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Abstract

In this paper we compute the generating function of modular, k-noncrossing
diagrams. A k-noncrossing diagram is called modular if it does not contain any
isolated arcs and any arc has length at least four. Modular diagrams represent
the deformation retracts of RNA tertiary structures and their properties reflect
basic features of these bio-molecules. The particular case of modular noncrossing
diagrams has been extensively studied. Let Qg(n) denote the number of modular
k-noncrossing diagrams over n vertices. We derive exact enumeration results as well
as the asymptotic formula Qx(n) ~ ckn_(k_l)Q_%yk_" for k= 3,...,9 and derive
a new proof of the formula Qa(n) ~ 1.4848 n~3/21.8489" (Hofacker et al. 1998).

1 Introduction

A ribonucleic acid (RNA) molecule is the helical configuration of a primary structure of
nucleotides, A, G, U and C, together with Watson-Crick (A-U, G-C) and (U-G) base
pairs. It is well-known that RNA structures exhibit cross-serial nucleotide interactions,
called pseudoknots. First recognized in the turnip yellow mosaic virus in [17], they are
now known to be widely conserved in functional RNA molecules.

Modular k-noncrossing diagrams represent a model of RNA pseudoknot structures
(5,9, 11], that is RNA structures exhibiting cross-serial base pairings. The particular case
of modular noncrossing diagrams, i.e. RNA secondary structures has been extensively
studied [7, 14, 21, 22].

The main result of this paper is the computation of the generating function of modular
k-noncrossing diagrams, Q,(z). A diagram is a labeled graph over the vertex set [n| =
{1,...,n} with vertex degrees not greater than one. The standard representation of a
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diagram is derived by drawing its vertices in a horizontal line and its arcs (i,7) in the
upper half-plane. A k-crossing is a set of k distinct arcs (i1, 71), (i2, J2), - - -, (ig, Jx) With
the property

i1<7:2<...<ik<j1 <.]2<<jk

Similarly a k-nesting is a set of k distinct arcs such that
1 <ig < ...<ip <Jp<...J2 <J1.

Let A, B be two sets of arcs, then A is nested in B if any element of A is nested in any
element of B. A diagram without any k-crossings is called a k-noncrossing diagram. The
length of an arc, (4, 7), is s = j — i, and we refer to such arc as s-arc. Furthermore,

e a stack of length o, S7;, is a maximal sequence of “parallel” arcs,

SZ ; is also referred to as a o-stack.

e a stem of size s is a sequence

o1 o9 Os
(Sihjl’ Si27j2’ T Sist)
where S7™. is nested in S;™ ', such that any arc nested in S;™~'. is either
: myJm ] o tm—1,Jm—1 tm—1,Jm—1
contained or nested in S;™

Zm:jm’

for 2 < m < s, see Fig. 1.

Fig. 1: Features of a modular 3-noncrossing diagram represented as planar graph (top) and in
standard representation (bottom). We display a stack of length two (green), a stem of size two
(red) and a 5-arc (blue).

RNA secondary structures [8, 21, 22, 23| are in the language of diagrams exactly
modular, 2-noncrossing diagrams. In [9, 10, 11, 13], various classes of k-noncrossing
diagrams have been enumerated. However the approach employed in these papers does
not work for modular k-noncrossing diagrams. In contrast to the situation for RNA
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secondary structures, the combination of minimum arc length and nonexistence of isolated
arcs poses serious difficulties. The main idea is to build modular k-noncrossing diagrams
via inflating their colored V-shapes, see Fig. 2. These shapes will be discussed in detail in
Section 4. The inflation gives rise to “stem-modules” over shape-arcs and is the key for the
symbolic derivation of Q(z). One additional observation maybe worth to be pointed out:
the computation of the generating function of colored shapes in Section 4, hinges on the
intuition that the crossings of short arcs are relatively simple and give rise to manageable
recursions. The coloring of these shapes then allows to identify the arc-configurations
that require special attention during the inflation process. Our results are of importance
in the context of RNA pseudoknot structures [17] and evolutionary optimization [16].
Furthermore they allow for conceptual proofs of the results in [4, 10, 11, 13].

e e .mts\‘ -

Fig. 2: Modular k-noncrossing diagrams: the inflation method. A modular 3-noncrossing
diagram (top) is derived by inflating its Vs-shape (bottom) in two steps. First we individually
inflate each shape-arc into a more complex configuration and second insert isolated vertices

(purple).

The paper is organized as follows. In Section 2 we recall some basic facts on singularity
analysis, the generating function of k-noncrossing matchings, V,-shapes and symbolic
enumeration. In Section 3 we analyze modular, noncrossing diagrams and in Section 4
we compute the generating function of colored shapes. We prove our main theorem in
Section 5. In Section 6 we give the proofs of Lemma 3 and Lemma 4.
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2 Some basic facts

2.1 Singularity analysis

Oftentimes, we are given a generating function without having an explicit formula of its
coefficients. Singularity analysis is a framework that allows to analyze the asymptotics
of these coefficients. The key to the asymptotics of the coefficients is the singularities,
which raises the question on how to locate them. In the particular case of power series
f(2) = 3,50 @n 2" With nonnegative coefficients and a radius of convergence R > 0, a
theorem of Pringsheim [2, 19|, guarantees a positive real dominant singularity at z =
R. As we are dealing here with combinatorial generating functions we always have this
dominant singularity. We shall prove that for all our generating functions it is the unique
dominant singularity. The class of theorems that deal with the deduction of information
about coefficients from the generating function are called transfer-theorems [2].

Theorem 1. [2] Let [2"]f(z) denote the n-th coefficient of the power series f(z) at z = 0.
(a) Suppose f(z) = (1 —2)"%, a € C\ Zg, then

no—1 ala—1)  ala—1)(a—2)(3a—1)
IN()) * 2n * 24n? -

?a-1a-2@-3) (L)] (2.1)

48n3 n*
(b) Suppose f(z) = (1 — 2)"log(:L), r € Zxo, then we have

rl
nn—1)...(n—r)

[2"]f(z) ~ (1) (2.2)

We use the notation

(f(z) =0(9(2)) as z = p) == (f(2)/9(z) = casz—p), (2.3)

where ¢ is some constant. We say a function f(z) is A, analytic at its dominant singularity
z = p, if it analytic in some domain A,(¢,7) = {z | |2| <1,z # r, |Arg(z — p)| > ¢}, for
some ¢, r, where r > |p| and 0 < ¢ < 7. Since the Taylor coefficients have the property

VyeC\O;  [2"]f(2) =1"[z"]f(2), (2.4)

We can, without loss of generality, reduce our analysis to the case where z = 1 is the unique
dominant singularity. The next theorem transfers the asymptotic expansion of a function
near its unique dominant singularity to the asymptotic of the function’s coefficients.

