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Abstract

Given a graph G = (V,E), a vertex subset S C V is called t-stable (or t-
dependent) if the subgraph G[S] induced on S has maximum degree at most ¢. The
t-stability number ay(G) of G is the maximum order of a ¢-stable set in G. The
theme of this paper is the typical values that this parameter takes on a random
graph on n vertices and edge probability equal to p. For any fixed 0 < p < 1 and
fixed non-negative integer ¢, we show that, with probability tending to 1 as n — oo,
the t-stability number takes on at most two values which we identify as functions
of t, p and n. The main tool we use is an asymptotic expression for the expected
number of ¢-stable sets of order k. We derive this expression by performing a precise
count of the number of graphs on k vertices that have maximum degree at most t.

1 Introduction

Given a graph G = (V, E), a vertex subset S C V is called t-stable (or t-dependent) if
the subgraph G[S] induced on S has maximum degree at most t. The t-stability number
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ay(G) of G is the maximum order of a t-stable set in G. The main topic of this paper is
to give a precise formula for the ¢-stability number of a dense random graph.

The notion of a t-stable set is a generalisation of the notion of a stable set. Recall that
a set of vertices S of a graph G is stable if no two of its vertices are adjacent. In other
words, the maximum degree of G[S] is 0, and therefore a stable set is a 0-stable set.

The study of the order of the largest t-stable set is motivated by the study of the
t-improper chromatic number of a graph. A t-improper colouring of a graph G is a vertex
colouring with the property that every colour class is a t-stable set, and the t-improper
chromatic number x;(G) of G is the least number of colours necessary for a ¢t-improper
colouring of GG. Obviously, a 0-improper colouring is a proper colouring of a graph, and
the O-improper chromatic number is the chromatic number of a graph.

The t-improper chromatic number is a parameter that was introduced and studied
independently by Andrews and Jacobson [1], Harary and Fraughnaugh (née Jones) [11, 12],
and by Cowen et al. [7]. The importance of the ¢-stability number in relation to the ¢-
improper chromatic number comes from the following obvious inequality: if G is a graph
that has n vertices, then

The t-improper chromatic number also arises in a specific type of radio-frequency as-
signment problem. Let us assume that the vertices of a given graph represent transmitters
and an edge between two vertices indicates that the corresponding transmitters interfere.
Each interference creates some amount of noise which we denote by N. Overall, a trans-
mitter can tolerate up to a specific amount of noise which we denote by 7. The problem
now is to assign frequencies to the transmitters and, more specifically, to assign as few
frequencies as possible, so that we minimise the use of the electromagnetic spectrum.
Therefore, any given transmitter cannot be assigned the same frequency as more than
T/N nearby transmitters — that is, neighbours in the transmitter graph — as otherwise
the excessive interference would distort the transmission of the signal. In other words, the
vertices/transmitters that are assigned a certain frequency must form a T'/N-stable set,
and the minimum number of frequencies we can assign is the 7'/N-improper chromatic
number.

Given a graph G = (V) E), we let S; = S;(G) be the collection of all subsets of V' that
are t-stable. We shall determine the order of the largest member of S; in a random graph
Gnp- Recall that Gy, ;, is a random graph on a set of n vertices, which we assume to be
Vo :={1,...,n}, and each pair of distinct vertices is present as an edge with probability
p independently of every other pair of vertices. Our interest is in dense random graphs,
which means that we take 0 < p < 1 to be a fixed constant.

We say that an event occurs asymptotically almost surely (a.a.s.) if it occurs with
probability that tends to 1 as n — oo.
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1.1 Related background

The t-stability number of G, ,, for the case t = 0 has been studied thoroughly for both fixed
p and p(n) = o(1). Matula [20, 21, 22] and, independently, Grimmett and McDiarmid [10]
were the first to notice and then prove asymptotic concentration of the stability number
using the first and second moment methods. For 0 < p < 1, define b :=1/(1 — p) and

app(n) == 2log,n — 2log, log, n + 2log,(e/2) + 1.
For fixed 0 < p < 1, it was shown that for any € > 0 a.a.s.
Lop(n) — 2] < an(Ghyp) < lagp(n) + e, (1)

showing in particular that x(G,,) = (1 —¢)n/agp(n). Assume now that p = p(n) is
bounded away from 1. Bollobds and Erdds [4] extended (1) to hold with p(n) > n=? for
any 0 > 0. Much later, with the use of martingale techniques, Frieze [9] showed that for
any € > 0 there exists some constant C. such that if p(n) > C./n then (1) holds a.a.s.

Efforts to determine the chromatic number of G, , took place in parallel with the
study of the stability number. For fixed p, Grimmett and McDiarmid conjectured that
X(Gnp) ~ n/agp(n) a.a.s. This conjecture was a major open problem in random graph
theory for over a decade, until Bollobés [2] and Matula and Kucera [19] used martingales
to establish the conjecture. It was crucial for this work to obtain strong upper bounds on
the probability of nonexistence in G, , of a stable set with just slightly fewer than g ,(n)
vertices. Luczak [18] fully extended the result to hold for sparse random graphs; that is,
for the case p(n) = o(1) and p(n) > C/n for some large enough constant C. Consult
Bollobas [3] or Janson, Luczak and Rucinski [15] for a detailed survey of these as well as
related results.

For the case t > 1, the first results on the t-stability number were developed indirectly
as a consequence of broader work on hereditary properties of random graphs. A graph
property — that is, an infinite class of graphs closed under isomorphism — is said to be
hereditary if every induced subgraph of every member of the class is also in the class. For
any given t, the class of graphs that are t-stable is an hereditary property. As a result
of study in this more general context, it was shown by Scheinerman [25] that, for fixed
p, there exist constants ¢,; and ¢, such that ¢,;Inn < (G, ,) < ¢p2lnn aa.s. This
was further improved by Bollobas and Thomason [5] who characterised, for any fixed p,
an explicit constant ¢, such that (1 —¢)c,Inn < au(G,p) < (1 +¢€)c,Inn a.as. For any
fixed hereditary property, not just ¢-stability, the constant ¢, depends upon the property
but essentially the same result holds. Recently, Kang and McDiarmid [16, 17] considered
t-stability separately, but also treated the situation in which ¢ = t(n) varies (i.e. grows)
in the order of the random graph. They showed that, if ¢ = o(Inn), then a.a.s.

