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Abstract

The Laplacian spread of a graph is defined to be the difference between the
largest eigenvalue and the second smallest eigenvalue of the Laplacian matrix of the
graph. In this paper, we investigate Laplacian spread of graphs, and prove that
there exist exactly five types of tricyclic graphs with maximum Laplacian spread
among all tricyclic graphs of fixed order.

1 Introduction

In this paper, we consider only simple undirected graphs. Let G = (V| E) be a graph with
vertex set V = V(G) = {v1,v9,...,v,} and edge set £ = E(G). The adjacency matrix of
the graph G is defined to be a matrix A = A(G) = [a;j] of order n, where a;; = 1 if v; is
adjacent to v;, and a;; = 0 otherwise. The spectrum of G' can be denoted by

S(G) = (M(G), Xa(G), ..., \i(G)),

where A\ (G) > X(G) > --- > A\, (G) are the eigenvalues of A(G) arranged in weakly
decreasing order. The spread of graph G is defined as .74 (G) = A\ (G) — A\ (G). Generally,
the spread of a square complex matrix M is defined to be s(M) = max; ;|\ — A;|, where
the maximum is taken over all pairs of eigenvalues of M. There have been some studies
on the spread of an arbitrary matrix [8, 15, 17, 18].

Recently, the spread of a graph has received much attention. In [16], Petrovié deter-
mines all minimal graphs whose spread do not exceed 4. In [6], Gregory, Hershkowitz and
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Kirkland present some lower and upper bounds for the spread of a graph. They show
that the path is the unique graph with minimum spread among connected graphs of given
order. However, the graph(s) with maximum spread is still unknown, and some conjec-
tures are presented in their paper. In [10], Li, Zhang and Zhou determine the unique
graph with maximum spread among all unicyclic graphs with given order not less than
18, which is obtained from a star by adding an edge between two pendant vertices. In
[11] Bolian Liu and Muhuo Liu obtain some new lower and upper bounds for the spread
of a graph, which are some improvements of Gregory’s bound on the spread for graphs
with additional restrictions.

Here we consider another version of spread of a graph, i.e. the Laplacian spread of a
graph, which is defined as follows. Let G be a graph as above. The Laplacian matrix of
the graph G is L(G) = D(G) — A(G), where D(G) =diag(d(v,), d(vs), ..., d(v,)) denotes
the diagonal matrix of vertex degrees of GG, and d(v) denotes the degree of the vertex v
of G. The Laplacian spectrum of G can be denoted by

SL(G) = (11(G), p2(G), oo, kn(G)),

where p1(G) > pe(G) > -+ > u,(G) are the eigenvalues of L(G) arranged in weakly
decreasing order. We define the Laplacian spread of the graph G as ./1(G) = 1 (G) —
tn—1(G). Note that in the definition we consider the largest eigenvalue and the second
smallest eigenvalue, as the smallest eigenvalue always equals zero.

Recently, the Laplacian spread of a graph has also received much attention. Yizheng
Fan et al. have shown that among all trees of fixed order, the star is the unique one
with maximum Laplacian spread and the path is the unique one with the minimum
Laplacian spread [5]; among all unicyclic graphs of fixed order, the unique unicyclic graph
with maximum Laplacian spread is obtained from a star by adding an edge between two
pendant vertices [2]; and among all bicyclic graphs of fixed order, the only two bicyclic
graphs with maximum Laplacian spread are obtained from a star by adding two incident
edges and by adding two nonincident edges between the pendant vertices of the star,
respectively [4].

A tricyclic graph is a connected graph in which the number of edges equals the number
of vertices plus two. In this paper, we study the Laplacian spread of tricyclic graphs and
determine that there are only five types of tricyclic graphs with maximum Laplacian
spread among all tricyclic graphs of fixed order.

2 Preliminaries

In this section, we first introduce some preliminaries, which are needed in the following
proofs. Let G be a graph and let v be a vertex of G. The neighborhood of v in G is
denoted by N(v), i.e. N(v) ={w:wv € E(G)}. Denote by A(G) the maximum degree
of all vertices of a graph G.

Lemma 2.1 [1] Let G be a connected graph of order n > 2. Then
M1 (G) S n,
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with equality if and only if the complement graph of GG is disconnected.
Lemma 2.2 [3] Let G be a connected graph with vertex set {vy, va, ..., v, }(n > 2). Then

w1 (G) < max{d(v;) + d(v;) — |N(v;) N N(vj)| : viv; € E(G)}.

Lemma 2.3 [12] Let G be a connected graph with vertex set {vy, vs, ..., v, }(n > 2). Then
w1 (G) < max{d(v;) + m(v;) : v; € V(G)},

Zvj EN(v;) d(vj

) . .
where m(v;) = 000 , the average of the degrees of the vertices adjacent to v;.

Lemma 2.4 [7] Let G be a graph of order n > 2 containing at least one edge. Then
w(G) > A(G) + 1.

If G is connected, then the equality holds if and only if A(G) =n — 1.

Lemma 2.5 [9] Let G be a connected graph of order n with a cutpoint v. Then p,—1(G) <
1, with equality if and only if v is adjacent to every vertex of G.

