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Abstract

In this paper we give some useful combinatorial properties of polynomial paths.
We also introduce generalized majorization between three sequences of integers and
explore its combinatorics. In addition, we give a new, simple, purely polynomial
proof of the convexity lemma of E. M. de S4 and R. C. Thompson. All these results
have applications in matrix completion theory.

1 Introduction and notation

In this paper we prove some useful properties of polynomial paths and generalized ma-
jorization between three sequences of integers. All proofs are purely combinatorial, and
the presented results are used in matrix completion problems, see e.g. [2, 4, 7, 10, 11].

We study chains of monic polynomials and polynomial paths between them. Polyno-
mial paths are combinatorial objects that are used in matrix completion problems, see
(7,9, 11]. There is a certain convexity property of polynomial paths appeared for the first
time in [5]. In Lemma 2 we give a simple, direct polynomial proof of that result. We also
show that no additional divisibility relations are needed.

*This work was done within the activities of CELC and was partially supported by FCT, project
ISFL-1-1431, and by the Ministry of Science of Serbia, projects no. 144014 (M. D.) and 144032 (M. S.).
fCorresponding author.
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Also, we explore generalized majorization between three sequences of integers. It
presents a natural generalization of a classical majorization in Hardy-Littlewood-Pdlya
sense [6], and it appears frequently in matrix completion problems when both prescribed
and the whole matrix are rectangular (see e.g [1, 4, 11]).

We give some basic properties of generalized majorization, and we prove that there
exists a certain path of sequences, such that every two consecutive sequences of the path
are related by an elementary generalized majorization.

E. Marques de S& [7] and independently R. C. Thompson [10], gave a complete solution
for the problem of completing a principal submatrix to a square one with a prescribed
similarity class. The proof of this famous classical result is based on induction on the
number of added rows and columns, and one of the crucial steps is the convexity lemma.
The original proofs of the convexity lemma, which are completely independent one from
the another one, both in [7] and [10] are rather long and involved. Later on, new combi-
natorial proof of this lemma has appeared in [8]. In Theorem 1, we give simple and the
first purely polynomial proof of this result.

1.1 Notation

All polynomials are considered to be monic.
Let F be a field. Throughout the paper, F[A] denotes the ring of polynomials over the
field F with variable A\. By fl|g, where f, g € F[A] we mean that g is divisible by f.

If 1]+ |¢,. is a polynomial chain, then we make a convention that v¢; = 1, for any
1 <0, and ¥; =0, for any i > r + 1.

Also, for any sequence of integers satisfying ¢; > --- > ¢,,, we assume ¢; = +00, for
1 <0, and ¢; = —o0, for i > m + 1.

2 Convexity and polynomial paths

Let aq| -+ |a, and 71| - -+ |[Yn2m be two chains of monic polynomials. Let
n+j
j ::chm(ai_j,%-), j=0,....m (1)
i=1
We have the following divisibility:
Lemma 1 7, | 741, j=0,....,m—1 (i.e. mo|my|---|mm).
Proof: By the definition of 7;, j = 0,...,m, the statement of Lemma 1 is equivalent to

n—+j n+j+1

H ICH’I(O[Z'_]‘, ’)/Z) | H ICIl’l(Oéi_j_l, 7@)7 j = 0, s, — 1,
i=1 =1
ie.,

H lcm(aiv ’yi-i-j) | Vi+1 H 1CII1(O(Z', 7i+j+1)7 J= 0,....,m—1, (2>

i=1 i=1
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which is trivially satisfied.

