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Abstract

Recently, by the Riordan identity related to tree enumerations,

an <Z> (k+ 1)l (n+1)"* = (n+ 1)+,

k=0

Sun and Xu have derived another analogous one,

T

k=0

where Dy, is the number of permutations with no fixed points on {1,2,...,k}. In the
paper, we utilize the A-factorials of n, defined by Eriksen, Freij and Wistlund, to
give a unified generalization of these two identities. We provide for it a combinatorial
proof by the functional digraph theory and two algebraic proofs. Using the umbral
representation of our generalized identity and Abel’s binomial formula, we deduce
several properties for A-factorials of n and establish interesting relations between the
generating functions of general and exponential types for any sequence of numbers
or polynomials.

Keywords: Derangement; A-factorial of n; Charlier polynomial; Bell polynomial;
Hermite polynomial.

1 Introduction

Let S,, denote the set of permutations of [n] = {1,2,...,n}. A fized point of a permutation
m € S, is an element i € [n] such that m(i) = i. Denote by fiz(m) the number of fixed
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points of m. Recently, Eriksen, Freij and Wastlund [6] defined the polynomials, called the
A-factorials of n, by setting

faA) = D MO /(M) = 1.

TESH

They utilized the polynomials f,()\) to give closed formulas for the number of derange-
ments (permutations with no fixed points) with descents in prescribed positions and de-
rived several nice properties for f, () such as

n

htn) = 3 () o (L)

k=0
fa(\) = VRO — 1)k (1.2)
> (i)
FaN) = nfar () + (A — 1), (1.3)
T = nfaa (), (1.4

Clearly, we have f,(0) = D,, [17, A000166] and f,,(1) = n!, where D,, is the number
of derangements in S,,. The relation (1.4) indicates that f,(\) (n =0,1,...) form a kind
of special Appell polynomials [2]. According to the definition, f,()\) also has another
expression

fu(A) = i (Z) DAE, (1.5)

k=0

It should be noted that f, () has close relation to the (re-normalized) Charlier polynomials
Cy(a,u) [7] defined by

Gl =3 (1) @t

k=0

where (a)y = a(a+1)---(a+k—1). Clearly, f,(\) = Cp(1, A —1).
Using the Riordan identity [5, P173] and [13]

z": <Z) (k+Dln+1)"" = (n+ 1),

k=0

Sun and Xu [20] deduced an analogous identity (also obtained by Riordan [12]),

Z <Z> Dii(n+1)"F = pntt,

k=0

Motivated by these two remarkable identities, we give the following general one and
provide with a combinatorial interpretation by the functional digraph theory.
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Theorem 1.1. For any integer n > 0 and any indeterminate X\, there holds

)3 (Z) ferr N+ 1) = (n 4+ A (1.6)

k=0

Using the umbral representation of (1.6) and Abel’s binomial formula, we have the
second main result.

x’!L

Theorem 1.2. For any sequence (an)n>o, let A(x) =3 ~oan%y. Then
N anfuN) =Y (k4 A~ AT (k) (1.7)
n! k!
n>0 k>0

where A®)(—kx) denotes the k-th derivative of A(x) taking value at —kx. In particular,
the case A =1 generates

kx )k AR (—ka
5 = 3 B A k)

n>0 k>0

The organization of this paper is as follows. The next section is devoted to the proofs of
(1.6). In the third section, we focus on the proof of (1.7) and give some applications. In the
forth section, using the umbral representation of (1.6) we further investigate the properties
of f.(\) and present many identities. In the final section, we give some comments and
provide several open problems.

2 Three Proofs for (1.6)

In this section, we give three different proofs for (1.6), one is a combinatorial proof by the
functional digraph theory, one is a generating function proof, and the other is a proof by
the umbral calculus method.

