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Abstract

Motivated by Pittel’s study of minimally intersecting set partitions, we investi-
gate minimally intersecting set partitions of type B. Our main result is a formula for
the number of minimally intersecting r-tuples of B,-partitions. As a consequence, it
implies the formula of Benoumhani for the Dowling number in analogy to Dobiriski’s
formula.

1 Introduction

This paper is primarily concerned with the meet structure of the lattice of type B,, parti-
tions of the set {41, £2, ..., £n}. The lattice of type B, set partitions has been studied
by Reiner [8]. It can be regarded as a representation of the intersection lattice of the
type B Coxeter arrangements, see Bjorner and Wachs [3], Bjorner and Brenti [2] and
Humphreys [6].

A set partition of type B, is a partition 7 of the set {£1, 2, ..., +n} into blocks
satisfying the following conditions:

(i) For any block B of , its opposite —B obtained by negating all elements of B is
also a block of 7;

(ii) There is at most one zero-block, which is defined to be a block B such that B = —B.
We call £B a block pair of 7 if B is a non-zero-block of 7. For example,
m = {{*1, £2, £5, 48, £12}, £{3, 11}, £{4, -7, 9, 10}, +{6}}

is a Bio-partition consisting of 3 block pairs and the zero-block {41, +2, £5, £8 +12}.

Our main result is a formula for the number of r-tuples of minimally intersecting B,,-
partitions. We have used similar ideas in Pittel [7], but the variable setting for type B
does not seem to be a straightforward generalization.
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Let us give a precise formulation of Pittel’s results. Let 11, be the lattice of partitions

of [n] ={1,2,...,n}. The minimum element in II,, is
0= {{1}, {2} ... {(n}}.
The partitions 7y, ms, ..., m,. are said to intersect minimally if

7T1/\7T2/\"'/\7Tr20.

Let 7 be a partition of the set [n], and let iy, ..., i, be the sizes of the blocks of 7 listed
in any order. Given [ > 1, the number N(m,[) of partitions with exactly [ blocks that
minimally intersect 7 equals

N(m, 1) = ;—: X [ +z) -1, (1.1)

aclk]

il =[] ia!

aclk]

where

and [xi] stands for the coefficient of x! in the power series expansion. As pointed out by
Pittel, the expression (1.1) reduces to Dobinski’s formula. In other words, setting 7 = 0

one obtains o
B,=¢') — 1.2
ey T (12)
k>0
where B, denotes the Bell number. Moreover, in view of (1.1), Pittel deduced that the
number N(7) of partitions that minimally intersect m equals

N(m) =1l [xi} exp H (I+z,)—1]. (1.3)

aclk]

Pittel also obtained the number Ny(k) of ordered pairs (7, 7') of minimally intersecting
partitions such that 7 consists of exactly k blocks, that is,

Ny (k) :e—lz—:[a:"]zl—l! (1+2) - 1}’“. (1.4)

1>0

Using the above formula, he further derived the following expression for the number Ny,
of ordered pairs of minimally intersecting partitions

_ o (KD
Nop=e>> R (1.5)

20
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where (m), = m(m—1)---(m—n+1) denotes the falling factorial. By the same method,
Pittel generalized (1.5) and showed that the number N,,, of r-tuples (r > 2) of minimally
intersecting partitions equals

1 (k1 kg -+ kp)p
Np=t 3 Wik b (1.6)

1ol oo |
b s k! ko! k!
Canfield [4] found a formula connecting the generating functions of N, , and the r-th
power of Bell numbers.

The set of partitions of type B on {+1,42,..., £n} forms a lattice under refinement,

denoted I1Z, with the minimal element

08 = {£{1}, £{2}, ..., £{n}}.

The B, -partitions mq, o, ..., T, are said to be minimally intersecting if

A

m AT A AT, =05,

We shall study the meet structure of IIZ in analogy with Pittel’s formulas. Our main
result is the following theorem.