By Lemma 1 we can define the following polynomials

oji=——, Jj=1,...,m.
Tj—1

Then, we have the following convexity property of ;’s:

Lemma 2 o, |0j11, j=1,....m—1 (i.e. o1|oa]---|on).
Proof: By the definition of 0;, j = 1,...,m, the statement of Lemma 2 is equivalent to
n+j n+j+1
[T dem(aij, ) | [ lem(oi o)
[T em(ijn, ) T lem(aig, )
ie. forall j=1,...,m — 1, we have to show that

v lem(an, viq1) lem(ag, yj42) - - - lem(an, Vjan)
lem(av, ;) lem(ag, j41) - - - lem(evw, Virn—1)

| 2L lem(ay, v;12) lem(ag, vj43) - - - lem(an, Yjni1)
lem (o, vj41) lem(ag, vj42) - - - lem (o, ¥j4n)

Before proceeding, note that for every two polynomials ¢ and ¢ we have

(o)
ged(y), @)

lem (¢, ¢) =

Thus, for every ¢ and j, we have

Vit lem(ai, Vi j-1)

lem (aiv 7i+j) = lcmacrn(aiv 7i+j—1>7 7i+j) =

By applying (6), equation (4) becomes equivalent to
i H ged(lem (v, Yisg)s Vitj+1) | Yotjrt H ged(lem(av, Vi j—1), Yits)-
=1 i=1
By shifting indices, the right hand side of (7) becomes

n—1

Vntj+1 ged(lem(an, 75), j4+1) H ged(lem (a1, Vi), Vijr)-
1=1

This, together with obvious divisibilities ;| ged(lem(ay, 7;), v54+1) and
ged(lem(ag, Yntj)s Yntj+1) | Yntjt1, proves (7), as wanted.
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Frequently when dealing with polynomial paths we have the following additional as-
sumptions

’)/Z“Oéi, izl,...,n (8)
and
Q| Yiem, 1=1,...,m. 9)
Then the following lemma follows trivially from the definition of 7;’s, for ¢ = 0 and
1 =m:

Lemma 3 7o = [[[_, a; and 7, = [[12]" .

2.1 Polynomial paths

Let @ = (aq,...,a,) and v = (71, - . -, Ynem) be two systems of nonzero monic polynomials
such that aq|---|a, and |- |Ynem. A polynomial path between o and « has been
defined in a following way in [7, 9], see also [11]:

Definition 1 Let ¢/ = (€] ...,eiLJrj), j=0,...,m, be a system of nonzero monic poly-
nomials. Let € := a and €™ := ~. The sequence

e= ("€, .., em

1s a path from a to v if the following is valid:
el i=1,....n+j—1, j=0,...,m, (10)
e ey, i=1,...,n+ji—1, j=1,....m (11)
Consider the polynomials @j = lem(oy—j,7i), ¢ = 1,...,n+j, j = 0,...,m from

(1). Let g7 = (B1,... ,ﬁiﬂ-), j =0,...,m. Then the following proposition is valid (see
Proposition 3.1 in [11] and Section 4 in [7]):

Proposition 1 There exists a path from « to vy, if and only if
’}/i|ai|7i+m> L= 1)"'7”' (12)

Moreover, if (12) is valid, then 3 = (38°,...,3™) is a polynomial path between o and
v, and for every path € between o« and vy hold

Bl i=1,...n+j j=0,...m
Hence, (8 is a minimal path from « to 7.

The polynomials 7; from (1) are defined as m; = [/ /. The polynomials o; were
used by Sa [7, 9] and by Zaballa [11], but the convexity of 7;’s, i.e. the result of Lemma
2, was obtained later by Gohberg, Kaashoek and van Schagen [5]. We gave a direct poly-
nomial proof of this result and we have shown that it holds even without the divisibility

relations (12).
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3 Generalized majorization

Letdy =2 --- > d,, fi =2 -+ > fyqu and a1 > --- > a;, be nonincreasing sequences of
integers.

Definition 2 We say that

f="(da),
i.e., we have a generalized majorization between the partitions d = (d,...,d,), a =
(a1, ...,a;) and f = (fr,..., for1), if and only if
di> fo, i=1,....p, (13)
lej fi=2di+ 22:1 i, (14)
Y fi = N < g =1, 0 (15)

where  hy, = min{i|d;_+1 < fi}, ¢=1,...,L

Remark 1 Recall that in Section 1.1 we have made a convention that f; = +oo and
d; = 400, for i <0, and that f; = —oo, fori > p+1, and d; = —o0, for i > p. Thus,
hy’s are well-defined. In particular, for every ¢ = 1,...,1, we have ¢ < hy < ¢+ 1, and
h1<h2<...<hl.