Theorem 2. [2] Let f(z) be a Ay analytic function at its unique dominant singularity
z=1. Let

1—=2

() = (1 — 2)*log? (L) . a,BeR.
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That is we have in the intersection of a neighborhood of 1

f(z) = O(g(2)) forz— 1. (2.5)

Then we have

[2"]f(2) = © ([z"]g(2)) - (2.6)

2.2 k-noncrossing matchings

A Ek-noncrossing matching is a k-noncrossing diagram without isolated points. Let fi(2n)
denote the number of k-noncrossing matchings. The exponential generating function of
k-noncrossing matchings satisfies the following identity [1, 3, 9]

Z2n B
> ful2n) - = det[l;_;(22) — Iiy;(22)]|572,, (2.7)
(2n)! 7
n>0
where I,.(22) = ., % is the hyperbolic Bessel function of the first kind of order
r. Eq. (2.7) combined with the fact that recursions for the coefficients of the exponential
generating function translate into recursions for the coefficients of the ordinary generating
function, allows us to prove:

Lemma 1. The generating function of k-noncrossing matchings over 2n vertices, Fy(z) =
Z@o fr(2n) 2™ is D-finite, [18], i.e. there exists some e € N such that

e de—l

qo.k(2) T Fi(2) + q17k(z)0lze_1 Fr(2)+ - 4+ qr(2)Fi(2) =0, (2.8)

where q;x(z) are polynomials.

This follows from the fact that I,(2z) is D-finite and D-finite power series form an
algebra [18]. Lemma 1 is of importance for two reasons: first any singularity of Fy(z) is
contained in the set of roots of o (z) [18], which we denote by Ry. Second, the specific
form of the ODE in eq. (2.8) is the key to derive the singular expansion of Fy(z), see
Proposition 1 below.

We proceed by computing for 2 < k < 9, the polynomials ¢g,(2) and their roots, see
Table 1 and observe that [12]

Fo(2n) ~ G G202 (o — 1)) E >0, k > 2. (2.9)

Equation (2.9) and Table 1 guarantee that Fj(z) has the unique dominant singularity p?,
where p = 1/(2k—2). According to Lemma 1, Fy(2) is D-finite, whence we have analytic
continuation in any simply connected domain containing zero avoiding its singularities
20]. As a result F(z) is A2 analytic as required by Theorem 2. Lemma 1 and eq. (2.9)
put us in position to present the singular expansion of Fy(z):
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qo.k(2) Ry,
(4z—1)z {
(162 — 1)22 {
(1442 — 40z + 1)2° {
(10242% — 80z + 1)2* {
(1440027 — 41442 + 140z — 1)2° {
( {
( {
( {

14745623 — 1254422 4 2242 — 1)2°
282240021 — 82662423 + 315842% — 3362 + 1)27
377487362* — 335872023 + 698882% — 480z + 1)28

© 00 ~J O U = W N

Table 1: The polynomials go(z) and their nonzero roots obtained by the MAPLE package
GFUN.

Proposition 1. [6, 20] For 2 < k < 9, the singular expansion of Fy(z) for = — pi is
given by

p (o) = | D= P e - p) D EDD T 0g (2 — p) (1 4+ 0(1))
Pul= = ) (= = pf) (=00 (14 o(1)

depending on k being odd or even. Furthermore, the terms Py.(2) are polynomials of degree
not larger than (k —1)? + (k — 1)/2 — 1, ¢}, is some constant, and py = 1/(2k — 2).

In our derivations the following instance of the supercritical paradigm [2] is of central
importance: we are given a D-finite function, f(z) and an algebraic function g(u) satis-
fying g(0) = 0. Furthermore we suppose that f(g(u)) has a unique real valued dominant
singularity « and g is regular in a disc with radius slightly larger than . Then the su-
percritical paradigm stipulates that the subexponential factors of f(g(u)) at u = 0, given
that g(u) satisfies certain conditions, coincide with those of f(z).

Theorem 1, Theorem 2 and Proposition 1 allow under certain conditions to obtain the
asymptotics of the coefficients of supercritical compositions of the “outer” function Fy(z)
and “inner” function v(z).

Proposition 2. Let ¥(z) be an algebraic, analytic function in a domain D = {z||z| <
r} such that ¢(0) = 0. Suppose ~ is the unique dominant singularity of Fi(¢(z)) and
minimum positive real solution of V(v) = pz, |y| < r, where ¢/'(y) # 0. Then Fp(y(2))
has a singular expansion and

(2B ((2)) ~ A==+ G=2) (%) (2.10)

where A is some constant.
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2.3 Shapes

Definition 1. A Vj-shape is a k-noncrossing matching having stacks of length exactly
one.

In the following we refer to Vj-shape simply as shapes. That is, given a modular,
k-noncrossing diagram, ¢, its shape is obtained by first replacing each stem by an arc and
then removing all isolated vertices, see Fig. 3.

) - @

1234567 8 91011121314151617181920 123456

“@,

1234567

Fig. 3: From diagrams to shapes: A modular, 3-noncrossing diagram (top-left) is mapped in
two steps into its Vs-shape (top-right). A stem (blue) is replaced by an single shape-arc (blue).

Let Ji(s,m) (ix(s,m)) denote the set (number) of the Vi-shapes with s arcs and m
1-arcs having the bivariate generating function

Li(zou) =Y > dg(s,m)z"u™ (2.11)
520 m=0

The bivariate generating function of ix(s,m) and the generating function of Fy(z) are
related as follows:

Lemma 2. [15] Let k be natural number where k > 2, then the generating function In(z, u)

satisfy
1+2 2(1+2)
I = F . 2.12
k(2 ) 142z — zu k((l—i—Qz—zu)?) (2.12)

2.4 Symbolic enumeration

In the following we will compute the generating functions via the symbolic enumeration
method [2]. For this purpose we need the notion of a combinatorial class. A combinatorial
class (C,we) is a set together with a size-function, we: € — Z* such that €, = wg'(n)
is finite for any n € Z*. We write w instead of we and set C,, = |C,|. Two special combi-
natorial classes are € and Z which contain only one element of size 0 and 1, respectively.
The generating function of a combinatorial class € is given by

C(z) = Z 220 = ZO" 2", (2.13)

cel n2>0
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where C,, C C. In particular, the generating functions of the classes € and Z are E(z) =1
and Z(z) = z. Suppose C,D are combinatorial classes. Then € is isomorphic to D,
C = D, if and only if Vn > 0,|C,| = |D,|. In the following we shall identify isomorphic
combinatorial classes and write € = D if € = D. We set

e C4+D:=CUD,IfCND =g and for a € C+ D,

vennte) = {100) 35 o

e CxD:={a=(cd)|ceCdeD}and for a € Cx D,
wexp((c, d)) = we(c) + wp(d). (2.15)

and furthermore €™ := [[;", € and SEQ(C) := & + €+ €* + ---. Plainly, SEQ(C) is
a combinatorial class if and only if there is no element in € of size 0. We immediately
observe

Proposition 3. Suppose A, € and D are combinatorial classes with generating functions
A(z), C(z) and D(z). Then

(a) A=C+D = A(z) = C(2) + D(2)
(b) A=Cx D= A(z) =C(z) - D(z)
(c) A =SEQ(C) = A(z) = —¢

1-C(z) *

3 Modular, noncrossing diagrams

Let us begin by studying first the case k = 2 [7], where the asymptotic formula
Qa(n) ~ 1.4848 - n~3/2 . 1.8489"

has been derived. In the following we extend the result in [7] by computing the gener-
ating function explicitly. The above asymptotic formula follows then easily by means of
singularity analysis.

Proposition 4. The generating function of modular, noncrossing diagrams is given by

1524 2t — 28 2B
_ F 3.1
QQ(Z) 1— 2 221 231 9,44 6 2((1_Z_Z2_|_z3+2z4+z6)2) ( )

and the coefficients Qa(n) satisfy

245m,

Qa2(n) ~ can™
where 75 is the minimal, positive real solution of ¥(z) = 1/4, and
2t — 204 28
(1 —2z— 22423 +224 4 26)2

Here we have vy = 1.8489 and cy = 1.4848.

