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Abstract

In this paper we introduce a Ramsey type function S(r;a,b,c) as the maximum
s such that for any r-coloring of N there is a monochromatic sequence 1, zs,..., Ty
satisfying a homogeneous second order linear recurrence ax; + bx;y1 + cxr;1o = 0,
1 <i < s—2. We investigate S(2;a,b, c) and evaluate its values for a wide class of
triples (a, b, c).

1 Introduction

In this paper we are interested in the following question: If the set of positive integers N
is finitely colored, is it possible to find a monochromatic sequence of a certain length that
satisfies a given second order homogeneous recurrence? A reader that is even remotely
familiar with Ramsey Theory would quickly note that Van der Waerden’s theorem affir-
matively answers this question for the recurrence x; —2x; 1 + x;1o = 0, any finite coloring
of N, and any finite sequence length. But what about other second order homogeneous
recurrences?

In 1997 Harborth and Maasberg [4] considered the recurrence z; + x;11 = ax;1o and
obtained a puzzling sequence of results that have inspired a large portion of the work
presented in this paper:
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i. If a =1 then any finite coloring of positive integers yields a 4-term monochromatic
sequence that satisfies the recurrence.

ii. If @ = 2 then any finite coloring of positive integers yields arbitrarily long monochro-
matic sequences that satisfy the recurrence.

iii. If a = 4 then any 2-coloring of [1, 71] will produce a monochromatic 4-term sequence
that satisfies the recurrence.

iv. For any odd prime a there is a 2-coloring of the set positive integers with no
monochromatic 4-term sequence that satisfies the recurrence.

We were intrigued with the question what we can learn about monochromatic se-
quences that satisfy the recurrence x; + ;41 = 2¥2;,9, k > 3 or the recurrence z; +x; 1, =
2]{3113'2'4_2, k 2 3.

The problem of finding monochromatic sequences that satisfy homogeneous recur-
rences belongs to the rich and exciting segment of Ramsey Theory that has its roots in
the celebrated Ph.D. thesis of Richard Rado. Here we mention two results of Rado [§]
that are used in developing ideas presented in this paper.

Theorem 1. Let L be a linear homogeneous equation with integer coefficients. Assume
that L has at least three and not all coefficients of the same sign. Then any 2-coloring of
N admits a monochromatic solution to L.

Let r be a positive integer. A linear equation or a system of linear equations L is
r-regular if every r-coloring of positive integers admits a monochromatic solution to L.
Hence Theorem 1 states that a linear homogeneous equation in more than two variables
and with integer coefficients, both positive and negative, is at least 2-regular. Fox and
Radoici¢ [2] showed that the equation x; 4+ 225 —4x3 = 0 is not 3-regular, so Rado’s result
is best possible. Moreover, a recent result by Alekseev and Tsimerman [1] affirmatively
settled Rado’s conjecture that for any r > 3 there is a homogeneous linear equation that
is not r-regular.

We say that a linear equation or a system of linear equations L is regular if it is
r-regular for all » € N.

Theorem 2. For a linear homogeneous system A -x = 0, where A is an m X n matrix
with integer entries, to be reqular it is necessary and sufficient that the matrix A satisfies
the columns condition, i.e., that there is a partition Sy U ... U Sy of the set of columns of
the matriz A such that elements of S1 add up to O and that, for any j € {2,...k}, the
sum of all elements of S; is a rational linear combination of the elements from u{;llsi.

A version of Rado’s proof of Theorem 1 in English can be found in [7]. A version of
the proof of Theorem 2 and more information about r-regularity, regular systems, the
columns condition, and related problems is possible to find, for example, in [6].

In [3] and [4] Harborth and Maasberg considered the following problem.
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Problem 3. [3] Let a,b,c, s be integers such that a,c¢ # 0 and s > 3. Find the largest
r € N, if it exists, such that every r-coloring of N yields a monochromatic s-term sequence
X1, To, . .., Ts that satisfies the homogeneous second order recurrence ax,+bx, 1 +cr,i0 =
0. If such an r exists, it is called the degree of partition reqularity of the given recurrence
for s-term sequences and denoted by ko(s;a, b, c).

We note that the problem of finding the degree of partition regularity of the given
recurrence for s-term sequences is equivalent to the problem of finding the largest r for
which the linear homogeneous system

ar, + bry + cx3 = 0

ars_g + brey + cxs = 0

is r-regular. We write kq(s;a,b,c) = 0 if the corresponding system has no solution and
ko(s;a,b,c) = oo if the corresponding system is regular.

