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Abstract

Two 2-cell embeddings 2 : X — S and j: X — S of a connected graph X into
a closed orientable surface S are congruent if there are an orientation-preserving
surface homeomorphism A : § — S and a graph automorphism -~ of X such that
th = 3. Mull et al. [Proc. Amer. Math. Soc. 103(1988) 321-330] developed an
approach for enumerating the congruence classes of 2-cell embeddings of a simple
graph (without loops and multiple edges) into closed orientable surfaces and as
an application, two formulae of such enumeration were given for complete graphs
and wheel graphs. The approach was further developed by Mull [J. Graph Theory
30(1999) 77-90] to obtain a formula for enumerating the congruence classes of 2-
cell embeddings of complete bipartite graphs into closed orientable surfaces. By
considering automorphisms of a graph as permutations on its dart set, in this paper
Mull et al.’s approach is generalized to any graph with loops or multiple edges, and
by using this method we enumerate the congruence classes of 2-cell embeddings of
a bouquet of circles and a dipole into closed orientable surfaces.
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1 Introduction

Let X be a finite connected graph allowing loops and multiple edges with vertex set
V(X) and edge set F(X). An edge in F(X) connecting vertices u and v (if the edge is a
loop then u = v) gives rise to a pair of opposite darts, initiated at u and v respectively,
and two darts are said to be adjacent if they are initiated at the same vertex. Denote
by D(X) the dart set of X. An automorphism of X is a permutation on D(X) that
preserves the adjacency of darts and maps any pair of opposite darts to a pair of opposite
darts. All automorphisms of X form a permutation group on D(X) which is called the
automorphism group of X and denoted by Aut(X). Clearly, if the graph X is simple,
that is if X has no loops or multiple edges, then Aut(X) acts faithfully on the vertex set
V(X) and hence can be considered as a permutation group on V(X).

An embedding of X into a closed surface S is a homeomorphism ¢ : X — S of X
(as a one-dimensional simplicial complex in the 3-space R3) into S. If every component
of S —u(X) is a 2-cell, then 2 is said to be a 2-cell embedding. Basic terminologies for
graph embeddings are referred to White [12], Gross and Tucker [5] or Biggs and White [2].
In this paper we are concerned with 2-cell embeddings of connected graphs into closed
orientable surfaces and for convenience of statement, an embedding of a graph always
means a 2-cell embedding of the connected graph into a closed orientable surface unless
otherwise stated.

Two 2-cell embeddings 2: X — S and j: X — S of a graph X into a closed orientable
surface S are congruent if there are an orientation-preserving surface homeomorphism
h : S — S and a graph automorphism v of X such that :h = ). When we restrict
~ as the identity in this definition, the two embeddings ¢+ and j are called equivalent.
In other words, the equivalence (congruence resp.) classes of embeddings of a graph
X is the isomorphism classes of embeddings of a labeled (an unlabeled resp.) graph
X. Enumerating unlabeled objects is technically more difficult than enumerating labeled
ones. Likewise, enumerating the congruence classes of embeddings of a graph is more
difficult than enumerating the equivalence classes of them.

Each equivalence class of embeddings of X into an orientable surface corresponds
uniquely to a combinatorial map M = (X; p) (see Biggs and White [2, Chapter 5]), where
p is a permutation on the dart set D(X) such that each cycle of p gives the ordered
list of darts encountered in an oriented trip on the surface around a vertex of X. The
permutation p is called the rotation of the map M. Conversely, a permutation p’ on the
dart set D(X) whose orbits coincide with the sets of darts initiated at the same vertex,
called a rotation of the graph X gives rise to a map M’ = (X;p’) which corresponds
to an equivalence class of embeddings of X into a closed orientable surface. Let p be a
rotation of X. In the cycle decomposition of p, the cycle permuting the darts initiated
at a vertex v is said to be the local rotation p, at v. Clearly, p and p, are permutations
in Sp(x), the symmetric group on D(X), and p = [],cy(x) po. Denote by R(X) the set
of all rotations of X. Then for any p € R(X) and h € Aut(X), ph is the composition of
permutations p and h on D(X) in Spx) (for convenience, all permutations and functions
are composed from left to right).
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By contrast, it is known [2] that two embeddings of X into an orientable surface are
congruent if and only if their corresponding pairs M; = (X;p1) and My = (X; py) are
isomorphic, that is, there is a graph automorphism ¢ € Aut(X) such that p1¢ = ¢ps.
If p1 = p2 = p then ¢ is called an automorphism of the map M = (X;p) and all
automorphisms of the map M = (X;p) form the automorphism group of the map M,
denoted by Aut(M). It is well-known that Aut(M) is semiregular on D(X) (for example
see [2, Chapter 5]), that is, the stabilizer of any arc of D(X) in Aut(M) is the identity
group. In particular, the map M is regular if Aut(M) is transitive on the dart set D(X).