I(z) = (3.2)
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Proof. Let Qy denote the set of modular noncrossing diagrams, Jo the set of all Vy-shapes
and Jy(m) those having exactly m 1-arcs. Then we have the surjective map

w: Qy — Js.

The map ¢ is obviously surjective, inducing the partition Qs = U, (7), where p1(7)
is the preimage set of shape « under the map ¢. Accordingly, we arrive at

=Y Y Q2. (3.3)

m20 ~ve Jy(m)

We proceed by computing the generating function Q,(z). We shall construct Q,(z) from
certain combinatorial classes as “building blocks”. The latter are: M (stems), K (stacks),
N (induced stacks), L (isolated vertices), R (arcs) and Z (vertices), where Z(z) = z and
R(z) = 2% We inflate v € J5(m) having s arcs, where s > max{1,m}, to a modular
noncrossing diagram in two steps:

Claim. For any shape v € Jo(s, m) we have

() 12’_2 1 254+1—m 23 m
® = (Tmp, =) (=)
” e (s (2)7)) N -

11—z

Z4

= (=27 ((1 =1 =2 = (25 = 22)z4)s (=)™

Step I: we inflate any shape-arc to a stack of length at least 2 and subsequently add
additional stacks. The latter are called induced stacks and have to be separated by means
of inserting isolated vertices, see Fig. 4. Note that during this first inflation step no

12 3 45 6 7 8 910111213

1 2 3 45 6 7 8 123456 78 910111213

m 5

12 3 45 6 7 8 910111213 14

Fig. 4: Tlustration of Step I.

intervals of isolated vertices, other than those necessary for separating the nested stacks
are inserted. We generate
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e sequences of isolated vertices L = SEQ(Z), where

e stacks, i.e.

with the generating function

e induced stacks, i.e. stacks together with at least one nonempty interval of isolated
vertices on either or both its sides.

N=Kx (ZxL+2ZxL+(ZxL)?

with generating function

N(z) = 1i4z2 <21iz * (1jz)2> :

e stems, that is pairs consisting of a stack K and an arbitrarily long sequence of
induced stacks

M = X x SEQ (N)

with generating function

K(z) =

TN (2% + (%))

22

M(z)

Step II: we insert additional isolated vertices at the remaining (2s + 1) positions. For
each 1-arc at least three such isolated vertices are necessarily inserted, see Fig. 5. We

AR o AT

12 3 45 6 7 8 910111213 12 3 456 7 8 910111213 141516 171819 20

Fig. 5: Step II: the noncrossing diagram (left) obtained in (1) in Fig. 4 is inflated to a modular
noncrossing diagram (right) by adding isolated vertices (red).

arrive at

Q, = (M)* x L2 x (22 x L), (3.4)
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where Q. is the combinatorial class of modular noncrossing diagrams having shape v €
Jo(s,m). Combining these generating functions the Claim follows.
Since for any v,y € Jo(s,m) we have Q,(z) = Q,,(2), we derive

Q) =D D Q) =D ) ials,m)Q,(2).
)

m20 ve Jz(m s>20 m=0

We set

Z4

(LS Rl e e y  poppe: g
and note that Lemma 2 guarantees

L — 1+ z(1+ ) ’
ZZZQ(s,m)x y" o= mzf2(28)<(1+2x—xy)2) :

s20 m=0 520

3

Therefore, setting © = n(z) and y = 2° we arrive at

1—22424 < 2t — 28428
2
(

- F
Q:(2) 1—2z— 2242342244 26 1 —2— 224 23 4 224 4 26)2

By Lemma 1, Q2(2) is D-finite. Pringsheim’s Theorem [19] guarantees that Qy(z) has a
dominant real positive singularity ~,. We verify that 7, which is the unique solution of
minimum modulus of the equation 9¥(z) = p3, where p3 is the unique dominant singularity
of Fo(z) and ps = 1/2. Furthermore we observe that 7, is the unique dominant singularity
of Qa(2). It is straightforward to verify that 9/(y2) # 0. According to Proposition 2, we
therefore have

3/2,}/2—n7

and the proof of Proposition 4 is complete. O

Qg(n) ~ an_

4 Colored shapes

In the following we shall assume that £ > 2, unless stated otherwise. The key to compute
the generating function of modular k-noncrossing diagrams are certain refinements of their
V-shapes. These refined shapes are called colored shapes and obtained by distinguishing
a variety of crossings of 2-arcs, i.e. arcs of the form (7,7 + 2). Each such class requires its
specific inflation-procedure in Theorem 3.

Let us next have a closer look at these combinatorial classes (colors):

e C; the class of of 1-arcs,
e C, the class of arc-pairs consisting of mutually crossing 2-arcs,

e C; the class of arc-pairs («, ) where « is the unique 2-arc crossing # and ( has
length at least three.

e C, the class of arc-triples (a, 3, as), where ay and a are 2-arcs that cross (.
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Fig. 6: Colored Vg-shapes: a modular 3-noncrossing diagram (top) and its colored Vs-shape
(bottom). In the resulting Vs-shape we color the four classes as follows: Cj(green), Ca(black),
C3(blue) and Cy(red).

In Fig. 6 we illustrate how these classes are induced by modular k-noncrossing diagrams.

Let us refine Vi-shapes in two stages. For this purpose let Jy (s, u1, ug) and ig(s, uq, us)
denote the set and cardinality of V,-shapes having s arcs, u; l-arcs and wuy pairs of
mutually crossing 2-arcs. Our first objective consists in computing the generating function

s—2u1 J

s L
Wiz, y,w) = Z Z Z i (s, up, ug) ¥y tw.

§20 u1=0 wu2=0

That is, we first take the classes C; and C, into account.

Lemma 3. For k > 2, the coefficients ij(s,uy, us) satisfy

ik(s,up,ug) = 0 foruy + 2uy > s (4.1)
1552

Z (s, up,ug) = dg(s,uy), (4.2)

u2=0

where i (s, uy) denotes the number of Vi-shapes having s arcs, uy 1-arcs. Furthermore we
have the recursion:

(UQ -+ 1)’%(8 + 1, Uy, Us + 1) = (’Uq + 1)ik(S,U1 + 1,U2)
+(ug + 1)ig(s — Lug + 1, us). (4.3)

The solution of eq. (4.1)—(4.3) is unique.
The proof of Lemma 3 is given in Section 6. We next compute Wy (z,y, w).