Observation 4. The following is true for all a,b,c € Z and s > 3
i. ko(s;a,b,c)=ko(s;c,b,a)
ii. ko(s;a,b,c) = ko(s;na,nb,nc), for any nonzero integer n.
iii. For any s > 3, ko(s+ 1;a,b,¢) < ko(s;a,b,c).
Harborth and Maasberg proved in [3] the following fact.
Theorem 5. ko(s;a,b,c) = co if and only if one of the following is true:
i. s=3 and one of a+b+c,a+b,a+c, b+ c is equal to zero.
. s=4anda+b+c=0o0ra=b=—cora=-b=—c.
. s=2Handa+b+c=0

The results by Harborth and Maasberg mentioned at the beginning of this section now
can be stated in the following form:

i ko(4:1,1,—1) = 0.
i. ko(s;1,1,—2) = oo, for any s > 3.
i ko(431,1,—4) = 2.
iv. ko(4;1,1,—p) = 1, for all odd primes p.

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R38 3



In an attempt to further examine the function kg(s;a,b,c) and related problems, we
introduce, for r,a,b,c € N, a new Ramsey type function

S(r;a,b,c) =max{s > 0: ko(s;a,b,c) > r}.

Thus S(r;a,b,c) is the maximum s > 0 such that for any r-coloring of N there is a
monochromatic sequence 1, xs, ..., xs satisfying the recurrence ax; + bx; 11 + cx;o = 0,
1 <i<s—2 Wewrite S(r;a,b,¢) = oo if the set {s > 0 : ko(s;a,b,c¢) > r} is not
bounded. For example, S(r;1,—2,1) = co.

It is the purpose of this paper to investigate S(2; a, b, ¢) and to evaluate its values for a
wide class of triples (a, b, ¢). The paper is organized in the following way. In Section 2 we
give some basic properties of the function S(2;a,b, ¢) and we discuss the case when there
is a prime p which divides exactly two elements of {a, b, c} to the same power. In Section
3 we consider the case when there is a prime p that divides exactly one of the coefficients
a, b, and c¢. Our results in this Section show that the value of S(2;a,b,c) depends on
the order of a certain element, that is determined by the coefficients a, b, and ¢, in the
multiplicative group Z;. In Section 4 we introduce a computer-based method for finding
values of S(2;a,b,c). We finish with a few observations and open problems.

To an impatient reader who wonders what happens with the recurrence x; + ;.1 =
2F ;.5 we suggest to take a quick peek at Corollary 17.

The following notation will be used in the remainder of this paper. For € N and
t € N\{1}, if z = t“(tv+w), for some integers u, v, w € Z with u,v > 0and 1 < w < t—1,
then we will write x = (u, v, w);. For a prime p, if I € Z is such that p t [, 0,(I) denotes
the order of [ in the multiplicative group Z;. For n,z,y € Z, by x =, y, we mean
x =y (mod n). And lastly, for n € Z, let (n), be the remainder when n is divided by 2.

2 The function S(2;a,b,c)

In the rest of this paper we will write S(a,b,c), or just S, to denote the function
S(2;a,b,c).
We start with a few simple facts.

Theorem 6. The following is true for any a,b,c € Z.
i. S(a,b,c)=S(c,b,a).
ii. S(a,b,c) = S(na,nb,nc) for any nonzero integer n.
iii. S(a,b,c) =3 if a, b, and ¢ are nonzero integers not all of the same sign.
. If a+b+c=0 then S(a,b,c) = co.

Proof. Statements (i) and (ii) follow from Observation 4, statement (iii) follows from
Theorem 1, and (iv) follows from Theorem 2. O
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Since it is enough to consider the case when ged(a, b, ¢) = 1, we will focus our attention
to the following two cases:

1. There is a prime p that divides exactly two elements of the set {a, b, c}.
2. There is a prime p that divides exactly one element of the set {a,b, c}.

For a wide class of triples, the size of the middle coefficient determines an upper bound
on the values of S.

Theorem 7. Let a,b,c € N with ¢ < b. Then S(a,b, —c) < 4.

a+b . : g
Proof. Let = ——. For each non-negative integer i, let B; = [a%, a'™')NN. Let x be a
c
2-coloring of N defined by x(z) = (i)2 if x € B;, i > 0. We will show that under x there
is no 5-term monochromatic sequence satisfying the recurrence ax; + bxr;;1 = cx;ys.
Assume for a contradiction that the sequence i, x5, x3, x4, T5 is x-mono- chromatic
and it satisfies the recurrence ax; + bx;y 1 = cx;yo. Since b > ¢ and a > 0, we have
To < x3 < 14 < x5. If 29, 23 € B; for some 4, then
i+1 a b i+2
AT Ly =19+ 3 < a’’
c c
which is impossible since this would imply x(x4) # x(z3). Similarly, there is no i such
that x3,z4 € B;. Since x(x2) = x(z3) and xs < 3, there exist i, j € N, with j — i positive
and even, such that z, € B; and z3 € B;. But then, we have

ol <ag <y <oz <ot
i.e., x4 € B;U B, ;. Hence x4 has to be in B;, which gives the desired contradiction. [

A special case of Theorem 7, together with an earlier mentioned result by Harborth
and Maasberg, covers the Fibonacci recurrence x; + x;11 — 2,40 = 0.