Theorem 1.1 Let r > 2. The number of minimally intersecting r-tuples (mwy, 7o, ..., 7)
of B, -partitions equals
2 ()
NP = 1.7
nro /2 i Z . (2k )N (2K )N -+ (2K, )N (17)
1yeey R =
where

fo=g | TI@k+1) -1

te(r]

The proof of the above formula leads to a formula of Benoumhani [1] for the number
of B,-partitions, called the Dowling number [5]. This paper is organized as follows. In
the next section, we derive type B analogues of the formulas from (1.1) to (1.6) and we
give a proof of Theorem 1.1. In Section 3, we shall consider the corresponding problems
with respect to B,-partitions without zero-block.

2 Minimally intersecting B,-partitions

The main objective of this section is to derive a formula for the number of minimally in-
tersecting r-tuples of B,-partitions. If 7 € IIZ has a zero-block Z = {&ry, £ro, ..., £},
we say that Z is of half-size k. Let j = (j1,j2,...,jk) be a composition of n. Let m be a
B,,-partition consisting of k£ block pairs and a zero-block of half-size iq. We often assume
that the block pairs of 7 are ordered subject to certain convention for the purpose of
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enumeration. We say that 7 is of type (ig;j) if the block pairs of 7 are ordered such that
the ¢-th block pair is of length j;.

We first consider the problem of counting the number of B, -partitions with [ block
pairs which minimally intersect a given B,-partition.

Theorem 2.1 Let m be a B, -partition consisting of a zero-block of half-size iy (allowing
iop = 0) and k block pairs of sizes iy, s, ... 1 (k = 1) listed in any order. For anyl > 1,
the number of B, -partitions ' containing exactly | block pairs that minimally intersect
equals

l—ig

NB(m;1) = (%_‘7'220)” Z [xi’] [[a+e)?-1] J[Q+a)® (1)

aclk] ac(k]
where 1 ranges over all vectors (i}, ...,1},) such that i}, € {in,ia — 1} for any a € [k].
For example, IIZ contains 6 partitions:

0%, {{£1, £2}}, {={1} {£2}}, {2} {=1}}, {£{L. 23}, {={1,-2}}.
Let m = {£{1},{£2}}. We have io =1, k=1, and i; = 1. For [ = 1, by (2.1),

Z 1+x = 3.

=0

The three Bs-partitions which contain exactly 1 block pair and intersect = minimally
are {£{2},{£1}}, {£{1,2}}, and {£{1, —2}}. Recall that Pittel [7] characterized the
intersecting structure of two partitions in terms of 01-matrices. He used the coefficient

Xy I (1 +zays) (2.2)

aclk], Be(l]

to represent the number of ways to assign 0 or 1 to all kl pairwise intersections of blocks
of two minimally intersecting ordinary partitions. We will use a similar idea to deal with
the intersecting structure of B,-partitions.
Proof of Theorem 2.1. Let Z; be the zero-block of 7, and +B,£Bs, ..., B} the block
pairs of m. Let Zy be the zero-block of 7', and +Bj, +B5, ..., £B, the block pairs of 7'
To ensure that 7 and 7" are minimally intersecting, it is necessary to characterize the
intersecting relations for all pairs (B, B’) where B is a block of 7 and B’ is a block of
7’. Since w and 7’ intersect minimally, we observe that each B N B’ contains at most one
element, where both B and B’ may be the zero-block. So we have four cases.

e B=7, and B' = Z,. We have Z; N Zy = () since the cardinality of Z; N Z, is even.
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e B+ 7 and B’ = Z,. We introduce the variable z3 to represent the zero-block Z,
and the variable z, to represent the block B,. The intersection B, N Z, can be
represented by x,zs if it is of cardinality 1. In this case, the intersection (—B,) N Z

can be ignored since
(—Ba) N ZQ - — (Ba N ZQ) .

e B=7 and B’ # Z,. We introduce the variable z; to represent the zero-block 7,
and the variable wg to represent the block B’ﬁ. Then Z; N B’ﬁ can be represented
by zjwg if it is of cardinality 1. In this case, the intersection Z; N (—Bj) can be

disregarded since
ZyN(=Bj) = — (Z1n By) .