Note that if p = 0, then the generalized majorization reduces to a classical majorization
(in Hardy-Littlewood-Pdlya sense [6]) between the partitions f and a (f < a).

If I =1, (13)—(15) are equivalent to

di}fi-i-lv 7::17"'7p7 (16)
Zf:ll fi=220di+a, (17)
di == fi+1, Z 2 hl. (18)
Indeed, for [ =1, (15) becomes
h1 hi1—1
Z Ji < Z di + ay.
i=1 i=1
The last inequality together with (14), gives
p+1 p
D fiz ) di (19)
i=h1+1 i=hy
Finally, from (13), we obtain that (19) is equivalent to (18), as wanted.
Generalized majorization for the case [ = 1 will be called elementary generalized

majorization, and will be denoted by
f =i (d,a),
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In particular, if [ = 1, and f, d and a satisfy d; > f;, i = 1,...,p and (17), then
hy =p+1, and so f <] (d,a).

Note that if f <’ (d,a), then in the same way as in the proof of the equivalence of
(15) and (18), we have

The aim of this section is to show that there is a generalized majorization between
the partitions d, @ and f if and only if there are elementary majorizations between them,
i.e. if and only if there exist intermediate sequences that satisfy (16)—(18). In certain
sense, we show that there exists a path of sequences between d and f such that every
neighbouring two satisfy the elementary generalized majorization (see Theorems 5 and 7
below).

More precisely, we shall show that

f =<' (d,a)

if and only if there exist sequences ¢* = (¢i,...,9,y;),7=1,...,1=1,with g} > --- > g/,
and with the convention ¢° := d and ¢' := f, such that

g =g ), i=1,...,L

Lemma 4 Let f, d and a be the sequences from Definition 1. If
f='(d,a),
then there exist integers g1 = -+ = gpyi—1, such that

(1) 9= fiy, 1=1...,p+l—-1,
(i) di = g1, T=1,...,p,
(131)  ¢; = fix1, 1= h, where h:= min{i|g; < fi},
hq hq—q q
(1v) Zgi — Z d; < Zai, g=1,...,1—1, where fzq = min{i|d;_ ;41 < ¢},
ST

(v) Zfi: Z gi + a.
i=1 i=1

Proof: Let Hy,..., H;_; be integers defined as

hq—q

q hq
Hq::Zai—Zfi—l—Zdi, g=1,...,1—1,
i=1 i=1 i=1

and
HQ =0.
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Note that from (15), we have that H, > 0,¢=1,...,l — 1.

Let
hqg—q hq
Segr= > di— > fi q=1..1-1
i:hqfl—q+2 i=hq71+1
Thus

H,—H, =5 +a, q=1,...,1-1

Since a; > - -+ > a;_1, we have
H-S>H,-H -S> -->2H_—-H_y—5_. (21)

Now, define the numbers

Hz/ = min(Hi,Hi+1,...,Hl_1), ZIO,,Z— 1. (22)
Thus, we have
o)< < H (23)
H ,=H_ and H!<H; i=1,...,1—2. (24)
We are going to define certain integers g1, . .. 7glp+l—l’ The wanted g1 > -+ = gp11
will be defined as the nonincreasing ordering of g,..., 9, ;.
Let
gg = di—l—i—la 7> hl—l- (25)

We shall split the definition of gj,...,g; | into [ — 1 groups. For arbitrary j =
1,...,01 =1, we define ¢, i = h;—1 +1,..., h;, (with convention hy := 0) in a following
way:

If
fn, =2 H; — H; | — S; (26)
then we define g, > -+ 2> gj,_; as a nonincreasing sequence of integers such that
di_jp1 2 g, > fi
and
hj—1 hj—1
>, - ) fi=H-H,
i:hj,1+1 i:hj,1+1
(this is obviously possible because of (26)). Also, in this case, we define
g;lj = fhj’
If
fn, < H; — Hj_, = Sj, (27)
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then we define
g; = di—j+1> i:hj_l—l—l,...,hj—l,

and
g;lj = HJ'- — ]/-_ - S;.