Lemma 2.6 Let G be a connected graph of order n > 3 with two pendant vertices u,v
adjacent to a common vertex w. Then

Proof. From the Corollary 3.9 of [13], we can get that 1 is in SL(G) and SL(G + uv) is
SL(G)\{1} U {3}. Since the largest eigenvalue in SL(G) is at least A(G) + 1 > 3, the
result follows. O

3 Main Results

We introduce nineteen tricyclic graphs of order n in Figure 1: the graphs G1(s;n), s > 0
Go(r,s;m), r > 1,8 > 0; Gs(r,s;mn), v > 0,8 > 0; Gy(r,s;n), r > 0,8 > 0; Gs(r,s;n)
s >r>0; Ge(r,s;n), r > 1,8 > 1; G¢(r,s;n), s > r > 1; Gg(r,s;n), r > 0,8 > 0
Go(r,s;n), r > 0,8 > 0; Gyo(r,s;n), s > 1 > 0; Gii(r,s;n), r > 0,58 > 0; Gha(r, s;n)
r>0,s>0; Giz(r,s;m), > 0,8 > 0; Gu(r,s;m), r > 1,8 > 0; Gi5(r,s;n), s >r > 0;
Gig(r,s;n), s > r > 0; Gir(r,s;n), s > r > 1; Gig(r,s;n), s > r > 0; Go(r, s;n),
r > 0,s > 1. Here r, s are nonnegative integers, which are respectively the number of
pendant vertices adjacent to some vertices of the related graphs.

Lemma 2.7 Let G be any of the graphs Gi(n — 7;n), n > 7; G3(0,n — 6;n), n > 6;
G4(0,n —5;n), n > 6; Gg(0,n — 5;n), n > 6; and G13(0,n — 4;n), n > 5. Then

?
Y
?
Y

,VL(G):n—l.

Proof. By Lemma 2.4 and Lemma 2.5, we can get the result easily. O
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G,s(r,s;n) G,s(r,s;n)

.1."

Gy, (r,s;n) G (r,s;n) Gy(r,s;n)

Figure 1: Nineteen tricyclic graphs on n vertices.

In the following, we will prove that the graphs G;(n—7;n),n > 7; G3(0,n—6;n),n > 6;
G4(0,n—=5;n),n > 6; Gg(0,n—5;n),n > 6; and G13(0,n—4;n),n > 4 are the only tricyclic
ones with maximum Laplacian spread. We first narrow down the possibility of the tricyclic
graphs with maximum Laplacian spread.

Lemma 2.8 Let G be a connected tricyclic graph with a triangle attached at a single
vertex. Then .¥7(G) < n — 1, the equality holds if and only if G is G1(n —7;n),n > 7 or
G3(0,n —6;n),n > 6.

Proof. Suppose that the graph G has a triangle uvw attached at a single vertex w (see
Figure 2). By Lemma 2.6, .7.(G) < .%,(G — wv). In addition, by Theorem 2.16 of
[4] (that is, among all bicyclic graphs of fixed order, the only two bicyclic graphs with
maximum Laplacian spread are obtained from a star by adding two incident edges and
by adding two nonincident edges between the pendant vertices of the star, respectively),
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(G —uv) <n—1. Then ¥ (G) < /(G —uv) < n—1. Moreover, if there exist such a
graph G with %7 (G) = n—1, then .¥7(G —uv) = n—1 and so G —uv (and consequently,
GG) must have a vertex of degree n — 1 (again, by Theorem 2.16 of [4]). Furthermore, by
Lemma 2.7, S(Gi(n — 7;n)) =n—1,n > 7 and ./.(G3(0,n — 6;n)) =n—1, n > 6.
The result follows. O

Figure 2

Lemma 2.9 Let G be one with maximum Laplacian spread of all tricyclic graphs of
order n > 11. Then G is among the graphs Gi(n — 7;n), G3(1,n — 7;n), G3(0,n — 6;n),
G3(1,n—T;n), G4(0,n — 5;n), G4(1,n —6;n), G5(0,n — 5;n), Ge(1,n —6;n), G7(1,n —
6;n), Gs(0,n — 5;n), Gs(1,n — 6;n), Go(0,n — 7;n), G11(0,n — 6;n), G12(0,n — 6;n),
G13(0,n — 4;n), Gi1s(1,n — 5;n), Gig(n — 6, 1;n).

Proof. Let v;v; be an edge of G. Then
d(v;) + d(v;) — [N (vi) VN (v;)| = |N(vi) U N(v;)| < n,

with equality holds if and only if v;v; is adjacent to every vertex of G. Therefore, if G
has no edge that is adjacent to every vertex of GG, then by Lemma 2.2, 11(G) < n —1
and hence .77(G) = 1 (G) — pn-1(G) < n —1 as u,—1(G) > 0. In addition, if G is a
tricyclic graph with a triangle attached at a single vertex but not the graphs G1(n —7;n)
and G3(0,n — 6;n), then by Lemma 2.8, .%7(G) < n — 1. However, by Lemma 2.7,
1(Gi(n = T;n)) = S1(G3(0,n — 6;n)) = SL(Ga(0,n — 5;n)) = F1(Gs(0,n — 5in)) =
Z1(G1s8(0,n — 4;n)) =n — 1. So G must be one graph in Figure 1 for some 7 or s.