Mull et al. [11] enumerated the congruence classes of embeddings of the complete
graphs and the wheel graphs into orientable surfaces, and Mull [10] did the same work
for the complete bipartite graphs. Kwak and Lee [8] gave a similar but extended method
for enumerating the congruence classes of embeddings of graphs with a given group of
automorphisms into orientable and also into nonorientable surfaces.

As a distribution problem of the equivalence (or congruence) classes of embeddings
of a graph into each surface, the genus distributions for the bouquet B, and the dipole
D,, into orientable surfaces were done in [4] and [7], respectively, and a similar work into
nonorientable surfaces was done by Kwak and Shim [9].

For more results related to embeddings of connected graphs, see [2, 3, 5]. The enu-
merating approach in [11] was developed for simple graphs. In this paper it is generalized
to any graph with loops or multiple edges. With this generalization, we give formulae for
the numbers of congruence classes of embeddings of the bouquet B,,, the graph with one
vertex and n loops, and the dipole D,,, the graph with two vertices and n multiple edges.

2 Enumerating formula

In this section, we generalize Mull et al.’s method for enumerating the congruence classes
of embeddings of simple graphs to any graph with loops or multiple edges. This general-
ization can be easily proved by a similar method given in [11], and we omit the detailed
proof. For a graph X, since the automorphism group Aut(X) is defined as a permutation
group on the dart set of X, Aut(X) acts on its rotation set R(X) by conjugacy action, that
is, p* = a!pa for all @ € Aut(X) and p € R(X). Corresponding to Theorem 5.2.4(ii)
of [2], we have the following proposition which is just Burnside’s Lemma for the present
context.

Proposition 2.1 The number of congruence classes of embeddings of a connected graph
X s ]

X)|=—" Fi 1

CO = ] X Pl )

acAut(x)
where Fix(a) = {p € R(X) | a tpa = p} is the fived set of a.

Let Cl(a;), 1 < i < m, denote the conjugacy classes of Aut(X) with o; (1 <7 < m)
as representatives. It is easy to see that |Fix(«)| = |Fix(«;)| for every o € Cl(c;). Thus,
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Eq. (1) can be further written as the following form.

COO = T Z Fix(a) |CE(e)]. 2)

For 5 € Aut(X) which fixes v € V(X), we define the fized set Fix,(3) at v of 5 to be
the set of local rotations at v fixed by  under conjugacy action, that is,

Fix,(8) = {pv | p? = pu, po is a local rotation at v}.

Let @ € Aut(X). Consider the natural action of a on the vertex set V(X). Let {(v)
denote the length of the orbit of (a) containing v acting on V(X). Then Fix,(a/™) is
well deﬁned because o’ fixes v. Denote by N(v) the set of darts initiated at v, and
by a“®|y(, the restriction of o) on N(v), respectively. Let |[N(v)| = n and ¢ the
Euler functlon A permutation « on a set is said to be semiregular if the cyclic group («)
acts semiregularly on the set, that is, (a) has the trivial stabilizer at each vertex. The
following proposition corresponds to Theorems 4 and 5 of [11].

