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Abstract

A quadrilateral cylinder of length m and breadth n is the Cartesian product of a
m-cycle(with m vertices) and a n-path(with n vertices). Write the vertices of the two
cycles on the boundary of the quadrilateral cylinder as xq, x2, -+ , T, and y1, Y2, -+, Ym,
respectively, where z; corresponds to y;(i = 1,2,...,m). We denote by Q. .., the graph
obtained from quadrilateral cylinder of length m and breadth n by adding edges z;y; . (r
is a integer, 0 < r < m and i+7 is modulo m). Kasteleyn had derived explicit expressions
of the number of perfect matchings for @), 0 [P. W. Kasteleyn, The statistics of dimers on
a lattice I: The number of dimer arrangements on a quadratic lattice, Physica 27(1961),
1209-1225]. In this paper, we generalize the result of Kasteleyn, and obtain expressions
of the number of perfect matchings for @, by enumerating Pfaffians.

Keywords: Pfaffian; Perfect matching; Quadratic lattice; Torus.

1 Introduction

The graphs considered in this paper have no loops or multiple edges. A perfect match-
ing of a graph G is a set of independent edges of G' covering all vertices of G. Problems
involving enumeration of perfect matchings of a graph were first examined by chemists
and physicists in the 1930s (for history see [1,17]), for two different (and unrelated) pur-
poses: the study of aromatic hydrocarbons and the attempt to create a theory of the liquid
state. Many mathematicians, physicists and chemists have given most of their attention
to counting perfect matchings of graphs. See for example papers [5,6,12—15,21—23].

*This work is supposed by NFSC (NO.10831001).
fCorresponding author

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R36 1



Figure 1: A quadrilateral cylinder circuit of length m and breadth n.

r 0 1 2 3
WQee., | 90176 | 63558 | 88040 | 64152

Table 1: The number of perfect matchings of Qg -

How many perfect matching does a given graph have? In general graphs, it is NP-hard.
But for some special classes of graph, it can be solved exactly, especial to lattices(maybe
infinite), such as the quadratic lattice, hexagonal lattice, triangular lattice, kagome lattice
and etc[3,7,13,22]. For graph on torus, D. J. Klein[9] had considered finite-sized elemental
benzenoid graphs corresponding to hexagonal. A quadrilateral cylinder of length m and
breadth n is the Cartesian product of a m-cycle(with m vertices) and a n-path(with
n vertices). Write the vertices of the two cycles on the boundary of the quadrilateral
cylinder as 1, xs, - -+ , Ty, and y1,Ys, - -+ , Ym, respectively, where z; corresponds to y;(i =
1,2,...,m)(as indicated in Figure 1). We denote by @Q,n., the graph obtained from
quadrilateral cylinder of length m and breadth n by adding edges x;y; 1, (i = 1,2,...,m,
r is a integer, 0 < r < m and i + r is modulo m). Then the 4-regular graph @, has
natural embeddings on the torus[20].

If both m and n are odd, obviously, Q. », does not have perfect matching. So, we
suppose that at least one of m and n is even. Denote by wg,, , ., the number of perfect
matchings of Qp, . Generally speaking, wq,, ., is influenced by the value of r (see Table
1).

Kasteleyn had discussed @, 0, the quadratic lattice on torus(with periodic boundary
conditions) in [7], and deduced an explicit expressions:

TL/2 m

1 o 2k 52l — 1 21
WQ im0 = 5 1:[ 1;[ 4sm - + 4sin? -~ % + 5 g H 4sm 7r + 48@'712%%)%
1 21 .
+= H H 4sm 7T + 4sin - 2. (1)
k 11=1

He also stated that perfect matchings in a graph embedding on a surface of genus ¢ could
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be enumerated as a linear combination of 49 Pfaffians of modified adjacency matrices of
the graph, which was proved by Galluccio and loebl[4], Tesler[19], independently.

In this article, we generalize the result of Kasteleyn, and obtain expressions of wq,, ., .,
by enumerating Pfaffians. In section 2, we introduce the method of Tesler, and orient
Qm.nr by the crossing orientation rule. In section 3, we enumerate the number of perfect
matchings of @, ., by applying Tesler’s method.

2 Tesler’s method and A crossing orientation of (), , ,

The Pfaffian method enumerating the number of different perfect matchings was inde-
pendently discovered by Fisher[3], Kasteleyn[7], and Temperley [14]. See [11] for further
details.