Corollary 8. S(1,1,—1) =4. In fact, S(r;1,1,—=1) =4 for allr > 1.

Next we consider recurrences of the form z;—bx; 11 +x;12 = 0, b > 1. We note that there
is no 4-term sequence of positive integers that satisfies the recurrence x; — ;1 + ;10 = 0.
Thus S(1,—1,1) = 3. By Theorem 2, S(1,—2,1) = oo. The remaining cases are given by
the following theorem.

Theorem 9. S(1,—b,1) =3 for all b > 3.

Proof. Since b is positive, by Theorem 1, S(1,—b,1) > 3.
First, assume that b is odd and define a 2-coloring y as

0 ifl’Ebl,Q,...,b_Tl,
x(x)y=1¢ 1 ifxzbb#,...,b—l,

x(x/b) ifz =, 0.
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Let the sequence x1, x9, x3, x4 be monochromatic and let it satisfy the recurrence x; —
briy1 + x40 = 0, with x4 minimal possible. Then x; + 23 =, 0 and x5 + x4 =, 0. This
is possible only if 21 =, 29 = 3 =, ©4 =, 0. Let y; = x;/b, 1 < i < 4. It follows that
X(yi) = x(x;), for all ¢ € {1,2,3,4}, and y; — by;s1 + yire = 0, ¢ € {1,2}, with y4 < z4.
This contradicts our assumption that z, is minimal.

Now assume that b = 20’ for some ¥’ > 2 and define a 2-coloring x as

0 ifr=,1,2,...,0 —1,
x(x)=<¢ 1 ifx=0+1,...,b—1,
X(l’/b/) if =y 0.

The remainder of the proof is similar to the proof of the odd case. O

In [3] Harborth and Maasberg proved that if ged(a, b, ¢) = 1 and if there is a prime p
which divides exactly two elements of {a,b, c} to the same power, i.e., there are positive
integers k, A, B, and C, pt ABC, such that {a,b,c} = {Ap*, Bp*, C}, then ko(4;a, b, c) <
2. We strengthen their result in the following way.

Theorem 10. Let a,b, ¢ be integers such that ged(a, b, c) = 1. If there is a prime p which
divides ezactly two of the coefficients to the same power, then S(a,b,c) < 3.

Proof. Suppose that p is a prime which divides exactly two elements of the set {a,b,c}
to the same power k, say a = Ap* and b = Bp*, pt AB, and p{c.

We define a 2-coloring x as x(z) = (|%]),, where 2 = (u, v, w),.

Let 1,29, 23,4 be a monochromatic sequence that satisfies the recurrence ax; +

bxit1 + cxiro = 0. Suppose that x; = (u;, v;, w;),, for some w;, v;,w; € Z, 1 <i < 4. Then
Ap“ T (puy + wi) + BptH (pus + ws) = —cp"® (pus + ws) (1)
Ap"> T (puy 4+ wa) + Bp"s T (pug 4+ w3) = —cp(pug + wy) (2)

If u; < ug then p**(Apv, + Awy + Bp*2 =" (pug + ws)) = —cp™ (pvs + ws) and, since
wy # 0 and ws # 0, it follows that u; + k£ = us. Thus

’ngJ U1

Yl gy L—J .

E g

This contradicts our assumption that x(x1) = x(x3). Similarly we conclude that uy < uy
is not possible. Hence, we must have u; = uy = uz. Then, since k > 1, p*3*+! divides the

left-hand side of (1) but not the right-hand side, a contradiction.
The proof in the case when p* divides a and ¢ is similar to the proof above. O

An immediate consequence of Theorem 10 is the following claim:

Corollary 11. If ged(a,b,c) = 1 and if there is a prime p that divides exactly two elements
of the set {a,b,c} to the same power then ko(4;a,b,c) = 1.
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3 The cases S(a, —p¥q,c) and S(a,b, —p*q)

In this section we consider the case when only one of the coefficients is divisible by a
prime p.

Theorem 12. Let p be a prime and let a,c, and q be arbitrary integers not divisible by
p. Let C =, —c/a with C #, 1. Then, for any k > 1,

(i) If p is odd and 0,(C) is even then S(a, —p*q,c) < 3.
(ii) If p is odd and 0,(C) is odd then S(a,—pFq,c) < 5.
(iii) If p =2, k > 2 and a =4 ¢ then S(a,—2%q,c) < 3.