Proposition 5. For k > 2, we have
Wi(z,y,w) = (1 + 2)vFy, (z(1 + z)v*), (4.4)

where v = (1 —w)a® + (1 —w)a? + (2 —y)z + 1)
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Proof. According to Lemma 2, we have

1+z2 2(1+ 2)
I = F .
(2, ) 142z —zu k<(1+22—zu)2>

This generating function is connected to Wy (z,y, z) via eq. (4.2) of Lemma 3 as follows:
setting w = 1, we have Wy (z,y,1) = I(x,y). The recursion of eq. (4.3) gives rise to the
partial differential equation

8Wk(x7y7w) . x@Wk(x,y,w)+x23Wk($,y,w)

_ el 4.5
ow dy dy (4.5)
We next show
e the function
. 1+
Wk (SL’, Y, w) = ( )

I+ (-t 2 —yr+1

(1+2)x
. <((1 —w)z? + (1 —w)a? + (2 — y)x + 1)2) (4.6)

is a solution of eq. (4.5),

e its coefficients, ij(s, ui, uz) = [z°y" w"*|Wj(z,y, w), satisfy
ir(s,u,ug) =0 for wy + 2uy > s,

d WZ([L’,y, 1) = Ik(x>y)

Firstly,
%f“’) — uFy(u) +2uF, () (4.7)
W = z(1+2)uFy(u)+2x(1+ x)UF;c (u), (4.8)
h
where 2(1 + )

(1 —w)ad + (1 —w)z? + (2 —y)z + 1)
and F), (u) = > o nfi(2n)(u)". Consequently, we derive

0WZ(x,y,w) _ anZ(ZIT,y,w) +x23W,’§(x,y,w)

ow N oy dy (4.9)

Secondly we prove i} (s,uy,uz) = 0 for u; + 2uy > s. To this end we observe that
Wi (z,y,w) is a power series, since it is analytic in (0,0, 0). It now suffices to note that
the indeterminants y and w only appear in form of products zy and x?w or z3w. Thirdly,
the equality W (z,y, 1) = Ix(x,y) is obvious.
Claim.

Wiz, y,w) = Wi(z,y,w). (4.10)
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By construction the coefficients @} (s, u1,us) satisfy eq. (4.3) and we just proved that
i (s,ur, us) = 0 for uy + 2ug > s. In view of Wj(z,y,1) = I(x,y) we have
|52

Vs, ug; Z i (s, U1, ug) = i (s, u1).

u2=0
Using these three properties, Lemma 3 implies
vs7u17u2 2 07 ’iZ(S,Ul,Ug) :’ik(S,UhUQ),
whence the Claim and the proposition is proved. O

In addition to C; and C,, we consider next the classes C3 and C,. For this purpose
we have to identify two new recursions, see Lemma 4. Setting @ = (uq, ..., us) we denote

by Jx(s, @) and ix(s, 1), the set and number of colored Vi-shapes over s arcs, containing
u; elements of class C;, where 1 < i < 4. The key result is
Lemma 4. For k > 2, the coefficients i;(s,u) satisfy
ik(s,ur, ug, ug,ug) = 0 for ug + 2ug + 2ug + 3uy > s (4.11)
Z (s, Uy, ug, ug, ug) = xS, ug, us). (4.12)
3,14 >0
Furthermore we have the recursions
(us + D)ig(s + 1, ur, ug, ug + 1, uy) =
2uyi(s — 1, ug, ug, uz, uy)
+ 4(ug 4+ 1)ig(s — 1, ug, ug + 1, us3, uy)
+ 4(ug 4+ 1)ig(s — 1, ug, ug + 1, u3 — 1, uy)
+ 4(us + 1)ig(s — 2, ug, us + 1, uz — 1, uy)
+ 2(ug + 1)ig(s, uy, ug, ug + 1, uy)
+ 2ugig(s — 1, uy, ug, ug, uyg)
+6(uz + 1)ig(s — 1, uy, ug, ug + 1, uy)
+2(us + 1)ig(s — 2, uy, ug, us + 1, uy)
+ 2ugig(s — 2, uy, ug, ug, Uyg)
+ 4(ug + 1)ig(s, uy, ug, ug — 1,ug + 1)
+ 4(ug + 1V)ig(s — 1, uq, ug, uz — 1, ug + 1)
+ dugig(s — 1, uq, ug, ug, uyg)
+ 4(ug + 1)ig(s — 1, uq, ug, uz, ugy + 1)
+ duyir(s — 2, uy, ug, us, Uy)
+ 2(ug + 1)ig(s — 2, uy, ug, ug, ug + 1)
+ (25 — 2uy — dug — duz — 6uy)ig(s, uy, ug, us, uy)
+2(2(s = 1) — 2uy — dug — dug — 6uy)ig(s — 1, ug, ug, us, uy)
+ (2(s — 2) — 4dug — duz — 6uy)ig(s — 2, ug, ug, ug, uy) (4.13)
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and

2(ug + V)ig(s + 1, ug, ug, uz, ug + 1) = (usz + 1)ig(s, uq, us, ug + 1, uy)
+ 2(ug + 1)g(s, uy, ug + 1, u3, uy). (4.14)

The sequence satisfying eq. (4.11)—(4.14) is unique.

The proof of Lemma 4 is given in Section 6. It is obtained by removing a specific
arc in a labeled Cgs-element or a labeled Cy-element and accounting of the resulting arc-
configurations.

Proposition 5 and Lemma 4 put us in position to compute the generating function of
colored Vy-shapes

Li(x,y,z,w,t) = Z ik (s, 0) 'yt 2 2w, (4.15)

S,U1,U2,U3,Uq

Proposition 6. For k > 2, the generating function of colored Vi-shapes is given by

1;ka (m(1+(2w— 19)2:c+(t— )z >), (4.16)

Ik(x> Yy, z,w, t) -

where 0 =1 — (y — 2)z + 2w — 2z — 1)2? + 2w — 2z — 1)23.

Proof. The first recursion of Lemma 4 implies the partial differential equation

oL, Oy, , 3 1 Ol )
T T (902 4 4% + 22%) — T8 2y + 2
5 8$(x+x+x) ay(:cy+ r°y)
ol
+ 8—k(—4zz + 4a*w + 4a® — 4232 — 8222 + 4Pw)
z
ar 2 2 3 3
+8—(—4:Ew+2:£—6:£ w + 62" — 2z°w + 2x7)
w
o1
+ 8—:(—6xt + dow — 8%t + daw + 4a® — 2%t + 22°). (4.17)

Analogously, the second recursion of Lemma 4 gives rise to the partial differential equation

oL, oL, oI,

Aside from being a solution of eq. (4.17) and eq. (4.18), we take note of the fact that
eq. (4.12) of Lemma 4 is equivalent to

L.y, 2 1,1) = Wi(z,y, ). (4.19)

We next show
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e The function

Li(z,y,z,w,t) = Lre x
L, Y, 2, W, _1_(y_z)x_'_(2w_z_1)x2—|—(2w—2—1)x3
2(1+ (2w — Dz + (t — 1)2?) )

Fe <(1 —(y—=2)r+ 2w —z—1)22 + 2w — z — 1)a3)?

is a solution of eq. (4.17) and eq. (4.18),
e its coefficients, if(s,u, ug, us, uy) = [x°y" 2" w"st"|Ii (x, y, 2, w, t), satisfy

i (s, ur, ug, ug,ug) =0 for wug + 2us + 2uz + 3ug > s,

o Ii(z,y,2,1,1) = Wy(z,y, 2).

We verify by direct computation that Iy (x, y, z, w, t) satisfies eq. (4.17) as well as eq. (4.18).
Next we prove iy (s, w1, ug, us, us) = 0 for uy + 2us + 2uz + 3uy > s. Since I} (z,y, 2z, w, t) is
analytic in (0,0,0,0,0), it is a power series. As the indeterminants y, z, w and ¢ appear
only in form of products xy, 22z or 2%z, z?w or x3w, and 3¢, respectively, the assertion
follows.
Claim.

Li(z,y, z,w, t) = Li(z,y, z,w,t).