Proposition 2.2 Let o € Aut(X) and let S be the set of representatives of the orbits of
(o) acting on V(X). Then,

(1) [Fix(e)| = T es [Fixo (o)),

n

d)(2 —1Ddi~t i o]y, is semiregular and has order d,
(2) |Fix,(a/®)| = D)~ 1) Ne) &
0 otherwise.

3 Embeddings of a bouquet of circles

In this section we enumerate the congruence classes of embeddings of B,,, the bouquet
with n loops. For a real number z, denote by |z| the largest integer that is not greater
than z. For an edge e of B, let e™ and e~ be the two opposite darts corresponding to e.
Denote by

E(B,) = {e1,e2,...,en},
D(Bn) = {61_761_7"'76::76;}7
the edge set and the dart set of B, respectively. Let 1 < ¢ < n. To construct automor-
phisms of B, we divide the edge set {e1,es,...,e,} with r = £|%] into | 7] blocks of size
(¢ as follows:
e ea, .o et {enrs erra, .o earts o e —ner s e n - nyer2, - e}

and we define

0 ( + Y (o - - - In
9i = (6( ne+1 Ca-1ye+2 ez’é)(e(i—l)é-i-l Cla-1)e42 er), 1<i<|%],
¢ + - - - - _In
hi = (€ 1yes1 Cnyesa "~ i Caonyent Caonyere 0 )y 1 << |G
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as permutations of the arcs whose underlying edges are in the i-th block, respectively.
Then foreach 1 </ <nand1 << L%J, gf and hf are automorphisms of B,, with orders
¢ and 2/, respectively. Set

as = Hi%:l g; when s is an odd divisor of n,
by =TT, % Tliojia bt 0<j < [n/2t] when tis a divisor of n.

In particular,

bo =(ef - el e e ) ey ey g o €);
(ef ez) (e en) (enoaar e ) o o €y) i 2tmg
g =4 (e o eBer e em) (s o e
X(€nger ~ Ent)(Cnogp1 0 CF €ppir t €y) if 2t 1n.

Clearly, for an odd divisor s and any divisor ¢ of n, as and by; (0 < j < [3;]) are
semiregular automorphisms of B,, of orders s and 2t, respectively.

For example, if n =5, then s and ¢ are 1 or 5. In this case, all possible permutations
g¢, as, by j on the set D(B;) are as follows.

g =1(1<i<5), gi=(eeg - eg)leg e -+ e5),
ar =Tl 9l =1 as=(ef e - el)ler e -+ e5),
bro=TTi-i b = (ef er)(e3 ex)(eq e5)(ei ei)(ed e5),

bl,l = Hz 1gz Hz 3h'1 (61 6;)(61_ 62_
b= Hz 1gz Hz 5h1 (ef e3)(er e

Note that these are all semiregular automorphisms of Bs.

Let k; = (¢f e;) (1 < i < n)and K = (k) X --- x (k,). Then K = Z%. Set
A = Aut(B,). Clearly, A induces an action on the edge set E. The kernel of this action
is K and A/K = S,. In fact, the automorphism group Aut(B,) is the wreath product
Z51S, and |Aut(B,,)| = 2"n!. For an element g of a group A, denote by o(g) the order of g
in A, by C'4(g) the centralizer of g in A and by C'¢(g) the conjugacy class of A containing
g.

Let n > 2 and Q = {1,2,...,n}. Let S, be the symmetric group on . For a g € S,
the cycle type of g is the n-tuple whose k-th entry is the number of k-cycles presented in

the disjoint cycle decomposition of g. By elementary group theory, two permutations in
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S, are conjugate if and only if they have the same cycle type. Furthermore, if g € S, has
cycle type (t1,ta,. .., t,) then the conjugacy class C'¢(g) of S, containing g has cardinality

(3)

n!
[T it ()

and the size of the centralizer of ¢ in S, is n!/|C?(g)]|.

|Cl(g)| =

The following lemma describes the conjugacy class structure of semiregular elements
of Aut(B,), which is essential to enumerate the congruence classes of embeddings of a
bouquet B,, of n circles.

