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Abstract

The numerical calculation of character values as well as Kronecker
coefficients can efficently be carried out by means of character polynomi-
als. Yet these polynomials do not seem to have been given a proper role in
present day literature or software. To show their remarkable simplicity we
give here an “umbral” version and a recursive combinatorial construction.
We also show that these polynomials have a natural counterpart in the
standard Hecke algebra H,(¢). Their relation to Kronecker products is
brought to the fore, as well as special cases and applications. This paper
may also be used as a tutorial for working with character polynomials in
the computation of Kronecker coefficients.

I. Introduction

We recall that the value x2 of the irreducible S,, character indexed by a partition
A= (A1,..., ) at a permutation of S,, with cycle structure o = 191292 ... n% is given
by the Frobenius formula

XO( = A<x)pa mi\1+n—1m>\2+n—2. I'l

An+n—n
5 ezl
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where A(z) = A(zy,...,x,) and py = po(x1,...,x,) denote respectively the Vander-
monde determinant and the power sums symmetric functions. The character polynomial
qu(z1,x2,...,2,) is the unique polynomial in Q[zy, x2, ..., x,| with the property that
for all partitions p - k and A = (n — k, ) with n — k > puy we have
k

Xg212a2“) nan — qH(alycLZ?"'?an)' I.2
Moreover, with an appropriate change of sign and rearrangements of the parts of (n —
k, ) this can be shown to remain true even when n — k < p;. The simplest case of
equation 1.2 is the well known formula

¢1(x) = a1 —1 1.3

which implies that for all n > 2 the value of the character y("~%1) at a permutation
o € 8, is simply equal to one less than the number x; of fixed points of o. Character
polynomials were implicitly used for the first time in the work of Murnaghan [Mu| and
were identified as such later by Specht in [Sp| where a determinantal form for character
polynomials and a proof of equation 1.2 are given. Treatments of character polynomials
vary from the purely existential as in Kerber [Ke], to the very explicit as in Macdonald’s
book ([Ma] ex. 1.7.13 and 1.7.14). What is quite surprising, as we see in 1.3, is how little
information from the cycle structure may be needed to compute the whole sequence of
character values x("~%#). We will show here that a slight addition to the computation
carried out in [Ma] yields a formula of utmost simplicity which brings to explicit evidence
this minimal dependence on the cycle structure.

To state our formula let us denote by “|” the “umbral ” operator that transforms
a monomial into a product of lower factorial polynomials. To be precise we set

La® =laytay? ot = (21)a (22)as - (Tm)a, 14

with (z), = z(z —1)(x —2)---(x —a + 1). This given we have

Proposition 1.1 For all i + k, the character polynomial g, depends at most on
the first k variables. More precisely

qM(x17$27" Z
ok

where z, = 191292 ... k%qqlas!---ap!. In other words, equation 1.5 states that we

Q’:

k
H (ix; — 1)® 1.5

Fo i)

obtain any character polynomial g, by the following easy sequential steps:
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a) Expand the Schur function s, in the power sums basis : s, = > ., ﬁ—gpa.

)
b) Replace each power sum p; by iz; — 1.
¢) Expand each product [[,(iz; — 1)* as a sum >_ ¢, []; 2"
d) Replace each " by (z;)g,.
Let us compute the polynomial g(s)(x1, 2, x3) by using the preceding steps :
a) s3 (p13 + 3p(21) + 2p(3))
b) ( p1s + 3p(21) +2p@3) — g((z1 = 1)° +3(222 — 1)(331 —1)+2(3z3 - 1))
c) é((ajl —1)% +3(2x5 — 1)(:(:1 —1)+23z5-1)) = x:{’ — l:z:l + z1T9 — To + T3
d) qe3) (21, T2, 73) = %(1‘1)3 ;(931)2 + 2122 — T2 + T3
Note that when we set 7 = n in ¢, and x; = 0 for all 7 > 1, we obtain the number
f(r=k1) of standard tableaux of shape (n—k, ). In view of the classical hook formula,
this must reduce to the identity

_ (1) ke [1 /K
m=n [ (e —k+p;—it1)

V oukk&n—k>py, where p/ = (u}, ph, . ..) is the conjugate partition of p.

1.6

f(n—k,li) = qu(x]J O, 0, .. )

r1=n

An immediate consequence of equation L.5 is a recursive algorithm for the con-
struction of the character polynomials that does not directly involve any of the sym-
metric group characters.

Corollary 1.1  For a given partition u - k, let ji denote the partition obtained by
removing the first part from p. Then

B gu(ai,ag, ... a; H
G152, ) = Z 101202 ... kargylag! - ak' (i = 1"
1a1+2a2+~~~+kak:k

with initial setting

qo(ar,az,...,a;) = 1.
Our next result is a combinatorial formula for the character polynomials which has some
kinship with the Murnaghan-Nakayama rule, and is quite suitable for hand calculations.

Theorem 1.1 For a given u + k, let bd(i, 1) be the maximal number of border
strips of length i that can successively be removed from the diagram of y so that a
Ferrers diagram remains. Then the terms in g, that contain the variable z;, 2 < ¢ <k
but no variable x,. with r > i is given by the recursive rule

qu(asl,...,xi,O,...) —qu(asl,...,xi_l,O,...)

bd(i,u) .
— Z ( 'Z) Z (—1)ht(s)qug‘($1,...,1’1_1,0)

Jj=1 ] S:(,U'Oa.u‘lw"’.u‘j)
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where the inner sum is over all (j +1)-tuples S of partitions u" such that each p" — p"+

is a border strip of length i and ht(S) = 7 _ (hezght( — u"t) —1). The initial term
qu(21,0,...) is computed via equation 1.6.

For instance, the polynomial q(31,1)(Z1, Z2, . .., ¥5) is recursively constructed as follows.

x2

G (@1 5) = (o) + (1)) (ﬁz)qm)(ml) 0 ao (o)

T T P L PR
“(%

_ zy(xy — 1) (2 = 7) f(3,1,1) )
(1 — 2)(x1 —5)(z1 — 6) 5!

(R (e

where the last equality follows from equation 1.6.

This paper is organized as follows. In the first section we introduce our notation,
make some definitions and prove some auxiliary facts. In the second section we treat
the classical S, case, prove our umbral formula for the character polynomials as well
as Theorem I.1. In the third section, striving to make our writing accessible to a
wider audience, we give a brief tutorial on Kronecker products including simple proofs
of some basic results of the theory. The experts in symmetric function theory may
skip this section. In the fourth section we use the pairing s,—gq, to define a degree
preserving isomorphism that sends the vector space A of symmetric polynomials onto
the vector space of polynomials Q[z1, 2, x3,...]. We then use this map to derive some
well known and some not so well known properties of Kronecker products. The study of
this map leads to another family of polynomials that we call “set polynomials ” which
enjoy properties akin to those of character polynomials and can also be used to compute
Kronecker products. In the fifth section we treat the Hecke algebra case and derive our
g-analogs of character polynomials. We present comparative tables of character and
g-character polynomials. In the sixth and last section we explore some consequences of
our techniques and give some applications. In particular we obtain an explicit formula
yielding a generating function for the occurence of s(,,) in Kronecker powers of h;.h,, . for
every fixed r > 1. This generating function may be viewed as a solution to a problem first
formulated by Comtet in [Col, namely the enumeration of coverings of a set of cardinality
n by sets of cardinality r. The corresponding generating function for r = 2 was first
given by Labelle in [La]. A surprisingly simple argument yields the general result and
in particular the Labelle result. The calculation of character polynomials also yield

THE ELECTRONIC JOURNAL OF COMBINATORICS 16(2) (2009), #R19 4



unexpected results. For instance, it comes out that the polynomial Z’;ZO(—l)k_sn(n —
1) -+ (n—s+1) enumerates, for n > 2k, the number of permutations o € S,, with longest
increasing subsequence o(1),0(2),---,0(n — k) = n. A direct proof of this makes an
amusing combinatorial exercise. A second unexpected outcome is a formula for the well
known Bell numbers that does not seem to appear in the literature. We terminate the
paper with the computation of certain remarkable character polynomials.

Acknowledgement. The authors wish to thank Alain Lascoux for his helpful
suggestions and remarks on an earlier version of this paper. We also thank the referees
for their excellent review.

1. Definitions and basic concepts

To begin it will be convenient to write a partition o of n as a weakly decreasing
list of parts a = (a1 > ag > ...ap > 1) or by giving the list of multiplicities of its
parts : a = 1129 | . n%_  We will use greek letters A\, u, v, ... for the partitions and
their parts and the corresponding roman letters ¢;, m;, a; for their multiplicities. The
number k of parts of a partition o = (a1, as,..., ) is called the length of a and is
denoted ¢(a). The weight |a| of a partition « is the sum of its parts and we extend this
convention to any vector a = (aq,...,ax). The expression z, = 191292 ...n%qq!. .. q,!
will be used throughout the text. Thus for a partition « of n we will use the notations

a= (o, q9,...,0p) =122 . n% abmn, |a|=|al =1la; + 2a2 + -+ + na, = n;
la)=k=lal=a1+az+ ...+ ap.