e B # Z, and B’ # Z,. In this case, we introduce the variable ys (resp. 7g) to
represent the block Bj (resp. —Bj). Then B, N Bj (resp. B, N (=Bj)) can
be represented by z,ys (resp. z,ys) if it is of cardinality 1. Note that it is not
necessary to consider the intersection involving the block —B, since

(=Ba) N (£Bj) = — (Ba N (:FB’ﬁ)) )
Combining the above four cases, we can represent the meet m A 7’ by

(k1) TT (1 + zaz2) [T (1 + z1wp), (2.3)

a€(k] Bell]

where
F(k;l) = (14 z4ys)(1 + z07p). (2.4)
a€lk], Be[l]

Notice that the expression (2.3) is analogous to

H (1 + xayﬁ)

aclk], Be(l]

in (2.2). Now we are going to introduce an operator for (2.3) which corresponds to [x'y/]
in (2.2). In this way, we can express the number of ways to assign cardinalities 0 or 1 to
all pairwise intersections of blocks of two minimally intersecting B,-partitions.

Let jo be a nonnegative integer and j = (j1, 2, . . ., J;) a composition of n — jo. Denote
by NB(r; jo,j) the number of B,-partitions 7’ of type (jo;j) such that 7’ minimally meets
7. In the above notation, we have

NB(mijog)=c- > X wryPye] F(k;t) [] (1 +@aze) [T+ 21ws), (2.5)

a+btc=j aclk] Bell

where
(24p)!!
(2nn’

c=1il-
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and

X = (T1,%2, ..., Tk), i= (ig,d9,...,0), xi= [ afe;
aclk]
w = (wy,ws,...,wy), a=(a,as,...,q), W*= wgﬁ;
BEe(]
b
y:(ylay2>"'ayl)> b:(bbea"')bl)a yb: yIBBa
Bell]
}_’:(?jl,ﬂ2>---aﬂl)> C:(017627"'>Cl)7 }—,c: H g;ﬁ
BE(]

Here we give a combinatorial explanation for the coefficient ¢ in (2.6). In fact, for the
partition 7/, by permuting the [ block pairs or interchanging the two blocks in a common
block pair, we still have the same partition. This explains the denominator (2[)!!. On
the other hand, for any block B,, every block of n’ contains at most one element of
B,. Considering the assignment of an element to the intersection B, N B’, where B’ is a
block of 7', we are led to the factor il. Similarly, the factor (2ip)!! is associated with the
assignment of elements in Z; to the blocks of 7’.
Denote by ( ) the collection of all m-subsets of S. Since

[Z%O} H (14 z429) Z H T, (2.7)

a€(k] Xe([ ]) aeX
[zio] H (14 zwg) = Z H wg, (2.8)
Bell ve(l) fey

substituting (2.7) and (2.8) into (2.5), we obtain that

NB(r;j0,j) = ¢ Z [xwaybyc] Z Hwﬁ Z HSL’a

a+b+c=j Ye (Eg) peY Xe([J’f)]) aeX

ia—X(a —jg—bs— Y
c- Y |y H x(aX) TT o=t xS o),

X,Y,b aclk Bell)

where x is defined by x(P) = 1 if P is true, and x(P) = 0 otherwise. Therefore the
number of B,-partitions 7’ containing exactly [ block pairs that intersect m minimally
equals

N3(ml) = > N®(mjo.j) Z[va’“”ex] > @, (29

Jotiit +Jl =n Jo, X jo+i1t+-+g=n
3020,741,--,3;121 J1s-ees J1=21

where

F(k;1).

£G) :Z[ bH—JB bg—x(BeY)

7
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In view of the expression (2.4), the total degree of x, in F'(k;l) agrees with the sum of
the degrees of y3 and yz. Concerning (2.9), we find

Zza— aEX)szﬁ+(j5—bﬁ—X(5€Y))>

aclk] Bell]

that is,

Jotht-F+a=iotit-+ig=n.
So we may drop this condition in the inner summation of (2.9). In order to reduce the
factor >, <, f(j), we introduce

.....