For the graph Ga(r, s;n) of Figure 1 with 1 <r <n —6,0 < s <n—7, by Lemma
2.3,

n—1 n—+95
G : < 14+ — 5 .
p1(Go(r, s;n)) < max{r + +T+1,S+ +s+5}
For n > 11, s < n — 8 and an arbitrary r > 1,
n—1 n—1 n—1
14 —< 2 — <n-—1
r 4+ +T+1_max{ + 5 N 5+n_5}_n ,
5 5 5
s+5+i§max{5+n+ ,n—3+n+ }<n-—1,
sS+5 n—3

and hence py(Ga(r,s;n)) <n—1, ZL(Ga(r,s;n)) <n—1as pu,—1(G) > 0.
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For the graph Gs(r, s;n) of Figure 1 with 0 <7 <n —6,0 < s <n — 6, by Lemma
2.3,

n+1 n+95
G : < 24— 5 )
p1(Gs(r, s;n)) < maz{r + +r+2’8+ +s+5}
For n > 11, s < n — 8 and an arbitrary r,
n+1 n—+1 n—+1
24— < 24— n—14 <n-1
r -+ +r+2_ma1’{ + 5N +n_4}_n ,
5 5 5
s+5+i§max{5+i,n—3+n+ }<n-—1,
sS+5 5 n—3

and hence py(Gs(r,s;mn)) <n—1, ZL(Gs(r,s;n)) <n—1as pu,—1(G) > 0.

For the graph G4(r, s;n) of Figure 1 with 0 <7 <n —5,0 < s <n — 5, by Lemma
2.3,

2 5
pi(Ga(r, sin)) < maz{r +2+ %,8+4+ 214

}.

For n > 11, s < n — 7 and an arbitrary r,

G ; < 24— = 4
w1 (Gy(r,s;m)) < maxf{r +2+ +2,3+ +s+4

n+2 n+5}§n_1.
r

and hence pq(Gy(r, s;n)) <n —1, SL(Gy(r,s;n)) <n— 1.
For the graph Gs(r, s;n) of Figure 1 with 0 <r < s <n — 5, by Lemma 2.3,

n+4 n+4
, s+ 3+

G : < 3
w1 (Gs(r,s;n)) < max{r + +7’+3 T3

}.

Forn>10and 0 <r <s<n—6,

4 4
nt ,s+3+njL }<n-—1.
r+3

G : < 3
w1 (Gs(r, s;n)) < mazx{r + 3+ T3

and hence py(Gs(r, s;n)) <n —1, SL(Gs(r,s;n)) <n — 1.
For the graph Gg(r,s;n) of Figure 1, n > 11, 1 <r<nmn—6and 1 <s<n-—7, by

Lemma 2.3,

G ; < 34+ — - 4
w1 (Geg(r,s;m)) < max{r + 3+ +3,3+ +s+4

n+4 n+5}§n_1.
”

and hence p;(Gg(r, s;n)) <n —1, SL(Gg(r,s;n)) <n — 1.
For the graph G7(r, s;n) of Figure 1, n > 11 and 1 <r < s <n — 7, by Lemma 2.3,

5
n+5’s+4+n+ Y <n—1.

G : < 4
w1 (Gr(r, s;n)) < mazxf{r + +r+4 P

and hence py(G7(r,s;n)) <n —1, SL(G7(r,s;n)) <n— 1.
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For the graph Gg(r, s;n) of Figure 1, n > 11, s < n —7 and an arbitrary r, by Lemma

2.3,

n+3 n+5
G : < 24+ — 4 <n-—1.
w1(Gs(r, s;n)) < max{r + +T+2,s+ +S+4}_n

and hence py(Gs(r, s;n)) <n —1, SL(Gs(r,s;n)) <n — 1.

For the graph Gy(r, s;n) of Figure 1, n > 10, s < n — 8 and an arbitrary r, by Lemma
2.3,

n n -+
, S+ 0+
r+2

and hence py(Go(r,s;mn)) <n—1, SL(Go(r,s;n)) <n — 1.

4
}<n-—1

G : < 2
p1(Go(r, s;n)) < mazx{r +2+ P

For the graph Gio(r, s;n) of Figure 1, n > 8 and arbitrary r, s, by Lemma 2.3,

n—+ 2 n+ 2
G : < 3+ —— 3 <n-—1.
p1(Gro(r, s;m)) < max{r + +T+3,s+ +S+3}_n

and hence 1 (Gro(r, s;n)) <n—1, S (Gio(r,s;n)) <n — 1.

For the graph G (r, s;n) of Figure 1, n > 10, s < n—7 and an arbitrary r, by Lemma
2.3,
4
w1 (Gri(rys;n)) < max{r +2+ %,s +4+ %} <n-—1.

and hence 1 (G11(r, s;n)) <n—1, SL(Gu(r,s;n)) <n— 1.