1.1
We will need to merge partitions and for o = 191292 . no» [ = 1012b2  mbm and
n > m we use the operation a V g = 10101202402 - pantbn = Ag customary if p is a
partition, ' will denote the conjugate partition. It will also be convenient to denote by
A, the space of symmetric functions and by A=* the subspace of symmetric functions
that are homogeneous of degree k. The number of variables in a symmetric function
will always be assumed to be greater or equal to its degree. The Hall scalar product of
symmetric functions, with respect to which the Schur functions form an orthonormal
system, will be denoted < , >

In this paper we shall make extensive use of plethystic notation. The first author
has been a proponent of this device since the early 1980’s after Lascoux showed that
many identities in Macdonald’s book could acquire a remarkable simplicity in terms
of it. This notwithstanding, its use doesn’t seem to have yet achieved widespread
acceptance. This work will give us one more opportunity to show the power of this
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notational device in the theory of symmetric functions. To this end we recall that the
plethystic substitution of a formal power series E(t,ts,...,ts,...) into a symmetric
polynomial A, denoted “A[E]” is obtained by setting

A[E] = Qa(p1,p2,--.) 1.2

pk—>E(t"c t"c L)

where Q4(p1,p2,-..) is the polynomial that gives the expansion of A in terms of the
power basis {pq }o- This given, if we let

S
k
k>1
then setting F = zX,, with X,, =>""" | x; we get

QzX,] = H (1 ) Z R = exp Z pk[]fn] 2F 1.3

=1 m>0 k>1

which is the generating function of the so-called “homogeneous ” symmetric functions
hp,. We should note that contrary to intuition the definition in 1.2 yields that

n

pk[—Xn]Zpk[—Z } Zx = —pi[X,]

i=1

This paradox, in spite of being a hindrance, is an asset. In fact, we need only distinguish
the “plethystic” minus sign from the customary minus sign. This is easily achieved.
When we want to replace a variable x; or a formal power series E by its negative in the
customary sense we simply prepend a minus sign to it as in “ ~z;” or “ T E” and use
the regular minus sign for plethystic subtraction. Note that with this convention, and
X =), x; we get

prl= " X] = (=D pi[X] = wpi[X] 1.4

“w” is the fundamental involution on A that sends the homogeneous basis onto the

elementary basis. In particular from 1.4 we derive that for any symmetric funtion A[X]

where

we have, when the alphabet X has a sufficient number of variables, w A[X] = A[— ~X].
Moreover, when A is homogeneous of degree k, we see that this is equivalent to

Al-X] = (-1)rw A[X]. 1.5
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In the same vein we show that

Proposition 1.1  For any partition A\ and any two alphabets X = Y. x; and
Y = Zj y; we have the Schur function identity

Z.S)\/ s [v]. 1.6

nCA

In particular for any m > 1 we get that

=Y k[ X](—1)Fex[Y] 1.7
k=0
and for Y =1 this specializes to
hi|X — 1] = hp[X] = hyp—1[X] 1.8

Proof. Since 1.7 follows from 1.6 by setting A = (m) we need only show 1.6. On the
other hand 1.6 is an immediate consequence of 1.5 and of the addition formula ([Ma],
ch. I, 5.9)

AX +Y] =D syulX] 1.9

nCA

upon replacement of Y by —Y. In fact, from 1.5 it follows that
su[-Y] = (=1)¥s,.[y]. 1.10
Alternatively we can prove 1.7 without using the addition formula. Indeed we have

QX —Y)] =exp (D —tkp’“p; — Y]) — exp (; 4#@2[)(]) exp (; _tki;k[Y]>

k>1

=<Zt”ha[X]>(Z( ) Zt”th )" Fen_i[Y]

a>0 b>0 n>0 k=0

and since 1.3 gives Q[I(X —Y)] = >° -,t"h,[X — Y], we obtain 1.7 by taking the
coefficient of ¢".

More generally, for any formal power series Ef we define, the “translation by E ” oper-
ator, “Tg”, on symmetric functions A[X] by

Te A[X] = A[X + E]
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Now for any symmetric function A it is customary to denote by A+ the adjoint of the
operator multiplication by A, with respect to the Hall scalar product. It follows from
the definition of skew Schur functions s/, that we may write s/, = slfs,\. Thus 1.6
and 1.9 may be written in the form

T ysa[X] = (Z(—nlulsw Y] si)sA[X] and  Tysy[X] = (Zsum St)sA[X]

and since Schur functions form a basis, it follows that we may write

T vy = Z(—l)'“'sux[Y]st and Ty = ZSH[Y]St

o

Since Y can be replaced by any formal series we see that these two identities are special
cases of the expansion

Tg = ZSM[E]st
w

The particular instances that will play a role here are obtained by setting £ = +1.
These simply reduce to

T, = Z(—l)keé‘ and 77 = Zhé‘ 1.11

k>0 k>0

An interesting generalization of 1.8 is the following

Proposition 1.2  For any partition p = (uy, jt2 - . ., jux) we have

i 1 1 1 e 17
By -1 Py Pyt o e
su|X — 1] = det Py —2 Pz —1 Py o P2 1.12
- huk—k-l-l huk—k+2 huk—k+3 T huk -

with the usual convention that h,, = 0 when m < 0.
Proof. It is sufficient to illustrate the argument in a special case. So let p = (4,3, 1).
In this case the Jacobi-Trudi identity gives

ha hs he
SH[X] = det hg h3 h4
0 1 h
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making the substitution X — X — 1 and using 1.8, we get

ha—hs hs—ha hg—hs T,

su[X —1)=det | hg —h1 hz—hy hg—hs| =det |,> * 75 70
0 1 hy —1 fa Rz hs s

! 0 0 1 M

since the first determinant is obtained from the second by subtracting from each column
the preceeding column giving

1 0 0 0

hs hy—hs hs —hs he—hs
hi he—hy hs—hy hg—hs
0 0 1 hy —1

det

The general case of equation 1.12 can clearly be established in a similar manner.

2. Proofs of the umbral and recursive formulas

After this foray into plethystic magic we are ready to play with character poly-
nomials. Our point of departure, as in Macdonald ( [Mal), is the Frobenius formula,
equation 1.1, in the variables g, z1, ..., x, which for A = (n — k, u) with p F k£ may be
written in the form

n—k, _
(OL H) - H (wi_wj)pa[$0+"'+$n] —k+ p1t+n—1 2'1
z" . gt
0<i<j<n 0 ! "

where for convenience we have set p, = 0 for all » > £(p). As in [Ma] (ch. 1 ex 14),
we note that the homogeneity in xg, 1, ..., z, of the polynomial in 2.1 allows us to set
xo = 1 and reduce this identity to

&n—k,u) = H(l — x;) H (x; — xj)pall + X5 int
izl 1<i<j<n ) zy cexh -
= H(l - xi)lflpoz ) = <H(1 - xi)ﬂpa ) 3u>
i=1 . i=1

where “(, )” denotes the Hall scalar product. Since [} (1 —a;) = > 1 (1) e, [X,)]

r=
we may rewrite 2.2 as

n

X&n—k,u) — <7'1po¢ , Z(_l)rei_su> )

r=0

THE ELECTRONIC JOURNAL OF COMBINATORICS 16(2) (2009), #R19 9



Using the first identity in 1.11, this in turn can be rewritten as
X&” ko) — <T1pa , T_lsu>. 2.3

Up to this point, albeit with some slight difference of notation, we have followed Mac-
donald almost verbatim. To obtain our umbral formula we only need to diverge slightly
from Macdonald’s path. To begin we use the expansion

X L
T_15, = Z Z—ﬁ H(pz —1)°
BFk B =1

B=1b12b2...kbk

and the second identity in 1.11 to rewrite 2.3 as

o =y Xﬁ (Po » Zh H — 1)), 2.4

Bk =1
B=1v12b2...kk

Since the operator adjoint to multiplication by p; is simply i0,,, we derive that

k n
(P Z hun H ~ 1) = (JJ60pi = 1)"pas > hon)- 2.5

=1

Now note that for any integral vector t = (1, to,...,t,) we have

Hatzpa , Z hm> _ ]]1: Hpal—t izo hm>

and the identity

(D I} — {1 if a k- m,

0 otherwise.
gives

)
Tr;=a;