S(A) = Z () :Z Z [H Yo g~ xOEY)

J1s--,91 20 Y by.y20 |yeEA
ig=0if BZA vEA

F(k; A)

for any A C [l], where

F(k;A) =[] (14 2ay,) (1 + 2a8y).
aclk],yeA

Since j, and b, run over all nonnegative integers, the exponent j, — b, — x(y € Y) can
be considered as a summation index. It follows that

Z > [Hyf;w o= () TLa+ o

) by,cy20,7€A Ly€EA aclk]

By the principle of inclusion-exclusion, we have

> 0= s =30 (1) o () TLa+ e

il Al m W0/ ek
l—19
I .
(D) o (Lo -1
to aclk] aclk]

Now, employing (2.9) we find that NZ(m;1) equals

l—ig

2l 2@ ” Z me x(a€X) H(1+$a)2i° H(1+$a)2—1 ’ (2‘10)
— 2i)

XClk] | a€[k] aclk] a€(k]

which can be rewritten in the form of (2.1). This completes the proof. |
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Summing (2.1) over [ > iy, we obtain the following formula.

Corollary 2.2 The number NB(r) of B,-partitions that minimally intersect 7 is

_ \‘_['e Z [xi’] F(x), (2.11)
where

P = [ T+ 2% | exp %H(1+xa)2 | (2.12)

a€lk] aglk]

Setting m = 0% in (2.11), we get ip = 0 and

NB(OB):% S [ ]Z

€.
in€{0,1} iz

ﬁ 1+xa

This immediately reduces to Benoumhani’s formula for the Dowling number
(2k + 1
7| = § : (2.13)
‘ } ‘/_ k>0 @R

in analogy to Dobinski’s formula (1.2). In fact, the number NZ(7) can also be written as
an infinite sum.

Corollary 2.3

(29 + 25 + 1)k 1
(7) : 4 —. 2.14
\/_; (25 al;% (200 + 25 + 1 —iy)! (2.14)
Proof. From (2.12) it follows that
o 1 2(i0+7)
F(x)—z(zj)” [T @+ 2ot
Jj=0 aclk]
Hence
il 2(io +J 2(io + j)
o Il (( )*(
\/7 j>0 ae[k la lo = 1
320 aclk
which gives (2.14). This completes the proof. |
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Corollary 2.4 Let NP, (io; k) denote the number of ordered pairs (w,7') of minimally
intersecting B, -partitions such that ™ consists of exactly k block pairs and a zero-block of
half-size iy (allowing ic = 0). Then

(2n)! 1

Ganiye ; g (=Dt 21)

N£2(¢0; k) =

Proof. By a simple combinatorial argument, we see that the number of B,-partitions of
type (io; i1, .. .,i) equals

n ik (p) 1
C = = P—
iovin e in) KL QiR 1

Thus by (2.11), we have

B B 2\
NE(R = Y e NP(n) = (210;'(2)@”[ 3 Z[} (x).  (2.16)

ig+ip+Fig=n igtipt+tig=n i/
ey 21 ey 21

For any A C [k], consider

S(A) = Z Z [xi/] F(x) = Z Z [xi/ Al F(x

iotirttig=n i i0+SacA ia=n i'|4
i1 eeeyif 20 ia>0,a€A
ia=0if agA

where x| , (resp. i'[4) denotes the vector obtained by removing all 7, (resp. 7, ) such that
a ¢ A from the vector x (resp. i'). Let ¢ be the number of a’s such that i, = i, — 1 in
the inner summation. Noting that

Fxl,) = (H<1 +xa>%) & (% [To +xa>2) ,

acA a€A

S(A) can be written as

A , , 1
S(A) = <¥ (‘ . |) [x”_lo_t]) (1 + )% exp (5(1 + x)2|A)
. . 1
= [x”_lo} (1 + )@l exp (5(1 + x)2|A) )
In view of the principle of inclusion-exclusion, we deduce from (2.16) that

Qn I
Nfz(k) = Z k ‘A|S
(2i0)!1(2k) ”quk

which gives (2.15). This completes the proof. |
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Summing over 0 < k < n — iy and 0 < 79 < n, we obtain the number of ordered pairs
of minimally intersecting B,,-partitions.