Lemma 3.1 Let A= Aut(B,) and let g be a semiregular element in A. Then o(g) | 2n.
If o(g) = s is odd, then g € Cl(as), and if o(g) = 2t is even, then g € Cl(b, ;) for some
0<j<|g). Furthermore,

(1) for any two odd divisors s1,sa of n, Cl(as,) = Cl(as,) if and only if sy = sa;

(2) for any two divisors ty,ty of n, Cl(by, ;) = Cl(by,;,) if and only if t1 = ty and

,jl :jg where 0 <j1 < L%J and 0 < j2 < L%J,

2"n! 2"n!

o NE Ty and \Cg(bt,jﬂ =
(25)s (2!
Proof. Let g have order p. Since g is semiregular on D(B,,), one has p | 2n. First assume
that each cycle in the disjoint cycle decomposition of g contains no opposite darts of an
edge. Then gK is conjugate in A/K to [[7;(et—1)ps1 -+ €;p) because A/K = S,,. Thus,
g is conjugate in A to

(3) |C(as)| = .

n—jt

27 . (2t) 7 -j!("‘szt)!

+

(e?;—l)p—i-l 6?2—1)p+2 eip>(€&—1)p+1 €li-ypt2 " €

in):

'Ems

1

)

which is a, when p is odd and bg,% when p is even. Now assume that a cycle in the disjoint

cycle decomposition of g contains the two opposite darts of an edge, say e* and e~. Then
there is an integer ¢ such that 0 < t < o(g) and (eT)9 = e~. Thus, g* fixes the edge e,
forcing (e‘)gt = e*. This means that ¢g* fixes the dart e™ and by the semiregularity of
g, g* = 1, implying o(g) | 2t. Since 0 < ¢ < o(g), one has o(g) = 2t. Note that ()9
and (e)9 are opposite darts and ((e*)?)9" = (e7)9. Then the cycle of ¢ containing et
and e~ has the form (efl1 efj el efli % -~-ef§), where 1 < 4y < iy < -+ < 4 < n,
0; = &1 and 4;0; = —1 for each 1 < j < ¢. The semiregularity of g implies that each cycle
in the disjoint cycle decomposition of g has length 2¢. Let j be the number of cycles in
the disjoint cycle decomposition of g which contains no opposite darts of an edge. Since
A/K = S, gK is conjugate in A/K to

|3

J
H(e2(i—1)t+1 T €2it) : (e(i—l)t—i-l te 6it)
i=1 i=2j+1
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and hence ¢ is conjugate in A to

=3

H(e;—(i—l)t—i—l eg_it)(eg(i—l)t—i-l T Cg) (65—1)t+1 e Cli-lyr1 €it),

this is, = is conjugate in A to b ;.

For (1), let s; and sy be two odd divisors of n. Clearly, if s; = sg, then Cl(as,) =
Cl(as,). If Cl(as,) = Cl(as,), then as, and a,, have the same order, implying s; = ss.

For (2), let t1,ts be two divisors of n. Similar argument as (1) gives that if ¢; # ty
then Cl(b;,) # Cl(b,). Let t; =ty =t and 0 < j1,jo < |5 ]. Clearly, if j; = j, then
Cl(b ;) = Cl(bj,). If Cl(bj,) = Cl(b;,) then b, ;, and b, ;, are conjugate in A and
hence the induced actions of b, ;, and b ;, on E are conjugate in A/K = S,. It follows
that j; = jo because the induced action of b, ;, (i = 1,2) on E' is a product of j; disjoint
2t-cycles and @ t-cycles.

To prove (3), we first prove the following fact.

Fact: Let t and s be divisors of n with s odd. Set x = a, or b;;, where 0 < j < |5]. If
there exists a k € K such that o(z) = o(zk) and xk is semiregular on D(B,,), then xk is
conjugate to z in K.