<Hat1po¢7 th> —H )ti :lHCE?
=1

=1

Expanding the first product in the right hand side of 2.5 we obtain

<pa,Zh H f[w:’l—l

=1

Ti=a;
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In other words, equation 2.4 yields that if we set

qu(x1, T2, ... ) = Z X8 ! H(m:z — 1)bi 2.6

z
Bk At
B=1%12b2...kb%k

—k
then X&” T qu(T1, 22, . .. Tk)
zi=a;
equation 1.5 satisfies equation 1.2 as desired. Remarkably, formula 2.3, which is only a

few steps away from Frobenius’ formula, contains more information about Schur func-

This proves that the polynomial defined by

tions that one may suspect. Indeed using the identities in 1.11 we may rewrite equation
2.3 again as

X = 3 S ) (ks o) = 30 (U (o hmeta) . 27

m=0r=0 m=0 r=0

Now note that, since the factor p,, is of degree n then the scalar product <pa , hme-s u>
fails to vanish only when the term h,,e;s,, is also of degree n. Since s, is of degree k,
this can only happen when m = n — k 4 r. This simple observation yields that equation
2.7 is none other than

k

X&n—k,u) = Z(_l)r<poz ) hn—k+r 6%8u> .
r=0

Using again equation 1.1, we can give this identity yet one more suggestive form namely

k

<pa ) S(n—k,u)> = <pa ) Z(_l)Thn—k—i—r qu:Su>~
r=0

Since this is true for all power basis elements it follows that we must have
k

S(n—ku) = Z(—l)rhn—kw ers,, or better
r=0

S(n—k,u) = Hn—k Sp 2.8
where for a given integer a > 0 we set

H, = ) (—1)"hasrer 2.9

r>0
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Thus it follows, by recursive applications of equation 2.8, that for any partition A =
(A, A2, ..., A\k) we have

S(A A2, 0Ak) — H>\1H>\2 - Hy 1, 2.10

k

which is the well known “Rodrigues” formula for Schur functions (see [WW]). What we
find surprising is that equation 2.9 as well as 2.10 could be such short distance away from
the original Frobenius formula. Even more surprising would be if the present derivation
of 2.9 did not previously appear in the extensive literature on Schur functions.

Remark 2.1. It is easy to see that the action of H, on any symmetric polynomial
A(X) may be given the plethystic form

H,A(X) = QzX]A[X —1/7]
4a

Under this form, the operator ) H,z® has acquired the name of “vertex operator ”,
(see [CT]). Using this notation, it is not difficult to derive the commutativity relation
H,H, = —H;,_1H,; from which it follows that equation 2.10 remains valid even when
A1, A2, ..., A are not in weakly decreasing order.

Remark 2.2. The operation that gave us the character polynomial can be extended
to a linear map that sends symmetric polynomials onto polynomials in the infinite
alphabet X = {z1,x9,x3,...}. More precisely for each symmetric function A of degree
k we define the map q : A — Q[X] by setting

q(A) = QA[37173727---a1'k] = J,QA(plvaw"apk) . 1 2.11

DPi—1T4q—
where ()4 gives the power sum expansion of A. Clearly, using this notation we can
also write g, = q(s;,) We shall see in the next section that the map A—q(A) has truly
remarkable properties. But for the moment we will use it only as a convenient notation.

Proof of Theorem 1.1

Note that since multiplication of a Schur function by the power symmetric func-
tion p; corresponds to the addition of a border strip of size ¢ to its index, it follows that
applying i0,, = pi- to a Schur function corresponds to the removal of such a strip. In
summary, we see that the combinatorial statement of theorem 1.1 is simply equivalent
to the following polynomial identity

(1,22, ..., 78) = qu(x1) + ZZ (2@')(1((7,’6%)33”)
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Now, recalling that zp = 111282 ... kte¢ 1¢5! - . ¢!, we have

m

) , X
CI((@api)SSu) =i’ Z =2 a;ipilpéz o 'p}i;k ‘
o 0 pj—(jz;—1)

m
N X s
=) St Loy p T

Py p;—(jz;—1)
" i—1 k
=iy Z—e (ti)s [T L Gy = D9 | (g = D)% [ L Gy — 1)
ok 0 j=1 iZi
Thus
" i—1 k
a((0,05.) =S X ), [T L Ge -0 < (0h I D
TImTip1 === ork Y j=1 j=it1
and using this we get
K,
i 9. )
sz_:l <S)q<(z pl) SM ==z =0
m I{J/Z 1—1 %
X xl -S . —8 . . L g
=S ()1 T Gy = 11 (1)
ork ¥ =1 j=1
(s <t; — si <k)
wo ti i—1 .
X t'L .5 P . . o tj
=22 () (2)s(=1)"= T] 1 Gy = 1) x (1) 2
ork 0 s—1 i=1
K i—1 k
=320 | (G- 1 = (D) [T LGy = 1)t (D)2
ok j=1
Xp : . S Xh = . S
=D L1 Gy =B (o= ™ = 3 28 [T (g = )Y (= 1) &=
ork =1 ok <9 j=1
= qu(z1,%2, ..., Tp) o qu(T1,22,. .., Tk) 0
Bip1=r =T P
and equation 2.12 becomes
k
Qu(T1, T2, ..., k) = qu(%)—l—Z(qu(fCl,---,%) - qu(wl,"',wi—ﬁ)
i=2
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which is obviously true.

3. Basics on the Kronecker product

Let C,, denote the formal sum of the permutations of S,, with cycle type o and
let C(S,,) denote the center of the group algebra of S,,. The map F, : C(S,) —A="
defined by setting

F,.(Co) = pa/za; 3.1

usually called the “Frobenius map ”, was the tool used by Frobenius to identify the
characters of S,,. In fact this map is an isometry of C(S,,) onto A=" each endowed
with its natural scalar product. The orthonormality of the Schur basis together with
its integrality with respect to the homogeneous basis {hq }arn yielded Frobenius the
fundamental relation

Sy = Fn(x)‘) = ngpa/za 3.2
aFn
which he inverted to
Pa = Y Xasx 3.3
AFn

and then equation I.1 followed from the bideterminantal formula for Schur functions.

The Kronecker product in A=" is defined by setting for P,Q € A="
PxQ = F,[F,'(P) x F,'(Q)] 3.4

where the symbol ‘x” here represents the pointwise product in C(S,). In particular
from equation 3.2 it follows that

Sy xS, = ng X5 Pa/ %o (for all p,v Fn). 3.5

akFn

The orthonormality of the Schur functions then yields the expansion

Sy *8, = E Cx,p,v SA 3.6
AFn
with
A
Cx,pv = <Su * Sy, S>\> = § Xa Xg ng /ZOZ 3.7
akFn

where the last equality is obtained by combining equation 3.5 with 3.2 and the relation

S ze fa=p,
<pa,p5>—{0 fots 3.8
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The ¢y, go by the name of “Kronecker coefficients” and they may be interpreted as the
multiplicity of the irreducible representation of .S,, indexed by A in the tensor product of
the irreducible representations indexed by u and v. A fundamental open problem is to
give a combinatorial interpretation to these integers akin to the Littlewood Richardson
rule for the coefficients g ,,, occuring in the expansion

SpsSv = § :gk,u,vsk'
A

So far, explicit expressions for the coefficients ¢y , , have been given only for very special
choices of A\, u,v. The relation in equation 3.6 enables us to attack the Kronecker
coefficient problem by symmetric function methods. In this writing we will focus on the
identities that reduce the computation of the Kronecker products of symmetric functions
to ordinary products and thereby ultimately express the cy ,, in terms of the gy , ..
To this end it is convenient to extend the Kronecker product to all of A by setting

PxQ =0 for all pairs P, with P € A=", Q € A= and r # s 3.9

This given, the following basic identities are immediate consequences of the definition
of Kronecker products given in equation 3.4.

Proposition 3.1

1) paxps = x(a=pP)z4pa, for all pairs of partitions «, 3
2)  paxSy = Xé Po,  for all pairs of partitions a, \Fn 3.10
3) Qxf =nh,*xf=f foral fe A=

where y(a = f3) is the Kronecker delta function.

Proof. Since conjugacy classes are disjoint, it follows that (“x” denoting pointwise

product) we have
) Cy ifa=p
Caxoﬁ_{o it a#

Thus 1) follows from equations 3.1 and 3.4 when a and 3 are partitions of the same
number and from equation 3.9 when they are not. This given, 2) follows by linearity
from equation 3.2. Finally, 3) follows from equation 3.9 together with 1) and the well
known expansion

hn - Zpa/zoz- 3.11

akn
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The following basic identity of Littlewood ([Li]) provides an algorithm for the
computation of Kronecker products.

Proposition 3.2 For any homogeneous symmetric functions fi, fa, ..., fx of re-
spective degrees a1, as, . . .,ar and any symmetric function A of degree a1 +as+- - -+ ay,
we have

(fifar - fu)xA
= > > D> (sawsa@ e sam , AYf1 sqw)(fax sa@) - (fi ¥ 5am),s

aMka; a@kas a®ay,

3.12
In particular we derive that

(hln th s huk) x A = E E s E <Sa(1)8a(2) o Sqk) A>8a(1)8a(2) s Sqk)

aMbp a@bps  al®bp,

1 €L
— E “ .. E SOL(2) ...Sa(k)sa(2) ---Sa(k)A

a@kp, a®bpy
3.13

where the si-(i) and s, ) are seen as skewing and multiplication operators successively
applied on A.