Corollary 2.5 The number N£2 of ordered pairs (w,7") of minimally intersecting B,,-
partitions is given by
5 _ 2" Z 2kl + Kk + 1),

e (211 (20)!!

n,2 —
k,[>0

For example, N, = 3, N3}, = 23, N3}, = 329. For general r, we have Theorem 1.1.
We now proceed to give a proof as a direct generalization of the proof of Corollary 2.5.
Proof of Theorem 1.1. For any s € |[r], let iy be an nonnegative integer and js =
(Jsas Js2s - - Jsk,) be a composition of n. Let 7, be a B,-partition of type (is;js), with
the zero-block Z; and block pairs

+Bs1, £Bs2, ..., £Bgp,. (2.17)

Suppose that 71, 7o, . . ., 7, are minimally intersecting. Let B, be a block of 75 (1 < s < 7).
It may be either the zero-block Z; or any one of the 2k blocks in (2.17). We shall consider
each intersection

BiNnByN---NB,. (2.18)
Since 7y, T, ..., . are minimally intersecting, each intersection (2.18) contains at
most one element. We consider the number ¢ € {0,1,...,7 4 1} such that
By =2y, Bo=125, ..., Bi1=21, By # Zy.

In particular, the case t = 0 (resp. t = r + 1) implies that all By’s are non-zero-blocks
(resp. zero-blocks). Note that

N zn(=B)=-| () ZnB

s€ft—1] seft—1]

So the intersection in the form of (2.18) can be excluded when B; = — B, ; for some i € [k;].

We now assume that B; = B;; for some i. We use the variable z, to represent Z, for
all s € [r], and use x;; to represent the block B;;. For p >t + 1, we use the variable y,,;
(resp. 9,;) to represent the block B, ; (resp. —B,;), where i € [k,]. So we can represent
the intersection property by a factor

fi=1+42-21Z0 Yo - YV, (2.19)

where oy € [k] and
}/;7 € {va Yp.1, gp,lv R yp,kpv gp,kp}
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for any p >t + 1. Let

Xs = (xs,lv ey xs,l%)v as = (as,lv R as,ks)v X?s = ngzz7
ie[k‘s}

be s

Ys = (ys,la B ys,k5)> bs = (bs,la sy bs,ks)> y?s = H yslev
i€(ks

ys = (gs,la B gs,k5)> Cs = (Cs,la ceey Cs,ks)a _gs - H gszl
ie[k‘s]

Denote by NB(7y; 2, jo2; - - - ; i, jr) the number of (r—1)-tuples (7, . .., 7,.) of B,-partitions
such that w4 (2 < s < r) is of type (is,js) and 7, ma, ..., 7, intersect minimally. In the
notation of f; in (2.19), we get

B s j1 i1 E as,bsCs i
N (7T17Z2,J27 .. .,’LT,JT) = C |:XJ1 Zl ] [Xssyssy,sszss} Fra
as+bs+cs=js
2<s<r

where

c=jil- @it JT @k, (2.20)

<s<r

2
r=1] 11 11 fi
te[r] ar€lk] Ype{Zp,yp’l,:ljp,l ,,,,, yp,kpvﬂp,kp}
t+1<p<r

The value of the coefficient ¢ in (2.20) can be explained similar to the one in (2.6). We
omit the explanation here.

Now, let NB(my, ko, ..., k) be the number of (r—1)-tuples (s, ..., m,) of B,-partitions
such that 7y contains exactly kg block pairs and 7y, ms, ..., 7, intersect minimally. Then

NB(lek%"'uk?‘) = Z NB(ﬂ-l;i%jQ;"';imjr)' (221>

i520,75,15 05 kg =1
Js 1T Fis kg Tis=n

We claim that the conditions js; + -+ + jsx, + ts = n can be dropped in the above
summation. In fact, for any i € {1,2,...,r}, the sum of the degrees of x;, y;, ¥;, and z;
is 0 or 1 in the factor f;. More importantly, this sum is independent of i. In particular,
the sum for ¢ = 1 equals the sum for any 2 < s < r, that is,

Jsg ot Jok, Tis = J1g+ o+ Jig 0 =n. (2.22)

