(p+ k). For a given m and n, choose a word
x € [m]"(0), and let M = M(xz,m) be its corresponding matrix. Note that M avoids the
matrix M (o, k + ().

Color the cells of M red and green, where a cell ¢ is green if and only if the submatrix
of M strictly to the right and strictly to the top of ¢ contains M(p, £), otherwise the cell
is red. Note that the green cells form a Ferrers diagram and that the nonzero columns of
this diagram induce an M (7, k)-avoiding filling. Using the strong Ferrers-equivalence of
M(7,k) and M(7', k), we may transform this filling into a M (7', k)-avoiding filing. This
operation transforms M into a matrix M’ representing a o’-avoiding word z’ with the
same content as x.

To see that this operation can be inverted, observe that the operation has only modified
the filling of the green cells of M. Observe also that for every green cell ¢ of M, there is a
copy of M(p,¥) strictly to the right and strictly above ¢ which only consists of red cells.
Thus the red cells of M coincide with the red cells of M’.

We thus have a bijection showing that o ~ o’. O

Using known results about Ferrers equivalence [8, 9, 11], we obtain the following
equivalences, valid for any pattern p.

Fact 2.2. M(12---k, k) is strongly Ferrers equivalent to M (k(k —1)---1,k) [11]. This
implies that 12---k(p+ k) X k(k —1)---1(p+ k).

Fact 2.3. M(2127,2) is strongly Ferrers-equivalent to M(12%7,2), for any i,j > 0 [9,
Lemma 39]. This implies that 21127 (p + 2) ~ 12777 (p + 2).

The above-mentioned results do not account for all the equivalences among word-
patterns of small length. To complete our classification, we need another lemma, whose
proof uses an idea that has been previously applied in the context of pattern-avoiding set
partitions [9, Theorem 48].

Lemma 2.4. For any k, all the patterns that consist of a single symbol ’1°, a single symbol
87 and k — 2 symbols '2” are strongly equivalent.

Proof. Let k be fixed. Let 7(i,j) denote the word of length k& whose i-th symbol is "1’,
the j-th symbol is 3" and the remaining symbols are equal to '2’. Our aim is to show that
all the patterns in the set {7(i,7),7 # 7,1 <14,j < k} are strongly equivalent. Since each
word is strongly equivalent to its reversal, we only need to deal with the words 7(i, j) with
i < j. From Fact 2.3, we deduce that the words {7(1,7),j = 2,...,k} are all strongly
equivalent, and the words {7(i,k),i =1,...,k — 1} are all strongly equivalent as well.

To prove the lemma, it suffices to show that for every i < j < k, the word 7(7, j) is
strongly equivalent to the word 7(i + 1,7 4+ 1). Let m be an integer. We will say that a
word o contains 7(i, ) at level m if there is a pair of symbols ¢, h such that £ < m < h,
and such that the word o contains a subword over the alphabet {¢,m, h} which is order-
isomorphic to 7(i, 7). For example, the word 132342 contains the pattern 1223 at level 3
(due to the subword 1334), while it avoids 1223 at level 2.
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Assume now that we are given a fixed pair of indices 7, 7, with i < j < k, and we
want to provide a content-preserving bijection between 7 (i, j)-avoiding and 7(i+1, j +1)-
avoiding words of length n. We will say that a word o is an m-hybrid if for every m < m,
the word o avoids 7(i, j) at level T, while for every m > m, o avoids 7(i+1, j+1) at level
m. We will present, for any m > 1, a content-preserving bijection between m-hybrids and
(m+1)-hybrids. By composing these bijections, we obtain the required bijection between
7(i, j)-avoiding and 7(i 4+ 1, j + 1)-avoiding words.

Let m > 1 be fixed. Let o be an arbitrary word. A letter of o is called low if it is
smaller than m, and a letter is called high if it is greater than m. A low cluster of o is
a maximal block of consecutive low symbols of o. A high cluster is defined analogously.
Thus, every symbol of ¢ different from m belongs to a unique cluster. The landscape
of o is a word over the alphabet {L,m,H} obtained by replacing every low cluster of
o by a single symbol L, and every high cluster of ¢ by a single symbol H. Note that
o contains 7(7,j) at level m if and only if the landscape of ¢ contains the subsequence
mi Lmd —THmF .

We will now describe the bijection between m-hybrids and (m + 1)-hybrids. Let o be
an m-hybrid word, let X be its landscape. We split X into three parts X = Pm.S, where
P is the prefix of X formed by all the symbols of X that appear before the first occurrence
of m in X, and S is the suffix of all the symbols that appear after the first occurrence
of m. Let us define a word X’ by X’ = SmP. Note that X’ contains a subsequence
m 1 Lm/ ="~ 'Hm*7 if and only if X contains a subsequence m‘Lm/~*"'Hm*~7=1. Thus,
since X is a landscape of a word that avoids 7(i + 1, j + 1) at level m, we know that any
word with landscape X’ must avoid 7(z, j) at level m.

Let us define a word o’ by the following three rules.

1. The word ¢’ has landscape X'.

2. For any p, the p-th low cluster of ¢’ consists of the same sequence of symbols as the
p-th low cluster of o.

3. For any ¢, the ¢-th high cluster of ¢’ consists of the same sequence of symbols as
the g-th high cluster of o.

Clearly, there is a unique word o’ satisfying these properties. Note that the subse-
quence of all the low symbols of ¢ is the same as the subsequence of all the low symbols of
o', and these sequences are partitioned into low clusters in the same way. An analogous
property holds for the high symbols too.