Assume that o(x) = o(zk) and xk is semiregular on D(B,). Then xk and z have the
same number of cycles in their disjoint cycle decompositions, which implies that k is a
product of even k;’s in K' = (k1) x- - - x (k,) because k; is a 2-cycle for each 1 < j < n. The
lemma is clearly true for £k = 1. Let k = k; ki, - - - ki, with 1 <4y <ig < -+ <9, < .

Set cg = (ef e5 -+ &F)(er 62_ e )and ¢ = (e} ey - ef el ey -+ €,). Assume
that © = ¢y or ¢;. Foreach 1 < j < r, let h; = H;ij:_i;jil k.. Then

195—1

-1
T hjx_ 1251 ZZ] H km = ZZ] 1 ZZth7

m=igj_1

that is, wki,, ki, = hj:)shj_l = hj_lxhj. Since k = k; ki, - - ki, , one has xk = h™'zh,
where h = H;Zl hj € K. Thus, zk and x are conjugate in K.

Now assume that z # ¢y, ¢;. For 1 < ¢ < n, let B, and B,_;, be the bouquets with
V(Bg) = V(Bn g) = V(B ) E(Bg) = {61,.. 6@} and E(Bn g) = {€7€+1,...,6n}.
T =as = Hl 1 gf then 2 > 1 because x # ¢y. Let 21 = g5 and x5 = [[, ;. Then, z;
and x5 are semiregular automorphlsms of B, and B,,_, respectlvely with o(z1) = o(zg) =
o(x) = s. Letx:btj =TI, ¢* i%zjﬂh? for some 0 < j < [2]. If j > 1let zy = g7

and zy = [[_, g% :2]+1h Since x # ¢g, one has xy # 1. Then o(z1) = o(xs) =

o(x) = 2t, and and 2o are semiregular automorphisms of the bouquets By, and B,,_o,
respectively. If j = 0 then & > 1 because & # ¢;. Let 2y = hf and x, = [, k. Then,
o(r1) = o(z3) = o(x) = 2t, and x; and x5 are semiregular automorphisms of the bouquets

B; and B,,_;, respectively. Thus, for z = a, or by ; (0 < j < |5;]) there always exist some
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1 < m < n and semiregular automorphisms z; and z, of the bouquets B,, and B,_,,
respectively such that z = x129 and o(z1) = o(x2) = o(x).

Let k = hihy be such that hy € (k1) X -+ X (ky,) and hy € (ky,11) X -+ - X (k). Since zk
is a semiregular automorphism of B,,, x1h; and xohe must be semiregular automorphisms
of the bouquets B,, and B,_,, with the same order as x because zk = (z1h1)(x2hs2). By
induction on n, there exist h} € (k1) X - -+ X (k,,) and h}, € (kp41) X -+ x (k,) such that
x1hy = (B)) " 'w1h and xohy = (Ry)"'aghl,. Let k' = h)h). Then,

ok = (x1h1)(22h2) = [() " oW ][(RG) ™ wahy] = (R hy) ™ arws(hyhy) = (K)'ak'.

This completes the proof of the Fact.
Now assume g € Ck(as) = Ca(as) N K. Recall that a; = H;l gf and K = (k) X
- x (k,) where k; = (e €;) for 1 <i < n. Since g € K, g commutes with g for each
I<i<t It follows that
CK(GS) = <l’1> X X <l’ﬁ>,

where x; = [[°_ (i—1)s+1 km for each 1 <4 < 2. Similarly, for each 0 < j < | 5] one has

Cr(bey) = (Y1) x -+ X {y;) X (22j41) X = X (zn),

where y; = Hiff 2(i—1)i+1 k,, foreach 1 <17 < jand z; = H’ntl (i kp, for each 2t7 +1 <

7L 2t
i < % Thus, Ck(as) = ZS and Cx (b ;) = 7} J
Set x = as or by, (0 <Jj < |gl) Itis stralghtforward to check Cy(z)K/K <
Ca/k(zK). Conversely, take yK € C'A/K(xK) Then yz K = xyK, that is, 270~ ob =
for some k' € K, implying that zk’ = y~'xy is semiregular and has the same order as .
By the above Fact, there exists a k € K such that k' = k~'xk and hence (yk)'z(yk) = =
(k = k71), implying yK = ykK € Cx(x)K/K. Tt follows that

i—1)t+1

CA(ZL’)K/K = CA/K(SL’K).