(1 —¢e)2logyn < ay(Grp) < (1 +¢)2log,n (2)

(where b = 1/(1—p), as above). In particular, observe that the estimation (2) for au(G,, )
and the estimation (1) for ag(G,,,) agree in their first-order terms. This implies that as
long as t = o(lnn) the t-improper and the ordinary chromatic numbers of G, , have
roughly the same asymptotic value a.a.s.
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1.2 The results of the present work

In this paper, we restrict our attention to the case in which the edge probability p and
the non-negative integer parameter t are fixed constants. Restricted to this setting, our
main theorem is an extension of (1) and a strengthening of (2).

Theorem 1 Fiz 0 <p<1andt>0. Setb:=1/(1—p) and
ayp(n) := 2logyn + (t — 2) log, log, n + log, (' /t1?) + tlog, (2bp/e) + 21og,(e/2) + 1.
Then for every € > 0 a.a.s.
lap(n) —e] < a(Gnyp) < [oup(n) +¢.

We shall see that this theorem in fact holds if € = £(n) as long as € > Inlnn/vInn.

We derive the upper bound with a first moment argument, which is presented in
Section 3. To apply the first moment method, we estimate the expected number of ¢-
stable sets that have order k. In particular, we show the following.

Theorem 2 Fiz 0 <p<1andt > 0. Let aik)(G) denote the number of t-stable sets of
order k that are contained in a graph G. If k = O(Inn) and k — oo as n — oo, then

. k/2
E(al™) (G,p)) = <e2n2b—k+1kt—2 (%) t%) (14 (1)),
(Note that by (2) the condition on k is not very restrictive.) Using this formula, we will
see in Section 3 that the expected number of t-stable sets with |ay,(n) + €] + 1 vertices
tends to zero as n — oo.

The key to the calculation of this expected value is a precise formula for the number of
degree sequences on k vertices with a given number of edges and maximum degree at most
t. In Section 2, we obtain this formula by the inversion formula of generating functions
— applied in our case to the generating function of degree sequences on k vertices and
maximum degree at most ¢. This formula is an integral of a complex function that is
approximated with the use of an analytic technique called saddle-point approximation.
Our proof is inspired by the application of this method by Chvétal [6] to a similar gen-
erating function. For further examples of the use of the saddle-point method, consult
Chapter VIII of Flajolet and Sedgewick [§].

The lower bound in Theorem 1 is derived with a second moment argument in Section 4.

We remark that Theorems 1 and 2 are both stated to hold for the case t = 0 (if we
assume that 0° = 1) in order to stress that these results generalise the previous results
of Matula [20, 21, 22| and Grimmett and McDiarmid [10]. Our methods apply for this
special case, however in our proofs our main concern will be to establish the results for
t>1.
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In Section 5 we give a quite precise formula for the t-improper chromatic number of
Gpp. For t = 0, that is, for the chromatic number, McDiarmid [23] gave a fairly tight
estimate on x(Gpp)(= Xo(Gn,p)) proving that for any fixed 0 < p < 1 a.a.s.

n < (G ) < n
X Xo np) X .
0607;,,(71,) —1- O(l) P a07p(n) —-1- % - W + O(].)

Panagiotou and Steger [24] recently improved the lower bound showing that a.a.s.

n
o) — 5 — 1+ o(1)’

XO(Gn,p) 2

and asked if better upper or lower bounds could be developed. In Section 5, we improve
upon McDiarmid’s upper bound and we generalise (for ¢ > 1) both this new bound and
the lower bound of Panagiotou and Steger.

Theorem 3 Fiz 0 <p <1 andt > 0. Then a.a.s.
n n

< Xe(Gnyp) < .
g p(n) — % —1+0(1) HGny) arp(n) — % —2—o0(1)

Given a graph G, let the colouring rate ag(G) of G be |V(G)|/xo(G), which is the
maximum average size of a colour class in a proper colouring of G. Then the case t = 0
of Theorem 3 implies for any fixed 0 < p < 1 that a.a.s.

2 . 2
app(n) — s 2 —o0(1) <ap(Gryp) < agp(n) — b

—1+4o0(1).

Thus the colouring rate of G, , is a.a.s. contained in an explicit interval of length 1+0(1).
We remark that Shamir and Spencer [27] showed a.a.s. O(y/n)-concentration of xo(Gh,)
— see also a recent improvement by Scott [26]. (The O notation ignores logarithmic
factors.) It therefore follows that ag(G,,,) is a.a.s. O(n~"?)-concentrated.

The above discussion extends easily to t-improper colourings.

2 Counting degree sequences of maximum degree ¢

Given non-negative integers k,t with ¢ < k, we let

Coml(t, k) = > ﬁ.

(Ao ), 3, di=2mydy<t £ 480

(Here, the d; are non-negative integers.) Given a fixed degree sequence (dy, ..., d;) with
Y. d; = 2m, the number of graphs on k vertices (v, ..., v;) where v; has degree d; is at
most

1 (2m)!
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See for example [3] in the proof of Theorem 2.16 or Section 9.1 in [15] for the defini-
tion of the configuration model, from which the above claim follows easily. Therefore,
Com(t,k)(2m)!/(m!2™) is an upper bound on the number of graphs with k vertices and
medges such that each vertex has degree at most t. Note also that (2m)!Cy,, (¢, k) is the
number of allocations of 2m balls into k& bins with the property that no bin contains more
than ¢ balls.

In the proof of Theorem 2, we need good estimates for Cy,, (¢, k), when 2m is close
to tk. In particular, as we will see in the next section (Lemma 7) we will need a tight
estimate for Cy,, (¢, k) when t —Ink/vk < 2m/k <t —1/(v/kInk), since in this range the
expected number of ¢t-stable sets having m edges is maximised. We require a careful and
specific treatment of this estimation due to the fact that 2m/k is not bounded below t.

For t > 1, note that Cy,,(t, k) is the coefficient of 2™ in the following generating

function:
t

A\ k
G(2) = Ry(2)F = (Z %) .

i=0
Cauchy’s integral formula gives

Com(t. ) = —— / R,

27 c 22m+1 )

where the integration is taken over a closed contour containing the origin.
Before we state the main theorem of this section, we need the following lemma, which
follows from Note IV.46 in [8].

Lemma 4 Fizt > 1. The function rRy(r)/Ri(r) is strictly increasing in r for r > 0.
For each y € (0,t), there exists a unique positive solution ro = ro(y) to the equation

rRi(r)/Ri(r) = y and furthermore the function ro(y) is a continuous bijection between
(0,t) and (0,00). Thus, if we set

4 aRy()
dr Ri(x) ’

z=ro(y)

s(y) = ro(y)

then s(y) > 0.