For the graph Gi2(r, s;n) of Figure 1, n > 10, s < n—7 and an arbitrary r, by Lemma
2.3,

n n+4
4 <n—1.
e TRy Al

and hence 1 (Gia(r, s;n)) <n—1, SL(Gra(r,s;n)) <n— 1.

w1(Gra(r, s;m)) < max{r +2 +

For the graph G13(r, s;n) of Figure 1, n > 9 and arbitrary r, s, by Lemma 2.3,

n+1 n+3
—_s+4+
r+3 s+4

and hence 1 (Gi3(r,s;n)) <n—1, SL(Gis(r,s;n)) <n— 1.

w1 (Gis(r, s;n)) < max{r + 3+ }<n-—1.

For the graph Gi4(r, s;n) of Figure 1, n > 10, s < n — 7 and an arbitrary r» > 1, by
Lemma 2.3,

n+3 n+4
G : < 3+ —— 4 <n-—1.
w1 (Gra(r, s;m)) < mazf{r + +T+3,s—|— +S+4}_n

and hence 1 (Gia(r, s;mn)) <n—1, SL(Gra(r,s;n)) <n— 1.

For the graph Gi5(r, s;n) of Figure 1, n > 9 and arbitrary r, s, by Lemma 2.3,

n+3 n+3

G : < 4 4
w1 (Gs(r, s;mn)) < max{r + +r+4,3+ +s+4

}<n-—-1.
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and hence py(Gis(r, s;n)) <n—1, S (Gis(r,s;n)) <n — 1.
For the graph Gi¢(r, s;n) of Figure 1, n > 8 and arbitrary r, s, by Lemma 2.3,

n—+2 n+ 2

G : < 4 4
w1 (Grg(r, s;m)) < max{r + +T+4,3+ +s+4

}<n-—1.

and hence 1 (Gig(r, s;n)) <n—1, SL(Gg(r,s;n)) <n— 1.
For the graph Gi7(r, s;n) of Figure 1, n > 10 and 1 < r < s, by Lemma 2.3,

n+4 n+4
G ; < 44— 4
1 (Grr(r,s;m)) < max{r +4+ . s+4+ !

<n-—1.
+4 ysmn

and hence iy (Gy7(r,s;n)) <n—1, S (Gir(r,s;n)) <n— 1.
For the graph Gis(r, s;n) of Figure 1, n > 11 and 0 < r < s <n — 6, by Lemma 2.3,

n+95 n+95
G : < 3+ —— 3 <n-—1.
p1(Gg(r, s;m)) < max{r + +T+3,s+ +S+3}_n

and hence py(Gig(r,s;n)) <n—1, S (Gig(r,s;n)) <n — 1.

For the graph Gi9(r, s;n) of Figure 1, n > 11, r < n — 7 and an arbitrary s > 1, by
Lemma 2.3,

5 -1
nt ,s+1+n }<n-—1

: < 4
11(Gio(r, s;n)) < maz{r +4 + 4 s+ 1

and hence 1 (Gro(r,s;n)) <n—1, S (Gio(r,s;n)) <n — 1.

By the above discussion, if G is one with maximum Laplacian spread of all tricyclic
graphs of order n > 11, then G is among the graphs G1(n—"7;n), Go(1,n—"7;n), G5(0,n—
6;n), G3(1,n — 7;n), G4(0,n — 5;n), G4(1,n — 6;n), G5(0,n — 5;n), Gg(l,n — 6;n),
G7(1,n—6;n), Gg(0,n—5;n), Gs(1,n—6;n), Go(0,n—7;n), G11(0,n—6;n), G12(0,n—6;n),
Gi15(0,n — 4;n), Gig(1,n — 5;n), Gig(n — 6,1;n). The result follows. O

We next show that except the graphs Gi(n — 7;n), G5(0,n — 6;n), G4(0,n — 5;n),
Gs(0,n — 5;n) and G15(0,n — 4;n), the Laplacian spreads of the other graphs in Lemma
2.9 are all less than n — 1 for a suitable n. Thus by a little computation for the graphs in
Figure 1 of small order, Gi(n — 7;n),n > 7; G3(0,n — 6;n),n > 6; G4(0,n — 5;n),n > 6;
Gs(0,n—5;n),n > 6; and G15(0,n—4;n),n > 4 are proved to be the only tricyclic graphs
with maximum Laplacian spread among all tricyclic graphs of fixed order n.

In the following Lemmas 2.10-2.21, for convenience we simply write u1(G;(r, s;n)),
tn—1(Gi(r, s;m)) as p1, pn—1 respectively under no confusions.

Lemma 2.10 For n > 7
S1(Gao(l,n —T;n)) <n—1.
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Proof. The characteristic polynomial det(A — L(Gy(1,n—7;n))) of L(Gy(1,n —T7;n)) is
AA=3) A2 = 6A+7) (A = 1D)" [N — (n +2)A\* + (3n — 2)A —n).