Note that K is the kernel of the induced action of A on the edge set £ = {ej,es,...,€,}.
One may view A/ K as a permutation group on F. Denote by K the induced permutation

of z on F. If v = a, then xK is a semiregular permutation of order s on E. Since
A/K = S, by Eq (3) one has

n N

|Ca/k(asK)| =55 (=)L

s
If x = b j then b, ;KX is a product of j disjoint 2¢-cycles and "_Tw disjoint t-cycles. Thus,

n—2tj
t

n—2tj
t

1Cayi(byK)| = (2t)75! - ¢ (

).
On the other hand,

Cale) K/ K = Ca(x)/(Calz) N K) = Ca(x)/Ck ().

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R41 8



Since |Cx(as)| = 2%, we have

[Calas)] = |Cklas)| - |Calas)/Cr(as)]
= ‘CK(CLS)‘ ' |CA(CLS)K/K‘
= 25 Ca/k(asK)|

= (297 (D)L

Similarly, one has

Calbg)| = 272" - 20yt (= = iy =2
As a result, one has
|A| 2"n|
|C€(CL8)| — = A - ,
[Calas)| (2s)s (5)!
|A] 2"n)
Clb ;)| = ———— = - —.
| ( t,])| |CA(bt,j)| 2 . (2t)T .j!(n—fjt)!

O

Theorem 3.2 Let C(B,,) be the set of congruence classes of embeddings of a bouquet B,
of n circles. Then

n_q L5

Bls)(2 — Dls- B(20)E (5 — 1)
|C(Bn)| = Z 2% ()l T |Z Z 2j1(2=2y
s | n s t | nj=0 t

Proof. By Proposition 2.1 and Eq. (2),

O = [y 2 U Fix(a

Note that |Fix(g;)| # 0 only for semiregular automorphisms g; because each rotation in
R(B,,) is a 2n-cycle. By Lemma 3.1 (1) and (2), we have

L2¢ ]

1 . .
[CBa)l = 55y > 1CUa)|[Fix(a)] + ) > 1Cbay) | [Fix(bar)|
-\l b Hmas
By Lemma 3.1 (3),
|A| 2™
|Cl(as)| = oaEiavg
[Calas)] (2s)= ($)!
|A] 2"n!
Clb )| = —— = — —.
| ( t7])| |CA(bt,j)| 2 . (2t)T .j!(n—fjt)!
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By Proposition 2.2,
[Fix(a,)| = ¢(s)(2—1)ls¥,
[Fix(bey)| = o(2t)(F — 1)(2t) "
Thus,

OB = 5 | 30 2 1)!8%_1+ZL§2"”' o(20)(2 = 1207

2mn! n n— S m—24
= (25) (3)! i 220 ()
s odd
S O - DlsE &R g0 (2 1)!
- Y TE=Z
s | n 2 (5) t ‘ nj= 2 )
s odd O

Let n = p be an odd prime. Then in Theorem 3.2, s and t should be 1 or p. Further-
more, the formula in Theorem 3.2 can be simplified as follows.

Corollary 3.3 Let p be a prime and let C(B,) be the set of congruence classes of em-
beddings of a bouquet B, of p circles. Then

2 p=2

cB =3 L
+2—p (2p—l
1 j=

p=3

M\‘

[en]

i

When n = 1,2,3,4,5,6,7 or 8 the number |C(B,)| is 1, 2, 5, 18, 105, 902, 9749 or
127072, which grows rapidly. The following theorem estimates how the number |C(B,)|
varies rapidly.

Theorem 3.4
L 1C(B)

= 1.
n—o0 (2n — 1)'/2"n'

Proof. We first give two facts without proof, of which the second one is well known.
Fact 1: The function f(z) = 2= ~! defined on (e, +00) is strictly monotone decreasing.