We will prove a “large powers” theorem to obtain a very tight estimate on Cy,, (¢, k) when
2m/k is quite close to t. A version of this theorem holds if we instead assume that 2m/k
is bounded away from t; indeed, this immediately follows from Theorem VIILS8 of [8].
However, our version, where 2m/k approaches ¢, is necessary in light of Lemma 7 below.

Theorem 5 Assume thatt > 1 is fized and k — oco. Suppose that m and k are such
that t —Ink/Vk < 2m/k <t —1/(Vklnk) for any e > 0, and ry and s are defined as in
Lemma 4. Then uniformly

1 Ri(ro(2m/k))*

Conm(t, k) = 2rks(2m/k) ro(2m/k)*m

(14 0(1)).
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In the proof of the theorem (as well as in later sections), we make frequent use of the
following lemma, whose proof is postponed until the end of the section.

Lemma 6 Ify = y(k) — t as k — oo (and y < t) and ro and s are defined as in
Lemma 4, then

="+ 0(1), (3)
t—y

d’f’o 7’02 1
2 _22 (1 — 4
&y : < + O <r0)>’ and (4)

4 (vo2))

Proof of Theorem 5 The proof is inspired by [6]. Throughout, we for convenience
drop the subscript and write R(z) in the place of Ri(z). Recall that ro = ro(2m/k) is
the unique positive solution of the equation rR'(r)/R(r) = 2m/k, where t — Ink/Vk <
2m/k <t —1/(vkInk), and let C be the circle of radius ry centred at the origin. Using
polar coordinates, we obtain

1 ip\k ) 1 g ip\k
Comlt, ) = — /C - BOroc®)" 0 ciey = / Blroc®)”

271 2m+1ei2m<p6i<p 271-7:02777, ei2m<p

We let § = 6(k) :=Inky/7o/k and write
1 2m—4 R(Toeigo)k 9 R(,r,oeigo)k
m(t k) = — 7 d ———dp | .
Com(t, k) T < /5 oy e+ / e so) (6)

Note that, since 2m/k < t — 1/(Inkv'k), it follows from (3) that 6 — 0 as k — oo. We
shall analyse the two integrals of (6) separately.

To begin, we consider the first integral of (6) and we wish to show that it makes a
negligible contribution to the value of Cs,,(t, k). Note that

t

[R(roe')| = (Z i COS(J’@)) - (Z Z%jsmoso))

J=0 J=0

- ¥

01, Je<t

rojl +Jj2

o (cos(ine) cos(ip) + sine) sin(ia)

T0j1+j2 . .
= Z ﬁcos((ﬁ — J2)¥)
0ot I
e J1+j2 ‘ .
= RBro? = 3 T (L= cos (= a)g)). (7)

01 <ja <t

Note that rg — oo as k — oo. Hence, from (7),

. M(l — cos 80)
[R(re) > < Riro)? (1 ZED
13_2 + @(7’0 t )

2t
To

= R(rp)? (1 — (1 +0(1))=(1 — cos <p)) :
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It follows that for k large enough

/:M Mdgp' < 27 R(ro)" (1 —(1+ 0(1))§

6z2mgp To

(1 - cos 5>)m

< 27 R(ro)" exp (—Qt—k(l — cos 5))

To

2 _
t ko 1 COSé-lnk).

(8)

= 27 R(r)F exp( 3 ok o2

Since § — 0, we have that (1 — cosd)/6?> — 1/2. By the choice of §, we also have that
k62 /(roInk) — oo as k — oo, and it follows from Inequality (8) that

/27r—5 R(,r,'oeigo)k dsp
)

ez2m<p

< R(ro)*/k, (9)

for large enough k.
In order to precisely estimate the second integral of (6), we consider the function
f: R — C given by

o) = Rl exp (=% ) = oo (<% <Z " cost o) + isin(jw))) .

The importance of the function f is that

5 ’T’Q 6“’0

s ez2m<p f
We will show that the real part of f(p)* is well approximated by R(rq)* exp(—skyp?/2)
when |p| is small — see (12) below. The imaginary part can be ignored as the integral
approximates a real quantity.

To this end we will apply Taylor’s Theorem, and in order to do this we shall need the
first, second and third derivatives of f with respect to . First,

f'(p) = exp (—i%m@) (i T (%m —]) (sin(je) — iCOS(jsO))) -

J=0

Note that
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Therefore,

_ (rﬁ’f;")o)) roR (ro) — 10> R"(ro) — ro R (1)

S— (7_7%?;2;0)2 + 1R (ro) + R'(ro))
Rt ((TOR"(TO) +R (;0()201;’2(r0) - rOR'(r0)2)

B d zR(x)
= R R

= —R(ro)s(2m/k). (10)

T=rg

Thus, f”(0) < 0 by Lemma 4. Last, we have

P == 1) =i e (~i %) <Z (B 3 dteostio) + isin(jw)))

= !

vow (i) (Z (B3 e sintie) + cos@@)) .

J=0

Since 1y — oo as k — oo, there is a positive constant a such that a < 7o, for k
sufficiently large. Clearly, f(0) = R(rg) > a'/t! > 0. The continuity of f on the compact
set —m < ¢ < 7 implies that there is a positive constant dy such that whenever || < dg
we have Re(f(p)) > 0. Since the first two derivatives of Im(f(¢)) with respect to ¢
vanish when ¢ = 0, and also Im(f(0)) = 0, Taylor’s Theorem implies that

903

[m(f(p))l < sup [Im(f" ()]
<o

if || < do. Now, note that Re(f(p)) and Im(f"”(p)) can be considered as polynomials
of degree t with respect to 9. The leading term of Re(f(p)) is

t

Re <exp (—i%nso) (cos(tp) + isin(tgo))) %

thus, Re(f(p)) = Q(r¢!). On the other hand, using the derivative computations above
and simplifying, it follows that the leading term of I'm(f"(¢)) is

Im (exp (—z'%m@) (sin(t) +¢cos(t<p))> <t _ 277")3 o'

th
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By (3), t—2m/k = (1+0(1))t/ro and thus Im(f" (o)) = O(ro™1). So, there exists ¢; > 0
such that for every ¢ with |p| < dg

supjp<s, I (@)l e

Re(FleD] o

and therefore

fmmm%qw
Re(f(9))| S 6ro”

for any ¢ with |¢| < dp. On the other hand, we have (see pages 15-16 of [6] for the

Re(z)*
ek,r) = (1+a)f —1—ak <e™—1

Im(z)
Re(z)

with

(for x > 0). Since €(k, x) increases in x for z > 0, we have

) )

whenever |p| < 6 < dy.
Next, we approximate the function In Re(f(y)). First,

d
@(m Re(f()))

oo Be(f(¥))

Second, we have

& Cd (R Relf"(@)Re(f(2)) — Re(f(2))?
dw@%“””‘w<&ww»‘

therefore, by Equation (10),

d2
dip?