1
Note that in both of the previous cases, (26) and (27), we have

h; h;
> og— > h=H-H_, j=1..1-1 (28)
i:hj,1+1 i:hj,1+1

and
g;u:max(fhi’Hz(_Hi,—l_Si)? Z:L?l_]-

Now, let ¢ € {1,...,1 —2}.

If g;LiH = fhis,» then g;LiH < fri < gp,-

If g;”ﬂ =H/ , — H— Siy1 > fn,,, then, from (28), we have that H; , > H;, and so
H! = H,. However, this together with (21), gives

(2

< Hi_Hi—l_Si:Hz{_Hi—l_SigHi/_Hi/—l_Sigg;Li‘

Ihiy = Higy—Hi—=Sipn <Hppy — Hj — S = Hipy — Hi — Sia

Hence, we have

G Z Gy 27 Z Gy, (29)
Also, from the definition of h;, ¢ =1, ..., — 1, the subsequence of g/’s for i € {1,... , p+
Il —1}\{h1,...,_1} is in nonincreasing order, and satisfies:
dicjy1 26,2 fi, hjoi<i<hy, j=1,...,1 (30)
For i > hy, from (20), we have
dicy1 =g = fir1, 12 (31)
Now, since g; > fi1; for alli = 1,...,p+ 1 — 1, and since g¢;’s are the nonincreasing

ordering of ¢!’s, we have (i).

Moreover, since g, = fn,_, > dn,_,—142 = g),,_, 41, We have that g; = g;, for i > h;_;.
Then, from (30), we have g; > f;, for i < h;, which together with g, = g;” =dp,—141 < [
implies A = h;. Thus, (31) implies (7).

If we denote by vy > --- > v, the subsequence of ¢g}’s for i € {1,...,p+1—1}\
{h1,...,h_1}, then from (30) and (31) we have

di>Vi7 ’i:l,...,p, (32)

which implies (7).
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Also, by summing all inequalities from (28), for j = 1,...,l — 1, we have

hi—1 hi—1

d gi=> fi=H,,
=1 i=1

which together with (24) and the definition of H;_q, gives

hi—1 hyp1—1l+1 l

-1
Yo Y d=Ya
i=1 i=1 i=1

The last equation, together with the definition of the remaining ¢/’s (25), the fact that
2 g =200 gh, and (14), gives (v).

Before going to the proof of (iv), we shall establish some relations between h,’s and
fzq’s. So, let ¢ € {1,...,1 —1}. The sequence of g¢;’s is defined as the nonincreasing
ordering of g’s. As we have shown, the sequence of ¢.’s is the union of two nonincreasing
sequences: g, = gp, = ... =gy, and v > > .. > v,

Let r, be the index such that

/
Vr, 2 ghq > Vrg41-

First of all, from the definition of g;Lq and h,, we have that g;Lq > fn, > dhy—g+1 = Vhy—qt1
and so
Tq < hq —dq. (33)
Furthermore, the subsequence g, > go > ... = g, 44 is the nonincreasing ordering of
the union of sequences g > gj,, > ... = g, and v1 2 v2 > ... > 1, with g;, being the
smallest among them, i.e. g, 4 = g;Lq. Thus, v; > giyq—1, for i =1,...,r,, and so from
(32), for every ¢ < r, we have that d; > v; > g;44-1, L€

hy =7+ q. (34)

By (33), we have two possibilities for r:

If r, = hy — g, as proved above, we have g, = gﬁlq, which then implies g,, > f, >
dhy—g+1 = Vhy—g+1, and so hy < hg, which together with (34) in this case gives hy = hy =
Ty +q.

If r, < hy—q, then g;Lq > Vpy—q = [y, and so from the definition of gj’s, we have that
vi =d;, fori=r,+1,...,hy—q. Thus g, ., = g;Lq > Vpyy1 = dyp 11, and so ﬁq <rg+gq,
which together with (34) gives h, = 7, + ¢.