2.1  First proof of (1.6).

In order to give the combinatorial proof of (1.6), we need some notations. A rooted labeled
tree on [n] is an acyclic connected graph on the vertex set [n] such that one vertex, called
the root, is distinguished. A labeled forestis a graph such that every connected component
is a rooted labeled tree. We denote by F,, the set of labeled forests on [n+ 1] and by F,, »
the set of labeled forests [n + 1] with exactly k + 1 components. It is well known that
Cayley’s formulas [3] state that |F,| = (n+ 2)" and |F, x| = (})(n + 1)"7*.

Let M,, denote the set of maps o : [n] — [n]. Clearly |IM,,| = n". For any ¢ € M,,, we
represent o as a directed graph G, by drawing arrows from i to o(i). For any component
of G,, it contains equally many vertices and edges, and hence has exactly one directed
cycle. Let R denote the set of all the vertices of these cycles of G,. Precisely, o|r, the
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restriction of o onto R is just a permutation on R. If deleting all the directed edges in
these cycles, the remainders (omitting the directions, since all edges are directed towards
the roots) form a labeled forest I on [n]. Conversely, it is not difficult to recover the map
o from the pair (F, ), where 7 is a permutation of the set R of the roots of F'. Hence
there exists a bijection between the set P, of the pairs (F,7) and M, 1, where F' € F,.
See [1, 9] for more details.

Now we can give a combinatorial interpretation for (1.6).

It suffices to prove (1.6) for the cases when A are nonnegative integers. Let M\ 4
be the set ¢ € M, ;1 such that o™ (n+1) =0 and o(k) =k forn+2 <k <n—+X+1.
Clearly, |IM? 1] = (n+ X"t

For any o € M} .4, it can uniquely determine a map 7 from [n + 1] to [n + 1] such
that the fixed points of 7 have A colors, say, ¢q, co, ..., cy. The map 7 is defined as follows.

o(i), if o(i) #iand o(i) € [n],
(1) =< n+1, if o(i)=1iand i€ [n],
ic;; ifo(i)=n+j+landicn+1],j €[},

where 7(i) = 7., means 7(i) = ¢ and 7 has color ¢;. Conversely, one can uniquely recover
o from 7 by the following manner,

7(1), if 7(i) # i and 7(i) € [n),
o(i) = i, if T(i)) =n+1andi€ [n],
n+j+1, if 7(i) =i, and i € [n+1],j € [A].

In other words, GG, is obtained from G, by the three steps:

(i) Each directed cycle from i to itself for ¢ € [n] is transferred to be a directed edge
from i to n + 1;

(ii) Each directed edge from i to n + j + 1 for j € [\ is transferred to be a directed
cycle from 4 to itself for i € [n + 1], and such 7 is assigned a color ¢;;

(iii) Remove all the vertices n + j + 1 for j € [A].

It is clear that the procedure above is invertible and it is easy to recover G, from
G,. So such maps 7 are counted by (n + X\)"*1. On the other hand, we have also known
that 7 is bijected to a pair (F,7) € P, such that the fixed points of = (also the fixed
points of 7) have A colors. If we restrict F' € F, , then 7 is a permutation on Ry with
k + 1 vertices such that the fixed points of 7 have A colors. So such F' are counted by
| Pkl = (7)(n+ 1)"* and such 7 are counted by fy41(\). Summering all possible cases
for 0 < k <n, we get (1.6). 1
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2.2 Second proof of (1.6)

Let y := y(z) denote the exponential generating function for the labeled rooted trees on
[n] which are counted by the sequence (n"'),>1, that is

y_znn lx '

This generating function satisfies the relation y = ze¥ [19]. By the Lagrange inversion
formula, one can derive

k n
Yy n—1\ ,_.*
= Z n+ A" —, (2.2)

By (1.2), the exponential generating function f(A,t) for f,(\) can be easily deduced

(A—1)t

H=3 flN=5— (23)

k>0

Setting ¢ := y in (2.3), by (2.1) and (2.2), extracting the coefficient of £+, we have