_ Re(f"(0))Re(f(0)) — Re(f'(0))*> _ —R(ro)s
=0 Re(f(0))? R(ro)

—— (I Re(f(y)))

Now, the numerator of the third derivative with respect to ¢ is

(Re(f"(@))Re(f () — Re(f'(£))*) Re(f(¢))*
— 2Re(f () (Re(f" (@) Re(f(¢)) — Re(f'())?)
(f(

= Re(f @))(Re "(¢))Re(f () — Re(f'(¢))*) Re(f(¢))
— 2(Re(f"(p))Re(f () — Re(f'(«0)) ))
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Thus an elementary calculation gives that (for |¢| < d¢)

5 Re(f(9))
_ Re(f"(¢))Re(f(9))* — 3Re(f" () Re(f'(¢)) Re(f () + 2Re(f'())?
Re(f(¢))? '
If, as we did earlier for Re(f(p)) and Im(f"”(¢)), we consider Re(f'(v)), Re(f"(yp)) and

Re(f"(p)) as polynomials with respect to rg, we can show that Re(f'(¢)) = O(ro"™ "),
Re(f"(¢)) = O(rg'™') and Re(f"(¢)) = O(ro'™!). Tt then follows that there exists ¢y > 0
such that for every ¢ with |p| < do

d3 Co

w(lnRe(f(w)))) <2

Therefore, Taylor’s Theorem implies that for every ¢ with |p| < dp we have

In Re(f(p)) — (lnR(ro) - 8%)‘ < Cgfo .

It follows that

02]{?53 Re(f(<p))k C2k53
P (‘ 670 ) S Rlro)F exp(—skg?/2) eXp( 670 ) ‘

The condition that 2m/k < t — 1/(Inkv/k) and (3) together imply that 7y < t1Inkv/k +
O(1). Therefore, k6® /1o = +/ro/kIn*k — 0 as k — oo, and we have

3 53 k&3
exp (Céké ) =140(1) and € (k, 0617) < exp (C% ) —1=0(1),
0

To To

proving that

Re(f()*) = R(ro)" exp(—ske®/2)(1+ o(1)) (12)
uniformly for |p| < 6. From (6), (9) and (12), we obtain
5

27707 Cop (L, k) = R(1)* (/

exp(—ske?/2)dp + 0(1)) . (13)
-5

Using a change of variables ¢y = v/ sky, observe that

[ oo (Y aom [ e (5= B,

as k — oo since 6v/sk ~ v/tInk — oo. Thus, Equation (13) becomes

27T7“02m02m(t, k’) = \/%R(To)k(l + 0(1))

and the result follows.
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2.1 Proof of Lemma 6
Proof of Equation (3) First, note that ry = ro(y) — oo as k — oo by Lemma 4. So

) ! t—1 1
e =g (50 (55))

t t 1
Riro)="2 1+~ +0(=])).
t' To 7’02
Thus,

: 1+ +0 (5 _
roflrg) _,~ " (O>:t(1+t 1+O(%))(1—i+0(%))
R(ro) 1+%+O<#> To To To To

:t<1—ri0+t;01+0(%02)):t(l—%jLO(EZ)). (14)
Since roR!(10)/R(ro) = y = t(1 — (t — y)/t), we obtain

1—’5_—y:1—l+0(1) (15)

t To 2

To
e (10 (1)),
t—y To

and this implies the desired expression.

which can be rewritten as

Proof of Equation (4) A more careful treatment of the computations for the proof of (3)
shows that the O(1/r¢?) error term in (15) may instead be written n(1/rq)/ro* where 7 is
a power series with positive radius of convergence. In particular, as roR'(ry) and R(r() are
polynomial functions of 7y, (14) yields, for some power series 1, 72 and 7, with positive
radius of convergence, that

y  roR(rg) 1+t nbge <1+t—1 771(1/7’0)> < ¢ 772(1/7’0))

t tR(ro) N 1+%+%

1 1 1
To To/ To

Then, by differentiating both sides of this expression with respect to y, we obtain

_od o (L) LY dn
t  drg 70 g ro) 10?) dy -
We have that

d (1, (1) 1)_1 Y2 (Y11 (1
d’r’o To " To 7’02 —7“()2 n To 7’03 To 7“()4_’/“02 7“()3
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and (4) immediately follows.
Proof of Equation (5) By the definition of r¢, it follows from the chain rule that

. iTOR/(TO) . iroR/(To)%
dy R(rg) dro R(ro) dy’

Thus,

implying that

as required.

3 The expected number of {-stable sets of order £ -
proof of Theorem 2

In this section, we give an asymptotic expression for the expected number of t-stable
subsets of V,, of order k in G, ,, proving Theorem 2. In light of (2), we will consider k
such that £ = k(n) = O(Inn) and k — oo as n — oo. Towards the end of the section, we
will specify k£ and derive the upper bound of Theorem 1 by a first moment argument.

Let A be a subset of V,, that has order k. If agk)(Gn,p) denotes the number of subsets
of V,, of order k that are t-stable, then

Blaf(Guy)) = () Pl € 5

Partitioning according to the number of edges that A induces, we have

|tk /2]
P(AcS)= ) PAES, e(d)=m). (16)

By the definition of Cy,(t, k) (given at the beginning of Section 2), it follows that

k
2

P(A e S, e(A) =m) <p™(1 —p)( )_mC2m(t, k) (2m)!

ml2m

=: f(m). (17)

First, we find the value of m for which the expression f(m) on the right-hand side of (17)
is maximised. If m* is such that f(m*) = max{f(m) : 0 < 2m < tk}, it turns out that
the following holds.
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Lemma 7 2m* =tk — \/tk/bp + o(\k).
Proof Let A\, = A\ (t, k) = f(m+1)/f(m). Thus,

_ P C2m+2(t, k‘) 1 (2m + 2)(2m + 1) _ P C2m+2(t, k’)

We will estimate A, for all m with 0 < 2m < tk and treat three separate cases:
(A) 2m < th — VEInk;
(B) 2m > tk — Vk/Ink; and
(C) th —VkInk < 2m < th —Vk/Ink.

We will use Theorem 5 in Case (C), as we will determine those values m for which A, ~ 1
within that range. In the other cases we will use a cruder argument, which is nonetheless
sufficient for our purposes.

(2m+1).