By Lemma 2.1 and Lemma 2.4, n > uy > n —1 > 6, and by Lemma 2.5, u, 1 < 1. So
111, ftn—1 are both roots of the following polynomial:

AN =X = (n+2)A2 + (3n —2)A —n.
Observe that
(n—1) = S(G2(lin=Tin)) = (n— 1) = (1 — ptn—1) = (0 — p1) — (L — prn—1).

If we can show n — puy > 1 — p,_1, the result will follow. By Lagrange Mean Value
Theorem,

fi(n) = filpn) = (n — ) f1(61)

for some &; € (u1,n). As f{(x) is positive and strict increasing on the interval (uy,n],

n—u _fl(n)—fl(,ul) n2—3n_ 2n —2

— 1= =1-— "
fi(&) fi(n) n?—n—2

Note that the function g;(x) = —22=2 is strictly decreasing for x > 7. Hence

(n—p1) = (1 = pn—1) > pn—1 — g1(n) > ptn—1 — g1(7) = pin—1 — 0.3.

Observe that a star of order n has eigenvalues: 0, n, 1 of multiplicity n — 2, and hence
has n — 1 eigenvalues not less than 1. As G3(1,n — 7;n) contains a star of order n — 1, by
eigenvalues interlacing theorem (that is, p;(G) > u;(G —e) for i = 1,2, ..., n if we delete
an edge e from a graph G of order n; or see [14]), Go(1,n—7;n) has (n—2) eigenvalues not
less than 1. Now f1(0.3) = —0.753 —0.19n < 0 and f;(1) =n—3 > 0. S0 0.3 < p,—1 < 1.
The result follows. O

Lemma 2.11 For n > 7
SL(Gs(l,n —T;n)) <n—1.

Proof. The characteristic polynomial det(A] — L(G3(1,n—7;n))) of L(G3(1,n —T7;n)) is
AMA=2)A =4 A= 1)" A — (n+5)A% + (6n + 3)A% — (9n — 5)\ + 3n).

By Lemma 2.1 and Lemma 2.4, n > uy > n —1 > 6, and by Lemma 2.5, u, 1 < 1. So
141, fin—1 are both roots of the following polynomial:

f2(0) =M — (n+5)A° + (6n + 3)A* — (9n — 5)\ + 3n,
By Lagrange Mean Value Theorem,

f2(n) — folp) - n® — 6n% + 8n _ n(n —2)(n —4) - n—4
f3(&1) f3(n) (n=1)(n*=2n-5) " n—1

n—uy =
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for some &; € (p1,n). In addition, by Taylor’s Theorem,

5 (€2)

Falpn=a) = fo(1) + fo(D)(ptnr = 1) + =

(:un—l - 1)2’

for some & € (pin-1,1). As f3(1) = 0 and f5(z) is positive and strict decreasing on the
open interval (0, 1),

2(n—4) 2(n—4) n—4

1— i) = < = .
U= ") < TR " 3-2)
Ifn>17, Z—:‘ll > /3(’7‘1—__42), and hence n — p; > 1 — p,,—1. The result follows. O

Lemma 2.12 For n > 9
S1(Gy(1,n —6;n)) <n— 1.

Proof. The characteristic polynomial of L(G4(1,n — 6;n)) is
AA=D)"TIN — (n+ 11N+ (12n4+40)A* — (52n+48) A3+ (990 — 10) \? — (80n — 34) A\ +21n).
So 1, pin—1 are both roots of the following polynomial:
f3(0) = A8 — (n+11)A° + (12n+40)A\* — (52n + 48)A* + (99n — 10)A? — (801 — 34)\ + 21n,
The derivative
fA(N) = 6X% — 5(n + 11)A* + 4(12n + 40)\* — 3(52n + 48) + 2(99n — 10)A — (80n — 34)
and the second derivative

Y(A) = 30" — 20(n + 11)A* + 12(12n + 40)A* — 6(52n + 48) + 2(99n — 10)

As fi(x) is positive and strict increasing on the interval (u, n], By Lagrange Mean Value
Theorem,
fa(n) — f3(u) - n® — 12n* + 51n® — 90n? + 55n

PRI TTRE) H®)
- 5nt — 47n> + 144n? — 155n + 34
n® — Tn* + 4n3 4+ 54n? — 100n + 34
o1 5nt — 47n3 + 144n? — 151n
nd® — Tn* + 4n3 + 54n2 — 100n
L 5n3 — 47n? + 144n — 151

n* — 7n3 + 4n? + 54n — 100’
for some &; € (u1,n). Note that the function

53 — 4722 + 144z — 151
x4 — 723 + 422 4+ 54z — 100

g2(x) =
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is strictly decreasing for x > 9. Hence

(n—p1) = (1= pn—1) > pn—1 — g2(n) > pin—1 — g2(9) = ptn—1 — 0.4534.

By a similar discussion to those in the last paragraph of the proof of Lemma 2.10, as
f3(0.4534) ~ 10.3743 4+ 0.7208n > 0 and f3(1) = —n+6 < 0. 0.4534 < p,_1 < 1. The
result follows. O

Lemma 2.13 Forn > 7
1(G5(0,n —5;n)) <n—1.