Proof. We start with the definition of a 2-coloring of Z that we will use to prove claims
(i) and (ii).

For [ € Z such that p t [ let H be the cyclic subgroup generated by [ and let
{a1,as,...,a;} be a complete set of representatives in Z;/H. Recall that d = o,(l)
denotes the order of [ in the multiplicative group Z;.

A 2-coloring g,y = Z35 — {0,1} is defined as g, (z) = (i) if © = a;I* for some
1<i<d—1land1<j<t

Thus

Vi (2) = Y (lz) & (d)y = 1 and = = ;1" for some j. (3)

We define a coloring x : N — {0, 1} by x(x) = ¥, cy(w), where = (u, v, w),.

Proof of claim (i): Assume that a y-monochromatic sequence w1, s, x3, x4 satisfies
the recurrence awx; — pPqrip1 + cripe = 0. For 1 < i < 4, let w;,v; and w; be such
that T, = (ui,vi,wi)p. Then X(IZ> = w(p,c)(wi), i.e., the set {wl,wg,wg,w4} is w(p,C)'
monochromatic and

ap™ (por +wy) + ep™ (pvs +ws) = pFg(pva + wo) (4)

ap™®(pvy + wy) + cp™(pvy +wy) = p“3+kq(pvg + w3). (5)

If uy < ug then uy = us+k, by (4), which together with (5) implies us = u4 and hence

ug—i—k(

p"? (p(ave + cvy) + awy + cwy) = p pus + ws).

Since uy < wug + k, this is possible only if ws =, Cw,. But since 0,(C) is even and
Yip,c)(w2) = Yp,cy(wa), this contradicts (3).

Similarly us < u; is not possible.

Assume u; = us. Since Vg, o) (w1) = Yp.o)(ws), by (3) aw; + cws #, 0. By (4),
u; = ug = ug + k, which implies that us < ug + k and thus contradicts (5).

Hence, in the case of p odd and d even we have that Ss(a, —p*l, c) < 3.

Proof of claim (ii): Assume that a y-monochromatic sequence 1, s, T3, T4, Ts, Tg, T; =
(us, vi, w;),, satisfies the recurrence ax; —p*qr;1+crie = 0. Then {wy, ws, w3, wy, ws, we }
is a monochromatic set under 1, ¢y and in addition to (4) and (5) we have

ap™® (pvs + ws) + cp® (pvs + ws) = p“4+kq(pv4 + wy) (6)

ap" (pug + wy) + ep"(pve +we) = P Fg(pvs + ws). (7)
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If uy < ugthen u; = ug+k, uy = ug and wy =, Cwy. Since ug+k = u; < us, it follows
that uy + k < uz and, from (6), we get us < uz. Similarly, by using the equations (6) and
(7), we get wy =, Cwg. Therefore wy =, Cwy =, C*we and P, oy (w2) = Y0y (ws) =
Yp,c)(ws), which contradicts (3).

Cases uz < uy and uy = us, with wy #, Cws, are handled in the same way.

If uy = uz, with w; =, Cws, then w3 = ug < uy + k. Therefore, from (5), we get
ug + k > uz. But this implies u3 = us and w3 =, Cws. Hence w, =, Cws =, C?ws and
Yip,cy(w1) = Y,y (w3) = Y,y (ws), contradicting (3). This completes the proof of (ii).

Proof of claim (iii): Define x : N — {0,1} as x(z) = (v)a, where 2 = (u, v, 1)s. Assume
that a monochromatic sequence 1, T, T3, 24 satisfies the recurrence ax; —2Fqr; 41 +cxipo =
0. Let z; = (uy,v;, 1) for some u;,v; = 0, 1 < i < 4. It follows, since x(x1) = x(z2) =
X(x3) = x(z4), that vy, ve,v3 and vy are all of the same parity and

2Ua(2vy + 1) +2%c(2u3 +1) = 2“tg(2vy + 1) (
2"2a(2uy + 1) + 2%¢c(20 + 1) = 2“7 Fg(2u3 + 1). (

O oo
~— ~—

If u; < ug then, from (8), u; = uy + k and, from (9), us = uy. Hence,
292 (2(avy + buy) + a + ¢) = 2 ¢(205 + 1).
Since a and ¢ are both odd and since a =, ¢ we conclude that a + ¢ =4 2. Hence,

a-+c

2u2+1 <CLU2 + bU4 + ) = 2“3+kq(21}3 + 1)

a—+c

Since avy + by is even and is odd it follows that us+k = us +1 < us — k+ 1. This

is not possible since k£ > 2.