Case (A)

We will show that A, > 1 for any such m. We set Sy, (t, k) = (2m)!Cy,,, (¢, k). Note that
this is equal to the number of ways of allocating 2m labelled balls into k bins so that each

bin does not receive more than ¢ balls — we also denote the set of such allocations by
Som(t, k). We have

C2(m+1)(t’ k) . S2(m+1)(t> k) 1 (18)
Com(t k) Som(t,k) (2m+2)2m +1)

We will obtain a lower bound on the left-hand side, by first obtaining a lower bound on
the ratio Souni1)(t, k)/Sam(t, k). Let us consider 2m + 2 distinct balls which we label
1,...,2m+1,2m+2. We construct an auxiliary bipartite graph whose parts are Sy, (t, k)
and Soma(t, k). If ¢ € Sy(t, k) and ¢ € Sopmya(t, k), then (c,¢’) forms an edge in the
auxiliary graph if ¢ restricted to balls 1,...,2m is c. So any ¢ € So,42(t, k) is adjacent to
exactly one configuration ¢ € Sy, (t, k), that is, its degree in the auxiliary graph is equal
to 1. Also, if e(c) is the number of non-full bins in a configuration ¢ € Sy, (¢, k), then ¢ has
at least e(c)(e(c) — 1) neighbours in Say,42(t, k). This is the case since there are at least
e(c)(e(c)—1) ways of allocating balls 2m+1 and 2m+2 into the non-full bins of ¢, therefore
giving a lower bound on the number of configurations in Sy,,12(t, k) whose restriction on
the first 2m balls is ¢. But 2m < tk — VkInk and therefore e(c¢) > Vk(Ink)/t. These
observations imply that for k£ large enough

kln’ k
S2m+2(t7 k) 2 Tt252m(t7 k)v
and therefore
Cotmen)(t k) Sopmen) (L, k) 1 N k1n®k o (0K
Com(t, k) Som(t,k) 2m+2)2m—+1) 7 22m+2)(2m+1) m )’

So A\, = Q(In* k) > 1 in Case (A).
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Case (B)

We treat this case similarly. We consider an auxiliary bipartite graph as above. Let
¢ € Som(t,k) be a configuration of balls 1,...,2m. Since there are at most v&/Ink
places available in the non-full bins, there are at most k/In*k ways of allocating balls
2m + 1 and 2m + 2 into the non-full bins of ¢. In other words, the degree of any vertex
in Sy (t, k) is at most k/In?k. Also, as above, the degree of any vertex/configuration
' € Somia(t, k) is equal to one. Therefore,

S2m+2(t7 k) < k
SQm(t, ]{3) = ll’l2 ]{7 .

Substituting this into (18), we obtain

C2(m+1)(t> k) < k 1
Com(t, k)  — In*k(2m+2)(2m+ 1)

Therefore, in Case (B) we have
k 1
(mln2k:) <ln2k) (1)

In this range, we need more accurate estimates, as we will identify those m for which \,, is
approximately equal to 1. We appeal to Theorem 5 for asymptotic estimates of Cap, (t, k)
and Co,yo(t, k) and write A, = (1 + o(1))\,,, where

N T )1/2<R(7’0(2(m+1)/k)))k ro(2m k)"
" 1—p \s(2(m+1)/k) R(ro(2m/k)) ro(2(m + 1) /k)?m+2

Case (C)

(2m+1).

(19)

Writing 2m = tk — zk, we have x = o(1). So, by (3) and (4), uniformly for every
z € [t—x,t —x+2/k], we have

d’f’o

t
i ﬁ(1+0(1));

Y=z

thus, the Mean Value Theorem yields

ro(2(m + 1)/k) = ro(2m/k) + %(1 +o(1) 2 ro2m/k) (1 + %(1 + 0(1))) . (20)

So, since zk — oo as k — 0o, Equation (20) and (5) yield

s@m/k) \"?
(Bernm) ='rew (21)
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To estimate the third ratio of (19), we write ro(2(m + 1)/k) = ro(2m/k)(1 + n) where
n = (2/zk)(1+ o(1)) by (20). We also write

t

(2(m+1/k 1
R(ro(2(m +1)/k) = ; t—O)lr!2(m+1)/k)
Note that
Cy t tu 1+n) 1=l 0(y)

B t B :t(t - 1) 7 n 1
= e Tt TO (n)(zm//f) e r03(2m/k:)) :

Since this last big-O term is o(1/k), it follows that

R(ro(2(m +1)/k) 1 (1 . Ht—1)

t
e T e T O<1/k))

ro(2(m +1)/k)t !

and similar calculations show that

R(ro(2m/k) 1 <1+ ( ' Ht — 1)

r2m/k 1 o@mm) T e o k>) '

So the third ratio in (19) becomes

(R@gég@?{)@))k - (TO(isgg/?)/k))tk (1~ o e k))k

~(ro2(m + 1) /k) ““6_2 )

where the last equality holds by the fact that

tnk  t(2/xk)k
ro(2m/k)  t/x
Since xk — oo, we have by (20) and (3) that 79(2(m + 1)/k) = ro(2m/k)(1 4+ o(1)) =

(140(1))t/x. So using (20) and (22) we can write the product of the third and the fourth
terms in (19) as follows:

<R(r0(2(m+1)/k))>k ro2™(2m/k)
R(ro(2m/k)) ro2™2(2(m + 1) /k)

_ <r0(2(m + 1)/1«))““—2’“ 1+o0(1)
ro(2m/k) ro?(2(m +1)/k)

(1+0(1)) =2(1+o(1)).

_ (1 n %(1 + 0(1)))x f—j(l +0o(1)) "= g;z (1+0(1)).
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If 2 > w(k)/Vk, where w(k) — oo, then substituting this last equation and (21) into (19)
and recalling that A\,, = (14 o(1))\,,,, we obtain

Am = Q(l)f—j@m +1)=0Q (@) = Q(w(k)?) — 0.

If £ < 1/(w(k)Vk), then these substitutions yield

2

A = 0(1) T (2m +1) = 0 (ﬁ) _0 (@) — o(1).

Assume now that 2 = a/V/k, for some a = O(1). In this case,

2 2 1 boa?
P o)) TP Y o).
1—pt t

A = oo (1 — ok +1)(1+ (1))

Thus for any fixed o/ < /t/bp < o' and for k large enough we have tk — o”Vk < 2m* <
tk — o/vk. Putting all these different cases together, we deduce that, if m* is such that
f(m*) is maximised over the set 0 < 2m < tk, then 2m* = tk — \/tk/bp + o(v/k). This
concludes the proof of Lemma 7.