Given an undirected graph G = (V(G), E(G)) with vertex set V(G) = {1,2,...,2p},
we allow each edge {i,j} to have a weight wy; ;1. To unweighted graphs, set weight to 1
for all edges. Let G¢ be an arbitrary orientation of G. Denote the arc of G¢ by (i, ) if
the direction of it is from i to j. The skew adjacency matrix of G¢, denoted by A(G®), is
defined as follows:

A(Ge) = (aij)2px2p>

where
wg;y  if (4,7) is an arc of G,
a;; = —wgy y if (4,7) is an arc of G°,
0 otherwise.

Let PM = {{i1,4}},...,{ip, 7} } range over the partitions of 1,...,2p into p sets of
size 2, and define the signed weight of PM as

. 1 2 - 2p—1 2p
Wea = SR Gy, )i B

(where the sign is of the permutation expressed in 2-line notation). The Pfaffian of A is

defined as
PM

Theorem 1 (The Cayley’s Theorem, [11]). Let A = (ai;)apx2p be a skew symmetric
matriz of order of 2p. Then the determinant of A, det(A) = (PfA)>%.

When PM is a partition that is not a perfect matching, wpy, = 0, so the nonzero
terms of PfA correspond to the perfect matchings of G. We call wpy, the signed weight
of the perfect matching PM and define the sign of PM to be the sign of wpy,. If the signs
of all the perfect matching of G' are the same, we say the orientation is Pfaffian orienta-
tion. A graph is Pfaffian if it has a Pfaffian orientation. Unfortunately, no polynomial
algorithm is known for checking whether or not a given orientation of a graph G is Pfaffian.
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Any compact boundaryless 2-dimensional surface S can be represented in the plane by
a plane model[19]. Draw a 2/ sided polygon P, and form [ pairs of sides p;, p},j = 1,...,l.
Paste together p; and p}. Any S can be represented by a suitable polygon and pastings.
Introduce symbols ay, ..., a. If p; and p) are pasted together by traversing P clockwise
along both, then place the label a; along both p; and p;», and say that S'is j-nonoriented. If
they are pasted by traversing P clockwise along one and counterclockwise along the other,
label the clockwise one a;, the counterclockwise one aj_l, and say that S is j-oriented.
Form a word o from these 2/ symbols by starting at any side and read off the labels as P
is traversed clockwise. If the occurrences of a; or aj_1 are interleaved with the occurrences
of a; or a,;l, suchasino=...q;.. .a,;l ...Qj...a..., wesay that o is j, k-alternating;
otherwise it is j, k-nonalternating. Now take an embedding of a graph G on this surface,
and draw it within this plane model of the surface. Edges wholly contained inside the
polygon P do not cross, and are called 0-edges. The edges that go through sides p;, p}
of P are called j-edges. We say a face of a planar graph is clockwise odd when it has an
odd number of edges pointing along its boundary when traversed clockwise.

Introduce new variables xy,...,x;. Multiply the weights of all j-edges by x;(j # 0),
and let B(xy,...,x;) be the x—adjacency matrix, with b,, = a,, when (u,v) is a 0-edge,
while by, = ay,x; when (u,v) is a j-edge(j # 0), where a;; is the entry of the A(G*), the
skew adjacency matrix of G°.

Let

flwi,...,w) = Z Qpy Wity

0<ry,r2,..,m <3

all exponents of w; are to be reduced modulo 4 to one of 0, 1, 2, 3. We consider any
perfect matching PM in GG. The f-weight of the perfect matching PM is

wPM(f) = f(iNPM(1)> s 7iNPM(l))wPM>

where Npys(7) be the number of j-edges in PM, i = v/—1. The f-weight of G is

we(f)= Y Orppn PIB(™, .. i")

71,172,571
:r1 N 1 ;N !
= Y ren Yy wppy NP NP =N " wp(f). (2)
T1,72,...,7] PM PM

Theorem 2 [19]. The total unsigned weight of all perfect matchings in G is

8011)0( H L]k)

1< <k
1—i 14i —1 o - .
=wi + Fwr if o 1s 7-nonoriented
Where eg = £1, Lj; =4 2 7 277 / J ’
1 otherwise.