Similarly, if us < u; then we obtain that ug = us + k, us = uy, and us + 1 = ug + k,
which is again not possible.

So, assume u; = uz. Then

a-+c

2u3+1 <CLU1 + bvg -+ ) = 2“2+kq(2v2 + 1)
which implies that us+k > us+1. But from (9), we have us +1 > uz+k, a contradiction.
Hence, in the case of k > 2 and a =4 ¢, S(a, —2*,¢) < 3. O

Next we consider the recurrence ax; + bx; 11 = p*qris2, where p is a prime number,
a,b,q are integers not divisible by p, and k is a positive integer. For m > 3 and a
sequence Ty, Ta,...,Tm, & = (u;, v;,w;),, that satisfies this recurrence we have that, for
all i € [1,m — 2],

ujt2+k

ap™ (pv; + w;) + bp" ' (puiy1 + wis1) = p q(PUite + Wita).
This implies that if u; < us then

u; = uz + k and aw; =, qus

u; = Uit1 + Kk and bw; =, quw;;  for all ¢ > 3, (10)
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if uy < u; then
u; = uip1 + k and bw; =, qu; 41 for all i > 2, (11)
and if uy = ue and awy + bwy #, 0 then

Up = Uy = U3z + k
u; = uip1 + k for all 4 > 2 (12)
bw; =, qu;1 for all ¢« > 3.

These facts will be used in the proof of the following theorem.

Theorem 13. Let k be a positive integer and let p be an odd prime. Let a,b,q € 7Z be such
that a =, 1 and that b and q are not divisible by p. For B =, —b, L =, q/b, s = 0,(B),
d=o0,(L), and t = gcd(s,d) we have that if s is even then

3 if s/t is even
S(a,b,—p"q) < 3 ifs/t and d/t are both odd
4 if s/t is odd and d/t is even

Proof. Let H = {I,L,Lz, . .,Ld_l} and K = {1,B,B?% ..., B* '} let G = HK, and let
{a1,ag,...,a,} be a complete set of representatives of classes in Z; /G. Fix an integer n
such that ged(n,t) = 1 and B*/* =, LY and note that if B' =, L/, for some i,j € Z,
then (s/t)| i and (d/t)| j.

Case 1: Assume that s/t is even.

We 2-color the group G by f(B'L’) = (i), for i,j € Z. Now, if B"L)* =, B=L” for
some iy, iz, j1, jo, then B*~2 = [7279t and (s/t)| (i; — 42). Since s/t is even, this implies
i1 =5 iy. Therefore, f(B"L7') = f(B®2L7”) and f is well-defined. Now, we extend this
coloring to a 2-coloring of Z; by F(z) = f (:L'aj_l) if ¥ € Gay. Note that, for any x € Zj,

F(Bzx) # F(z) (13)
F(Lz) = F(x) (14)

We define x : N — {0,1} by x(z) = (|%] + F(w))2, where z = (u, v, w),.

Suppose that a y-monochromatic sequence 1, o, 3, x4 satisfies the recurrence ax; +
bt = piqriie. As before, x; = (u;, vi, w;),.

If uy # ug then, from (10) and (11), us = uy + k and ws =, Lw,. Hence,

LfJ+Fmg_1+LkJ+F@wg_1+X@@
which is not possible because x(x3) = x(z4).

Assume that u; = uy. Then F(w,) = F(wy) and, from (13), it follows wy #, Bws,
i.e., awy + bwy #, 0. Hence, from (12), us = uy + k and w3 =, Lw,, which is not possible.

Therefore, in the case of s/t even, S(a,b, —p*q) < 3.

Case 2: Assume that s/t and d/t are both odd. Since s is even, ¢, and hence d, must
also be even.
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We define a 2-coloring on the group G by f (B'L’) = (i+j), fori,j € Z. If Bh L)' =,
B™ [72 for some iy, ia, j1, jo, then B2 =, [72771_ Hence, (s/t)| (i1—i2) and (d/t)| (j2—7j1)
and, since s/t and d/t are both odd, we conclude that i; — iy =5 jo — j1. Therefore f is
well-defined.

We extend f to a 2-coloring F' of Z; in the same way as in Case 1. Now, for any
x € L,

F(Bz) # F(z) (15)
F(Lz) # F(z) (16)

This time we define x : N — {0, 1} by x(z) = F(w), where x = (u, v, w),.

Suppose that xy, z9, T3, £4, With x; = (u;, v;, w;),, is & x-monochromatic sequence that
satisfies ax; + bxip1 = pFqriss.

If uy # uy then, from (10) and (11), ws =, Lw,. This implies x(z3) = F(ws) =
F(Lwy) # x(24). If uy = ug then F(w;) = F(wy) and, from (15), we obtain wy #, Bws.