Before we proceed to the proof of Theorem 2, let us use Lemma 7 to compute a precise
asymptotic expression for f(m*). Recall that b =1/(1 — p) and observe that

(0 =i G T Ot (140 (1)) @

For the second part of the expression for f(m*), note that, by Theorem 5,

1 R(ro(2m*/k))*

V2ms(2m* k) ro(2m* k)2

Com=(t, k) =

(1+ o(1)). (24)

By (3), we have
ro(2m* /k) = \/thpk + o(Vk).

Thus, by (5), s(2m*/k) = ©(1/Vk). Now, it follows that
. rot (2m* [k) o= 1! 1
R(’f’o(2m /kf)) = #! ; (t _ 6)' 7‘05(277’1*/]{7)

:w<l+m+0<m>)

RS )

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R59 17




therefore,

% To 2m/k th th /bpt-o
R(ro(2m* k) = L0Zm/ )T ﬂk/ DRVETEE)

Substituting this into (24), we obtain

Clm=(t, k) = O(K/*) (ro(2m* /k))th—2m" o V/th/bp+o(VE)

tlk
+/tk /bp+o(\/E) 1
— (k) (Vibph + o(Vi)) YT eV
1 mk\\"

For the last part of the expression for f(m*), we apply Stirling’s formula to obtain

2m)! (@ e e 1 (2m*)m*

m*12m (m*/e)™* \/2rm*ec® 2™
k/2—+/tk /bp/2+0o(\k
_oq) (tk— tk:/bp+o(\/E)>t/ /el

e

th\ " nk)\"
= | — 1+0 | — . 26
() (o) e
Now, substituting (23), (25) and (26) into the expression for f (given in (17)), we
obtain the following:

Fm) = b opy 2 (%)/ (1+0 (%))
@) o) e

Upper bound on E (oz,gk)(Gn,p))

e

By (16) and (27), we deduce that

sy« () o= (0 () 1) (100 (25" s

Thus, we obtain,

satien< () (o (=) 2) (-0 5))
e (2 ) (0GR
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Now, if we set k = [ayp(n) + e(n)] for some function £(n) > Inlnn/vInn, then,
substituting this into (29), we obtain

E(a™(G,,)) < ((1 +0 (lrllrllr;”)) b—e)m (1 +0 (%))k = o(1),

thus proving the right-hand side inequality in Theorem 1.

Lower bound on E(&gk)(anp))
To derive the lower bound on E(ozt(k)(Gn,p)), we observe

n

E(a(G,,)) = (k> P(A € S, e(A) =m").

Let (di,...,d;) be a degree sequence such that, for every 1 <i <k, d; <tand ) . d; =
2m*. By Theorem 2.16 in [3], with A := - 37, (Céi), the number of graphs with this degree
sequence is
2m*)!

1 1 —)\/2—)\2/4 ( )

(1 +o(1))e N2 20
But, since d; < t for every ¢, then using the estimate from Lemma 7 we obtain A <
t2k/2m* < 2t for k large enough. So the total number of graphs on k vertices, m* edges
and with maximum degree at most t is at least

e—t—t2 (2m*>|
2 CQm* (t7 k) mr1om*
Since k = O(Inn), we have () = Q(/1/k)(ne/k)*. Hence, using (27), we obtain
—t—t2
Bl (Gual) > () Pl € S ea) =) > () 5 1m0

o2 9 —kt15t-2 tbp "1 i Ink\\*

If k= |oup(n) —e(n)] for some function e(n) satisfying Inlnn/vInn < e(n) < Inn,
then by (30) we obtain

k Inlnn k/2 Ink\\*
E(ai )(Gn,p)) > ((1 + 0 ( . )) be(ﬂ)) (1 +0 (ﬁ)) — o) _, o
(31)

In the next section, we use a sharp concentration inequality to show moreover that the
following holds.
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Lemma 8 [fe(n) > Inlnn/VInn is a function that satisfies limsup,,_, . €(n) < 2, then
P (Oét(Gn’p) < |_at7p(n) — 5(’)’1,)J) = exp (_na(n)(l-i-o(l))) .

Since the right-hand side is o(1), we obtain the lower bound of Theorem 1. This lemma
will also be a key step in the proof of the upper bound of Theorem 3, when we need the
fact that the right-hand side tends to 0 quickly.

4 A second moment calculation - Proof of Lemma 8

Let (z,) be a bounded sequence of real numbers such that for
k = 2logyn + (t — 2)log, log,n + =, € N
we have E(aik)(Gnvp)) — 00 as n — oo. In this section, we prove that a.a.s. there is

a k-subset of V,, which is t-stable, using a second moment argument. For this, we use
Janson’s Inequality ([13], [14] or Theorems 2.14, 2.18 in [15]):

E2(a"(Gyp))
(O‘Ek)(Gn,p)) +A ’

P(aik)(Gn,p) =0) <exp (_ B (32)

where
A = > P(A,B € 5,).

A,BCVy k—13|ANB|>2

Let p(k,£) be the probability that two k-subsets of V,, that overlap on exactly ¢ vertices
are both in S;. We write

k—|(t+3) logy, logy, n | n I n—k
A = k. /0
2 (1) () (7)o

S SN ]l K

{=k—|(t+3) logy logy n]+1

We conclude the proof by showing that

A=0 (1”) B2(0{Y (Gyyp) and 8 = o B(a® (o).

n2
Thus, if E(a\"(G,,)) = nf™@+M) | where £(n) satisfies limsup,, . £(n) < 2, then it
follows that Ay = o( E(agk)(Gnm))) and therefore

E(a" (Gny))

Ba(Go +a T

So Lemma 8 follows from (32) by substituting the expression for E(agk)(Gn,p)) from (31).
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Bounding A,

Let us begin by bounding A, first estimating p(k,?). Let A and B be two k-subsets of
V,, that overlap on exactly ¢ vertices, i.e. |AN B| = {. Then p(k,{) = P(A,B € S;) =
P(Ae S| Be S)P(B e Sy).

The property of having maximum degree at most t is monotone decreasing; so if we
condition on the set E of edges induced by A N B, then the conditional probability that
A € S, is maximized when F = (). Thus,

P(Ae€S,|BeS)<P(AeS,| E:@)g%:b(émme&).
Therefore,
pk,6) = P(Ae S, | Be S)PBeS,) <) (P(Ae s))?. (33)

On the other hand, for every ¢ < k,

() (=) =5 ()

Using the estimate of (33) along with the above inequality, we have

n 2 k—|(t+3) log; log, n] 2 \* 0
e (raes) TE ()

(=2

k—|(t+3

logy, logy, 7] 12 e,
< E2(0®(Gu,) ( )b@. (34)

n—k
—2

=

~

If we set s, = (k:z/(n—k))zb(é), then sp,1/s, = b’k%/(n—k). So the sequence {s,} is strictly
decreasing for ¢ < log,(n—k)—2log, k and is strictly increasing for ¢ > log,(n—k)—21log, k.