L. — s(L4+w?+w; —wiwp) if o is j, k-alternating;
E otherwise.
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Consider the graph G embedded on torus. Letting B(x1, z5) be its z-adjacency matrix,
with the 0-edges having weight 1 and the j-edges having weight z;(j = 1, 2),
1
f= H Ljx = LiyLyaLoy = Lyp = 5(1 + Wi + wh — wiws).
1< <k <2

Thus, by Equation(2), the number of perfect matchings of G is given by
1

The graph @, can be embedded on the torus, so we draw its planar subgraph con-

a,
1 n+1 nr+1 nmi-1)+1
o0—o0- — —m
2 -
a" 1 =2 1 1 1
2
" T
4
o [¢] o o o (] [¢]
1 n+l nm-2)+1 n(m-1)+1

Figure 2: The subgraph of 0-edges of Q.-

taining all vertices in a 4-polygon which is 1,2-alternating and label mn vertices of Q,
by 1,2,--- ,mn shown in Figure 2. Thus 0-edges set FEy, 1-edges set E; and 2-edges set
E5 of Qum ., respectively, are
Eo={{kn+t,(k+1)n+t}k=0,....m—2,t=1,....n}U{{kn+t,kn+t+ 1}k =
0,....m—1t=2....n—1}U{{n(r+k)+ 1L, kn+2}k=0,....m—1—r},
Ey = {{kn,(k—1)n+1}k=1,...,m},
E,={{t,n(m—-1)+t}t=1,....n}U{{kn+1,n(m—r+k)+2}k=0,...,r—1}.

1 B+l Ar+l nm-1)+1

r S

N i o P
& . 2 n+2 n(%- )+
2 . 1 1 1 1 L} 1 1
N GO 1% 161 45 2%
on
a

(a) (b)

Figure 3: the orientation of @), , when n is odd.
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Figure 4: the orientation of @, , when n is odd.

Crossing orientation rule [19]: Orient the subgraph of 0-edges so that all its faces are
clockwise odd. Orient each j-edge e (j > 0) as follows. Ignoring all other non 0-edges,
there is a face formed by e and certain 0-edges along the boundary of the subgraph of
0-edges. Orient e so that this face is clockwise odd.

When n is even, for an edge e = {k,l} of Qu,n,r, Without loss of generality, suppose
k < 1. If e € Ey, orient it from k& to [ when both k and [ are even or k + 1 = [, otherwise
from [ to k, referring to Figure 3(a). If e € Ej, let the direction of it be from k to . If
e € Ey, orient it from k to [ when both k£ and [ are even, otherwise from [ to k, for even
m. Reversing the direction of e when m is odd(as in Figure 3(b)).

If n is odd, r is even, we orient the graph as Figure 4 shown. Figure 4(a) shows the
direction of 1-edges when r = 2 (mod 4), reversing the direction of all the 1-edges when
r =0 (mod 4). When m = 2 (mod 4), the direction of 2-edges are shown in Figure 4(b),
reversing when m = 0 (mod 4).

Lemma 3 Suppose Q, .. is the orientation of Qu ., as above, then it is a crossing
orientation.

Proof: It is easy to check that all the faces of the subgraph of 0-edges are clockwise odd.
For 2-edges{kn + 1,n(m —r + k) + 2}k = 0,...,r — 1} when m is even, the vertices of
the cycle formed by one of them and certain 0-edges along the boundary of the subgraph
of 0-edges are [n(m —r + k) +2],[n(m—r—1)+2],[n(m—1)+1],---, (n+1),1,(n +
1),---,(kn+1). The number of edges pointing along it from vertex n(m —r + k) + 2 to
kn + 1 traversed clockwise always is odd, so does this cycle. Similar discussion solves the
other case, and the lemma follows. O
Theorem 4 [19]. (a)A graph may be oriented so that every perfect matching PM has
sign eppr = eo(—1)"FM) where e = £1 is constant; ey may be interpreted as the sign of a
perfect matching with no crossing edges when such ezists; K(PM) be the number of times
edges in it cross.

(b) An orientation of a graph satisfies (a) if, and only if, it is a crossing orientation.
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3 Enumeration of perfect matchings of Q) ,

3.1 The sign of pfB(x1,x2)

In order to decide the sign of pfaffians of B(xy,xs)(x1, 22 = £1), we distinguish the
perfect matchings of )y, into four classes. The perfect matchings belonging to class
1 are those that have odd number of 1-edges and odd number of 2-edges; The perfect
matchings in class 2 have odd number of 1-edges and even number of 2-edges; The perfect
matchings in class 3 have even number of 1-edges and odd number of 2-edges and the
ones have even number of 1-edges and even number of 2-edges in class 4. So except the
perfect matching PM in class 1, the number of times edges in it cross k(PM) are always
even.