Proof. We need only prove equation 3.12 for f; = pp) with B q; and A = sy with
A aj+-- -+ ag. This given, using 3.10 2), the left hand side of equation 3.12 becomes

LHS = PpPp2) - Ppk) * S\ = Xg(mvg(z)...Vg(mpﬁ(l)vﬁ<2>~~~vﬁ<k>
= <P5<1>vg<2>...v5<k>,8>\>p5(1>v5(2)...v5(k>~

On the other hand, using again equation 3.10 2), the right hand side of equation 3.12
becomes

e e
RHS= " -+ Y (80w Sam s SAXG0 D50 X500 Pa)

aMba;  a®ka,

and equation 3.12 in this case immediately follows from the Frobenius expansion in
equation 3.3. This given, the first equality in equation 3.13 follows by setting f; = hy,
and using equation 3.10 3). The second equality follows from the first and the fact that
<3a(1> Cee Sk A> = <sa<1>, Si_(% ---si-(k)A>. This completes our proof.

Remark 3.1. Murnaghan ([Mu]) noted that for any partition u b k, the Kronecker
multiplication operator “s(,_j,,)*” does not depend on n in the sense that the value of
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the Kronecker coefficients c(,—|x[,7),(n—|ul,n),(n—|v|,») Stabilizes when n exceeds a lower
bound depending on A, i, v. We can easily derive this from the identities in equations
2.3 and 3.13. Indeed from equation 2.3 it follows that we can write

S(n—k,u) = Z <8(n—k,u) ) poz>poz/zo¢

alFn
= Z <T_18M y ,Tlpa>pa/204
alFn
(Using 1.11) = 3 3" (hnsu[X — 1], Tipa)pa/a
alFnm>0
= > {hnpsVX = 1], Tipa)pa/za
alFnr>0

where “sl(f) [X — 1]” denotes the homogeneous component of degree r in s,,[X —1]. This
implies that
Sty X] = D s [X — 1] 3.14

r>0

Thus if the homogeneous basis expansion of s,[X — 1] is

k
sulX —1] = Z Z Cuahashay -+ Pa, (allowing some «; to vanish)

r=0 atr
then equation 3.14 becomes

k

S(n—k,u) = Z Z Cuahn—rhcxl hag T har

r=0 atr
and the equality in equation 3.13 gives s(,_j ;) * A = U, (A) for all A of degree n with

k

_ 1 1 1
U, = E E Cua E E E 8y (1) Sy (2) * " " (1) 81 1) 5 2) T T T S 3.15

r=0 atlr ’7(1)|_051 7(2)}—o¢2 ’y("“)}—ar

This explicit version of Murnaghan’s assertion was given in [GC]. Proposition 3.1 has a
beautiful corollary, again due to Littlewood ([Li]), that may be stated as follows.

Theorem 3.1 For any homogeneous basis element hy = ha, ha, -+ ha, and any
skew diagram D with n = oy + ag + - - - + aj cells we have

ha*SD = E SD1SDy """ SDy, - 3.16
D1+Do+-+Dy=D
|Di|=ai
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where the sum is over all decompositions of D as a disjoint union of k skew diagrams
D; containing «; cells.

Proof. We prove first the case k = 2. Solet D = v/§ withyFa+b+cand § I c.
Note that from equation 3.13 for k = 2 with iy = a,u2 = b and A = s, /5 we get

hohy * 5475 = ZZ <87/5 , susy>susy

uFa vEb

= ZZ <37/V ) 353u>3usv

uFa vEb

Substituting in this the expansion

Saw = D (Swwo s )sn = ) (54, susa)sn

AFa-+c AFa-+c

we get

hohy * 5y/5 = ZZ Z <87, s,,3>\><3>\, 353M>susy

pka vEb AFa+c

= ZZ Z <S’y/)\7 SV><S)\/57 8u>5u51/ = Z S\/5 S~/

pka vEb AFa+c AFa+c

and this is simply another way of writing equation 3.16 for £k = 2. We may thus proceed
by induction on k. So assume equation 3.16 true for some k£ > 2. We then proceed as
before and let D = v/ with v+ a+b+c and § F ¢, and get from 3.12 for k = 2, f1 = h,
and fo = ho = hayhay © Py,

hoha * Sp = ZZ(S,Y/(;,SHSV>SH ha * Sy,

pka vEb

= ZZ<8V,S5SHSV>SH hy * S,

ukFa vEb

- ZZ (Sy/us555u)5u ha * 50

ukFa vEb

- ZZ Z <87/V’S>\><S>\7858u>3u ha*S,/

uFa vEb AF a+c

- ZZ Z <87/>\73V><3>\/673u>3u ho * Sy

uFa vEb AFa+c

= Z SA/(; ha*sv/k
AFa+c
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So the induction hypothesis for a = (o, ag, ..., ax) gives

hoho * Sp = E SX/s E SD,SDs """ SDy
AF a—l—c D1+D2+---+Dk:’y/)\
|D;|=c;

this proves equation 3.16 for k£ 4+ 1 and completes the induction.

It is worthwhile to close this section with an example illustrating a use of these
identities in the computation of Kronecker products. Let us compute the operator Ugy
defined in equation 3.15. To this end note first that equation 1.12 gives

1 1 1
821[X — 1] = det hl hg h3 = h2h1 — h3 — hlhl —+ hl
0 1 m

and equation 3.15 gives

_ 1.1 1L 1 1L 1L 1 L 1
Uz,1) = s25153°57 + s118151151 — (8355 + 5(2,1)8(2,1) T $13513) — $151517 57 + S151

Applying U2,1) to s,_3,3 we obtain one of the many identities given in ([Mul]).

Sn-3,2,1%8p-33 =8p-1,1 Tt 28p22+28,-9212+28, 33+958,-321+28,-3713
+28,-44+958y-431+35p-422+45,_4212+S,-414+Sn_55
+38p-541+35,-532+t35,-5312+25,_5221 + S,_5213

+ Sn-6,3,2,1 T Sn—6,5,1 T Sn—6,4,2 + Sn—6,4,1,1

4. Character polynomials and the Kronecker product.
We start with the definition of a degree in Q|z1,z2,.. .|, different from the usual
degree and we call it the “partition degree ”:

k
pdeg(x]'x? ---x3*) = Z 1a;, 4.1
i=1
We thus obtain a direct sum decomposition
Qlxi,x2,...] = @Hk<xlax2w-ka) 4.2

k>0
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where Hy (21, 22, ..., x)) is the subspace of polynomials in Q[z1, x2,...| that are homo-
geneous of partition degree k. Note that polynomials of partition degree < k can only

contain the variables x1, xo,..., 2. It is also convenient to set
k
Her(x1,22,...,25) = @HT(xl,a:g,...,xk) 4.3
r>0
Since symmetric functions can be viewed as polynomials in Q[p1, p2,...] our map q :

A—Q[x1,x2,...] can be defined by setting (for aw = 191292 ... )

k
Ap, (T1,72,...) = a(p'p3® - pit) =1 [ [z — 1) 4.4
=1

We should note that q maps the space ASF of symmetric functions of degree < k onto
H<p(z1,x2,...,2x) and since q(pa) = (H?Zl iai) Hle xi" + ---, with the omitted
terms of lesser partition degree, we see that this map is degree preserving and non
singular. In particular it immediately follows that the collection {g,}, of character
polynomials is necessarily a basis of Q[z1,22,...]. This given, we can define a scalar
product << , >> on Qx1,x2,...] by declaring that the character polynomials form an

orthonormal system. In symbols we set
)1 ifpu=v,
oo ad) = {y sy 15

To show that this definition is natural, we need only prove that this scalar product may
be computed without using character polynomials. This is an immediate consequence
of the following basic fact.

Proposition 4.1 For any polynomials P(x1, s, ..., x), Q(x1,Ta, ..., x}) of par-
tition degree < k we have

<<P, Q>> _ ZP(al,ag,...,ak)Q(al,ag,...,ak) n > 2k L6

la12a2 | .nanallagl .. .CLn!

akFn

Proof. Since the collection of character polynomials {@u} <k 1s known to be a basis
for H<p(z1,x2,...,2r) we need only check that equation 4.6 holds true for all pairs of
elements of {q, }|,/<x- Now this is a simple consequence of equation 1.2. In fact, both
(n —|p|, ) and (n — |v|, v) are partitions for all n > 2k since the hypotheses |u|, |[v| < k
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assure that n — [u| > py and n — |v| > vy, thus equation 1.2 gives g, (ai,...,a,) =

X&n—lul,u) and g, (a,...,a,) = X&”"”"”) and equation 4.6 becomes

(n—lul,u)xgn—IVI,V)

(g a)) = 2%

akn

a

which follows from the orthonormality of the irreducible characters of S,,.