By construction, i;(s, ) satisfies the recursions eq. (4.13) and eq. (4.14) as well as
07 (s, w1, ug, ug, ug) = 0 for uy + 2us + 2ug + 3uy > s. Eq. (4.19) implies

Z iZ(SaU17U2,U3,U4) = ik(s,ul,UQ).
ug,ug >0

Using these properties we can show via Lemma 4,
-k

vs7u1>u2au3au4 2 Oa Zk(S,U1,U2,U3,U4) - ik(saulau%u?nuél)

and the proposition is proved. O

5 The main theorem
We are now in position to compute Q(z). All technicalities aside, we already introduced

the main the strategy in the proof of Proposition 4: as in the case k = 2 we shall take
care of all “critical” arcs by specific inflations.

Theorem 3. Suppose k > 2, then

Qi(z) = ——=—F:(9(2)), (5.1)

THE ELECTRONIC JOURNAL OF COMBINATORICS 17 (2010), #R76 16



where

q(z) = 1—z—22+22+24 420 — 28 4210212
21— 22 = 21 4 220 — 28
U(z) = BE : (5.2)

Furthermore, for 3 <k <9, Qr(n) satisfies

—((k=1)24+(k=1)/2) . —n

Qi(n) ~cpn Y, for some ¢ >0, (5.3)

where 7y, is the minimal, positive real solution of 9(z) = p3, see Table 2.

k 3 4 5 6 7 8 9
O(n) n=> n-% n18 n-% n=3 n- n~%8
’yk_l 2.5410 3.0132 3.3974 3.7319 4.0327 4.3087 4.5654

Table 2: Exponential growth rates -, ! and subexponential factors f(n), for modular, k-
noncrossing diagrams.

Proof. Let Qj denote the set of modular, k-noncrossing diagrams and let J; and Iy (s, @)
denote the set of all Vi-shapes and those having s arcs and u; elements belonging to class
C;, where 1 <7 < 4. Then we have the surjective map,

ok QU — I,

inducing the partition Q; = U, ¢, ' (7), where ¢, '(7) is the preimage set of shape v under
the map ¢y. This partition allows us to organize Qy(z) with respect to colored Vy-shapes,

v, as follows:
=3 3 Q) (5.4)

5,4 y€Ig(s,1)

We proceed by computing the generating function Q,(z) following the strategy of Propo-
sition 4, also using the notation therein. The key point is that the inflation-procedures
are specific to the C;-classes. We next inflate all “critical” arcs, i.e. arcs that require
the insertion of additional isolated vertices in order to satisfy the minimum arc length
condition.

Claim 1. For a shape 7 € Ji(s, @) we have

Q,(2) = Cu(2)" - Ca(2)" - C3(2)™ - Cu(2)"* - S(2)
1

= 7500 a(2)" e (2) s(2) ()",
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where
4

z
©(2) = 1— 224223 — 24 — 2254 267 a(e) =27

C 2(1 =423 4227 4+ 827 — 620 — 72T + 828 4229 — 4210 + 21
@(z) = 1—=2
G(2) = 2(2 — 222 + 2 + 2% — 2°)

G(2) = 22(5 — 4z — 322 + 62° + 22* — 42° + 2F).

We show how to inflate a shape into a modular k-noncrossing diagram, distinguishing
specific classes of shape-arcs. For this purpose we refer to a stem different from a 2-stack
as a f-stem. Accordingly, the combinatorial class of {-stems is given by (M — R?).

e Cj-class: here we insert isolated vertices, see Fig. 7, and obtain immediately

Ci(z) = : (5.5)

Ee- - Y-

Fig. 7: Cj-class: insertion of at least three vertices (red)

e Cy-class: any such element is a pair ((¢,7+2), (¢+1,743)) and we shall distinguish
the following scenarios:

— both arcs are inflated to stacks of length two, see Fig. 8. Ruling out the cases
where no isolated vertex is inserted and the two scenarios, where there is no
insertion into the interval [i 4 1,7+ 2] and only in either [i,i4 1] or [i +2, i+ 3],
see Fig. 8, we arrive at

CH = R x [(SEQ(Z))® — & — 2(Z x SEQ(2))].

This combinatorial class has the generating function

CcP(z) = 28 ((1;)3 —1- 12_ZZ> .

— one arc, (i + 1,7+ 3) or (4,7 + 2) is inflated to a 2-stack, while its counterpart
is inflated to an arbitrary {-stem, see Fig. 9. Ruling out the cases where no
vertex is inserted in [ 4+ 1,7+ 2] and [ 4+ 2,7+ 3] or [i,4 + 1] and [i + 2,7 + 3],
we obtain

ey =2 [R2 x (M — R?) x ((SEQ(Z))? — &) x SEQ(Z)],
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LD s LT

Fig. 8: Cs-class: inflation of both arcs to 2-stacks. Inflated arcs are colored red while the
original arcs of the shape are colored black. We set A = [i + 1,i+ 2], B = [i + 2,7+ 3] and
C = [i +2,i + 3] and illustrate the “bad” insertion scenarios as follows: an insertion of some
isolated vertices is represented by a yellow segment and no insertion by a black segment. See
the text for details.

having the generating function

: 1\’ 1
Cgb)(z) = 224 - 1=z ~ 2 (( ) — 1) .
1_2_2<2TZZ+(L)) 1—=2 1—2

1—z

mﬁm

Fig. 9: Cs-class: inflation of only one arc to a 2-stack. Arc-coloring and labels as in Fig. 8

— both arcs are inflated to an arbitrary f-stem, respectively, see Fig. 10. In this
case the insertion of isolated vertices is arbitrary, whence

ey = (M — R%)? x (SEQ(Z))?,

with generating function

CO() = 1—3—4(152:(#)2)_24 <1iz)3.

mém

Fig. 10: Cs-class: inflation of both arcs to an arbitrary f-stem. Arc-coloring and labels as in
Fig. 8

As the above scenarios are mutually exclusive, the generating function of the Cy-class

is given by

Cy(2) = CY(2) + CP(2) + CY(2). (5.6)
Furthermore note that both arcs of an Cy-element are inflated in the cases (a), (b)
and (c).
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e C;-class: this class consists of arc-pairs (a, 3) where « is the unique 2-arc crossing
(£ and ( has length at least three. Without loss of generality we can restrict our
analysis to the case ((i,7i+2), (i 4+ 1,7)), (j > i+ 3).

— the arc (i + 1, 7) is inflated to a 2-stack. Then we have to insert at least one
isolated vertex in either [i,i+ 1] or [i + 1,7+ 2], see Fig. 11. Therefore we have

el = R? x (SEQ(Z)? — &),

with generating function

Céa)(z) =24 ((1iz)2 - 1) :

Note that the arc (i,7 + 2) is not considered here, it can be inflated without
any restrictions.