Consider the case when 1 = 1 and x5 = 1 firstly. If n is even, then obviously, the edges
set PMy ={{1,n},{2,3},{4,5},--- . {n—2,n—1},{n+1,2n},{n+2,n+3}, {n+4,n+
5b-- {2n—22n—1},--- {(m—1)n+1,mn}, {(m—1)n+2,(m—1)n+3},{(m—1)n+

4,(m—1)n+5}, -+, {mn—2,mn—1}} is a perfect matching in class 2 or class 4 according
to the parity of m. Note that n is even and x1 = 1,23 = 1, 80 41,023 * * * A(mn—2)(mn—1) = 1
and
. 12 3 4 -+ mn—1 mn B m(n—2) _
szgn(l n 2 3 -+ mn-—2 mn—l)_(_l) =L

Then the sign of PM; is positive.

If nis odd. Let PMy = {{1l,n+ 1}, {2n+ 1,3n + 1},--- {(m — 2)n + 1, (m —
Dn+ 1}, {2,n+ 2}, {2n+2,3n+2},--- ,{(m —2)n+ 2,(m — 1)n + 2},--- ,{n,2n},
{3n,4n}, -, {(m — 1)n,mn}}, then PM, is a perfect matching of @, ,, which belongs
to class 4. Moreover,

A1(n+1)A(2n+1)(3n+1) ** " A(mn—n)mn = (_1)mn/2’

) 1 2 3 4 - mm—1 mn _(_1) mo1ynol
I\ 1L n+1 2041 3n+1 -« mn—n mn ) '

Note that (—1)2?51 S5 equals to 1 when m = 0 (mod 4), equals to —1 when m = 2
(mod 4), so the sign of PMs also is positive. Then, by Theorem 4, the sign of perfect
matchings in class 2, class 3 and class 4 is positive, except perfect matchings in class 1.
If x;1 = —1, note that the number of 1-edges in class 2 is odd and the number of times
edges in class 2 cross always is even, by Theorem 4, the sign of the perfect matching in
this class is negative. Similar discussion to the other cases, the signs of perfect matchings
can be decided, as shown in Table 2.
Lemma 5. If PfB(—1,1) or PfB(—1,—1) equals to zero, then PfB(—1,—1) < 0,
PfB(1,1) >0, PfB(-1,1) >0, PfB(1,-1) > 0.
Proof: Denote the number of perfect matchings belonging to class i(i = 1,2,3,4) by w;.
If PfB(—1,1) = 0 then by Table 2, that means wy = w; + w3 + wy, 80 w1 +wg + w3 = wy.
Notice that a perfect matching in class i(i = 1,2, 3) contributes —1 to PfB(—1,—1), so
PfB(—1,—1) < 0. Similar discussion completes the other cases of the Lemma. O
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sign of corresponding perfect matchings
class | z1 =129 =1 |01 =—1l,20=1 |21 =120 =—1 | 21 = —1, 20 = —1
1 — + + —
2 + — + —
3 + + — —
4 + - - +

Table 2: The signs of the perfect matchings

e
m,n,r

3.2 Enumerate the perfect matchings of ()

Recalled that @), . is a crossing orientation of (), ,, the z-adjacency matrix of

¢ denoted by B(z1,xs). Then the elements of B(x,x2) can be read off from Figure

m,n,r)

3 or Figure 4, has the following form:
B(x1, x2) = (Bij(w1, 22)),

where B;;(x1,%2) is the n x n matrix. If n is even, when j > 1,

[ A(zy) ifi=yg,9=1,...,m;
B(-1) ifj=itl,i=1,...,m—1;
c(-nT ifj=i+r,i=1,...,m—r;

By =93 (c1)m1C(as) i j=itm—ri=1,...r

(—1)
(=)™ B(xp) ifi=1,5=m;
[ On otherwise.