Thus, altogether we have that ﬁq S<hy,andgr =2 g2 2 ... 2 9, 18 the nonincreasing
ordering of the union of sequences g;,, > g, = ... = g;Lq and vy > vy > ... > Viy—qr with

9, = Q;qu and that izq < h, implies v; = d;, fori =h, —q+1,...,h, — q.
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Finally, we can pass to the proof of (iv). Let ¢ € {1,...,1 — 1}. We shall prove (iv)
for this ¢ in the following equivalent form

hq hq—q hq hq—q
Zgi_zdiqu‘l’Zfi_Zdi- (35)
i=1 i=1 i=1 i=1
If hy = hy, (35) is equivalent to
hq
> (o= f:) < Hy, (36)
i=1

which follows from (24) and (28). 5
If hy < hg, we have that v; = d;, for ¢ = h, —q+1,...,h; —q. Hence, the condition
(35) is again equivalent to (36), which concludes our proof.
|

By iterating the previous result, we obtain the following
Theorem 5 Let f, d and a be the sequences from Definition 1. If
f =<' (d,a),

then there exist sequences of integers ¢ = (gl . .. ,giﬂ-), j=1,....0—1, withg >--->
95, such that

g =@ ay), J=1
where ¢° = d and ¢' = f.

Proof: For [ = 1, the claim of theorem follows trivially.

Let [ > 1, and suppose that theorem holds for [ — 1. By Lemma 4, there exists a
sequence g = (g1,...,gp+i-1), such that g1 > --- > g,4—1 and such that they satisfy
conditions (i) — (v) from Lemma 4. Set ¢'~! := g. From (i), (i7) and (v) we have

f=i (g a). (37)
From (i7), (iv) and (v), we have
¢~ < (d,d), (38)
where @’ = (ay,...,a;-1).
By induction hypothesis there exist sequences g',. .., ¢'~2, such that
¢ < (¢ a), j=1,...,0—1
This together with (37) finishes our proof. n

The following two results give converse of Lemma 4 and Theorem 5:
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Lemma 6 Letd, > --->d,, fi == f,q and g1 = -+ > g,41 be integers. Let a}
and ay > --- > a] be integers. Let a; > --- > a; be integers such that

(a},dl, ..., a;) < (a1, aq,...,q). (39)
If
(Z) di?gi—l—lv 7::17"'7p7
(ZZ) gl)fi-i—l—lv 7':177p+17
(iii) d; = giy1, @ = hy, where hy = min{ild; < g;},
hq hq—q q+1
(iv) Zfz — Z 9i S Za;, g=1,...,01—1, where h, = min{i|gi—,+1 < fi},
i=1 i=1 =2
pt+l pt+1 l p l
() D fi=) i+ ai=> di+) a
=1 =1 =2 =1 =1
then
hq—q q
Zfl Zdl\zaiv qzlv"’7lv (40)
=1 =1

where hy = min{i|d;,_,41 < fi}, g=1,...,1.

Proof: From the definition of h,, ﬁq and hy, we obtain the following inequalities
hy > max(hy_y, min(hy +q —1,h,)), g=1,...,1—1, (hg=0), (41)
and . B
hi > max(hi_1,hy +1—1). (42)

This is true since for ¢ =1,...,1 — 1, and j < min(h; + ¢ — 1, izq), we have that

dj—q+1 2 Ggj—q+1 = [

Therefore, h, > min(h; +q — 1, h q)- Also, for every ¢ = 1,...,[, and j < _fzq_l, we have
dj—q4+1 = Gj—q+2 = fj, which gives hy > h,—;. Furthermore, for every j < hy +1—1, we
have d;_i41 = gj—i+1 = f;, and so by > hi +1 — 1. Altogether, we have (41) and (42).