Hence we can ignore the conditions (2.22) in (2.21). This implies that

B _ j1 i1 as.. bs—cCs i
NP(my, ko, .. k) =¢ [x’l 2 ] E [xssyssyssz;} F,,
is>0,as+bs+cs>1
2<s<r

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R22 11



where ag; + by 4+ ¢; > 1 indicates that agp, + bsp, + csp, = 1 for any 1 < hy < ks, We
will compute [x?Syg’S }_/gSzéS] F, for s = 2,3,...,r by the following procedure. First, for
s = 2, we have

_ 7 k2 —
S eybyes] B =Y ( l )(—1>k2 bE,
12220, a2+ba+c2>1 l2 2

where F,. 5 equals

[T+zaYs - v)2 [+ 250" [ Q+zzmzaam6 Y V).

a1,Yp Yy t23,at, Yp
So NB(my, ks, ..., k) equals

R D () D DI e P e

lo is20,as+bs+cs>1
3<s<r

To compute the inner summation, let

For any s > 2, it is clear that

(21 +1)gs + lot1 = got1.

Starting with (2.23), we can continue the above procedure to deduce that for any 2 <
h<r—1, NB(m, ko, ..., k) equals

c |:X']112i1i| Z H <I;Z> (_l)k‘i—li Z [X?sy?sygszés] Fop,

lo,.lp 2<i<h N i520,as+bstes>1
h+1<s<r

where

F., = H (1+ 21,0, Yns1-- 'Yr)nzgigh(%ﬂ) H (142 Yhyr oY)
Ollyyp YP

[T (0t oimi e satin Yo Yo).
t>h+1, o4, Yy

In particular, for h = r — 1, we have

NB(m,km..-,kr)ZC[lelz?] > ( 11 (IZ)(—l)’“‘“) G, (2.24)

l27~~~7lr'71
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where

G= > [xryrye] [ 0+ e ese GO (14 2 [T 0+ 2120,)

artbrte,>1 a1,Yp Yy 728
k, |
= E (l ) (_]-)kr—l’r“(l + 21)97" | | (1 + :L.l’al)nzgigr(%-i-l) ‘
Ly r o

Since the number of B,-partitions of type j; equals

g (n n—ip\2nhk (2n)!!
-\ j1 k(202K ),

by (2.24), we obtain

Nfr: Z C/ Z NB(Wl,kQ,...,kr)

J1,10-01,k 21 k2,....kr
i1ti1, 1t g =

ks —1 kels 1 11 gr
=) > ( 11 (z )%) Z @ (2] (1 + 21)7 H, (2.25)

2<s<r §

where

1= Z [X’f] H (1 + 21 g ) locicr D)

11,1t I Ry = o
J1,1+71,2» ‘“’jl,kl 21

o kl k11 n—i l H <i< (2li+1)
—lz <h>(_1) I ] (1 ) Hesie B,

Using the identity

k —1)kt -1/2
> (3) S = (2.26)
—~ \ (2k)!! (20!
we can simplify the summation over ki, ks, ..., k. > 0 in (2.25) in the following way.

— 1)kl o
Ve =t S (T i | S st (o s (1 g o)
t )

k1okg,kr \ te[r] )
1,15, ly
(2n)!! 1 . Tt
= o 2 iy 10 e ke B, (2.27)
li,l2,. 0l

To further simplify the above summation, we observe that

1
g+ H (2 +1) =3 [Jew+1y-1]. (2.28)
2<ig<r te(r]
Substituting (2.28) into (2.27), we arrive at (1.7). This completes the proof. |

For example, we have N;, = 2" — 1 and Nfg = 187.
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3 Minimally intersecting B,-partitions without zero-
block

In this section, we consider B,-partitions without zero-block and give analogous results
for the minimally intersecting problems which was investigated in the last section. Clearly
B,,-partitions without zero-block form a meet-semilattice under refinement. The minimal
B,,-partition without zero-block is still 0%. We will omit the redundant proofs.

Inspecting the proof of Theorem 2.1, we can restrict our attention to the B,-partitions
without zero-block by setting i = 0 and X = () in (2.10). Concretely speaking, let 7 be
a B,-partition consisting of k block pairs of sizes i1, is,...,4 listed in any order. For a
given [ > 1, the number NP (m;l) of B,-partitions 7’ consisting of | block pairs, which
intersect m minimally, is equal to

!