Proof. The characteristic polynomial of L(G5(0,n — 5;n)) is
A =1 — (n+ 10)A* + (11n 4+ 29)A* — (40n + 16)A* + (54n — 19)\ — 21n).
SO i1, ftn—1 are both roots of the following polynomial:
f1O) = N — (n+ 10)A* + (11n + 29)A° — (40n + 16)A* + (54n — 19)\ — 21n,
By Lagrange Mean Value Theorem,

fa(n) = fa(u) _ n* =110 +380° —40n _  4n® —31n® +62n — 19
fi(&) fi(n) T =T34 Tn2+22n—19°

n—uy =

for some & € (p1,n). Note that the function

4% — 3122 + 622 — 19
xd — T3 + 72?2 4+ 222 — 19

g3(z) =
is strictly decreasing for x > 7. Hence

(n—p1) — (L — pp_1) > pn—1 — 93(7) = pn—1 — 0.5607.

As £2(0.5607) ~ —11.5044 — 1.4574n < 0 and fo(1) = 3n — 15 > 0, jt_1 > 0.5607.
The result follows. U

Lemma 2.14 For n > 8§
JL(Ge(1,n —6;n)) <n—1.

Proof. The characteristic polynomial of L(Gg(1,n — 6;n)) is
AA=1D)"A = (n+ 11N+ (12n+39)A* — (51n+45) N> + (951 — 9)A\* — (77n — 31) A +21n].
SO i1, fin—1 are both roots of the following polynomial:

f5s(A) = X0 — (n+11)N° + (120 + 39)A* — (51n 4+ 45)\% + (950 — 9)A* — (T7n — 31)\ + 21n,
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By Lagrange Mean Value Theorem,
_ f5(n) = f5(ua) _ n® —12n* +50n° — 86n* 4 52n

TR T RE) fi(n)
L Snt — 47n3 + 141n% — 147n + 31
n® — Tn* + 3n3 + 55n2 — 95n + 31
o1 5nt — 47n? + 141n? — 143n
n® — Tn* + 3n3 4+ 55m2 — 95n
- 5nd — 47n? + 141n — 143

n* — Tn3 + 3n2 + 55n — 95’
for some &; € (u1,n). Note that the function
53 — 47x% + 141z — 143
x* — 723 + 322 + 552 — 95

is strictly decreasing for x > 8. Hence

ga(x) =

(n—p1) = (1= pn—1) > pn—1 — ga(n) > pn—1 — 9a(8) = ptn—1 — 0.5119.
As f5(0.5119) =~ 9.7836 + 0.4254n > 0 and f5(1) = —n+6 < 0, p,—1 > 0.5119. The result
follows. [

Lemma 2.15 For n > 8§
S1(G7(1,n—6;n)) <n— 1.
Proof. The characteristic polynomial of L(G7(1,n — 6;n)) is
A =22\ = D" M = (n 4+ )X 4 (8n + 5)A% — (13n — 7)\ + 5n.
So i1, ptn—1 are both roots of the following polynomial:
foN) =M = (n+ 7N+ (8n + 5)A% — (13n — )\ + bn,

and
fo(n) — fo(pr)  n®—8n%+12n n(n —2)(n — 6) n—=6

/ > / = 2 > ’

f6(&) fe(n) (n=1)(n*=dn—=7) " n—1

for some & € (1, n). In addition,

n—uy =

fo(ptn_1) = fo(1) + fE(1) (o1 — 1) + é’2(!§2)

for some & € (pn—1,1). Noting fi(1) =0,

s 2(n—-6) n-6
U< ") T o)

If n>8, Z—:? > /5(’;—__62), and hence n — 1 > 1 — p,_1. The result follows. O

(:un—l - 1)2a
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Lemma 2.16 For n > 8§
S1(Gs(1,n—6;n)) <n— 1.

Proof. The characteristic polynomial of L(Gg(1,n — 6;n)) is
AA=2)(A=1)"TIN° — (n+9A* + (10n + 21)N* — (31n + 3)A* + (33n — 16)\ — 10n).
So i1, ptn—1 are both roots of the following polynomial:
fr () =X — (n+ A + (101 + 21)A* — (31n + 3)A* + (33n — 16)\ — 10n,

and

fz(n) = f2(pny)  n* —10n3 + 30n% — 26n 4n® —29n? + 53n — 16

T T ) fi(n) T T W 62+ 2Tn— 16

for some &; € (u1,n). Note that the function

423 — 2922 + 53z — 16
xt — 623 + 22 + 272 — 16

g5(x) =
is strictly decreasing for x > 8. Hence

(n—p1) — (1 — pp_1) > pn—1 — g5(8) = pn—1 — 0.4658.

As f7(0.4658) ~ —6.3831 —0.3911n < 0 and f;(1) =n—6 > 0, y,,—1 > 0.4658. The result
follows. O

Lemma 2.17 For n > 7
S1(Go(0,n —T;m)) <n— 1.