— the arc (i + 1, ) is inflated to an arbitrary f-stem, see Fig. 11). Then
e = (M — R?) x SEQ(Z)?,

with generating function

2
C(b)(z) _ 1—22 _ A <L) .
R Lo

Fig. 11: Cjs-class: only one arc is inflated here and its inflation distinguishes two subcases.
Arc-coloring as in Fig. 8

Consequently, this inflation process leads to a generating function
Cs(z) = C(2) + C{(2). (5.7)

Note that during inflation (a) and (b) only one of the two arcs of an Cs-class element
is being inflated.

e C,-class: this class consists of arc-triples (aq, 3, ), where a; and as are 2-arcs,
respectively, that cross 3.
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— [ is inflated to a 2-stack, see Fig. 12. Using similar arguments as in the case
of Cs-class, we arrive at

e = R?2 x (SEQ(Z)? — €) x (SEQ(Z)? — &),

with generating function

C¥(z) =2 ((1i2)2 B 1>2

— the arc 3 is inflated to an arbitrary f-stem, see Fig. 12,

e = (M — R?) x SEQ(2)*,

with generating function

Y (2) =

Fig. 12: Cy-class: as for the inflation of Cg only the non 2-arc is inflated, distinguishing two
subcases. Arc-coloring as in Fig. 8

Accordingly we arrive at

Cy(2) = CP(2) + CP(2). (5.8)

The inflation of any arc of v not considered in the previous steps follows the logic of
Proposition 4. We observe that (s — 2us — ug — uy) arcs of the shape v have not been
considered. Furthermore, (2s+ 1 —u; — 3us — 2u3 — 4uy) intervals were not considered for
the insertion of isolated vertices. The inflation of these along the lines of Proposition 4
gives rise to the class

S _ Ms—2u2—u3—u4 X (SEQ(Z))2s+1—u1—3u2—2u3—4u4

having the generating function

s—2uz—us3—uq

z . 1 2s+1—u1—3ug—2uz—4uq

o 1—2z

S(Z) o 1 24 2z z \2 (1 — Z) )
T T2 <1T + (%) )
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Combining these observations Claim 1 follows.
Observing that Q,, (2) = Q.,(2) for any 1,72 € Ji(s, @), we have, according to eq. (5.4),

Qk(z) = Z ik(svﬁ) QV(Z)v

s,u=>0

where 4 > 0 denotes u; > 0 for 1 < ¢ < 4. Proposition 6 guarantees

Z ik (s, @) 2Py rt2wst
5,720
B I+
T l-(y—2r+Quw—r—1)22+ 2w —7r — 1)a3
P, ( r(1+ (2w — 1)z + (t — 1)2?) )
(1—(y—2)z+ QQw—r—1)22+ 2w—r—1)23)2 )"

X

Setting * = ¢u(2), y = <1(2), 7 = &2(2), w = 3(2), t = 4(2), we arrive at

1—22424
1—2— 224234224+ 26 — 28 4 210 — 212

F 21— 2% — 24+ 220 = 28)
P A= 2= 22+ 28 + 228 4 26 — 28 4 210 — Z12)2 |

Qi(z) =

By Lemma 1, Qx(2) is D-finite. Pringsheim’s Theorem [19] guarantees that Qi (z) has
a dominant real positive singularity ;. We verify that for 3 < k& < 9, 4, which is the
unique solution of minimum modulus of the equation 9¥(z) = p? is the unique dominant
singularity of Qg (z), and 9¥'(z) # 0. According to Proposition 2 we therefore have

Qi(n) ~ ¢pn~ (=D HE=D/2) (o =1y for some ¢, > 0,
and the proof of Theorem 3 is complete. O

Remark 1. We remark that Theorem 3 does not hold for & = 2, i.e. we cannot compute
the generating function Qz(z) via eq. (5.1). The reason is that Lemma 4 only holds for
k > 2 and indeed we find

Qa(2) #

1—22+24 21— 2% — 21+ 225 — 28)
— " F, . .
q(2) q(2)

However, the computation of the generating function Qy(z) in Proposition 4 is based on
Lemma 2, which does hold for k = 2.

(5.9)

6 Proof of Lemma 3 and Lemma 4

6.1 Proof of Lemma 3

Proof. By construction, eq. (4.1) and eq. (4.2) hold. We next prove eq. (4.3). Choose
a shape 0 € Ji(s + 1,uy,us + 1) and label exactly one of the (us + 1) Co-elements. We
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denote the leftmost Cs-arc (being a 2-arc) by a. Let L be the set of these labeled shapes,
A, then
|£a| = (Ug + 1) 'Lk(S + 1,U1,U2 + 1)

We next observe that the removal of « results in either a shape or a matching. Let the
elements of the former set be L and those of the latter £L,. By construction,

L = Lquﬁg.

Claim 1.

|L1] = (w1 + 1) dr(s,ur + 1, ug).
To prove Claim 1, we consider the labeled Cy-element (o, 3). Let L be the set of shapes
induced by removing «. It is straightforward to verify that the removal of o can lead to

only one additional Cj-element, 3. Therefore L;-shapes induce unique Ji(s,u; + 1, us)-
shapes, having a labeled 1-arc, 3, see Fig. 13. This proves Claim 1.

o p B
Fig. 13: The term (u; + 1) ix(s, ug + 1, ug).

Claim 2.
Lo = (w1 +1)in(s — Lus + 1, ua).

To prove Claim 2, we consider M$, the set of matchings, u§, obtained by removing o.
Such a matching contains exactly one stack of length two, (51, 32), where (5 is nested in
B1. Let L§ be the set of shapes induced by collapsing (1, f2) into F5. We observe that «
crosses 3o and that 5 becomes a 1-arc. Therefore, L5 is the set of labeled shapes, that
induce unique Ji(s — 1,u; + 1, uy)-shapes having a labeled 1-arc, (35, see Fig. 14. This
proves Claim 2.

Combining Claim 1 and Claim 2 we derive eq. (4.3).

N\ NN

Fig. 14: The term (uy + 1) ix(s — 1, uy + 1, usg).

It remains to show (by induction on s) that the numbers ix(s, uq, uz) can be uniquely
derived from eq. (4.1), eq. (4.2) and eq. (4.3), whence the lemma. O
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6.2 Proof of Lemma 4

Proof. By construction, eq. (4.11) and eq. (4.12) hold. We next prove eq. (4.13).
Choose a shape 0 € Ji(s + 1,uy, us, ug + 1, uy4) and label exactly one of the (ug + 1) Cs-
elements containing a unique 2-arc, . We denote the set of these labeled shapes, A, by
L. Clearly

|L] = (uz + 1)ig(s + 1, up, ug, uz + 1, uy).

We observe that the removal of «v results in either a shape (£;) or a matching (£,), i.e. we
have
L = Ll U £J2.

Claim 1.

|£»1| = Q(Ug—l—l) 'ék(S,ul,UQ,U3+1,U4)—|— (61)
4(U4 -+ 1) ik(s, Uy, U, U3z — 1,U4 + 1) +
(2(s — uy — 2ug — 2uz — 3uy)) ix(s, ur, g, Uz, Uy).

To prove Claim 1, we consider the labeled Cs-element of a L;-shape, («, 5). We set Lf
to be the set of shapes induced by removing « and denote the resulting shapes by A{. By
construction a A{-shape cannot contain any additional C;- or Ce-elements, see Fig. 16.
Clearly, the removal of a can lead to at most one additional C;-element, whence

Ly =LS0LeuLy,

where Lfi,i = 3,4 denotes the set of labeled shapes, A € L1, that induce a unique shape
having a labeled C;-element containing 5 and L9 the set of those shapes, in which there
exists no such C;-element.

We first prove

(1.I) 1098 = 2(us + 1) ix(s, ur, ug, us + 1, uy).