Fact 2: For a positive integer n, >, | . 0(d) =n.

Set
o ot S JRsenr(z - 1)l
Ap = Z 2%(2)' al H_ZZ 2]'("_2t])l .
s | n S t | n 7=0 t
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Then, |C(B,)| = (2n — 1)!1/2"n! + a,, + b,.
By Fact 1, ss 1< 337 for all s > 3. Tt follows

an < (n—=1)1357" > 4(s),

s;l‘ (;de
and by Fact 2, a, < n!35~. Now
_ an n!3s~1 _ gon 1 (n—1)!
i N S i T Jim 207357 2n— DI
Since =8 = 4.3+ 2.+ 224 < 2o, one has
. — 1) n235-1 29% -1 2
lim 2n2331. DY 28T 2
n—00 (2’)7, — 1)” n—oo  2n—1 n—oo 20—l n—oo 23

Thus, i
us, i D
It is easy to see that

&2 —1) n—l 3 2ty (26) 1 (2 — 1))
bn - 2][ ZZO 2]] n 2t])'

t>1

<E+D0D oG - 1)
<4 Zn¢(2t)(2t)%‘l(% — 1)L,

Again by Facts 1 and 2, one has b, < n!/2 4+ n?427!(n — 1)!. Then,
n!/2 +n?45 7 (n — 1)! (n—1)!

T 2 362-1
1o e Nl P T R
Noting that (2n 1)) < %%1, one has
gon_qy (n—=1)! n? n®
Jm (1 +n°25 ) S g+ Jim oy =0,
bn
As a result, nh_)rrgo Gn 1)z = 0 and hence
|C(B,)| an + b,
li =1+1
e 2n D2l n = )2l

Note that |R(B,)|/|Aut(B,)| = &=L We have the following corollary.

2nn!

Corollary 3.5 Asymptotically, |C(B,)| = |R(B,)|/|Aut(B,)|.
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4 Embeddings of a dipole

In this section we enumerate the congruence classes of embeddings of D,,, the dipole with
two vertices and n multiple edges. For an edge e of D,,, let et and e~ be the two opposite
darts corresponding to e, respectively. The following theorem is the main result of this
section.

Theorem 4.1 The number |C(D,,)| of congruence classes of embeddings of the dipole D,

18
L 1)lsi 1
n_q . . .
qu __115 +ZZ2]+1 T 2)) if n is odd;
t | n s | n] =0
g z_1) 1g7—1
O UNUIIIENS 3 ke s mtlis
t ‘ n s | n )= =0
s odd
£ _n I e
+ Z (3) )) if n is even.
r|ln 7‘ :
Proof. Let
V(D) = {u,v},
E(D,) = e eq,...,en},
Furthermore, assume that e, e, ..., e/ initiate at a given vertex of D,,, say u. For each
1 < ¢ < n, define
0 _ (+ + (o — — - n
¢ = (e(i—l)é—i-l Cli—1)e42 "7 eié)(e(i—l)é-i-l Cl-1ye+2 €x), 1<i<|[%].
Clearly, ¢! is an automorphism of D,, of order /. Set
9o = [T, & - 1_[2-%':2]-Jrl c;,0<j < |3] when s is an odd divisor of n,
hy = Z-%:l ct when ¢ is a divisor of n.

Let A = Aut(D,,). Let H and K be the kernels of A acting on the vertex set V(D))
and edge set E(D,), respectively. Then, A/H = Z, and A/K = S,,, the symmetric
group of degree n. It follows that A = H x K = S, X Z,, where K = (k) with k =
(ef e7)(es e5)---(ef e,). Clearly, H can be viewed as a symmetric group on the dart
set DT(D,) ={ef,es,...,e)}. For g € Aut(D,,), denote by C¥(g) the conjugacy class of
A containing g.