; Z_l) (Mn"™F = (n+X—1)", (2.4)

k
which is equivalent to (1.6). |

2.3 Third proof of (1.6)

Let D denote the umbra, given by D" = D,,. See [7, 14, 15] for more information on
umbral calculus. By (1.5), f.()\) can be represented umbrally as

fa(A) = (D + )" (2.5)

y ( )fk+1 )(n+1)""
= (

D+A)(D+A+n+1)"

D+ A+n+D)"" —(n+ DD+ A+n+1)"
foriA+n+1)—m+1)fu(A+n+1)

= (n+ )" (by (1.3)),

Then, we have

as desired. 1
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3 Proof of Theorem 1.2 and Its Applications

In this section, we first give a proof of Theorem 1.2, and then we provide several interesting
examples.

3.1 Proof of Theorem 1.2
Recall that Abel’s binomial theorem [5, P128] states

n

(a+b)" = Z (Z) ala — Kkt b+ kt)" ", (3.1)

k=0

Let A(x) = ano an% be the exponential generating function for any sequence
(@n)n>0, then (3.1) is equivalent to the form [5, P130]

(k)
Alz) = a(x - kt)k‘lATEkt), (3.2)

k>0

where t is a new indeterminate and A®*)(kt) denotes the k-th derivative of A(x) taking

value at kt.
By (1.6) and (2.5), we have

D+ND+A+n+1)"=(n+ )" (3.3)

Setting z := (D 4+ )z and ¢t = —z in (3.2), by (3.3), one can obtain (1.7).

3.2 Applications of Theorem 1.2

In this subsection, as applications of Theorem 1.2, we only consider three special cases
when a, are taken to be the Charlier, Bell and Hermite polynomials. Of course, one
can also consider other interesting cases such as a,, are the Bessel, Chebyshev, Legendre,
Jacobi, Laguerre, and ultraspherical polynomials and so on.

Example 3.1. Let a,, = C,,(«, u), the (re-normalized) Charlier polynomial, which has the
exponential generating function A(x) = ﬁ It is easy to derive 2 A(z) = WA(ZE)
and the recurrence relation

Chti(a,u) = aCy(a+ 1,u) + uCy (o, u).
Using this recurrence and by induction on k, one can deduce

oF Cr(a,u(l —x)) ~ Cipla,u(l —m))e™

i e T e T
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Then, by Theorem 1.2, we have

ZCn(avu>fn(>\):Z_T _ Z (k+A—=1)"2"Crla,u(l + kx))e™™ m' (3.4)
b5

kY1 + kx)otk

n>0
More generally, if let a,, = Cyin (v, u) or A(z) = (%:1 (157; —, then
Oy T Cponul — e
Oxk Ox™mtk (1 — ) (1 — x)otmtk

In this case Theorem 1.2 generates

™ (k+ X = 1)*2*Cryp (o, u(l + kz))e vk
S
n>0 k>0
The parameter specializations in (3.4) and (3.5) produce several consequences.
Case 1. When o =1,u=pu—1, Chun(l,p — 1) = finan(p). Then, by (3.5), we have
(k+X— 1)k frp(1+ (u— 1)(1 + ka))e~w-Dke
Z fm+n n - Z m+k+1 ’
nl kN1 + kx)
n>0 k>0
which, when = A =0, by f,,(0) = D,, yields
" (k — V)ka® o (—kx)er®
2 DDl =2 KU1+ ka)ymthdt (3.6)
n>0 k>0
and when A =1 leads to
kx)® i (1 + 1+ kx (u=Dkz
S e = 3 B a1 (DO kpettte

= = E\(1 + kx)mth+l

The case g = 0 in (3.7) gives the ordinary generating function for D, ,,

kx)k frn(—kx)er
S Dyt = 3 D Fse( )