Proof. The characteristic polynomial of L(Ggy(0,n — 7;n)) is
A —4) (A = 22N = D)™ [N® — (n 4+ 3)A2 + (4n — 2)\ — 2n].
So 1, pin—1 are both roots of the following polynomial:
fs(N) =A% — (n+3)A% + (4n — 2)\ — 2n,
By Lagrange Mean Value Theorem,
fs(n) = fs(u1) _ n(n—4)

n—u =

fe(&1) O fi&)
1— fiy_1 = fs(1) — fs(pn—1) _ n—4
" i) fi&)’

for some & € (p1,n) and & € (pn_1,1). If we can show

n 1

&)~ &)
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the result will follow.

Note that fg(\) = 3A\2 —2(n+3)A+4n—2. As f§()\) is positive and strictly decreasing
on the interval (0, 1), and is positive and strictly increasing on the interval (u;, +00),

nfs(&2) > nfg(1) = n(2n —5).

fa(&1) < filn) =n* —2n — 2.
Then
nfi(&) — fa(&) >n®—3n+2>0.

The result follows. O

Lemma 2.18 For n > 8§
YL(Gll(O,n — 6771)) <n-—1.

Proof. The characteristic polynomial of L(G11(0,n — 6;n)) is
AA=2)A = 1)"TA — (4 9)A* + (100 4+ 22)N* — (32n + 8)A% + (38n — 12)\ — 14n).
So i1, pin—1 are both roots of the following polynomial:
fo(A) =X = (n+ DA + (10n + 22)X3 — (32n + 8)A? + (38n — 12)\ — 14n,

and

fo(n) = fo(u) _ n* =100* +30n° —=26n _  4n® — 28n° +48n — 12
f5(&) fo(n) T ot —6nd 4202 +22n— 12

n—u =

for some &; € (u1,n). Note that the function

4% — 2822 + 48x — 12
x4 — 613 + 222 + 220 — 12

gs(x) =
is strictly decreasing for x > 8. Hence
(n—p1) — (1 = pn_1) > pn—1 — g6(8) = 1 — 0.4772.

As f9(0.4772) &~ —5.5994 — 2.1186n < 0 and fo(1) =n—6 > 0, y,,—1 > 0.4772. The result
follows. O

Lemma 2.19 For n > 8§
YL(Glg(O,n — 6771)) <n-—1.
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Proof. The characteristic polynomial of L(G12(0,n — 6;n)) is

AA=1)""TIA — (n4+ 11N+ (12n4+41)A* — (53n+55) A+ (1060 +4) A% — (94n—26) A +29n).
SO i1, fin—1 are both roots of the following polynomial:

fio(A) = A6 — (n4+11)A° + (12n 4+ 41)A* — (530 4 55) A% + (1061 + 4) A — (94n — 26) A+ 29n,

and
flo(n) — fl(](,ul) n5 — 1271,4 —+ 51n3 — 90n2 + 55n
n—u = S > 7
flo(&1) fio(n)
5n* — 46n3 + 137n? — 141n + 26
n® — Tn* 4+ 5n3 + 47n? — 86n + 26
5n3 — 46n? + 137n — 137

n* — T3 +5n2 +47n — 86’

for some &; € (u1,n). Note that the function

-1

>1—

5a3 — 4622 + 137z — 137
xd — T3 + 52?2 + 472 — 86

gr(z) =
is strictly decreasing for x > 8. Hence

(n—p1) — (1 = pn_1) > pn—1 — g7(8) = 1 — 0.5125.

As f10(0.5125) ~ 9.4297 + 2.3247n > 0 and fio(1) = —n+6 < 0, p,—1 > 0.5125. The
result follows. O

Lemma 2.20 For n > 7
YL(Glg(l,n — 5771)) <n-—1.

Proof. The characteristic polynomial of L(G1s(1,n — 5;n)) is
AA =)A= 1)" A = (n4+6)A> + (Tn + 4)A* — (11n — 6)\ + 4n).
SO i1, fin—1 are both roots of the following polynomial:
fiA) =M = (n4+6)A* + (Tn + 4)A% — (11n — 6)\ + 4n,

and

n— = fii(n) — fu(py) _ n® =7 +10n _ n(n —2)(n —5) N 5
' Fi (&) Fi.(n) m—1)m2—3n-6) n—1

for some & € (1, n). In addition,

fii(pin—1) = fuu(1) + fLi (1) (pn1 — 1) + #(Mn—l - 1)%
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for some & € (pn—1,1). Noting f1,(1) =0,
2(n—>5)  2(n—5) n—>5

(1= pin1)? = < = .
1 n&) T M) 4n-2)
Ifn>17, Z—:? > /4(7;—__52), and hence n — ;7 > 1 — p,,_1. The result follows. O

Lemma 2.21 For n > 7
YL(Glg(n — 6, 1,72,)) <n-—1.