Let g € A and p € R(D,) be such that g7'pg = p. As A = H UkH, one has
g € H or kH. First assume g € H. Then, g fixes the vertices u and v, and ¢ 1pg = p
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implies that ¢g~'p,g = p,. Since p, is an n-cycle on the set D*(D,) and since H can
be viewed as a symmetric group on D™(D,,), g 'p,g = p, implies that g, as a permu-

tation on D1 (D,), is semiregular. Then, g, as a permutation on D*(D,,), is conjugate
to [ 11 (eG 1ys1 €i1ye ~ - €ir) for some divisor ¢ of n because A/K = S,. And as a
permutation on D(D,), g is conjugate to

J’_

hy = (65—1)t+1 6?;—1)1&—1—2 )€ty Gt T G-

'zﬂz

=1

Now assume g = kh € kH. Then g 'pg = p implies g 2pg* = p, that is, h=2ph? = p.
Since h € H fixes each vertex of D,, h=2p,h?> = p,. Noting that p, is an n-cycle on
D*(D,,), h? must be semiregular, implying that & is either semiregular or has two kinds
of cycles in the disjoint cycle decomposition of A which have length an odd integer s or
length 2s. If h is semiregular of order ¢ then h € Cl(h;) and g € Cl(kh;). If h has two
kinds of cycles of length s and 2s, let h be of j disjoint 2s-cycles in the disjoint cycle
decomposition of h. Then h € Cl(g,;) and g € Cl(kg,;) for 1 < j < |5%]. Note that
gs,0 = hs and if n is even then gs,2 = hos is semiregular. By Proposition 2.1,

C(D,)| = m > CtlaFix(s

where Cl(g;)(1 < ¢ < m) are the conjugacy classes of Aut(D,,) with representatives
9:;(1 <i < m) and Fix(g;) = {p € R(D,,) | g; *pgi = p}. Thus,

( n
L35]
1 . . e
ﬁ(z |CL(h)|[Fix(he)| + > > |CU(kg, j)|[Fix(kg,;)]) if nis odd,
“tln s | nj=0
n
1 ] 2s )
OO =4 5O ICHmIFix(h) + 30 3 [Celkg.,)|IFix(hg, )
Sl iy 7=
+ > |CU(kh,)|[Fix(kh,)|) if n is even.
\ rre‘vgn
Note that A = H x K = S,, X Zy. Let s and t be divisors of n with s odd. Then,
|Cl(kgs;)| = [Cllgs;)| = (28)3.],!'8%’1!2].(&_2],)! for each 0 < j < [2] and |Cl(kh)| =

|Cl(hy)| = t%T(Li—L)" By Proposition 2.2, one has
Y

Fix(h)| = [Fixc,(hy)||Fixy (k)| = (6(£)(2 — 1)1% )2
Fix(kgs )| = |Fix,(g2,)] = ¢(s)(2 — s+,
Fix(kh,)| = [Fix,(h?)] = ¢(5)(Z — 1)I(5)+
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As a result, we have |C(D,,)| =

Z¢ t__l—i-zz __1)18] : if n is odd
- 1II n 1 ;
t|n s\n]O ]+1 __2.]> ’
1 - __11311
tzl;LCb )Nt —l—;; 2]-‘1—1 ——2j)
s odd

L3 B - D

if n is even.

This completes the proof. O

For some small n, the numbers |C(D,,)| are |C(D3)| = 2, |C(D4)| = 3, |C(Ds5)| =T,
|C'(Dg)| = 19, |C(D7)| = 71, |C(Ds)| = 369, |C(Dg)| = 2393 and |C'(D;)| = 18644.
Furthermore, a similar analysis to Theorem 3.4 and Corollary 3.5 gives rise to

lim _CDa)] — lim €Dl =1
woe = D2/~ noe [RD)/TAW(D,)]

Remark: Genus distribution of the equivalence classes of 2-cell embeddings of some
graphs such as bouquets of circles and dipoles are known. However, the genus distribu-
tion of congruence classes of 2-cell embeddings of graphs is unknown, except a stemmed
bouquet, a bouquet with an attaching edge. In fact, Gross, Robbins and Tucker [4] gave a
recurrence formula for the genus distribution of congruence classes of a stemmed bouquet.
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