< LRI+ k)R

Case 2. When u =0, Cp,1n(a,0) = (@)man. Then, by (3.5), we have

" (@) pmar(k+ X —1)Fak
Z(O‘>m+nfn(>‘)ﬁ = ; k!a + kg)mthtl

n>0

which, when @ = 1,A = 1 and a = 1, m = 0, leads respectively to the ordinary
generating function for (m+n)! and fn( ),

n (m+k)! (k)
2 (mmla = 3 S e

n>0 k>0
0 (k+ X —1)kz?
;fn(k)x = ; (1+ ka)s+1 (3-8)
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Remark 3.2. Gessel [7] utilized the umbral calculus method to derive the bilinear gen-
erating function for Charlier polynomials

ch(ow)Cn(ﬁ,v)i—T:eWZ( (@) G

! 1 — vz)otk (1 — uz)P+e kI
n>0 k>0

k

which, when o = f = 1,u = v = —1, gives us another more interesting but considerably
more recondite formula analogous to the case m = 0 in (3.6),

A kla®
ZD”D”H ¢ Z (1 + 2)2+2
n>0 k>0

Remark 3.3. Clarke, Han and Zeng [4] utilized the Laplace transformation to deduce
another ordinary generating function for f,(x) analogous to (3.8) or the case m = 0 in
(3.7),

0 klzk
Z fn(,u)‘r — Z (1 _ (,u _ 1)I)k+1'

n>0 k>0

Example 3.4. Let a, = B,(u), the nth Bell polynomial, which has the exponential
generating function A(z) = exp(u(e” — 1)). It is easy to derive ZA(z) = ue®A(z) and
the recurrence relation

Bpi1(u) = uB,(u) + uiBn(u)

du
Using this recurrence and by induction on k, one can deduce
2
%A(m) — Bi(ue™)A(x) = Bi(ue®) exp(ule” — 1)).

Then, by Theorem 1.2, we have

ZBn(u)fn()\)x_T _y (k+ X — 1)z Bk(ue;;! ) esp (ule~t — 1))

n>0 ’ k>0

More generally, if let a, = By4n(u) or A(z) = 2 exp(u(e” — 1)), then
ak am+k
oo A@) = 5 exp(u(e” — 1)) = B (ue®) exp(u(e” — 1)).

In this case Theorem 1.2 generates

" (k+ X —1)*2*B,, (x(ue™*®) exp (u(e™** — 1))

which, when u = A = 1, leads to the ordinary generating function for the Bell numbers
Bpin(1l) = Bpyn [17, A000110],

Z Boah = Z (kx)¥Byr(e75) exp (e7F* — 1). (3.9)

|
n>0 k>0 k!
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Remark 3.5. Another classical ordinary generating function for the Bell numbers B,, is

k

ZB"I":Z(1—x)(1—2x).-.(1—kx)‘

n>0 k>0

Klazar [10] in depth investigated this generating function and proved that it satisfies no
algebraic differential equation over the complex field.

Example 3.6. Let a, = H,(u), the nth (re-normalized) Hermite polynomial, whose
exponential generating function is A(z) = exp(uzx + %2) The polynomial H,(u) also
counts involutions on [n] such that the fixed points have u colors. It is easy to derive
2 A(z) = (u+ z)A(z) and the recurrence relation

H,1(u) = uH,(u) + dian(u)

Using this recurrence and by induction on k, one can deduce

%A(x) = Hy(u+ x)A(x) = Hp(u + x) exp(ux + %)

Then, by Theorem 1.2, we have

(k+ X — 1Dz Hy(u — kx) exp (—ukz + @)

S Ha(w) fu) o = -

n>0 k>0

More generally, if let a, = Hypip(u) or A(z) = 2= exp(uz + %2), then
ak am-i—k 2 2
@A(x) = Bt exp(uz + %) = Hpyi(u+ ) exp(ux + %)

In this case Theorem 1.2 generates

kx)?
)