Using this result, we can in principle obtain the expansion of any polynomial
P € H<p(z1,22,...) by the formula

P(xth?"';:Ek) = Z <<P7 qa>>Qa(5€17$27"'7mk)
la|<k

However for large k we found that expansion of a polynomial P in terms of character
polynomials can be obtained much faster by the following algorithm:
18t step Calculate the expansion

P(z1,22,...,21) = Z Ca Qp,, (1,22, ..., k) 4.7
lo| <k

274 step Make the substitution in equation 4.7

oo (@) = ) X4 qu(®) 4.8

lu|=|a
and obtain
P(zq1,22,...,2) = Z Ca Z Xh @u(x1, 22, ..., 2k) 4.9
lal<k  |p[=|a

Note that since we have

. k
y g a;
Gp. (21, Ta, ... 1) = (H’“)sz .

with the remaining terms of lesser partition degree, we can efficiently obtain the expan-
sion in equation 4.7 by a sequence of extractions of lexicographically leading terms as
indicated by the following recursion

ZC(PZ'_l)
Hf:1 1%
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where we set P(x) = Py(x), Hle x" is the leading monomial of P,_; and fc(P;_1) its
leading coefficient.

Remark 4.1. Note that in computing equation 4.7 with the recursion in equation 4.10
and the substitution in equation 4.8, we never get out of the subspace Q[z1, zo, ..., x].
However, this is all that we can say in general. Indeed, if P has partition degree k,
no matter how restricted is the set of variables that occur in P, the substitution in
equation 4.8 may introduce other variables in the set {x1,xs, ..., 2z} in the final result.
The implications of this simple observation will soon be apparent.

Murnaghan ([Mu]) noted that the Kronecker coefficients

n—|Al,A n—|ul, n—|v|,v
AN (=l (nloly = D xp T IO )
pkEn

stabilize as n—o0. A lower bound for n involving the three partitions A, u, v beyond
which this stabilization occurs was identified by Vallejo [Va] as n > maxz{p + |p| +
|Al, 1 + || + A, 2|A|}. We give next a lower bound involving only the two partitions
indexing a product of character polynomials not as sharp but sufficient for our needs.

Proposition 4.2  The stable values of the coefficients ¢(n—|x|,\),(n—|ul,u),(n—|v|»)
are the coefficients dy ,, , in the expansion

@ (z) = Y duwa() 4.11
NE

and this value is reached as soon as n > 2(|u| + |v|)

Proof. Since the product g, (x)q,(x) is of partition degree |u|+ |v|, from our Remark
4.1 it follows that the character polynomials involved in the expansion of ¢, (z)g, ()
are the ¢x(x) with |A] < |u| + |v| as asserted in equation 4.11. Now, the condition
n > 2(|u] + |v|) assures that we have the three inequalities

D Y P 1 e S TRy 7 g 1 7y
From this, and equation 1.2 it follows that ¢y(aq,...,a,) = X&n—|>\|,>\), qulai,...,a,) =
X&”"“"“), q(a,...,an) = X&”"”"”). Thus we can use proposition 4.1 and derive that

n—|ul, n—|v|,v n—|Al,A
( |H|H)X£¥ lv| )ng IALA)

Ay = <<ququ ) q>\>> - Z *

akFn

«
1a12a2 L. na"al!CLQ! . an! - c(n_|A|7>‘)7(n_|“|7u)7(n_|y|7’/)

Vn > 2(|u| + |v|), completing our proof.
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This result has a sharper and more general version that involves signed Schur
functions and that can be stated as follows :

Theorem 4.1  For p™ & kq, p® F ko, ..., u™) + k, we have

Sn—ky,uMW * Sn—foy pu () 1 H Sy () = § : xS |A|N) vn >0
[N <ki+ko+- k-
4.12
where the coefficients dA;u(l)’Mz)’m’u(T) are given by the expansion
2,0 (2)gu@ () - guem () = Y dyw e, e (@), 4.13

[N <ki+ko++kr

and each factor s
Schur functions.
Proof. Proceeding exacltly as we did for r = 2 we show that the expansion of the
product g, (7)q,e (Z) - - - g, (7) involves only character polynomials gy (x) with [A] <
ki + ko + -+ -+ k, as asserted in 4.13. It then follows that when k > ki + ko + -+ + k-
and ||(a1,asz,...,ar)|| =n

n—koy (D s+ oy Sp_f (@S well as s,y n are interpreted as signed

(2)) (T))

n— & n— n—
¢, (2) g, () - g () = xR Dy ke )Ly (e

z—(a1,az2,...,a)

and 4.13 gives

(2)) My

n—=kq, @ n—ks, n—=ky,
X(a 1,1 )ng 2,4 ) 'X(a H

E — A\
d,\;uu),mz),,,,,u(m X&” AN 414
A<k +kat-+ky

Multiplying by pa/za, summing over all o - n and using equation 3.5 gives equation
4.12.

Remark 4.2. We should note that once the construction of equation 4.13 is imple-
mented on a computer by the two step algorithm given above, then combining with a
conversion of equation 4.13 into equation 4.12 can quickly provide the reader with all
the tables appearing in the classical Murnaghan paper [Mul].

We should mention that the bound n > 2(|u|+|v|) involving only two partitions is
the best we can say without getting into the specifics of the components of the partitions
1 and v. For example, from gs = x5 — % 1 —i—% 2?2 and ¢; = w1 — 1 our two step algorithm
gives

@@ = @+ +qan+antas 4.15
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with
— 3 1,.2 _ 1.3 2,8 _ 1.3 2,5
qi1,1 = 1—§$1+§$1—$2, g2,1 = §$1—2$1+§$1—$3, qs = 6$1—$1+g$1—$2+$1$2+$3.

Now we see from this that although ¢2¢q1 € Q|x1, z2], the expansion equation 4.15 lies in
Q[x1, 2, x3]. This fact is responsible for the stabilization of the Kronecker coefficients
to take place only after n > 2(2 4+ 1) = 6. Indeed, from Theorem 4.1 we derive that
equation 4.8 yields the Kronecker product expansion

Sp—22%Sp—1,1 = Sp—1,1 T Sn—22+Sp—2.1,1+S,-321+ Sn—33 4.16

Now this is valid for all values of n, provided Schur functions with non partition indexing
are straightened out by the commutativity relations in Remark 2.1. To understand why
stabilization of Kronecker coefficients may only take place after n is sufficiently large,
it is sufficient to see what happens for small values of n.

(1) Setting n = 3 in 4.16 gives
S1,2%821 = S21+81,2+51,1,1+50,2,1+503 = S2,1—S1,2+51,1,1 —51,1,1 —S2,1 = 0

since s15 = —s12 = 0. So we have 0 = 0 here.

(2) Setting n =4 in equation 4.16 gives

82,2 %831 =831+ S22+ S21,1+51,21+S1,3 = 831 +522+S21,1— 51,21 S22

=831+ S2,1,1

since 8121 = —s1,2,1 = 0 and the Kronecker coefficient <sn_2,2 * Sp_1.1 5 sn_2,2>
is not stabilized yet because the corresponding term has been eliminated by the
term s4_33 = —S22

(3) Setting n =5 in equation 4.16 gives

S§32 % S41 = S4,1 + 83,2+ 83,1,1 T 52,21+ 52,3 =541+ 53,2 +S531,1 +S5221— 523
= 84,1+ 832+ S3,1,1+ S2,2,1

since sp 3 = —s2.3 = 0. This result is again correct even though the term s,,_3 3

still yields no contribution. On the other hand setting n = 6 in equation 4.16

gives S40% 851 = 85,1+ 54,2+ 54.1,1 + 53,21+ 53,3 and all the terms survive since
all Schur functions are indexed with partitions.
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So we observed that in this example most of the stabilization failed to happen
when n < 6 because the term s(,,_3 3y in equation 4.16, which comes from g¢3 in equation
4.8, pops out only in the second step of the algorithm. In summary, to assure that equa-
tion 4.12 remains true, the straightening of terms s,_|y,x causes terms with partition
indexing to disappear from the right-hand side, and this is precisely what causes the
delay in the stabilization of the Kronecker coefficients.

5. The Hecke algebra case

In [Ra] Arun Ram obtains a g-analog of the Frobenius formula in equation 1.2
from which he derives an algorithm for the construction of the irreducible characters of
the Hecke Algebra H,,(¢). Ram’s formula, in our notation, may be written in the form

1

m he [Xn(q - 1)]

, 5.1

A _
Xa(q) X

In spite of its rational presentation, this definition yields a polynomial x2 (¢) which gives
the value of the irreducible character of H,,(q ) indexed by A, on some special elements of
H,.(q) determined from the partition o. Ram shows that all the other character values
are obtained as linear combinations of the polynomials x2 (¢q). Remarkably, Ram is also
able to show that the polynomials x)(g) may be computed manually by an algorithm
that is essentially a g-analog of the Murnaghan-Nakayama rule.