Indeed, in order to generate a labeled Cs-element by a-removal from L-shape, 3 has to
become a 2-arc in a labeled Cs-element of a J(s, uy, us, uz + 1, uy)-shape, see Fig. 17.
Next we prove

(1.11) 1LY = 4(ug + 1) ix(s, ur, ug, us — 1, uqg 4+ 1).

Indeed in order to generate a labeled Cy-element by a-removal from L;-shape, § has to
become a 2-arc in a labeled Cy-element of a Ji(s, uy, us, us — 1, ug + 1)-shape. We display
all possible scenarios in Fig. 18.

Otherwise /3 becomes simply a labeled arc in a Jx(s, uq, us, us, us)-shape, which is not
contained in any C;-element, whence

(1111) ‘L(l)‘ = 2(8 — Uy — 2U2 — 2U3 — BU4> ik(S, Uy, UQ,Ug,U4)
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Fig. 15: Accounting: the scenarious arising from the removal of o from a labeled Cs-
element of a Ji(s + 1, uy, ug, ug + 1, uy)-shape.
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.z Iy . I

Fig. 16: The removal of o cannot give rise to additional C;- or Ca-elements.

1.1

Fig. 17: We illustrate the effect of the removal of @ when inducing a labeled Cs-element.

1.11

ST L g ) B

Fig. 18: We illustrate the effect of the removal of & with when inducing a labeled Cy-element.

} s
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and Claim 1 follows.
We next consider L. Let M§ be the set of matchings, 1§, obtained by removing «.
Claim 2. Let (4, ..., ) denote a ug-stack ((5y,...,0;) < p©g). Then we have

Lo = Lo1ULy5ULs 3, (6.3)
where

L2,1 :{)\ S LZ | avﬁi c >\77' = 17 27 (51762) = Mg’ Q¢ CTOSSES 52}7
L272 :{)\ S LQ | a?ﬁi € >\a7’ - 1a 27 (ﬁlaﬁ?) = /J“ga @ CITosSses /81}’
Log={Ae€Ly|a,Bi €N i=1,23; (51,5, 83) < ig; a crosses (a}.

To prove Claim 2, it suffices to observe that a M$-matching contains exactly one stack of
length either two or three. Now, eq. (6.3) immediately follows by inspection of Figure 19.
Claim 2.1

2.1 2.2 2.3

Fig. 19: Ly and M$: how stacks arise by the removal of a.

L2

dug + 1) ip(s — 1, ug, ug + 1, u3, uy)

A(ug + 1) ip(s — 1, ug, ug, uz + 1, uy)

[4(ug + 1) ig(s — 1, up, ug, ug — 1,uy + 1)

2(ug + 1) (s — 1, uy, ug, us, ug + 1)]

+ 2((s—1) —up — 2uy — 2uz — 3uy)) ix(s — 1, uy, ug, us, uy).

+ + 4+

To prove Claim 2.1, let M3, be the set of matchings induced by removing « from a L -
shape. We set L5, to be the set of shapes induced by collapsing the unique M3 ,-stack
of length two into the arc 5. Clearly, such a shape cannot exhibit any additional C;-
elements, see Fig. 20.

O .. N A

Fig. 20: A3, cannot exhibit any additional C;-elements.

Since the removal of o and subsequent stack-collapse can lead to at most one new C;

element, we have
Loy = LFOLGIULTHIOLY |,
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where ng, i = 2,3,4 denotes the set of labeled shapes, A € Ly, that induce unique
shapes having a labeled C;-element containing (3, and Lg,l denotes those in which there
exists no C;-element containing f.

We first prove

(211) |£;g%| = 4(u2 + 1) Zk(S — 1, Uy, U + 1,U3,U4).
Indeed, in order to generate a labeled Cs-element via a-removal and subsequent stack-

2.1.1

oo’o‘o\)o —» m —» -é&»
m m LN

i

2.

Fig. 21: In Ly ;: the removal of @ and subsequent collapse of the unique stack of length two in
M5, generating a labeled Ca-element (pink).

collapse from a L, 1-shape, (2 has to become a 2-arc in a Cy-element of a Ji(s— 1, uy, ug+
1, us, uy)-shape. We display all possible scenarios in Fig. 21.
Next we prove

(2.1.11) 153 = 4(us + 1) ig(s — 1, ur, ug, ug + 1, ua).

In order to generate a labeled Cs-element by a-removal and collapsing the unique stack of
length two from a Ly 1-shape, 3, has to become a 2-arc or an arc uniquely crossing a 2-arc
in a Cs-element of a Ji(s — 1, uy, uz, us + 1, uy)-shape. We display all possible scenarios
in Fig. 22.

Third we prove

(2.1.I0) |L54] = 4(ua+1) ig(s—1, ur, up, ug—1, ug+1)+2(ug+1) ix(s—1, ug, uz, ug, us+1).

In order to generate a labeled Cy-element by a-removal and collapsing the unique stack
of length two from a L ;-shape, (3, has to become either a 2-arc in a labeled Cy-element
of a Jp(s — 1,uq,ug,u3 — 1,uy + 1)-shape or an arc that crosses two 2-arcs in a labeled
Cy-element of a Ji(s — 1,uq, us, us, uy + 1)-shape. We display all possible scenarios in
Fig. 23 and Fig. 24.

Otherwise, 5 becomes a labeled arc in a Jj(s — 1, uy, us, ug, us)-shape, which is not con-
tained in any C;-element. Thus

(2.1.1V) |£,371| =2((s—1) —uy — 2uy — 2uz — 3uy)) ir(s — 1, uy, us, us, uyg),
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Fig. 22: In Lg;: the removal of a and collapsing the unique stack of length two in M3 1,
generating a labeled Cs-element (pink).

211111

)
s

Fig. 23: How to derive a labeled Cy-element: first scenario.

2.1.11Lii

P e

Fig. 24: How to derive a labeled Cy-element:second scenario.
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from which Claim 2.1 follows.
Claim 2.2.

|L2,]

2uq k(s — 1, ug, ug, ug, uy)

Aug + 1) ig(s — L ug, ue + 1, uz — 1, uy)

[2ug ik (s — 1, uy, ug, ug, uy)

2(us + 1) ig(s — 1, ug, ug, uz + 1, uq)]

[dug ig(s — 1, uyg, ug, ug, uy)

2(ug + 1) (s — 1, uy, ug, us, ug + 1)]

+ 2((s—1) —uy — 2ug — 2uz — 3uyg))ik(s — 1, uy, ug, us, ug).

+ 4+ 4+ + +

In order to prove Claim 2.2, we consider Mg ,, the set of matchings induced by removing
a from a L 5-shape. We set L9, to be the set of shapes induced by collapsing the unique
M3 5-stack of length two into (5. The removal of o and subsequent collapse can only lead
to at most one additional C;-element, whence

Lop=LF3ULTEULTSULTEULY,,

using analogous notation and reasoning as in the proof of Claim 2.1.
We first prove

(2.2.1) |L§§| = 2uq (s — 1, uy, ug, uz, uy).
In order to generate a labeled C;-element by a-removal from a L »-shape and collapsing

2.2.1
ﬁ@- -@- A—
P B
-nm— -(@)- A—
Fig. 25: Removal of « in L5 5 and subsequent collapsing of the unique stack in M5 ,, generating
a labeled Ci-element.

B

} -

the unique stack of length two, we need (35 to be a 1-arc in a Iy (s — 1, uy, ug, ug, uy)-shape,
see Figure 25. Note that this operation only transfers labels but generates no new 1-arcs.
Next we prove

(2.2.11) 1L53] = 4(us + 1) ig(s — 1, up, us + 1, us — 1, uy).