Case 3: Assume that s/t is odd and d/t is even.

We color the group G by f(B'LY) = <Z + L#J)z, for i,j € Z. Now, if B1™%2 =,

L7277 for some iy, i, j1, j2, then iy — iy = (s/t)my and j; — jo = (d/t)my, for some
my, mq € Z. It follows that

2= =, Bm(s/t) =, Lman(d/t)
and myn(d/t)+ j1 — jo = (d/t)(min+ms) is a multiple of d. Hence, myn+msy is divisible

by t and myn 4+ mg =5 0, since ¢ is even. Also, because ged(n,t) = 1, n must be odd.
Next we observe that

R T Sl B Bl Ji| | J2
min + meq = s/t n -+ d/t = s/t n+{d/tJ Li/tJ

e -] - L]

since s/t and n are both odd.

Hence, | |
ool e ]

Therefore, f (B4 L) = f(B2L’?) and f is well-defined. We extend this coloring to the
coloring F' as above. For any x € Z;, we have

and

which implies

F(Bx) # F(x)
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and
F(Lz) # F(z) = F(L*z) = F(Lz),
since d/t > 0 is even.
In this case we define x : N — {0,1} by x(z) = (|¥]| + F(w)),, where z = (u, v, w),.
Suppose that a y-monochromatic sequence 1, xs, T3, T4, T5, With
z; = (u;, v, w;),, satisfies the recurrence ax; + b,y = pFqri .
If uy # ug then from (10) and (11) us = us++k, ugy = us+k, ws =, Lwy and wy =, Lws.
Hence,

x(23) =2 L%J + F(ws) =2 1+ {%J + F(Lwy) =9 1 + x(x4) + F(Lwy) + F(wy).

But since x(x3) = x(z4), we must have F(Lw,) # F(wy4). In the same way, we must have
F(Lws) # F(ws). This contradicts (3), since wy =, Lws.
Assume that u; = ug. Then F(w;) = F(wy) and, from (3), aw; + bws #, 0. Hence,
from (12), ug = w4 + k, uy = us + k, ws =, Lwy and wy =, Lws, which is a contradiction.
Therefore, in the case of s/t odd and d/t even, S(a,b, —p*q) < 4. O

The upper bounds for the values of S(a,b,c) on some additional classes of triples
(a,b, c) easily follow.

Corollary 14. Let p be an odd prime, let k > 1, and let a,b,q € Z be such that none of
a,b,q is divisible by p. Let B =, —b/a, L =, q/b, s = 0,(B), d = 0,(L) and t = gcd(s,d).
Then, if s is even

3 if s/t is even
S(a,b,—p*q) <{ 3 if s/t and d/t are both odd
4 if s/t is odd and d/t is even

Proof. Let A € Z be such that aA =, 1, and let o' = aA, b’ = bA and I' = [A. Then
S(a, b, —p*q) = S(aA,bA, —p*qA) = S(d', V', —p*¢),

since —b/a = —b'/d' =, —b and ¢/b = ¢'/V, B =, =V and L =, ¢'/l/. Therefore, the
claim follows from Theorem 13. O

What happens when p = 27 We are able to describe the case of the recurrence
ax; + bri 1 = 2%qr;. o if a and b are odd numbers congruent modulo 4.

Theorem 15. Let a,b,q € Z be odd integers with a =4 b.
(i) If k = 2 then S(a,b, —2%q) < 4.
(i) If k >3 then S(a,b,—2%q) < 3.
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Proof. Let L = q —b.

Proof of claim (i): Assume L =, 0 and define a 2-coloring x : N — {0,1} as x(x) =
(L%J + v)z, where z = (u, v, 1)2. Suppose that a monochromatic sequence x1, o, T3, T4, Ts,
x; = (u4,v4, 1)q, satisfies the recurrence ax; + bwiy, = 2Fqa; o

If uy # uy then from (10) and (11), us = us+2 and 4a(2vy+1)+b(2v3+1) = q(2v4+1).
Hence, 2a(2vy + 1) + buz = qus + L/2. Since L =4 0, this implies v3 =5 v4. But then,

u u
x(x3) = L??’J +oug =51+ L;‘lJ + vy =5 1+ x(24),

a contradiction.
If uy = wg, since x(x1) = x(xa), it follows that v; =5 v,. Hence

22 (2(avy + bvg) + a +b) = 2“372¢(2v3 + 1).

Since a =4 b it follows that us = uz + 1 > ug. Then, from (11), we get uy = us + 2 and
vy =9 vs. This fact implies y(z4) # x(x5).

Now assume L =, 2 and define a 2-coloring x as x(z) = (v)a, where z = (u, v, 1)s.