When j < i, B;; = —BJ;(B]; is the transpose of B;;). If n is odd and r is even,

(cA(—(=1)"%z)  ifi=j,i=1,...,m;
eB'(—-1) ifj=i+1,i=1,...,m—1;
B — eC(-1)T ifj=i+r,i=1,....,m—r;
T e(=1)"2C(—xg)  ifj=idm—r i=1,...,7;
e(—1)"/2B'(x5) ifi=1,7=m;
L 0n otherwise.
When j < i, Bjj = —BJ;(B]} is the transpose of By;), if i is even, € = —1, else € = 1.
Where
0 0 0 0 z ]
0 O 1 0 0 0 z O
0O -1 0 1 0 0 00
Als) = Do M ew=]000 1
o o0 --- =1 0 1 :
—x 0 0 -1 0
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B(z) = , Bl(x) = ,

—T T

0,, i1s a n X n matrix and all its entries are zero.
In order to calculate the determinant of B(xy, z3), we introduce the following lemma.
Firstly, denote the block circulant matrix

Voo Vi Vi
Vm—l ‘/0 T Vm—2
Vi VooV
by circe(Vo, Vi, -+, Vim—1), and denote the skew block circulant matrix
Vo Vi Va e Vi
—Vm-—1 VE) ‘/1 Tt Vm—2
—Vm-2 _Vn—l VE] e Vm—3
! Ve e =V W

by scire(Vo, Vi, -+, Vin1).
Lemma 6 ([2]). Let V = circ(Vo, Vi, -+, V1) or Vo= scire(Vo, Vi, -+, V1) be a

block circulant matriz or a skew block circulant matriz over the complex number field,

where all Vi are n x n matrices, t =0,1,...,m — 1. Then
m—1
detV = H det(Jy),
=0

where J, = Vo + Viwy + Voway + -+ 4 Vi 1wWim—1ye,

o2 + jsinn (if V is a block circulant matriz )
wp = " . , , ,
! cos% + ZS’M’L% (if V is a skew block circulant matriz )

We consider the case when n is even firstly. In fact, if m is odd, x5 = 1 or m is even,
T9 = —1, then

B(xlv x2) = C’iTC(A(ZIfl), B(_1>7 0n7 Tt On7 C(_l)T7 0n7 T Onv C(flﬁ'g), On7 Y 0n7 _B(_l))
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If m is odd, z9 = —1 or m is even, x5 = 1, then
r—2 r—2
—— ——

B(xy,15) = scirc(A(xy), B(—1),0,, -+, 0,, C(=1)T,0,,--+,0,, —C(x3),0,, - - -, 0,, B(—1)).
So by Lemma 6, we always have that

m—1
det(B(z1,22)) = | | det(F), (3)
=0
where
Fy = A(x1) + wB(—1) —w; ' B(=1) + w; ' C(=1)" + w,C(x2)
B owt T
—w, —0 1
1§ 1 1
= . . . (ﬁ:_wt+wz€_>t:071>"'7m_1)7
1 8 1
—I -1 =g
[ cos®E + isin3E (mis odd, zo = 1 or m is even, xo = —1)
Y= 3(2%1) +isi n(zt;})w (mis odd, zo = —1 or m is even, xo = 1)

Furthermore, det(F;) can be simplify as: if n =0 (mod 4),
det(Fy) = (—wi +w; DTy — 2T o + o1 (W] +w; "),
if n =2 (mod 4),

det(Fy) = (w; — wt_l)Tn_l + 27,9 + z1(wy +w; "),

Where
6 1
L g1 n i
T
o=| e = T+ + 20T
1 g 1 k=1
L p
C (it mw) F V(w T —w)? =) — (! —w) = V(- w)? -4
2n+1\/(_wt +wt_1)2 —4 ’
When m is odd, x9 = 1 or m is even, x9 = —1,
2rt
—wy Fwpt = —22’sin—7r, wy +w;, = = 2c0s 2~
m m

Noticing that

(7)™, when n is even.