The methods we developped in the S,, case can also be extended to H,(q)
thereby obtaining an explicit, albeit not as simple, g-analog of the character poly-
nomial g, (x1,z2,...,x,). Before we can state our result, we need a few preliminary
observations.

Proposition 5.1 For each partition p - k and integer n > k we have

% (S(n—t) [Xn(g = D], halXal) - 5.2

(=R (g) = e

Proof. From the Cauchy formula for two alphabets X,, and Y,,(¢ — 1) we derive that

D ha [Xnlg = D]malYa] = ha[Xn(qg—1)Y,] =D sa[Xa]sa[Yalg—1)]. 5.3

akn AFn

Thus equating coefficients of s)[X,] on both sides of 5.3 and using 5.1 gives

> (g = 1 xM@) malVa] = sx[Yulg—1)] . 5.4

akn
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Recalling that h,[Y,] and m,[Y,] are dual basis elements with respect to the Hall inner
product, we immediately derive that

(@— D" x2q) = {sx[Yula—1)] , halYa]). 5.5

and equation 5.2 is obtained by setting A = (n — k, ).

Formula 5.2 brings us again in a position to use the identity 2.8 and remark 2.1.
More precisely, making the substitution X,, — X,,(¢ —1) in equation 2.8 we obtain that

Sk [Xnlg = D] = Q0Xnlg = D] su[Xnlg =1) = 1/2]| 5.6
and this brings equation 5.2 to the form
1
(n_kau) - — _ —
Xa (g = @ (QeXn(g = D] su[Xnlg = 1) = 1/2], halXal)| . 57
To show that this expression is a polynomial in aq, a9, ..., a, and to identify it we need

some auxiliary facts.

Proposition 5.2 Let A[X,] be a homogeneous symmetric polynomial of degree
m and let

Qa(h1,...,hy) be the polynomial giving the expansion of A in terms of the homoge-
neous basis. Then

(h [Xn(qg— 1)), A[X,]) = Qalha, ha,... hi) 5.8

hi—qi=1(q—1)

Proof. Clearly it is sufficient to prove equation 5.8 when A = hg with |3] = m. Now
in this case we have

([ Xala =D)L halXa]) = 37 holg— 1 (my[Xa] L hglXa]) = hsla— 1], 5.9

[v|=m

where the last equality is again due to the fact that the two bases {mg [Xn]} 3 and

{hg [(Xn] } 5 are dual with respect to the Hall inner product. However it is easily verified
that for any ¢ > 1 we have
hilg—1] = ¢ (g —1). 5.10

thus equation 5.9 is none other than
(o (Xl = D] 2 BaTX1) = Bl 0y
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This establishes equation 5.8 for A = hg and completes our proof.

Proposition 5.3 If A is a homogeneous symmetric polynomial of degree k and
|ol = n then

(9=Xalg ~ D] AXalg 1)~ 1/2], ha[X.])

= A[Xn(q - 1) - I]J_ha[Xn]

n—k

5.11

hi—qi=1(qg—1)

here it is understood that the substitution h; — ¢'~'(q — 1) must be carried out after
the polynomial A[X,, (¢ —1) — 1]*h[X,] has been expanded in the homogeneous basis.
Proof. Setting

k
AXulg—1) = 1/2] = 3" AL[Xu(g — D)(~1/2)" 5.12

s=0

in the right hand side of equation 5.11 gives

(R[=Xula = D] AXulg = 1)~ 1/2] , halXa])

n—k

(QzXn(g = 1] As[Xn(g = DI(=1/2)"7", ha[Xa])

M- 1M

n—k

(by 1'3) = (_1)k_s<hn—s[Xn(q - 1>]AS[X’I’L(q - 1)] ) ha[Xn]>
s=0
k
= <_1)k_s<hn—5[Xn<q —1)], As[Xn(q— 1)]Lha[Xn]>
s=0
k
(by proposition 5.2) = (—1)* A [ X (g — D] ha[X0] ‘
—o hi—q'~1(q—1)
k 1
= ~1)F A X (g = 1)]) halXn
(§< ALKl = 1)) halXal |
(by 5.12) = A[X,(q — 1) — 1] ha[X,] ‘ Q.E.D.
hi—q*=1(q—1)
The last ingredient needed to establish that X&n_k’” ) (¢) is a polynomial in ay, as, ..., a,

is given by the following interesting identity.
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Proposition 5.4 For every pair of integers m,i > 1 we have

hm—i ifm Z i,
Z'api h,, = { 1 ifm= 1, 5.13
0 if m <.

Proof. It is well known and easy to show that

a) 0y, = pi, b) hihy, =

(3

1 if m =1, 5.14

0 if m <.

Since p; = h; we see that equation 5.13 holds true for ¢ = 1. We can thus proceed by
induction on 7. So suppose that 5.13 holds true for 1 < i < k—1. Taking the logarithmic

derivative of the identity >, 2™ h, = exp ( E>1 %’“zk) established in equation 1.3

and equating coefficients of z* gives the Newton identity k hi, = pr +pr—1h1 +pr_oho +
-++ 4+ prhg_1. This implies that

khithm = pphm + piehihom + pi_oha b + -+ + D hi (B -

Thus, using the convention h, = 0 when a < 0, the inductive hypothesis and equation
5.14 give for all m:

that is p,f i = hm—k and 5.14 a) for ¢ = k completes the induction and our proof.

Our final step in this section is to use these propositions to evaluate the right
hand side of equation 5.7. However, it is quite interesting to see what we obtain in the
simplest case p = (1).

Theorem 5.1
X(an—l,l)(q) = a; qn—é(a)—l + g(a)(q_ 1)qn—€(o¢)—1 - qn—é(a) 5.15

Proof. Setting 1 = (1) in equation 5.7 and using equation 5.11, we have

LD () = W (QeXn(a— )] (p1(a—1) = 1/2) , ha[X,])

1
- (@

n—k

5.16
—1)0p, — 1) hq

hi—qi=1(q—1)
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Now note that for a = 141292 ... n% we get

8plha = iaiZ—aﬁplh
i=1
1 ~ 1
(by 5.14 ) = hq, (alh—l + ;ai h—ih¢—1> 5

and since

hy, H Hg—1)" = ¢ 1@ (g = 1)%),

hi—qi=1(qg—1) i1

equation 5.16 becomes

h q—1 - q—1
(n—1,1) — @ ) . _
Xa ( ) (q _ 1)5(04) (al hl + iz:;az hl hz—l 1)

-1 —1
n—@(a)( 4q q — )
= q a + E a; 1
fg—1 = q

=a1¢"" + (g 1) ¢" "7 () —ar) — ¢

~Hq—1)

5.17

This proves equation 5.15.

The polynomiality of X&n

Proposition 5.5 For each homgeneous symmetric polynomial A[X,] of degree
k <n, the function

ko )(q) is a special case of the following general fact.

n

Quloia) = gy Aol =) -1 T |,
is a polynomial in q and ay,as, ..., a, with coefficients depending on ¢(«).
Proof. It is sufficient to prove this for the power basis elements pg = Hle pf with
|0| = k. We have
k NI
Qpy(a;q) = é(a) (Hl -1)") th“ SPETRN St
from equation 5.14 a) it follows that
1 i ; £\ T 2 0
Qni(50) = 57 (Hl (i0h,(a" = 1) = 1)") Zthgz B0
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Now the first product has an expansion of the form

: —1 -3 )i -
q—H(a) H (0pa" =) =1)" = 3 Cﬁ(9><q—1) H(q ) 31051

|BI<k Jj=1

where c3(f) are the coefficients of this expansion. Using this and setting [j], = =
14+ ¢q+---¢”~! the identity in 5.19 becomes

() n

a)— £(B)
Qi) = 32 eo (=) (I G0e) ") ok T
j=1

1B1<k ¢-1 i1

hi—qi=1(q—1)

5.20
This given we are left to show that the desired polynomiality properties are satisfied by
each of the expressions

£(B) n

N O [

=1

5.21

hi—qi=1(qg—1)

To this end note first that carrying out the differentiations in equation 5.21 and using
equation 5.14 b) we obtain an expansion of the form

£(B) n £(a)—L(B)
; a; di
[T 1Ir = > sl JI & 5.22
j=1 i=1 2(8)=£(c)—£(P) i=1
with coefficients ¢s g(«) polynomials in ay,as,...,a,. Using this in equation 5.21 we

get

£(B) n
—1 \ Le)—£(B) _ o
(—) [Iay- I1n
1 =1

g—1 i hi—q*~'(q—1)
£(a)—£(B3) N di
= Z C&ﬁ(Oé) H <q - 1> hi—q*~'(q—1)
£(8)=L(a)—£(B) =1
£(5) di
= .o ws@]] (—qi*)
£(8)=L(a)—£(B) =1

= Z cs.5(a) (—1)40) glo1=4()

£(8)=L(c)—£(B)
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and equation 5.20 becomes

£(B) .
Quiaa) = Y s@ (T (1)) X esl@) ()@= 53

1BI<k £(8)=t(a)—£(B)

and this completes our argument.