In order to generate a labeled Cq-element by a-removal from a L ;-shape and collapsing
the unique stack of length two, 35 has to become a 2-arc in a labeled Cs-element of
Jk(s — 1, ug,ug + 1,u3 — 1,uy). We display all possible scenarios in Fig. 26.

Third we prove

(22.000)  |L55] = 2ugir(s — 1, uy, un, uz, wa) + 2(us + 1) (s — 1, ug, us, us + 1, ug).
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LB\ LR LB
LRI LB LB
.@E};@sﬁ@,ﬂ %
LI > kTN L2

Fig. 26: Removal of a (red arc) in £§, and collapsing the unique stack of length two in Mg,
generating a labeled Cs-element.

}m

}43&1

2.2.11Li
i3 i3
KBS T ESD
By i3
TN LFS

Fig. 27: The term 2ugix(s — 1,u1,us, us, ug): removal of « in L35 and collapsing the unique
stack of length two in Mg ,, generating a labeled Cs-element.

2.2 11Lii

BN g s

Fig. 28: The term 2(us + 1) ix(s — 1, u1, ug, us + 1, uy).
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In order to generate a labeled Cs-element by a-removal from a L ;-shape and collapse
of the resulting unique stack, (3, has to become either a 2-arc in a labeled Cs-element of a
Jr(s—1,uq, us, ug, uyg)-shape or an arc uniquely crossing the 2-arc in a labeled Cjs-element
of a Jp(s — 1,uq,ug, uz + 1,uy)-shape. We display all possible scenarios in Fig. 27 and
Fig.28.

Fourth we prove

(22.1V)  [L54] = dugip(s — 1wy, uz, uz, ug) + 2(wg + 1) (s — 1, ug, un, ug, ug + 1).

In order to generate a labeled Cy-element, (5 has to become either a 2-arc in a labeled

2.2.1Vi
By By
LTS LTRSS LB

B

RS RS R
e NI W a s o> <3

Fig. 29: The term 4uy ix(s — 1, uq, ug, us, uy).

} 22N

} 25N

2.2.1V.ii

Fig. 30: The term 2(ug + 1) ix(s — 1, uy, ug, us, ug + 1).

Cy-element of a Jy(s — 1, uy, us, ug, uy)-shape or an arc uniquely crossing two 2-arcs in a
labeled Cy-element of a Ji.(s— 1, uy, ug, us, uy + 1)-shape. We display all possible scenarios
in Fig. 29 and Fig. 30.

It remains to observe that 5 otherwise becomes a labeled arc in a Ji(s — 1, uy, us, ug, ug)-
shape, which is not contained in any C;-element. Thus

(2.2.V) L9, =2((s — 1) — uy — 2ug — 2uz — 3uy)) in(s — 1, uy, us, us, uy)

and Claim 2.2 follows.
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Claim 2.3
|2 3]

2uy i (s — 2, up, ug, Uz, Uy)

d(ug + 1) ig(s — 2,u, ug + 1,ug — 1, uy)

[2ug ik (s — 2, uy, ug, us, uy)

2(us + 1)ig(s — 2, uy, ug, uz + 1, uy)]

[dugig(s — 2, uy, ug, usz, uy)

2(uyg + 1)ig(s — 2, uy, ug, us, uy + 1)]

+ 2((s —2) —uy — 2ug — 2uz — 3uy))ik(s — 2, uy, usg, us, uyg).

+ o+ + + +

Let M5 3 be the set of matchings induced by removing o from a Ly 3-shape. Let L5
denote the set of shapes induced by collapsing the unique M§ 3-stack of length three into
the arc #3. The removal of o and subsequent stack-collapse can only lead to at most one
additional C; (i = 1,2,3,4) element, whence

Los=LSAULTEULTSULTEULY,,

where ng denotes the set of labeled shapes, A € L4 3, that induce unique shapes having
a labeled Cj-element containing (3 and L34 denotes those shapes in which there exists
no such C;-element.

We first note

(231) ‘ngﬂ = 2u1 Zk(S - 2,u1,u2,u3,u4),

see Fig. 31.
Next we observe

ED. . LS
.@H@Mﬁ_}'ﬁ)

Fig. 31: The term 2uj ix(s — 2,uq, ug, us, uy).

(2.3.11) |L53] = 4(us + 1) ig(s — 2, w1, up + 1,uz — 1, uq),

see Fig. 32.
Third we verify

(23.0001)  |L55] = 2ugir(s — 2, ur, ua, uz, wa) + 2(us + 1) i(s — 2,1, ug, uz + 1, ug),

see Fig. 33 and Fig. 34.
Fourth we note
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Fig. 32: The term 4(ug + 1) ig(s — 2, uz, ug + 1,ug — 1, uy).

2.3.11L.i

..4&'7\\

e

Fig. 33: The term 2us ix(s — 2,uq, ug, us, uy).

2.3.11L.ii

Fig. 34: The term 2(us + 1) ix(s — 2,u1, ug, us + 1, uy).
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2.3.1vi

7z \WR .~ ls S
7o N . S

Fig. 35: The term 4uy ip(s — 2,uq, ug, us, uy).

2.3.1V.ii

Fig. 36: The term 2(ug + 1) ig(s — 2, uy, ug, us, ug + 1).

(2.3.1V) |L§§| = duyig(s — 2,uq, ug, uz, uyg) + 2(ug + 1) ix(s — 2, uq, ug, uz, uy + 1),

see Fig. 35 and Fig. 36.
It remains to observe that (3 becomes otherwise a labeled arc in a Jj (s —1, uy, ug, us, uy)-
shape, which is not contained in any C;-element. Thus

(2.3.V) L9 5] = 2((s — 2) — w1 — 2ug — 2uz — 3uy)) ix(s — 2, uy, us, us, uy)

and Claim 2.3 follows.
Eq. (4.13) now follows from Claim 1, 2.1, 2.2, and Claim 2.3.
Next we prove eq. (4.14). We choose some 1 € Ji(s + 1, uy, ug, ug, us + 1) and label one
Cj-element denoting one of its two 2-arcs by a. We denote the set of these labeled shapes,
A, by L. Clearly,

L] = 2(ug + 1) (s + 1, ug, ug, us, ug + 1).

Let v be the arc crossing . The removal of o can lead to either an additional Cs- or an
additional Cs-element in a shape, whence

L,=L820L8, (6.4)

where £E denotes the set of labeled shapes, A € L,, that induce shapes having a labeled
C;-element containing ~.
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First,
|L*CZ| = 2('&2 + ]-) ik(S,Ul, U2 + 17”37 U4),

follows by inspection of Fig. 37.

We next observe
o
e S
) e
JEID L, BS
Fig. 37: The term 2(ug + 1) ig(s, u1,us + 1,usz, uy).

|£"*CB| = <U3 + 1) ’ik(S,UhUQ, u3 + 17 U4).

see Fig. 38, from which eq. 4.14 immediately follows.
[t remains to show that the numbers i(s, uy, ug, us, us) can be uniquely derived from

Fig. 38: The term (uz + 1) ix(s, uy, uz, ug + 1,u4).

eq. (4.11), eq. (4.12), eq. (4.13) and eq. (4.14). This follows by induction on s. O
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