- k
H(Qcos T )=
k=1 "
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Therefore, det(Fy) = 2 + 2x;. That is, when 27 = —1, det(Fy) = 0. By Theo-
rem 1 and Equation (3), when m is odd, (PfB(—1,1))* = det(A;(—1,1) = 0, when
m is even, (PfB(—1,—1))* = det(A;(—1,—1) = 0. By Lemma 5, PfB(—1,—1) =
—det(Ay(—1,—1)Y2, PfB(1,1) = det(A(1,1))Y2, PfB(1,—1) = det(A(1,—1))"2,
PfB(—1,1) = det(A;(—1,1))Y/2. So, if n = 0 (mod 4), the number of perfect match-
ings of Qmpnr:

m—1
1 2t 2t
=3 1:[ (—2iT°_ lsmﬁ — 2T , + 2cos 7;’7?)1/2
m—1
2t 4+ 1) 2t+1
+ || (—2iT} 1sinu — 2T , + QCosﬂ)l/2
=0 m
m—1
2t+1 2t +1
T2t sin 2T o QCosﬂ)Uz};
m m

o~
Il

0
If n =2 (mod 4),

m—1
2t
- H (2017 lsm— + 2T, + 2cos il
m

t

+ || 2T} sin
0

—_

)1/2

l\.’)

|
-

(2t + 1)m (2t + 1)7’71')1/2

+ 2T, + 2cos

~
Il

3
L

2t +1 2t+1
M 4 2T5_2 — Qcosw
m m

)1/2]’

+ | | (2T} sin
t=0

where T)) = [j_, (—2isin?= 4 2cos

= [T (— 2zsm(2t+1) +2c0s-7). So we have

"*‘1> n+1

Theorem 7 Ifn is even, then the number of perfect matchings of Qm n.r,

m—1 m—1 m—
1 2t 2641 2t 1
—5{”[}[1( 7T%—l- [Hy( il %—l- i %}
t=0

,_.

t=0 t:O

Where
Hi(6) = (V14 sin20 — sinf)" + (V1 + sin?6 + sind)" + 2cosrb,
Hy(0) = (V14 sin?0 — sind)" + (V1 + sin?6 + sind)" — 2cosré.

If n is odd and m,r is even, multiplying B;;(z1,z2) by —1 when ¢ is even, a block
circulant matrix or a skew block circulant matrix can be gotten. With the same discussion
as above to the case, we have:

Theorem 8 Ifn is odd and m,r is even, then the number of perfect matchings of Qumn.r,

\/H G (2L y 1\/Hm—1 (Z£7) (ifm=0 (mod 4)),
LTI Ga(Em) + 3y - H;“olca ) (ifm=2 (mod4)).

lU(g =
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Where
G1(0) = (V1 + cos?0 — cosd)" — (V1 + cos?0 + cosf)"™ + 2isinro,

G2(0) = (V1 + cos?0 — cosf)" — (V1 + cos?0 + cosf)"™ — 2isinré.

4 Concluding remarks

1. As a special case, when r = 0, with the aid of the following identity, valid for even

1 %_1 1
3 k41 2
{[u+(1+u2)%]n+[—u+(1+u2)%]"+2}2 :H2<u2+sm2 i ) ,
k=0

m
n
1 %_1 1
1 Qk 2
{[u+ (1+u?)2]" + [—u+ (1 +u?)z)" — 2}2 =12 <u2 +sin2—7r) ,
n
k=0

Equation (1) can be gotten from Theorem 7.

2. When n is odd, it can be seen that the first term of the right hand of Equation (1)
is equal to zero, and the second term equals the last term. If r = 0, to the number of
perfect matchings of a graph, the result in Theorem 8 must be the same as Equation (1),
so we have following identity: if m =0 (mod 4),

m—1 2
241 2t + 1 n 2t +1 2t +1 n|?
H{[—cos + 7T+(1+COS27+7T)%] — [cos - 7T+(1+00527+7T)%] }
=0 m m " "
n/2 m
2k —1 20—1 |1
— HH2(sin2 T+ sin? m)*.
n m
k=1 1=1
If m =2 (mod 4),

D=

~1
2t 2t 2t 2t
{— H [(—cos=—m + (1 + cos> =) )" — (cos=m + (1 + 0032—7T)%)”} }

poles m m m m
n/2 m L

— HHQ(sz’n22k — 17r+ sinQQl _ 17r)5.
k=11=1 n m

3. Turning to the case when n and r are odd, obviously m is even, we find that the
determinant of the skew symmetric matrix of the corresponding directed graph is not easy
to calculate, hence we pose naturally the problem: how to enumerate perfect matchings
of @ n,r, when n and r are odd. As a continuance, we will consider the lattice on Klein
bottle.

4. We still do not known whether graphs @), ., are Pfaffian or not, thought we have
enumerated the perfect matchings of it by Pfaffians, it is an interesting problem to be
study.
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