So
max{s;: 2 << k—|(t+3)log,log,n|} < max {52, 8(2logbn—4.5logblogbn]} )
We have that sy = bk?/(n — k)?, but

]{32
S[21og, n—4.5log; 1 < | —
[21og, ogy, log, 1] n—k

. 410g§ n 2log, n—4.5log; log, n _ 4 log, n ( )
—_— —_— = 0(S9).
= log2® n = log?%

2 log, n—4.5logy logy n
blOgb n—2.25log, log, n

Thus, Inequality (34) now becomes for n large enough

In°n

bk?
(n —k)?

IAVIE 5
n

B (0 (Gop)) = O (1) B0l (o).
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Bounding A,
Now, we will show that Ay = o( E(at(k)(Gmp))). First, we have

() (32%) <t

We now give a rough estimate on p(k,¢). If A, B are two k-sets of vertices that overlap
on ¢ vertices (and if degg(v) denotes the number of neighbours of v in S), then

k—¢
P(Be S |AeS) < P(Vve B\ A, degyp(v) <t) < <<€ f t) (1 _p>€—t)

< (ktbt—Z)k—f < pltlogs htt—k+((t+3) log, log, n)) (k—0)

t+6 N\ k—¢
— pl—2logy n+(t+5) log, log, n+O(1)) (k=) (10gb n) _
n2

Substituting these estimates into the expression for A,, we obtain

k—1 46\ k=t
Ay < (") P(A € S,) (knlogb2 ”)

k n
L=k—|(t+3) log log, n|+1

<E<agk><cn,p>>k( b ”)zom(aﬁ’f’(Gnm»)-

klog
n

5 The t-improper chromatic number

5.1 The upper bound

Our general approach follows Bollobds [2] — see also [23]. We revisit the analysis in
order to obtain an improved upper bound to match the lower bound of Panagiotou and
Steger [24]. For a fixed 0 < e < 1, we set &y p,(n) = [ p(n) —1 —e]. First, we will show
the following.

Lemma 9 A.a.s. for all V' CV, with |V'| = n/In’n, we have o, (G, ,[V']) = éu,(|V']).
Proof Note that (31) implies that for any V/ C V,, with [V’| > n/In®n, we have

t,p

E (a(dt,p(W'D)(Gnvp[vl])> > |V/|1+€+O(l)-

So, applying Lemma 8, we deduce that

14+e+0(1)
P (01(Ca V) < dpl[V]) = exp (—|V/]4<H90) < exp (— (i) ) .
nn

Since there are at most 2" choices for V', the probability that there exists a set V' C 'V,
with [V'| = n/In’ n and (G, ,[V']) < Gyp(]V7]) is at most 2" exp (—(n/ In’ n)t+ete)) =

o(1).
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We consider the following algorithm for t-improperly colouring G,,,. Let V' = V.
While |V’| > n/In®n, we choose and remove a t-stable set from G, ,[V’] of size d;(|V']).
At the end, we obtain a collection of ¢-stable sets and each of them will form a colour class.
The above lemma implies that a.a.s. we will be able to perform this algorithm, and end up
with a set of at most n/ In® n vertices. We give a different a colour to each of these vertices.
Thus, if the above algorithm “runs” for f(n) steps, then x,(G,,) < f(n) +n/In’n.

Since ay,(s) — 1 — ¢ is strictly increasing for all s that are sufficiently large, for these
s the function d; ,(s) is non-decreasing. It is easy to see that

R n Inlnn R Inlnn
at’p([—lngn-‘) :2logbn<1+0< o )) = Gy p(n) (1+O( o ))

Since &, ([n/In*n]) < dy,(s) < dyp(n) for all integers n/In®n < s < n,

Gup(8) = G p(n) (1 +0 (1“ 1“”)) , (35)

Inn

f(n) = ﬁ (1 +0 (hllrll—n;)) . (36)

Assume that there are n; vertices available when we have removed i t-stable sets from
Vn. Thus, the t-stable set that will be picked during the (i + 1)th iteration will have
size & ,(n;). Since the colouring algorithm stops as soon as there are less than n/In’n
vertices available, the following inequality holds:

Z by p(n;) <n (1 - i ) < n. (37)

Note that for all i > 0, n;, =n — Z;;B Gyt p(nj). Therefore,

— . > Gup(ny)
log, n; = log, [ n — Z Gip(ng) | =logyn+log, | 1 — - |

and therefore

@) n(1+o(1)) f(n)_zln <1 Y @tm%)) Qi (1)
Gp(n)Inb n n
n(l+o(1)) [* n(l+o(1))
Gip(n)Ind /0 In(l = @)dw = = Gy p(n) Ind

'Note that [In(l —z)de = —(1 —z)In(l —z) +1—z.
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So

f(n)—2
; 2log,n; = (f(n) —1)2log, n — % (38)
Also,
log, log, n; > log; log, (%) = log, log, n + log;, <1 — M)
In”n log, n
= log, log,n — O (lrllrllr;n) .
Moreover, log, log, n; < log, log, n so, for every ¢t > 0,
e f(n)Inlnn
(#=2) 3 oy logym > (/) ~ )t =D lomlogyn —0 (LGRS ) g3

Now, Equality (38) and Inequality (39) imply that for every ¢ > 0 we have

A dm(l+ol)) - (f(m)llnn
Gup(ne) 2 (J(n) = 1) (oup(n) = = 2) = 2 =p 5" = O (T)

> (f(n) — 1) (at,p(n)_g_g_ 2n(1 + o(1)) _O<lnlnn))

Inn

So by (37) we obtain

fin) =1 < aip(n) —2/Inb—2—¢c—o(l)