ZHm-l-n(u)f ()\)ZE_T: _ Z (k+X—1)*2"H,, p(u — kx) exp (—ukx +

I (3.10)

n>0 ’ k>0

The cases when A = 1 and v = 1 or u = 0 in (3.10), lead respectively to the ordinary
generating functions for the involution numbers I, = H,,4,(1) [17, A000085] and the
matching numbers M,,,, = Hp1,(0) [17, A001147],

(kx)*H (1 — k) exp (—ka + M)
ZImHzxn = Z 2 /.
n>0 k>0 kf'
ZM = Z (kx)* Hp i (—kz) exp ((k;")Q)
m+n - .
n>0 k>0 k'
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4 Further Properties of f,()\)

Theorem 4.1. For any integer n > 0 and any indeterminates \, u, there hold

n

> (Z) e (p+k—n)p" " = A p—1)7, (4.1)

k=0

<) D) = A= )" (= A — g4+ 2) fu( A+ ). (4.2)
k=0

Proof. For (4.1), we have

For (4.2), we have

n

(”)m )i k=

o p:=D4+p+n+1

()fk ID+p+n+1+k—n)D+p+n+1)""
> (i)
)

( ) ol 0 1) + (1 )1 (by (1.3))

I
3 ||M: ||M

SeQ) (fakrr(p+n+1) = (n— k) fae(p+n+1))  (by (2.5))

() OVt + 0+ b3 ) oy (LD). (43

k=0

On the other hand, we have

M()\+'LL_ 1)" p:=D+p+n+1
= D+p+n+1)D+A+p+n)"
=D+A+p—1)D+A+p+n)"+n—-A+2)(D+A+p+n)"
=A+p+n—)""+(n—=A+2)f,(A\+pu+n) (by (1.3)). (4.4)

Then, by (4.1), (4.2) can be deduced by setting p := p —n in (4.3) and (4.4). ]
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Remark 4.2. It should be noted that (4.1) in the case u = 1 and (1.5) form a new inverse
relation. In general, for any two sequences (ay,,)n>o and (by,)n>o0,

by, = i <Z) Dy_yay & a, = i (Z) (1+ k — n)by.

k=0 k=0
Remark 4.3. The case 4t =n and n:=n+ 1 in (4.1) reduces to (1.6).
When pp=A+n+1in (4.1), we have
Corollary 4.4. For any integer n > 0 and any indeterminate \, there holds

n

Z <Z> LA +E+ DA +n+ )" 1 = (n+ 22" (4.5)

k=0
When A + p=n + 2, (4.2) reduces to the surprising result.
Corollary 4.5. For any integer n > 0 and any indeterminate A, there holds

n

> (Z) o) fon(n = A+3) = (n+ 1),

k=0

Theorem 4.6. For any integer n > 0 and any indeterminates \, u, there holds

ftn) =3 ()0 - -1 (46)

k=0
Proof. Settingt =—1,a=D+ A+ 1,b=p— 1in (3.1), we have

(D+A+u)”:zn: <Z>(D+A+1)(D+A+1+k)k‘1(u—k—1)”"“,
k=0

which, by (2.5), is equivalent to (4.6). |

Remark 4.7. Note that (4.6) in the case A := 2\, u = —\ and (4.5) form another inverse
relation. In general, for any two sequences (a,),>0 and (by)n>o0,

by = i (Z) A+ E)A+n)"F g, & q, = i(—m—k (Z) (N + k)" Fby, (4.7)

k=0 k=0

which is an Abel inverse pair [11, P95], also a special case of Gould-Hsu inversions [8].
When A = 0, (4.7) reduces to another known inverse relation [5, P164], [11, P96],

" n—1\ ,_ . -k (T e

k=0 k=0

Using the inverse relation (4.7), by (4.6) in the case p:= —p + 1, we have

> (Z) e =+ D)+ k) (p+n)" = (A +n)"

k=0
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When p=1— Xin (4.6), by f,.(1) = n!, we have the well-known difference identity

i ()A+k) =nl

0

k=
By the inverse relation (4.7) in the case aj, = k!, by = (X + k)*, we have
> (k)k'(A+k)(>\+n)" =L — (N4 n)", (4.8)
k=0

which, when A =1 or A = 0 and n := n + 1, reduces to the Riordan identity [13]. Note
that (4.8) is also a special case when A =1,y = A+ n in (4.1).
When g = —\in (4.6), by f,(0) = D,,, we have the following result.