NP(m;l) = (;l!)” | JJ+z)?—1] . (3.1)

aclk]

The number of B,-partitions without zero-block that intersect 7 minimally is given by

NP(r) = - [xd] exp %H(Hxa)? | (3.2)

il
\/E aclk]
For example, let n = 3, 7 = {+{2}, £{1,—3}} and [ = 2. Then (3.1) yields NP (;2) = 5.
In fact, the B,-partitions consisting of 2 block pairs which intersect 7 minimally are
exactly the 5 partitions consisting of two block pairs except for 7 itself. A

Let N, be the number of B,-partitions without zero-block. Taking = = 07 in (3.2),
we obtain that

(3.3)

TL

k>0

Let N, (k) denote the number of B,-partitions containing &k block pairs but no zero-block.
It should be noted that the formula (3.3) can be easily deduced from the relation

N, (k) =2"7%S(n, k), (3.4)
where S(n, k) are the Stirling numbers of the second kind, and the following identity on
the Bell polynomials [9, 10]:

n

ZSnk k:‘k

k>0

Inspecting the proof of Corollary 2.4, we obtain the following result. Let NP, (k)
denote the number of ordered pairs (7, 7’) of minimally intersecting B,,-partitions without
zero-block such that 7 consists of exactly & block pairs. Then

@t [n]z i G L (3.5)

2D = B 1 2 g
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The number Nr]L:,)z of ordered pairs (7, 7') of minimally intersecting B,-partitions without
zero-block is given by
2" (2kl)
NP, == E — 3.6
e (2k)! (20)! (3.6)

k, 10
For example, N, =1, Ny, = 7, N3, = 75.
The following theorem is an analogue of Theorem 1.1 with respect to the meet-
semilattice of B,,-partitions without zero-block.

Theorem 3.1 Forr > 2, the number of minimally intersecting r-tuples (my, 7o, ..., ;)
of By-partitions without zero-block equals
2" DA N TR N
D DI L L L, (3.7)
’ eT’/Qk >0(2k:1)!!(2k:2)!! e (2R
1)y Rr =

Proof. Let 1 <t < r. Let j: = (Jea,Jjt2,---,Jtk,) be a composition of n. Assume that
7, is of type (0;j;). Let NP(my,j2, ..., j.) be the number of (r — 1)-tuples (mo, ..., 7, ) of

such B,-partitions such that (7, m,...,7,.) is minimally intersecting. By the argument
in the proof of Theorem 2.1, we find
NP(mdo, - de) = e ] >0 [yReysr - yrryer] £G)s (3.8)
bs+cs=js
where

c=j! [T @)1,

2<s<r

fG) = 11 (1+2,YaY3--Y,).

aelky]
Yse{ys,p s, 1> Ys,kg» ﬂs,ks}

Let NP (7, ks, ..., k) be the number of (r — 1)-tuples (m,...,7,) of B,-partitions
such that 7, consists of kg block pairs, and my, 79, ..., 7, are minimally intersecting. It
follows from (3.8) that

NP(ri koo k) =c [ Y0 [y52 59 £G)

bs“l‘Cs:szl
. T7 k (_1)k5—ls
s J 2r—1y..l, s
503 (01 TLae e ) 11 (5)
lo,.ly a€lki] 2<s<r
Consequently,

1 2"n!
Né?’":zw Z JT,:L Z ND(7T1,]{32,...,]€7«)

k1 j1,1+"'+j17k1:" ko,....kr

kykg,enkr 1<s<r N8
[1509ysly
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Applying (2.26), we can restate the above formula in the form of (3.7). This completes
the proof. 1

For example, when n = 2 and r = 3, by (3.7) we find that NJ%; = 25. In fact, there
are 3 By-partitions without zero-block, that is,

08, m = {£{1,2}}, m = {£{1,-2}}.

Among all 27 3-tuples of By-partitions without zero-block, there are only two partitions
(71, m1,m ) and (m, o, m2) that are not minimally intersecting.
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