5.2 The lower bound

This proof is the generalisation of a proof of the lower bound on the chromatic number
of a dense random graph given recently by Panagiotou and Steger [24]. We let ac(n) =
2logy n + (t — 2) logy logy n — C, where C' = C,, > 2logy n + (t — 2) logy logy n — az p(n) is
some function which is ©(1), such that ac(n) is integral. We specify C' at a later stage.
Let r = r¢ := |[n/ac(n)|. By Theorem 1, a.a.s. there are no t-stable sets in G, , of size
more than oy ,(n) + 1. (In fact, according to Theorem 1, we could have used the bound
atp(n) + €, but this would not give any improvement.) We will estimate the expected
number of ¢-improper colourings of G, , with r colours such that each colour set has size
at most a;,(n) + 1. In particular, we show that, if C' < 2log,n + (t — 2)log, log, n —
atp(n)+14+2/Inb—e, then this expectation converges to zero, proving that x;(G,,) > ¢
a.a.s.
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Let D denote the set of r-tuples of positive integers (ki,. .., k,) such that > ., k; =n
and k; < ayp(n) + 1 for all i. For some (ky,...,k.) € D, let P = (P,...,F,) denote
a partition of V,, into r non-empty parts Py,..., P. such that |P;| = k;. From (28), we

obtain
ki/z k.
o (thpk ' 1 Ink; \ \ ™
, < [ prit AN i .
e (v () 1) (oo (52))

- ’ tpk ' 1) ke \ P
s -mnen<i(ee (32 (o)

i=1 i=1

(ST k2 2) (tb_p)mm (H k-tkzﬂ) L1 4o)
o e ! tin

1=1

tbl+1/t tn/2 . r
B ( t|2/tp) b T R ) (o)),
el
i=1

uniformly over all (ki,..., k) € D. So, if Xi, = X;,(Gn,p) denotes the number of ¢-
improper colourings with 7 colours and with each colour class of size at most oy ,(n) + 1,
then

1 tbl+1/tp tn/2 n - 2= ﬁ_zki logy, ki n
E(Xy,) = l ( ct12/t ) Z (lﬁ ok )b 1< S )(1 Fo(l)". (40)
. . (k T

Lyeees kr)ED

We call a partition where all parts differ by at most one pairwise balanced. In the next
subsection, we give a routine proof of the following property of balanced partitions.

Lemma 10 For large enough n, the function
(K2t
h(P) = — ; (3 - 57% log, /fz) )

where P = {Py,..., P} is a partition of V,, with |P;| = k;, is maximised over D when P
18 a balanced partition.

Let B be a balanced partition. Then all parts have sizes either equal to ac(n) or to
ac(n) + 1 and there are less than o (n) parts that take the latter quantity. Then

h(B) = _aCTEn) (aCQ(n) — %ac(n) log, ac(n)) + o(n)
= —nac(n) + snlogac(n) + ofn)

t—2 C t t
= —nlog,n — Tnlogb log, n + Tn + inlogb 24+ §nlogb log, n + o(n)

C t
= —nlog, n + nlog, log, n + Tn + §nlogb 2+ o(n). (41)
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Also, for any (ky,...,k.) € D, we have (for n large enough)

n n! 1/2 n" n"
(07) < ooy = 00— (Veractn) ~ et

—pn log, n—nlog, ac(n)—3 log, ac(n) _ p log;, n—n logy, 2—n logy, log, n+o(n) (42)

since rlog, ac(n) < (n/ac(n))log, ac(n) = o(n). Finally, r! > r"e™" and therefore

n n logy n
l < b log, r+rlog,e _ b acm® logb<7ac(n)>+0(n) _ b—nﬂé’(’n) +o(n) _ b_%—i—o(n). (43)

r!

As there are at most (") < (en/r)” < (2eac(n))” < brlesecTOM) = o) summands
in (40), we obtain from (41), (42) and (43) that

1
et!?/t
— b (tog(21p/)1=2log, 14C=2108)2) (] | o(1))",

tn/2
E(Xt,r> < ) b%+%nlogb2—nlogb2—%(1 + 0(1))n

Therefore, if C = C, < —log,(t'/t1?) — tlog,(2bp/e) — log,(1/4) — ¢, i.e. if ac(n) >
aip(n) —2/Inb — 1+ ¢ for an arbitrary € > 0, then E(X,,) = o(1). Thus, a.a.s.

n
Xt(Gn,p) 2

agp(n) — ﬁ —1+4+¢

5.3 Proof of Lemma 10

Suppose h(P), P, k; are defined as in Lemma 10 and furthermore assume that the parts of
P are ordered by increasing size, i.e., ky <.+ <k,. Let P ={P,..., P} be a partition
of V,, where for some v € P, we have P, = P U{v} and P, = P,\ {v}, whereas P, = P, for

all 1 < i < r. In other words, we obtain P by moving a vertex from P, to P;. Lemma 10
easily follows from the repeated application of the following.

Lemma 11 For large enough n, it holds that, if ky < k, — 1, then h(P) > h(P).
Proof First, k; < ac(n) and k. > ac(n)+1, since the number of parts is r = |[n/ac(n)].
2(h(P) — h(P)) = —(ky + 1)* 4+ t(ky + 1) logy(ky + 1) — (kr — 1)® + t(k, — 1) log, (k. — 1)
+ klz — tkl logb kl + kr2 — tkr lOgb kr
=2(k, — k1 — 1) + t((k1 + 1) logy (k1 + 1) — ky logy kq)
+ t((k, — 1) log, (k. — 1) — k. log, k). (44)
Note that
(k‘l + 1) 10gb(k’1 + 1) = (k‘l + 1) logb k’l + (k‘l + 1) logb (1 + 1/](31)
> (ki + 1) log, k1 + (k1 + 1) (1/k1 — 1/(2k:?))
= kylog, k1 +logy k1 + 1+ O (1/k1),
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and similarly, since k, > ac(n) +1 — 0o as n — oo,
(kr — ].) 10gb(k‘r — ].) = kr logb k}» — lOgb k?“ + 1-— O(].)

Substituting these estimates into (44), we obtain

2(h(P) = h(P)) = 2(ky — k1 — 1) — t(log, k. — log, k1) + O (1/k1). (45)

Assume first that k. — k1 < Inlnn. Then log,(k,/k1) < logy(k./(k, —Inlnn)) = log,(1 +
Inlnn/(k,—Inlnn)) = o(1). But k,—k1—1 > 1 and k1 > ac(n)+1—Inlnn and therefore
the right-hand side of (45) is positive for n large enough. If, on the other hand k. — k; >
Inlnn, we write log, k. = log, (k, — ki + k1) = logy (k. — k1) + logy, (1 + k1 / (k. — k1)). So

log, k. — logy k1 = logy (k. — k1) + logy, (1 + k1/(k, — k1)) — log,, k1
= logb(k:r — k‘l) + logb (1/]{31 + 1/(]{,} — k’l))
= log, (k. — k1) +logy, (1/k1 + o(1)) < log,(k, — k1) + 1.

So
2(k, — k1 — 1) —t(logy k. —logy k1) + O (1/k1) = 2(k, — k1 — 1) — t(log, (ky — k1) — 1) — o0

as n — oo and, by (45), h(P) — h(P) > 0 for n large enough.
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