Proof. The characteristic polynomial of L(Gi9(n —6,1;n)) is
AA =42\ =D N — (n+2)A* + (3n — 2)A —n].
SO i1, fin—1 are both roots of the following polynomial:
fi2() =2 — (n+2)A% + (3n — 2)\ — n.
By a similar discussion of Lemma 2.10, the result follows. O

From the previous discussion , we can get that Gi(n —7;n), G3(0,n—6;n), G4(0,n —
5;n), Gg(0,n—>5;n) and G13(0,n—4; n) of Figure 1 are the only five graphs with maximum
Laplacian spread among all tricyclic graphs of order n > 11. Moreover, for 5 < n < 10,
if G is one with maximum Laplacian spread of all tricyclic graphs of order n, then G is
necessary among the graphs in Figure 1 (by the first paragraph of the proof of Lemma
2.9), and we can determine that the Laplacian spreads of the graphs in Figure 1 are all
less than n — 1 (by Lemma 2.3 and Lemmas 2.10-2.21) except for the graphs shown in
Figure 3. By a little computation (with Mathematica) for the graphs in Figure 3, we find
that G1(n — 7;n), 7 < n < 10; G3(0,n — 6;n), 6 < n < 10; G4(0,n — 5;n), 6 < n < 10;
Gs(0,n—5;m),6 <n < 10; and G15(0,n—4;n), 5 < n < 10 of Figure 1 are the only graphs
with maximum Laplacian spread among all tricyclic graphs of order n for 5 <n < 10.

Theorem 2.22 Gi(n — 7;n), n > 7; G3(0,n —6;n), n > 6; G4(0,n — 5;n), n > 6;
Gs(0,n — 5;n), n > 6; and G15(0,n — 4;n), n > 4 of Figure 1 are the only graphs with
maximum Laplacian spread among all tricyclic graphs of fixed order n. For each n > 5,
the maximum Laplacian spread is equal to n — 1.

Remark There is only one tricyclic graph of order n < 4. It is G13(0,0;4) = K, with
Laplacian spread 0.

n=>5

graph G4(0,0;5) G7(0,0;5) Glg(o, 1;5)

spread 242 3 4

n=6

graph | G3(0,0;6)  G4(0,1;6)  G4(1,0;6)  G5(0,1;6)  Gs(0,1;6)  Gs(1,0;6)
spread 5 5 4.3871 4.4177 5 2v/5
graph G10(0,0;6) G11(0,0;6) G12(070;6) G18(0,2;6) Glg(l, 1;6) Glg(o, 1;6)
spread 4 V3+V2+1 41696 5 25 4.6002
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n="7
graph | G1(0;7)  G3(0,1;7)  G4(0,2;7) G4(1,1;7)  G4(2,0;7)  Gs5(1,1;7)  Ge(1,1;7)

spread 6 6 6 5.3905 4.8682 4.7921 5.3141
graph G7(1,1;7) Gg(072;7) Gg(1,1;7) Gg(2,0;7) G10(071;7) G11(0,1;7) G11(1,0;7)
spread 5.3852 6 5.3716 5.0047 4.7399 5.2548 4.8846
graph G12(0,1;7) G12(1,0;7) G13(0,0;7) G14(1,0;7) G15(0,0;7) G18(0,3;7) G19(0,2;7)
spread 5.2536 4.7995 4.6031 4.7953 3+3 6 4.8635
n=8

graph | G1(1;8)  G2(2,0;8)  G3(0,2;8)  G5(2,0:8)  G4(0,3;8)  Ga(3,0;8)  Ga(1,2;8)
spread 7 5.7675 7 5.6808 7 5.6589 6.4029
graph | G4(2,1;8)  G5(1,2;8) Ge(2,1;8)  Gs(0,3;8)  Gs(2,1;8)  Gs(3,0;8)  Go(1,0;8)
spread 5.6233 5.5986 5.7140 7 5.6194 5.7446 5.6824
graph G11(1,1;8) G12(1,1;8) G13(071;8) G14(1,1;8) G14(2,0;8) G15(0,1;8) G17(1,1;8)
spread 5.6472 5.6394 5.4620 5.5533 5.5595 5.4820 5.6811
graph G18(2,2;8) G19(1,2;8) G18(074;8) G19(073;8)

spread V33 5.7675 7 27

n=9

graph | G1(2;9) G2(2,1;9)  G3(0,3;9) G3(2,1;9) G4(0,4;9) Ga(2,2;9) Gs(1,3;9)
spread 8 6.7032 8 6.6231 8 6.5709 5.5375
graph G6(2,2;9) G6(3,1;9) G7(2,2;9) Gg(0,4;9) Gg(2,2;9) Gg(l,l;g) G11(1,2;9)
spread 6.5144 6.5350 6.6332 8 6.5550 6.6219 6.5719
graph | G12(1,2;9) G14(1,2;9) Gi7(1,2;9) G1s(0,59) Gis(2,3;9)  G19(2,2;9)

spread 6.5783 6.4790 6.4713 8 6.5553 6.7302

n=10

graph | G1(3;10) G»(2,2;10) G3(0,4;10) G3(2,2;10) G4(0,5;10) G4(2,3;10) Ge(2,3;10)
spread 9 7.7142 9 7.6058 9 7.5591 7.4849

graph | G7(2,3;10) Gg(0,5;10) Gs(2,3;10) Gi15(0,6;10) G15(2,4;10) G19(3,2;10)
spread 7.4654 9 7.5437 9 7.5212 6.7302

Figure 3 Laplacian spreads of some graphs of order n in Figure 1 for 5 <n < 10.
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