We claim that ¢’ is an (m + 1)-hybrid. We have already pointed out that ¢’ avoids
7(i,7) at level m. Let us now argue that o’ avoids 7(7,j) at level m, for every m < m.
For contradiction, assume that ¢’ contains a subsequence T = W'~ Ym’~*~'hm*~7, for
some ¢ < m < h. If h < m, then all the symbols of T" are low, and since ¢ has the
same subsequence of low symbols as ¢’, we know that o also contains T" as a subsequence,
contradicting the assumption that ¢ is an m-hybrid.

Assume now that h > m. Let x and y be the two symbols adjacent to h in the sequence
T (note that h is not the last symbol of T, so x and y are well defined). Both x and y are
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low, and they belong to distinct low clusters of ¢/, because the symbol A is not low. Since
the low symbols of o are the same as the low symbols of ¢/, and they are partitioned into
clusters in the same way, we know that ¢ contains a subsequence ' '/m’~"~1h'mF =,
where h’ is a non-low symbol. This shows that o contains 7(,7) at level 7, which is
impossible, because ¢ is an m-hybrid.

By an analogous argument, we may show that ¢’ avoids 7(i + 1,5 4+ 1) at any level
m > m. We conclude that the mapping described above transforms an m-hybrid ¢ into
an (m + 1)-hybrid ¢’. It is clear that the mapping is reversible and provides the required
bijection between m-hybrids and (m + 1)-hybrids. O

Appendix A: the w-equivalence classes

In Tables 1, 2 and 3, we list the nontrivial w-equivalence classes of patterns of size 4, 5
and 6, respectively. From each symmetry class (i.e., a class generated by reversal and
complement of a single pattern) we only list the lexicographically minimal pattern. We
only list the w-equivalence classes that have at least two nonsymmetric elements.

| 112301132 [ 1112%1121 | 1234%1243%1432702143 [ 1223%123271322%2132 |

Table 1: w-equivalence classes of patterns of size 4

12435713254 | 12443721143 | 11234°11243%11432 | 12223°12232°12322°13222~°21232~21322
1213412143 | 11123211132 | 11223%11232%11322 | 12345°12354°512543~15432521354~21543
12534721534 | 12453721453 | 11112°11121~211211 | 12234~12243~12343~12433~21243~°21433
Table 2: w-equivalence classes of patterns of size 5
1244337214433 | 112234~112243 | 125354~213154 | 111223~111232~111322 | 112223~112232~112322~113222
124353214353 | 124535131254 | 1253345215334 | 112334°1123432112433 | 112345~112354~112543~115432
124453214453 | 124553214553 | 113245113254 | 123554~2113542211543 | 122334~2122343°1224332212343
124653~214653 | 126354216354 | 125463215463 | 122435~132454~132544 | ~212433~221433
1264357216435 | 125436143265 | 122134122143 | 121345~121354~121543 | 122234~122243~123343~°123433
1256347215634 | 1245639214563 | 1264532216453 | 111112°111121°111211 | ~124333°%212243~213433°214333
126534~216534 | 126345216345 | 124343~212143 | 123645~213645~231654 | 122223~122232~122322~123222
1234437211243 | 125346134265 | 121234~121243 | 123564~213564~312654 | ~132222~212232~212322~213222
125643~215643 | 1255435215543 | 123543213543 | 123546~132465~132654 | ~221322
125435132154 | 124354°213254 | 123145123154 | 124356~124365~214365 | 122345~122354~122543~5123454
1253447215344 | 1245432214543 | 1244438211143 | 121334°121343°121433 | ~£123544°8212354~5212543213544
1211347121143 | 1121342112143 | 1245332214533 | 122534°212534°2221534 | ~221543
123435~132354 | 1232457123254 | 125534215534 | 111234~111243%111432 | 123456~123465~123654~126543
124335133254 | 1244350132254 | 124635~214635 | 123345~123354~213354 | ~165432%213465~213654~216543
1254538215453 | 1254342215434 | 111123°111132 | 122453°212453°221453 | ~321654
123534°213534 | 1254332215433 | 1253645215364 | 122443%211343°211433

Table 3: w-equivalence classes of patterns of size 6
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Appendix B: p-equivalence and c-equivalence classes

In Tables 4 and 5, we list the nontrivial c-equivalence classes for patterns of size 4 and
5, respectively. For patterns of these sizes, the c-equivalence classes coincide with p-
equivalence classes. A symmetry class of a pattern is generated by the reversal operation.
We again consider only one representative of each symmetry class, and we only list the
c-equivalence classes with at least two nonsymmetric elements.

123451243514325213452143<3214

111251121 | 112351132

1223~12325132252123<2132~2213

123352133 | 122252122

Table 4: c-equivalence classes of patterns of size 4

11123511132 | 12333521333 | 11112°11121511211 | 12234~1224352123421243522134522143
12134212143 | 12443521443 | 11223511232<11322 | 12334512343512433521334521343<21433
12434521434 | 1253421534 | 12222~°21222522122 | 1222351223251232251322252122321232
12435521435 | 1245321453 | 11234~11243511432 | ~21322522123522132522213
13245513254 | 2314523154 | 12233521233<22133 | 12345512354512543515432521345521354
21134521143 | 31245531254 | 12344°21344532144 | ~21543532145532154543215

Table 5: c-equivalence classes of patterns of size 5
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