Corollary 4.8. For any integer n > 0 and any indeterminate \, there holds

n

D, =Y (-1 * (Z) A+ B+ k+1)7F, (4.9)

k=0

Remark 4.9. The case A = —1 in (4.9) was obtained by Ryser [16] using the permanent
theory, and also appeared in [5, P201]. In fact, D, is also the permanent of the matrix
J — I, where I is the n X n unit matrix and J is the n x n matrix with all entries being
equal to 1.

Remark 4.10. By the inverse relation (4.7) in the case a, = Dy, by = (A + k — 1)¥ and
by (4.9) in the case A := A — 1, we have

n

> <k>Dk(A+’f)(A+n)" = (-1 (4.10)

k=0

The inverse pair of (4.9) and (4.10) in the case A = 0 have appeared in [8]. The case
A =0 in (4.10) reduces to the identity obtained by Riordan [12], Sun and Xu [20]. Note
that (4.10) is also a special case when A = 0, u = A +n in (4.1).

Theorem 4.11. For any integer n > 0 and any indeterminates A, u, there hold

i (Z) frana" ™" = (= (n + 1)) i (Z) A+ E) (= k= 1)" 1 (4.11)

k=0 k=0

n

k; (Z) Frar W) fuk(u+1) =) (Z) O B (g — ke — 1) (41

k=0
Proof. For (4.11), setting t = —1l,a=p—n—1,b=D+ A+n+11in (3.1), we have

n

(D+A+u)":Z(Z)(D+A+n—k+1)""“(u—n—1)(u—n+k—1)’“‘1

= i (Z)(D+)\+k+1)k(p—n—1)(u—k—1)"_k_1.

k=0
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Then, by (2.5), we get

n

Z (Z) 1t F =D+ N D+ A+ p)"

k=0

f
-y <Z>(D+A)(D+A+k+1)’“(u—n— D(p—k— 1)kt

= o= )30 () 0 1y

k=0

For (4.12), setting pr := D + p+n+1in (4.11), by (2.5), we have

Zn: (n) et (W) fooi(p+n+1)

e

n

= (Z) Ferr (D + g+ n 4+ 1)

e
i
)

WE

) (Z) A+ YD + u)(D + p+n — k)"t

3l
o

(Z) A+ k) (u+n—k—1)""

ol
[en]

which, by setting p := p — n, generates (4.12). |

Remark 4.12. The case p =n+ 1 in (4.11) produces (1.6).

Setting p =1— A in (4.11) and (4.12), using the general difference identity [18]

S () O 17 = S-S RN (1.13)

where S(m, k) is the Stirling number of the second kind [17, A008277], and by S(n+1,n) =

("'2“) , we have

Corollary 4.13. For any integer n > 0 and any indeterminate A, there hold

> () fers =0 = i )