Suppose that 1, x9, T3, T4, x5, With x; = (u;, v;, 1)2, is @ monochromatic sequence that
satisfies ax; + bxi11 = 2%qw;.0. Then all v;’s are of the same parity.

If uy # uy then, as before, 2a(2vy + 1) + bvg = qug + L/2. Since L =4 2, this implies
v3 =9 1 + vy, a contradiction. If u; = uy, we get vy =5 1 + v5, a contradiction again.

Proof of claim (ii): Assume that k > 3.

If L =4 0 we define a 2-coloring y as x(z) = ([%J + ’U)2, where x = (u, v, 1)s.

Suppose that 1, o, 23, 24, x; = (u;, v, 1)2, is @ monochromatic sequence that satisfies
ax; + bxip = 27quiyo.

If uy # uy then uy > uz+k and uz = uy + k. It follows that 2927~ 1q (20, + 1) + buz =
quy + L/2. Since L =4 0 and uy — uz > k > 3 we conclude that vz =5 v4. Hence

x(23) = L%J +vg =y 1+ L%J + vy =9 1+ x(z4),
which contradicts our assumption that x3 and z, are of the same color.

If uy = uy then v; =y vy and 22 (2(avy + bvy) + a +b) = 2372[(2v3 + 1). Since
a+b =, 2 it follows that uy = us+k—1 > ug+ 1. Then, from (11), we obtain uz = uy + 2
and v3 =9 vy. This implies x(x4) # x(z5).

If L =, 2 we define a 2-coloring y of positive integers by x(z) = (v)2, where z =
(u,v,1),.

Reasoning similar to one demonstrated above leads to the conclusion that there is no
4-term monochromatic sequence that satisfies the recurrence ax; + br;1, = 2Fqripy. O

As we mentioned in the introduction, this paper was inspired by results obtained by
Harborth and Maasberg in [3], [4], and [5]. The following theorem extends Harborth and
Maasberg’s result from [4] that ky(4; 1,1, —p) = 1 for all odd primes p.

Theorem 16. Let r and m be positive odd integers and let k be a non-negative integer.
Then S(1,1, —r™(kr + 1)) = 3.
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Proof. We consider a recurrence , + x,+1 = r"™(kr + 1)z,+o where r, m, and k are as
above.

A 2-coloring ¢ is defined in the following way. For ¢ € {1,...,7 — 1} the coloring
@ colors all m =, ¢ by 01if ¢ € {1,....,(r — 1)/2} and ¢ colors all m =, ¢ by 1 if
qge{(r—1)/2,...,r —1}. If m is a multiple of r then p(m) # @(m/r).

Suppose that there is a ¢-monochromatic sequence 1, xo, 3, x4 that satisfies the
recurrence and that x; is the smallest possible. Thus

r™(kr + 1)xz = xo + x1 and v (kr + 1)zg = x3 + 2.

Since xo+ 11 =m T3+ 29 == 0 and since x1, T, and x5 are of the same color we conclude
that x1, x9, and x3 are multiples of r™. Let x1 = "™y, 9 = r"™ys, and x3 = r™y3. Then

r™(kr +1)ys = yo +y1 and (kr + 1)z4 = y3 + y2.

Note that y1, y2, and y3 are of the same color that is different than the color of x4 since
m is odd. As before, the first equality implies that y; and y, are multiples of . Hence
Y3 =, x4. Since {ys3, x4} is not monochromatic this implies that both of them are multiples
of r. Say, x4 = rys. But then yy, ¥, y3, y4 is @ monochromatic sequence that satisfy the
original recurrence with y; < x; which contradicts our assumption that x; is the smallest
possible. O

Now we are in a position to describe what happens with the recurrence x; + ;.1 =
cTio, if ¢ is a positive integer.

Corollary 17. Let c € N. Then

(

ifc=1 orc=4,
if c =2,
ifCEgO,

S(l, 1, —C) = ZfC _ ’l“m(/{:T’ + 1) for some odd r, >0 and k € N,

if ¢ = p*q for some odd prime p, k >0 and g € N
such that ptq and o,(q) #4 0.

0000008)4&

In all other cases, 3 < S(1,1,—c) < 4.

We note that if p is a prime such that p =4 3 and if ¢ € N is such that p { ¢ then either
0,(q) is odd or 0,(q) =4 2. Thus, for such p and ¢, S(1,1, —p*q) = 3, k € N.

4 More Values for S(2;a,b,c): Another Technique

In this section we introduce a new technique which gives upper bounds for S(a, b, ¢) for
some of the cases not covered in Sections 2 and 3, as well as some of the cases which have
been already covered. We introduce this technique through the case of the recurrence
8!13',' — 6113','.,.1 + Tiyo = 0.
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Theorem 18. S(—8,6,—1) < 5.
Proof. Let 7 be a permutation on Z3, defined by
7(a,b) = (b,6b — 8a).