Let ¢ € {1,...,1—1}. From (41), we have the following three possibilities on h,:

a hy > hy, in the case hy < by +q — 1,
b)  hy>hy>max(hy_1,h+q—1)if by >hy +q—1,
C) hq>?lq> a(hq 1,h1+q—1)1fh >h1+q—1

Observe these cases separately:

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R61 11



a) Let hy > hy (hy < hy +q — 1), then by (i) we have

hq hg—q q+1
d fi= Zfﬂerz ZgﬁerHrZa
1=1 hg+1 hq+1
hg—q hqg—q g+1 hg—q q+1
Zd+ > d+Za—Zd+Za
hq—gq+1

The second inequality is true since izq — ¢ < hi. So, we have d; > ¢, for all i <

Also, from hgq < hgy1, we obtain f; < d;—g, for all ¢ < hy < hgy.
Finally, from (39), we have
q+1 q
S ey
i=2 i=1

and so
hq—q q

hq

D fi<) dit+) a

i=1 i=1 i=1
which proves (40), as wanted.

b) Let hy > hy > max(hy 4+ g — 1, hy_1), then by (iv), we have

hq hq—1 hg-1—q+1
Zfi:Zfi Z Ji < Z 9i + Z meZa
i=1 i=1 frg_1+1 frg 141

hg—1—q+1 hg—q+1

Z 203 gz+Za

hq 1— q+2

The second inequality is true, since h, < hg, and 50, gi_q41 > fi, for all i < h,.
Moreover, since h, — ¢+ 1 > hy, by conditions (4i7) and (v), we have

hq—gq+1 p+1 p+1 P 14 hq—q
Zgizzgi_ Z gi:Zdi—|—a'1— Z dizzdi+a/1>
i=1 i=1 i=hg—q+2 i=1 i=hq—q+1 i=1
and so
hg—q+1 hqg—q
Z gz—i—Za = Zd +Za
i=1

Last equality together with (39) gives

hq hq—q q
Zfi < Zdi+zaiu
i—1 i—1 i—1

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R61
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which proves (40), as wanted.

¢) Let hy > hy > max(hy 4+ q — 1, hy_1), then by (iv), we have

hqg—1 hq q1q+1
Zfz—Zfz 2 fis 2 Z fﬁZ@
i=1 hg-1+1 hg—1+1
q1Q+1 hq—l
RIS fz+Zfz+Za
q1+1
—q+1 hq—q hq—q
< Z gi + Z gﬁ—Zd%—Za
hq—1—q+2
hq—q

:Zd —|—a1+Za

The second inequality follows from the definition of h and the fact that h, < hy41, while
the last equality is true since h —q > hy. Now, we ﬁnlsh the proof as in the previous case.

The only remaining case is ¢ = I. Let i > h. Since h; > max(ﬁl_l, hi+1—1), we have

i > hy—y. From (i7), (iv) and (v) we have that f <’ (g,a”), where ¢ = (b, ds, ..., a)),

and so (see (20)) we have f; = gi_41. Also, since i > hy +1 — 1, from (4ii) we have
gi—i1+1 = d;_;, and thus

fi = di—l, 1> hl. (43)

Now, by (v), condition (40) for ¢ = is equivalent to

p+l p
E fi = 5 d;.
’iZhl-i-l iZhl—l-i-l

Finally, from (i), we have that d; > fi.;, i = 1,...,p, and so condition (40) for ¢ = [ is
equivalent to (43), which concludes our proof.
u

By iterating the previous result, we obtain the following one:

Theorem 7 Let dy > --- > d,, fL =2 -+ 2 for, a1 = -+ = a; and a},...,q; be
integers, such that

(a1, @) < (a1, .. ).
Moreover, for every j =1,...,1 —1, let ¢ = (g{,...,giﬂ-) be such that gl > --- > QZH'
Also, let ¢° :=d, and ¢' = f.
If ¢ <) (¢771,a}) for j=1,...,1, then f <’ (d,a).
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Thus, Theorems 5 and 7 prove the existence of a path of sequences, as announced
before Lemma 4. In particular, we have

Corollary 8 Let | > 2, dy = --- > d,, fi =2 -+ = fop, a1 = -+ = @ be integers.
Then

f =<' (d,a)

if and only if there exists g = (g1, - .., gpts), for some 0 < s <, such that g1 = -+ = gpts
and

f=<'(g,d)
g =<' (d,a")

where a' = (a1, ...,a;_5) and a" = (qj_s11,--., Q).