X(anfl,l) — al—l

X8 (@) = q" T (a+(e-1)(a—1) 1)

X((yn—?,?) — %(2a2_|_a1(a1 -3))

X722 (g) = 72 (2gan+q%a1 (a1 —3)+(€—a1) (g—1) ((g+1)a1+(g—1) (€—1)))

X2 = L(-2az4af—3a1+2)

XS (g) = qn_;_Q (—2a2+¢*(a1—1)(a1—2)+(—a1)(¢—1)((¢+1)(a1—2)+(g—1)(¢~1)))

X733 = L(6az+6az(a;—1)+ai—6a3+5a1)=1(6as+6az(ar—1)+ai(a;—1)(a1—5))

n—~€—3
X7 (q) = L5 (6¢%as+6qaz(a1+(¢—1)(¢—1)—q*)+a3+3ai ((¢—1)(£—1)—2¢%)

+a1(36(q—1)((q—1)(1=1)=2¢*+1)+6¢° —3¢+2)+£(£—1) (¢—1) ((£~1)(¢—1)+2q+1))

Xfl"*‘n"z’l) = %(—Sag—l—a:l"—Ga?—l—Sal):% (—=3as+ai(a1—2)(a1—4))

X320 (q) = 272 (30a543(g—1)as[(g—1) (€—1)+a]+a +3a2[(g—1) (€—1)—(q>+1)]

+a1[36(g—1)(¢(g—1)—q(a+2))+3¢*(2¢+1) = 1]+£(£=1)(¢—1)*[(¢—1)(¢—1)—q—2])

3
X‘(Xn—3,1 ) = %(6a3—6a2(a1—1)+a§—6a%—|—11a1—6):%(6a3—6a2(a1—1)+(a1—1)3)

X319 (g) = 272 (6ag—6as[(g—1) (¢—1)+a1 —1]+ad+3a2[(g—1)(¢—1)—2]

+a1[3(6-1)(¢=1)((£—2)(¢—1)=5)+11]+(£~1)5(¢—1)*

—9(€-1)(g—1)[(¢~1)(g—1)—g—1]-6)

Table 5.1 Character polynomials of S,, and H,,(q)

Theorem 5.2 For p & k, the g-character value X&n_k’“)(q) is a polynomial in q

and a1, ag, ..., a, with coefficients depending on n and ¢(«). To be precise, if Q)p,(a; q)

is given by equation 5.23, X&n_k’“)(q) may be computed from the identity

o
e X
xR (q) = ) —Zz Qpo (a5 q) 5.24
10]=k
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Proof. From equation 5.7 and Proposition 5.3 we get

G = e Bl Ve ) 1] D
! X 5.25
N m Sp {Xn(q -1)- 1] ha [ X hi—qi=1(q—1)

and the Frobenius formula in equation 1.21 gives

n— Xy
k) (g) = CEY e(a) E : 20 po[Xplq—1) — 1} ho Xy
[0]=Fk

1% k . iR
=, );_:(q_lﬁ(a) (H —-1)-1) ) ha|Xy]

and equation 5.24 follows from equation 5.18. Table 5.1, where ¢ stands for ¢(«), should
dispell any doubts that the polynomials yielding the g-character values X(n Fobs )( )
natural g-analogs of the character polynomials.

hi—qi=1(q—1)

hi—qi=1(q—1)
are

6. Set polynomials and applications
We begin by noting that, using equation 2.8 or 1.2, the identity 2.3 may be
rewritten in any of the following two equivalent forms:

<Hn—k8u ’ pa> = <T—18u ’ 771poz> . 6.1

qsu <a17a27 .. '7an) = <T—15u 5 7—1pa> . 6.2

Since both {p,}o and {s,}, are linear bases of A, equation 6.1 extends to all pairs of
homogeneous symmetric functions f, g of respective degrees k and n:

<Hn—kf7 g> = <T—1f7 7'19> 6.3

It develops that the operator H,,_; has a companion operator h,_y which is “multipli-
cation by h,,_;” with companion identity

(hn-xf, g) = (f, Tug). 6.4

To prove this given equation 1.11, we need only check that <hn_kf, g> => >0 <hm f, g>.
Equation 6.4 becomes a consequence of the identity

>:{1 ifozl—m, 6.5

a Y h .
<p 0 otherwise.
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We shall see here the role played by these identities in the computation of some
Kronecker products. With the present notation, replacing s, by f in 6.2 gives

qf(a‘17a‘27---7an> == <T—1f7 ,]'1po¢> 6.6

To get the companion identity we are led to introduce another map v : A—Q[z1, xa, .. ]
defined as the linear extension of the map

V(pg) = Vpg (.’131,.’132, s 7:1;143) :l :l_‘[(zml)bZ = (H Zbl) H(«'Ez)bl = %8 H <:ZZ) 0.7
=1 i=1 =1 i=1 "

This given, 6.4 for g = p, may be rewritten as

Vf<a17a27"'7an) = <f7 7—1po¢>7' 6.8

To see this we simply note that for f = pg/z3, with S F k, 6.4 gives

<pﬁ/zﬁ 77'1poz> - <hn—k pﬁ/zﬁ 7po¢>
= %<hn—k ) H?:l(i@m')bi poz>
=TTy () o Ty p87")

k i) —
= Hi:l (ZZ) - V(i_gxaha%“wan)

6.9

this proves 6.8 for all f € A. For reasons that will soon be apparent we are inclined to
call “set polynomials” the polynomials v(f) defined by equation 6.7.

It is well known that the number of occurrences of the identity representation in
the action of a group G on a family F of objects is equal to the number of orbits of this
action. If G acts transitively then its action on F is equivalent to its action on the left
cosets of the stabilizer of any one of the elements of F. It follows then that if G = S,,,
the group of permutations of Q, = {1,2,...,n} and if F is the family of r-subsets of
), then the Frobenius characteristic of the action of S,, on F is the symmetric function
hyhy,—r. Denoting by II"~"" the character of this action evaluated on the permutations
of cycle type a we must have

horhy = Y 277 R 6.10
alFn

= Z <hn—rhr ) pa>z_z 6.11
alFn
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Combining equations 6.4, 6.8, 6.10 and 6.11 we derive that

HZ—T,T = <hn—rh7" ) poz> = VhT(CLl?aQ?"';an) = va_ﬁ(ahaQ?"'aan)
gk

and 6.9 gives
" = 35, [l (Zz) 6.12

an expression that was called 7, (a) by Specht in [Sp| and was used to compute character
polynomials. It follows then that the Frobenius characteristic of the action of S,, on the
k-fold cartesian product F x --- x F := F*¥ is given by the k-fold Kronecker product

hrhn—r * hrhn—r Kook hrhn—r = (hrhn—r>*k = Z (HZ—T,T)kP_a

Za
akn

In particular we see that the scalar product

((hohn—r)™,s0) = S (1Inrr)* L 6.13

akFn

gives the multiplicity of the identity representation in the action of §,, on the k-tuples
(Aq,..., Ag) of r-subsets of Q,. Thus the Kronecker coefficient in 6.13 yields a count
of the number of orbits under this action. Now it is easy to see that an orbit under this
action is completely characterized by the vector (ny,ns,...,nqx) giving the respective
cardinalities of the 2* regions that decompose 2, in the Venn diagram of the k-tuple
(A1, As, ..., Ag). To be precise, for 1 < i < 2F if ¢jes - - - €4 is the binary expansion of
© — 1 with k digits, we set

n; = card(A7" NAZ N---NAYF) 6.14

where for a subset A C Q2,, we let

e A if e=0,
A _{Qn/A ife=1. 015

Thus the Kronecker coefficient in 6.13 enumerates the number of solutions of the Dio-
phantine system Dy (n) that must be satisfied by the vector (ni,ng,...,nqx) in order
that each of the A; has cardinality r and €2,, has cardinality n. For instance when k = 3,
using the notation in 6.14, we get
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card(Ay) = ni+no+ng+mng=r
card(As) = n1+ng+ns+ng=r
Ds(n) =
card(As) = n1+n3+ns+ny=r
card(Q, /A1) = ns+ng+ny+ng=n-—r
Let us set
Fp(z;r) = Y {(hphn_y)™® hy) 2" 6.16

n>r
where the left hand side of the scalar product is the k*"* Kronecker power of h,hy,_,. As
we mentioned above the Kronecker coefficients in 6.16 must stabilize as n — oo. This

means that we have
Pr(x;7)

Fi(z;r) = 1= 2

6.17

for a suitable polynomial Py (z;r) € N[z|.