We consider the recurrence —8z; + 6x;11 = ;12 modulo 11. Excluding the trivial cycle
(0,0), we represent the cycles of this permutation by the following Table 1.

0 1 6 6 10 1 3 10 3 4
0o 2 1 1 9 2 6 9 6 8
o 3 7 7 8 3 9 8 9 1
0o 4 2 2 7 4 1 7 1 5
0 5 8 8 6 5 4 6 4 9
0o 6 3 3 5 6 7 5 T 2
o 7 9 9 4 7 10 4 10 6
0 8 4 4 3 8 2 3 210
0 910 10 2 9 5 2 5 3
0100 5 5 110 8 1 8 7
1 2 4 8 510 9 7 3 6
1 4 5 9 3

2 810 7 6

Table 1: The cycles of the permutation 7 of Z3;.

(In the first tow, 0 1 6 6... means (0,1) = (1,6) = (6,6) = ....)
Let f be a 2-coloring of Z;; such that

[0 ifme{1,2,3,57)
f(m)—{l it m € {4,6,8,9,10}

and assume that 0 is colored by both colors.

We observe that no 6 consecutive elements in any of the cycles have the same color,
but that there is a cycle with five consecutive elements colored by the same color; 6 9 6 8 0
or 75720, for example. Also, we note that a single 0 is among any five consecutive
elements of the same color, in any of the cycles.

Let x : N — {0,1} be such that x(z) = f(w) if z = (u,v,w)y; for some u,v > 0 and
1 <w < 10. It is not difficult to see that, under this coloring there is no monochromatic
6-term sequence x1, xa, T3, T4, Ty, Tg satisfing the recurrence x5 = 62,11 — 8x,,. ]

The above proof also implies that if a,b,c € Z are such that a =;; 8, b =;; —6 and
¢ =11 —1 then S(a,b,c) <5.

The method of the above theorem can be summarized as follows.

Given the recurrence relation ax;+bxr;, 1 = cx; 2, we choose a prime number p such that
p 1 c and consider the recurrence as a permutation on Zf, defined by 7(z,y) = (y, cax+aby)
where a € Z is such that ac =, 1. Then we find a 2-coloring of Z, in a way that we
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minimize the length of the longest monochromatic interval in any cycle of the permutation
7, assuming that 0 is colored by both colors.

We repeat this process for several primes and choose the best one among them.

Some computer generated results of this method are summarized in Tables 2 and 3.
We observe that some of the bounds in those two tables are tighter than the bound given

by Theorem 7.

a (mod p)

b (mod p)

S(a,b,—1)

1

1,2

<4
<3
<4

2
2
1
1

N}
W

<O
<3
<3
<4
<3
<4
<4
<6

w
SO OOt T = W W WO NN W whT
D

<O
<4
<5
<4
<4
<3
<5
<6
<4
<O
<4
<6
<5
<4
<4
<O

5 Concluding Remarks

Table 2: Some more bounds for S(a, b,

—1)

It is a very interesting fact that S(a, b, c) < 6 in all cases that we have considered, except
when a + b+ ¢ = 0, in which case S(a,b,c) = co. We wonder if a + b+ ¢ # 0 implies
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p | a (mod p) b (mod p) S(a,b,—1)
1 1,4, 7,10 <6
1 2.5,5,6,9 <5
1 3,8 <4
2.6, 7 0 <3
2 1,2,6,8 <5
2 3,4,5 7 <4
3 0,1,2,3,56,10| <5
3 47 <4
11 3 8 <6
4 0,2,3,4,7,9,10 <5
4 1 <6
4 5,6 <4
5 0,23, 4,5, 89 <5
5 1,10 <4
5 6 <6
6 2.3, 4,9 <4
6 2, 7,8, 10 <5

7
Table 3: Some more bounds for S(a,b, —1)

S(a,b,c) < 6.

From Corollary 17 we see that the only two values of ¢ for which the value of S(1,1, —c)
equals 4 are ¢ = 1 and ¢ = 4. The case ¢ = 1 is discussed in Corollary 8 and the case
¢ = 4 was done in [5] with the help of computer by showing that any 2-coloring of
the interval [1,71] contains a monochromatic 4-term sequence satisfying the recurrence
x; + xi1 = 4x49. We ask if there are other values of ¢ for which S(1,1, —c) = 4. For
example, is it true that S(1,1, —10) = 4?7 (The case ¢ = 10 is the smallest value of ¢ for
which the exact value of S(1,1, —¢) is unknown. The next case is ¢ = 26.)
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