5 () fen stz = 2 = (o4 DO ),
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Remark 4.14. The special case m =n + 1 in (4.13) produces

n

S (-1 (k) A+ K™ = (n+ 110+ 5),

k=0
which, by the inverse relation (4.7), generates

n

Z <Z) (k+ DA+ k)()\—l—k)()\—l—n)" k—1 = (A+n)"t

k=0

5 Comments and Open Questions

In general, we can consider the generalization of (1.1) and (4.11), that is

Quan0) = 3 (1) Feom"

k=0

By (1.3), one can deduce the first recurrence relation for @, (A, 1),

Qn,m()\a ,U) = nQn—l,m()H :U) + an,m—l()‘a ,U) + ()‘ - 1)m()‘ +p— l)n (5'1)

with the initial conditions Qo o(A, ) = 1, Qno(A, ) = Qom(A, 1) = 0 whenever n,m < 0.
Clearly, (5.1) reduces to (1.3) when n =0 and m :=n or m =0 and p = 0.
Let Q(A, p; @, t) denote the exponential generating function for @y, m (A, 1), i.e

tn m

QN st x) = ZQnm

n,m>0

n‘m’

From (5.1), we can derive the explicit formula for Q(\, u; t, z),
pOFu—1)t (A= 1)z

1—t—2x

QA it ) = (5.2)

By (5.2), one has

OQ\, pst ) 0Q(A, p;t, x)
ot n ox

+ QA pit, ),
which implies that there holds another recurrence relation for @, ., (A, ),

Qn—i—l,m()\a M) = Qn,m+1()‘> :U“) + ,UQn,m()\a :u)

Note that the type of the exponential generating function Q(\, u; ¢, x) brings it into
the general framework considered in [20], which signifies that @), (A, ) has many other
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interesting properties. For examples, setting ¢ := ¢z in (5.2) and comparing the coefficients
N
of £+, we get

NT»
N /N n ut
; (n)QN—n,n()‘nu)tN = ({t+ D)V fn(A+ t+—1)

Using the series expansion, we have
Q=D (A=Dz (=1t o(A-1)z

m _m ()\—l— 1)t
- Z x—;z (m)j' - +1
sy i\ (1-— t)J
o ™ - m— n—k
_ZWZ( )]' -1) ]Z Z()j—l—l A+p—1)
m>0 j= n>0
t n m )
- Z —‘T— (”) ( ,)(k+j).()\+u— )"k (\ — 1),
n m! , k) \j
>0 m k=0 j=0
Comparing the coefficients of - e Y,L, we get an explicit formula for @y, m (A, 1),
Qunlhh) = ZZ()( e i
k=0 7=0

But here we have more interest in the type of formulas for @, (A, i) similar to (4.6)
and (4.11).

Lemma 5.1. For any integers n,m > 0 and any indeterminates A, ju, there holds

Qnm(A 1) = mQum 1 (A D+ p+ 1) + (A= 1)"fu(A+ p), (5.3)
or equivalently
Quor0 1) Z ( e sl D+ G- DO ). (5a)

Proof. Note that

> Qun\ ) = QO gt )

n>0 Oz™ =
gm 6ut6()\—1)(t+m) om 6()\—1)15
— — et
O™ 1 — (t+x) la=0 otm 1 —t
e()\—l—u—l)t
= f((A=1)(1—1)+ I)W (by Example 3.1)
e()\—l—u—l)t e()\—l—u—l)t
= m—1((A—1)(1—t¢ 1)—— A—1)"— by (1.3
(= D= )+ D+ A= )P by (1)
ekt gm—1 e()\—l)t 6(>\+,u—1)t
= A—1)"—
M e 1oy ATV
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By (2.3), comparing the coefficient of £, we get (5.4). By (2.5), fo_i(t + 1) can be
represented umbrally as (D + p + 1)"~* which means that (5.4) is equivalent to (5.3) by
the definition of Q. m(A, 1). |

Setting m = 2 in (5.4), by (4.6) and (4.12), we obtain

Theorem 5.2. For any integer n > 0 and any indeterminates \, u, there holds

i (Z) S i (Z) (N + 2k + DA+ k) (p—k - 1),

k=0 k=0

In general, it seems to be not easy to derive the explicit formula similar to (4.6) and
(4.11) for Qum(A, 1), we leave it as an open problem to the interested readers. One can
also be asked to give combinatorial proofs for Corollary 4.4, 4.5 and 4.8.
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