4 Convexity lemma

In this section we give a short polynomial proof of the convexity lemma, which is the
crucial step in S&-Thompson theorem [7, 10]. The original proofs of S& and Thompson
were long and complicated, and relied on very involved techniques. The proof in [7]
(Proposition 4.1 and Lemma 4.2) uses nonelementary analytical tools, while the proof in
[10] is elementary but very long and does not involve the concept of convexity. Later on
shorter, combinatorial proof was given in [8].

Here we give the first purely polynomial proof of the convexity lemma.

Let aq|- |, and 1| - -+ |[Yn2m be two polynomial chains.
For every 7 =0,...,m, let

55 = lcm(ai_gj,fyi), 1= 1,...,n—|—j,

n+j

o =]l
=1

The difference between the convexity in this case and the result from Lemma 2 is in
a different shift in the definition of ¢/ comparing to 7;. This makes the problem much
more difficult, and in particular here we do not have that 77!|¢67. However, the convexity
of the degrees of ¢/ holds:
Theorem 9 (Converity Lemma)
d(67) —d(877Y) < d(8T) —d(8), forj=1,...,m — 1.

Before going to the proof we give one simple lemma:
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Lemma 10 Let ¢q, ¢o, 11 and 1y be polynomials such that ¢1|py and ¥1|s. Then

lem(¢1, Y1) lem(¢g, ¢2)| lem(gg, ¥1) lem (o1, 12). (44)

Proof: For i = 1,2, we have

lem (g, 11)12
ged(lem(g, ), be)

Now, by replacing this expression for i = 1 and i = 2 into (44), it becomes equivalent to
the following obvious divisibility relation:

ged(lem(¢y, ), ¢ba) | ged(lem(gs, ¢r), 1a).

lcm((bi? ¢2) = lcm(¢i7 lbl, ¢2) = 1CII1(1C1’I1(¢¢, 7pl)? ¢2) =

[ ]
Proof of Theorem 9:
In order to prove the convexity, it is enough to prove that
67| =1, ,m—1. (45)
By definition, we have
0 = H lem(oy—g5,7vi), Jj=0,....,m. (46)
i=1
Since for all 7 and 7 we have
lem(ov—2j,7:) = lem(q_gj, lem(oi—oj—2,7%:)) = Ctigy leml03-2,7%) ;
ng(Oéi—zj, 10m(04i—2j—2, %))
we can rewrite (46) as
n+j n—j ntj
5 — H aigjlem(aigi9,vi)  TIini HZ:f lem (g2, 7i) (47)

Pl ged(ay_gj, lem(e_gj_9,7)) H:L:_f gcd(ai,lcm(ai_%%”j)).

We replace one ¢/ on the left hand side and /! on the right hand side of (45) by the
expression (46), while we replace the other §/ and §7~! by the expression (47). Then (45)
becomes equivalent to

| 10m(04i—2g“a%) 17 ai T127 lem(ev—aj-2, i)
H?:_f ng(O‘ia lcm(ai—% %‘+2j))
| T4 em(emj—2, %) TT2? T ou T lem(ai—ag, %) '

H?:_lj“ ged(ay, lem( g, Yivaj—2))

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R61 15



After cancellations, the last divisibility becomes equivalent to

n—j+1
lem(av—j, Yot j) H ged(ag, lem (oo, Yipoj-2))
i=1
n—j
| lem(avn—j—1, Vntj+1)Qn—jit1 H ged(ai, lem(ai—a, Yita;))-
1=1

By using the obvious divisibility relation
ged(ag, lem (a9, Viroj—2)) | ged(ai, lem(a; g, Yita;)),
we are left with proving that
lem(an—j, Ynrg) ged(Qn—jir, lem(an 1, Ynij—1)) | Qnjerlem(an 1, Yniji1)- (48)
However, since

Olp—j+t1 lcm(an—j—h ’Yn+j—1)
ged(ay—jp1, lem(@n—j—1, Yngjo1)) = ——
( 7+ ( J +J )) lcm(an—j-i-l, ’yn-l,-j—l)

(48) becomes equivalent to the following

lem(an—j—1, Yn+j-1) lem(an—j, Ynsj) [ lem(an—j—1, Ynsj1) lem(an—jt1, Yntj-1),

which follows directly from Lemma 10. ]
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