Using a different but entirely equivalent combinatorial model G. Labelle in [La]
showed that the exponential generating function of these polynomials, for r = 2, has
the following beautiful expansion

k n
Yy z2 eY— —x T n
> P2l = e F e I (0 6.18
k>0 n>0
Labelle [La] obtained this result by showing that the polynomial Py(z;2) enumerates
certain multigraphs with &£ edges and no loop. Labelle obtains 6.18 by an elegant

application of the theory of Species, which motivates a number of manipulations out of
which emerges 6.18 in its surprisingly simple final form.

The stabilization reflected by the identity in equation 6.17 can be easily explained
combinatorially. More generally if we denote by ¢,(i) the s*" digit of the binary expan-
sion of ¢ — 1 then the diophantine system whose solutions are counted by the Kronecker
coefficient in equation 6.16 takes the form

card(Ar) = S, (1= ea(@)ni=r

card(As) = S, (1 = ex(i)) mi =
Dk (n) =

k
card(Ag) = Z?Zl(l —ex(i))n; =7
card(Qy /A1) = Nok—141 +Nok—140+ -+ Nk =N —7T

THE ELECTRONIC JOURNAL OF COMBINATORICS 16(2) (2009), #R19 35



We can now easily see what happens as n—oco. Since nyr occurs only in the last equation,
every solution (n1,ns,...,nqx) of Di(n) comes from the solution (nqi,ns,...,nqk_1,0)
of Dy (m) for

m=n-—ngx =n1 +nNg+ -+ ngx_; = card(A; UAyU---UAg) < kr.

This shows that for any n the solutions to D (n) can be simply obtained by adding the
component nor = n — m to a solution (n1,ns,...,n9x_1,0) for an m < n. From this
we derive that the number of solutions of the system Dy (n) is simply given by the sum
ck(r) +ek(r+1) + - -+ e (min{n, kr}) where cx(m), for any r < m < kr, denotes the
number of solutions (n1,nsg, ..., nox_1,0) of the system Dy (m). It follows then that we
must also have

{(hrhp—r)™* hy) = ci(r) + cp(r +1) + - + cu(min{n, kr}). 6.19

This gives that the generating function F(x;r) has the form

F(w;r) = 2m=r Ck(mM)a"™

Y

l1—=x
which shows that i
Py(z;r) = Z ck(m)z™. 6.20

As an application of symmetric function methods in the computation of Kronecker
coefficients we now derive a Labelle type formula for the exponential generating function
of these polynomials. More precisely we establish the following general result.

Theorem 6.1  Setting for all » > 2

k
) = > Fulwsn)e 6.21
k>0 )
we have
_Za 1T (2 )al (w )2 (ﬁ)al . a
Fley) = ——— > > - S (v 2T 6))

a1>20a2>0 ar>0 BEri=1
6.22
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Proof. Using equation 6.13 we get that

r) = Z " Z (Hg—“)ki.

n>0 akFn

Thus
)= Y an Y et L
n>0 akFn :
_ Z " Z ey<26>—r Hi:l (bZ)) i (by 612)
n>0 akn

LD S ) 1
ai | a2 ... An, |
50 a1t2astinan=n largq12a2q45! .. - nong,!

SO D2 S JENEIEE g)az._.ﬁ%)aney(zm,ﬂ:&(zz)»

n>0 a1>0a2>0 an,>0

_ Z(f_— ST S WSS pores 1 o <:;>))

a120 an >0

mn

m?L

_ etz i Z Z a%!<%)a1,_, 1 (%)aney(ZBwH:_l(bz))

an!
a1 >0 ar>0

This proves equation 6.22 and completes our argument.

The special cases r = 2, 3,4 of 6.22 reduce to

9;2 a
(1—)Fy(z,y) = e ez ~D 3 2

a1>0
2 n n 22 n
(1 —a)Fs(z,y) = e CeT (D Z 2" oy (5)+5 (e =1)
n>0
(ey 1) m m D‘ a a a x ya
(1 — .’L‘)F4<.’L‘, y) e 1—|—$2/2 Z Z Z Ta €y< 41)+y( 21)a2+y( 22)673(6 1-1)
a1>0a2>0

From equation 6.19 it follows that the stable values of the Kronecker coefficient
<(hrhn_r)*k,hn> counts coverings of the sets €2, with k sets of size r so that every
x € 2, belongs to at least one set. Thus the generating function in equation 6.22 may
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be viewed as a solution of an enumeration problem first formulated by Comtet in [Co].
It is interesting to note that for r = 1, <(h1hn_1)*k, hn> reduces to the Bell number Bjy,.
Thus using character polynomials we derive that

k
a
By, = > 2
Zo

a=191...k%+k

A formula that does not seem to exist in the literature. In the Labelle case r = 2, the
stable value of <(h2hn_2)*k, hn> counts of the number wy of multigraphs with k£ edges
and no loop, where every vertex belongs to at least one edge. Thus using character
polynomials we derive that

a2+a21 k
3 (a2 + (%))

a

Wl =
a=191-..(2k)*2k -2k

The cases r > 3 does not seem to have been treated in the literature. For example when
r = 3, the sets {2, are covered with k triangles so that every x € §2,,, belongs to at least
one triangle, etc. Here is a table of some stable values of <(hThn_T)*k, hn>:

k 1 2|3 4 5 6 7 8 9
r=1 1 215 15 52 203 877 4140 21147
r=2 1 3| 16 | 139 | 1750 29388 624889 16255738 504717929

r=3 1 4| 39 | 862 | 35775 | 2406208 | 238773109 | 32867762616 | 6009498859909

Table 6.1 Multiplicity of h,, in the k" Kronecker power of hyhyp_, forr=1,2,3

As our final applications, we give the expressions of some special character poly-
nomials and their combinatorial interpretations.

Proposition 6.1  For positive integers k and partitions ju = k, let f,, = X/, be the
number of standard tableaux of shape y. Then the polynomials gi(z) = >_ 4. fuqu(z)
depend only on the variable x1 and are given by the identity

k
(K
D fudu(e) =D (1" (T) (1), 6.23
ukk r=0
and they satisfy the following recurrence of Laguerre polynomials:

gr(x1) = gr(x1 — 1) + kgp—1(x1 — 1) 6.24
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Proof. We use the fact that the kth power e¥ of the elementary symmetric polynomial

e1 can written as ef(z) = > urk fusu(x). Using (2.12) we have

q@’f(x) = ququ(x). 6.25

uEk

On the other hand from equation 1.5 we have gcx(z) =] (21 — 1)k, This then gives

>k futu(2) = Zfzo(—l)k_r (’;) (1), which is identity 6.23. The fact that the right
hand side of identity 6.23 satisfies the recurrence 6.24 can be verified directly.

An immediate consequence of identity 6.25 is that when a = 1", then ngi_k’“ ) =

f(n—k,u) is the number of standard tableaux of shape (n — k, i) and:

ek (Oé) = Qe’f (TL) = quf(n—|u|,u)~ 6.26

1
uEk

The right hand side of equation 6.26 is counting pairs (P, Q) of standard tableaux of
respective weights k and n. If we add a row of length n — k to the left tableau P
and fill it with the numbers 1,2,...,n — k, then we obtain a pair of standard tableaux
of the same weigth n that corresponds to a permutation via the Robinson-Schensted
correspondance and the following interpretation is derived:

Corollary 6.1 For every positive integer k, the character polynomial qek (n) counts
the number of pairs of standard tableaux (P, () of same shape where the first row of
the tableau P is filled with the numbers 1,2,...,n — k.

Corollary 6.2  For every positive integers k,n with n > 2k the polynomial
fr(n) = Zfzo (k)(—l)rn(n —1)---(n—k+r+1) counts the number of permutations

T
o € S,, with longest increasing subsequence o1 < 09 < -+ < Op_ = N.

Proof. Exchange the roles of P and @ in the previous corollary and use the reverse
Robinson-Schensted correspondance.

For example the permutation ¢ = 12543 has three increasing subsequences of
length 3 and is an admissible permutation when k = 2,n =5 and f2(5) = 11. Interest-
ingly, we found no elementary combinatorial proof of this simple identity. The following
character polynomials are easily derived from standard symmetric functions identities.
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Proposition 6.2 For all integers k > 0 we have

k—1

a) ;(—1)iq(k_i,1i)(x) = kay, — 1
RS [ IS

¢ aur) (@) +gar-n (@) = 3 (=)@ ] (z)

akk

T T ajl
0 alhnn) =3 ats) = XTI (1)
i=0 abFri=1 "
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